UNIVERSAL WISER
PUBLISHER

Heat Kernel Approximation on Kendall Shape Space

Riadh Mtibaa"*, Salam Khan’

" Université de Tunis El Manar, Institut Supérieur d’Informatique El Manar, LR16ES06. Laboratoire de recherche en Informatique,
Modélisation et Traitement de 1’ Information et de la Connaissance (LIMTIC), 2 Rue Abou Raihane Bayrouni, 2080, 1’ Ariana, Tunisie
? Université de Sousse, ISSAT Sousse, Cité Taffala (Ibn Khaldoun) 4003 Sousse, Tunisie
* Alabama A&M University, Department of Physics, Chemistry and Mathematics, USA
E-mail: rmtibaa@gmail.com

Abstract: The heat kernel on Kendall shape subspaces is approximated by an expansion. The Kendall space is useful
for representing the shapes associated with collections of landmarks’positions. The Minakshisundaram-Pleijel recursion
formulas are used in order to calculate the closed-form approximations of the first and second coefficients of the heat
kernel expansion. Prior to the exploitation of the recursion scheme, the expression of the Laplace-Beltrami operator is
adapted to the targeted space using geodesic spherical and angular coordinates.
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1. Introduction

The heat kernel on the shape subspaces H(Xf,,), of the spaces ) introduced by D.G. Kendall for m > 3 and & >
m +2, is approximated by means of expansion "”'. The latter is a time power-like series, for small enough values of time,

that converges asymptotically to the minimal positive fundamental heat kernel solution H([[(X),[[(Y), ¢) of the parabolic

partial differential equation on [](%s) "*'?,

cH(J T, [TM. 0
ot '

AH([ T, [T, )= (1)

Here, [[(X) and [](Y) are two shapes in H(Xﬁ,), t is time, and A is the Laplace-Beltrami operator on H(Xﬁ,). In this

paper, only both first coefficients of the expansion are calculated based on the Minakshisundaram-Pleijel recursion

formulas M7 -Vl

2. Preliminaries and methods
2.1 Kendall shape space

In Kendall shape theory, an object is initially represented by a configuration matrix in R™* whose columns are the
position vectors in R™ of k landmarks, respectively. The landmarks are methodically selected from the object’s boundary
to capture its geometrical form. Usually, objects’ shapes are structures in the plan or in the space where m equals two or
three, respectively, though the Kendall theory is valid for any value of m which is larger or equal to two.

The shape is extracted through filtering out the effects of size, translation, and rotation from the initial configuration
matrix. The elimination of translation and size effects leads to the pre-shape unit sphere S%, of matrices X in R”™*™_ Then,
the shape map [] eliminates the left action of rotations in the special orthogonal group SO(m) to give rise to the shape
space ... The latter coincides with the quotient space S’ /S O(m), where all the pre-shape matrices TX for T in SO(m)
correspond to the same shape [](X).

The singular values decomposition plays a central role in Kendall theory. It helps to express any pre-shape X in Yo @S
the three-factor product U(A 0)V. Here, U and V are elements of SO(m) and SO(k - 1), respectively, and A is the diagonal

}in R™" such that A, > A,,, > 0 for 1 <i < m-1 and the trace of A” is one. The pre-shapes of a

given shape share the same singular values as well as the first m rows of ¥ modulo rows’sign !5 "I,

matrix diag {A;, A,,..., A,

m
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The Riemannian metric as well as the differential structure have been determined on an open Riemannian

manifold ]‘[(Xﬁl), whose dimension d*, is m(k —1) —%m(m —1)—1, where Y is the open subset of S! defined hereafter,

={X€S£:7»1>...>7b >N, >0}

m—1

2.2 Laplace-Beltrami operator
The Laplace-Beltrami operator on ]_[(Xl,;) involved in the heat equation in (1) is expressed as [1, Corollary 7.2],

m 8
A= akz e MJM (m=1.", )”'Ej .
2 2 F () (88, -V &),

where f(A;, ) is a function of the indicated singular values, V is the Levi-Civita connection, and

is 1Y

0
{8_7\'1'}2<i<m - {iij}lﬁsm’iﬁﬁk—l ’ 3)

is the basis of the tangent space 7 (J]( an)) to (an) at the shape [[(X); each vector & is orthogonal to any other vector
g P oo p s

0
E,,jforl5i§m,i<j§k-1,andtoanyvectorafor2<z<m

The latter basis is inherited from the basis,

3 0 z
{n’/}l<t<1<m . {5_7“1}2<<< {EJ }1<’<m i<jskel @

of the tangent space (%) to Xy at any pre-shape X of [](X); the vectors 7, EU , and ~i are linearly mapped onto the
null, &,

;> and E vectors, respectively, by the differential H of [] at X. The standard coordlnates matrices,

i

1

U(Eﬁ—%E”JV, 2<i<m, )

0 . . .. (e .
of the tangent vectors . are of particular use in this paper, where each E,, for 1 <j < m, is the matrix in R”*"" whose ( j,

e

J)th entry is one and all of whose other entries are zero.

2.3 Exponential map and geodesic spherical coordinates
The exponential map is a differential geometry tool used to define the geodesic spherical coordinates that are

important to carry out calculus and to describe diffusion processes on H(an). The exponential map on H(X;) is defined

based on the curve I', introduced hereafter.
Thus first, let X be any pre-shape of a given shape [J(X), and 7 a tangent vector to % at X written in the basis (4) as,

f:ZISKjSm iﬁ +Z Tz Zz =1 z, =i+l E“ ©)

y

Volume 1 Issue 4/2020| 193 Contemporary Mathematics



for some real number coordinates 7;., 7. and T3 I1, (T~ ) coincides always with the very same vector 7 in (7) written in
the basis (3) as,

T:zz’iz Z,IZ, i Ty l/’ (N

no matter the values of the coordinates 7 -
Then, the following geodesic of pre-shapes in % is used in Kendall shape theory to describe the differential structure

of [1(n).
I[';(€)=Uexp(ed)(cos(€)A+sin(e)D 0)exp(eB)V. (8)

Here, ff(O) is X, T is the tangent vector to I'; at X as in (6), 4 and B are two skew-symmetric matrices in R™" and
R*DxG¢-D respectively, and D is a diagonal matrix in R such that the traces of AD and D’ are zero and one respectively.

Now, a shape curve I', in H(Xﬁ,) starting out at the shape [[(X) in the direction of the tangent vector 7 as in (7) is
defined by,

[, =IIoI, ©)

7

where l:f is any pre-shape curve as in (6) such that H(f"f(O)) and [], (f) are identical to [J(X) and 7 respectively. It
is worth noting that, the coordinates 7 ; of the tangent vector 7 in (6) are involved only in the left acting orthogonal

matrix U exp(e ZISKM ﬁjS,.j) in the expression of T (&), so, r +(€) is always a pre-shape of the same shape I, (&)
for any values of T ;- The shape curve I', is a diffeomorphism that maps the product of specific open sets containing

the diagonal matrix A and the first m rows of the orthogonal matrix 7, onto an open neighbourhood of the shape
g g p g p
H(X) [1, Sect. 7.2 and proof of Lemma 7.2]

In particular, when 7 is unitary, T, is equated with the exponential map exp, X)(e 7) on H(xf,,). In this case, the

squared norm of 7 is the sum of the squared norms of z o = o Uéy and z, —, 7. —, where the squared norms of

the latter and of Zl - K in (6) are identical since the vectors =—— are 1sometrlcally mapped onto B respectively.

6
Here, the standard coordinates matrix of Z, - 6% is U(D 0)V, where D is the diagonal matrix,

diag{—%Zj’iZTiki,rz,@,...,r_l,r }, (10)

0
according to (5). Since the trace of D’ is one, the vector ZI —» T; —— 1is unitary. Thus, the coordinates 7 in (7) are
O\,
necessarily zero forall 1 <i<m, i <j<k-1. i
0
Finally, The geodesic spherical coordinates (G,T) , where 7 is the unitary tangent vector Z T E’ help to
define the geodesical sphere S([](X),€) in H(Xﬁ,), centered at the shape [[(X) and with radius &, as the set of shapes
€XPr(x) (E T) .
2.4 Heat kernel calculation

The Minakshisundaram-Pleijel recursion formulas are used to approximate the heat kernel H([[(X),[[(Y),?) on H(Xl,;),
by the expression hereafter,
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1 7arccosz(z;il A (YX’))/4t {

W@ MO(E,T)-FMI(E,T)t}, (11)

: . 0
for small time ¢ and close enough shapes [[(X) and [[(Y), where the latter is the shape exp | € Z T 87 (17, p.154]
Here, the A,(YX") are the singular values of the matrix YX' for any pre-shapes X and Y of the shapes [[(X) and [[(Y),

3 1 6.4
respectively ! %04,

Now, let \/E(E,T) be the determinant of the path of linear transformations on H(Xﬁl), which is equivalent
to [17, p.317],

« 1. ky
e —gRlc(T,T) et (12)

Then, the expressions of the coefficients uO(E,T) and u, (E,T ) are equivalent to [17, p.150],

1

\/I—éRic(T,T) e’ (13)

and
uy(&,7) ce
2 [y (T Auy (T (14)
e
respectively. Here, the Ricci tensor is the bilinear symmetric form,

RiC(T,T) = z ?jj=2 Ric [i’ i 7:7']’ (15)

that includes the terms Ric (i, i] forall 2 <i, j <m, given in [1, Theorem 7.4] as hereafter,
16} A

i J

2 2
Ric| -2 |=3 2%+Zf’zl %
O\, O\, (A7 +A)) (A )

2 xz 22 (16)
+_iz TS +(d'1:1_1) 1+_i2
A A +1)) A
i J (i+1) (_;+ 1) (i+j)

1w, M d—1 a7)
+?Zr:2 TV - 2 (-
S E Y
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So, it should be borne in mind that the intended heat kernel approximation is grounded on neglecting the higher
order terms u[(E,T)ti for i > 2 within the general Minakshisundaram-Pleijel expansion, along with neglecting the term
0 (Edﬁ +2) in the expression of the determinant of the path of linear transformation in (12).

3. Results

In the following subsections, the expression in (2) of the Laplace-Beltrami operator on ]‘[(Xﬁl) is simplified and then
reformulated using the geodesic spherical coordinates. After that, the second coefficient expressed in (14) of the heat kernel
expansion in (11) is calculated using the Laplacian of the first coefficient in (13).

3.1 Simpler expression of the Laplace-Beltrami operator on []( o)

Lemma 1 hereafter helps to simplify the expression of the Laplace-Beltrami operator on H(Xﬁ,) that becomes,

w O . o 18
A=D1, a_ﬁ_zf’fzzx'xfaxax —(m=1)Y", %, . (18)

since the differences FjEJ -V, § appearing in (2) are actually zero.

Lemma 1. The dlrectlonal derivative &ljiy and the covariant derivative V i both of E, in the direction E),.j at any
shape [[(X) in H(Xm) are identical forall 1 <i<m, i <j<k-1.
Proof. According to [18, Theorem 2], the expression of the directional derivative E«'ij J 18,

&UEJU zrz%jya}\’ ZrIZerrl 71/1/ rs > (19)

because for 1 < r < s < m, the values of ?7,7,, for1<i<j<mand 1 <i<m<j<k-1 are linear combinations of the
products 6,6, and 6,5, that are zero.

s

Now, the covarlant der1vat1ve V. & of the tangential vector field &; in the direction &; is a tangential vector field
written as,

m r a m k-1 rs
Ve &=21T0, o F 2 2 Ty (20)

The Koszul formula leads to the equality between the double of <V &y érs> and 2§, <§U,Em> &, <§y §y> <§y,
[&WEM ]> where the compatibility of the directional derivative with inner product and addition helps to deduce that
< ?’;U,Em> and <§U§U,§m> are identical. So, according to (19) and (20), the Christoffel symbol I}’ coincides with the
scalar y;’, for 1 <r<m, r <s<k-1. The identity between <V £, 0 > and <}; i> can be shown in a similar

2 750>
way. So, (19) and (20) lead to the next set of equations, Oh, axr‘

o 0 o 0
R Qe AR ,2<r'< @
2.7 <ax, ax,> b = 2T <ax an >7” rem

that are rewritten into the matrix equation g(ry i )2 = 9(7517)2 , where g is the nonsingular metric matrix
<r<m <r<m

. . . r
coincides with the scalar 7;; for2 <r<m.

0 1-P147] therefore the Christoffel symbol T,
o] )
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3.2 Laplace-Beltrami operator on H(Xﬁ,) in geodesic spherical coordinates
2

0
In Theorem 2, the partial derivatives a and anon,

for 2</<m-2,and ¢, in [0,2x[. Mainly, Theorem 2 helps to restrict the Laplace-Beltrami operator in (18) to the

in (18) are rewritten using the angular coordinates ¢, in [0, n[

0
geodesical sphere S([T(X),e ) in [](,,) using the geodesic spherical coordinates [6, Z i T K
Theorem 2. Let [[(X) be a shape in H(X];), then for all 2 <i,j <m,

a 1 i min{n,m—1} i
—_— = _ .y o ,—, 22
oh, sin(e) Lo 2 "' o4, 22
and
az min{v,m—1} min{n,m— 1} a
ohok,  sin’ (e)z“z”z 2 B o4,
pe (23)
mm{vm 1} min{n,m—-1} 0( aj ,
sm (E)Z“szz - " 0,04,
where
L C4)
" 0T, 0T
B j OTn 3¢,
nvu,l u 87; a¢u6}n 4 (25)
87-"1 — 1 , (26)
o7, J1-12

~ i 2
o :\/Zrﬂ% d<i<m-l, 7)

2<n<i-1, 3<i<m, (28)

o9, sin(g,)
~ = . s 29
or.  IIsin(g,) >
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O¢, _TI_,. sin(¢,)cos(4,)cos(¢,)

b4 o , I+1<n<m, (30)
AT n I1, -, sin(4,)

04, ___ cos(4) 31)
04,07,  ysin(g)’

0'¢, __sin(g)cos(d) ,_ _ (32)

04,07, T sin(g,)sin(g,)’

82¢u H” ! , sin(¢,)cos(g, )

04,07 13, sin(4,) =
2
00 _ MeuSiG)COSP) 4 cyycpm, 64
2407 M7, sin(g,)

0’¢, _ _II, sin(g,)cos(¢,)cos(4,) cos(4,)

090, IT,_, sin(g, ) sin(4, ) (35)
f+1<n<m, 2<u</l-1,

0’¢, I, sin(g,)cos(4,) cos(¢,) cos(4,)

04,07, IT,7, sin(g, ) sin(¢,) (36)
f+1<n<m, {+1<5u<n—1,

or. 04, 2’4, ,
——, —=—an = are zero otherwise.
07, 0T 04,07 »

Proof. Both tangent components 22’12 — and Zl . , in (7) and (6), respectively, are unitary (Sect.

i

Preliminaries and methods). Besides, the squared norm of Z f’iz T i equals the sum Z " 7? for the coordinates 7'»
= 1 67\‘ 1= 1

i

where,

N D Y % A,
\/le‘ 2 7; 24 2 Zr”l?\'j:’ 2sism-l, G
2N \/Z 2 M

and

Tn> (38)
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as stated in [19, Lemma 2]. Therefore, the coordinates 7, can be written as,

7, =TT sin(g,)cos(4), 2<i<m-—1, (39)

and
7, =TI sin(g,) (40)

using the angular coordinates #,; these latter can be retrieved from the coordinates 77, through,

N

T 41
¢, = arccot —/A , 2<0<m-2, sz # 0, “0)
m 2
Zi:(ﬂri
and
Twr +NT2A+T5 |~
¢, = 2arccot SR A , Tm#0, (42)

Tm

where, each angle ¢, for 2</¢<m-2 is zero if z ", Ti iszeroand 7, >0, and the angle ¢,_, is zero if the coordinate
7,iszeroand 7,, >0.
Next, let A, ([T(X)) and A, for 1 <i <m be the singular values of the pre-shapes of [[(X) and epo(X)(e T),

respectively; the A, ([[(.X)) are constant since [[(X) is held fixed. Then, the value of each A, varies linearly with the

coordinate 7; according to cos(€)A,(IL(X)) + sin(e)7, for 2<i<m. So, for strictly positive values of &, the term o1,
07, 0. 10

coincides with The chain rule helps to express E 87» 67 , that is s1n( <) 67 for 2 <i<m. The chain rule

sin(e)
helps also to write the partial derivatives,

v Z Z min{n,m-1} ¥/ " 67” a¢/ 0 2<i<m 43
ar "2 o7, o7, 04, )
o, 9, . -
where o are calculated using (37) and (38) and o — are calculated using (41), (42), as well as the identity between
m - : 7- n a

ZHHT,. and th sin’(¢,) ; the terms 8_ fori+1 < n< m,2< i< m-1and —= for 2<n</-1, are zero. Now,

¢ r r 67— u

2 i

2 is used to calculate 9
o\ O\ .O\

i

for2< i, j< mat]][(X) as,

min{v,m— min{n,m— aTV a aTn a 8 8
D L T Y L s ¢ 1/5@ :
o1, or, 07, 8¢, \ o7, 04, | (44)

sin (e)

2

OT n 0%,
due to the independence of N from the angles @, ; the calculation of ¢x is achieved by applying —— ¢ to the already

i us’n

{4

computed terms

n
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3.3 Calculation of the coefficient u,(e,7)

In Theorem 3, the Laplacian of the coefficient u,(&,7) is established since it is needed for calculating u, (€,7).
Theorem 3. Let [[(X) be a shape in H(an) and let 7 be a unitary tangent vector to ]_[(an) at [[(X). Then, the
expression of Au,(&,7) is

2
Auy(&,7) =A(e,r)+2;iz%
0’u (E 7—) ou (E 7’) (45)
B W W AL I W S Wit (L LA
2 i,j=2""i""j 67\4189\4] ( )z i=2 "V 87\,1
where
0 T :
WED ki (ryser), 46)
on,
K (7_) Z - mm{nm 1} Kn/, (47)
o ORiC(7.T)
nt — % T S 48
4 4 a¢/ (48)
such that a, , is defined in (24),
O'uy(€,7) _ i ¥ 49
= =K’(T)C(e,T)+ K’ D(e,T), (49)
anon, I (NC(e,T)+ K D(e,T)
Kz j(7-) Z - Z min{n,m-1} Z - mln{vm 1} K Kvu; (50)
i min{v,m— min{n,m— i,j 51
Ky (M) =200 2l 2™ 2 s e b
. 2 .
Kit,;iv,u,i = ﬂrllj,.\i,u,é aRlC(T’ T) +arlt,é J,u a RlC(T’ 7-) H
of, 04,09, (52)
such that g,/  is defined in (25),

6Ri 6d* —(d* —1)Ri :
A(E,T):\/— Ric(7,7)( : Ch )lzic(T,T)e ) o
(6—RIC(7,7)62)
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J6 &

L&, T)= 373 (54)
25in(e)(6 —Ric(7,7) 62)
B(e,T)
C(e,T)= ,
(&) sin(€) ©3)
2
D(e,T) 3BE.T) € :
2sin(€) (6 - Ric(T,7) €7) (56)
ORic(7,7) . .8 @ or
23" Rie| — (57)
o, 2 & “{a ]a@
i 2 or,
O°Ric(7,7) _, T Ric d ’ 0 o, s orT (58)
d¢,0¢, ¥ o, Ok, |\ 0g,04, ' 04, 04,
6¢ = 1=, 11075 sin(g, ) cos(g,), (59)
6% _ zf’ 17\"2 x‘v p= 2p¢(Sln(¢ )COS(¢ )
== - _, sin(g,) — A {Z s=0+1 >
o > ek NS
A, (60)

+—=[1"") _,sin(@,)}cos(g,), 2<(<m-1,

N

87' \lzlrll}‘f !
JZH T

AL L sin(g,) cos(4,)

R

>, SIN(P, ) COS(G) — A, {Z S

A,

+ 117 L Sin(g, Meos(d,), 2<i<m—1, £ <i, (61)
oT, o A H _,sin(g,) _{Z m ML 5 e SIN(P, ) cOS(4,)
s=0+1
\/z ZH}‘ A \/Z z“k A (62)
+ == Ay " sin(@,)}cos(g)), 2<i<m—1, £>1,

H p=2,p#l
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o'r,
= 12211} sin(g, ), (63)

o¢;

o'T

o400, L= A0 T1)%3 s e SIN(B, ) cOS(H, ) COS(H)), 10 % L, ©4)
u (4

or, X an AL, sin(g, ) cos(4,)

- HZZ ¢ 7\‘ s=0+1
TN ST AN 5 R

Ay H'”;sm(¢) 2</<m-1,

+w/1—xm

O A2t e el S0, 0S4
p 2,p#u s=0+1

00 L1 e

T} sin(g, )} cos(¢,))cos(g,), 2<l<m—1, u</, (66)
A

p=2,p#l,p#u

(92 7\‘ Hu =2 p;&// Sln(¢ ) {Z m—1 }\‘YH; 12 p#f pFu Sln(¢ )COS(¢S‘)

04,04, a¢[ \/Z R Ay .

+ Ay - sin(g,)} cos(g,))cos(g,), 2<l<m—1, [ <u,

> p=2,p#l,p#u
I-A

m

AR DAL 1T, sin(g, ycos(g) 1,3 et Il (4, )cos<2¢>
o8 \/Zl ; \/Z DL LM 6y

AN,

,/1—xm

+—=2_1"" sin(4,), 2<i<m-1, {<i,

627i 3 MH;IZ sin(¢p)cos(¢z) . Z N HS 12 sm(¢ )cos(d,)

2o, "
o~ it NS o JZ WIS

. (69)
+ 1—mx2 17 sin(g4,)), 2<i<m—1, {>i,

m

iporary Math tics
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aa;u;( \/% l: :7\‘: HP 2, p#l, p#u Sln(¢ )COS(¢)

{2 ST Zt 5

]—Ip =2,p#l, p#u Sln(¢ )COS(¢ ) (70)

+%m}\'2 r[':;;,pvt(’,,pvtu Sln(¢p)}) COS(¢u)COS(¢¢ )9 2<i<m-1, L #u<li,
T, N (k 0, .. sin(g,) {z o MDD sin(d,)cos(,)
- - s=0+1
00,06, Y A L NS
A (71)

+ k I35 ot peu SIS, )} cOS())) cOS(4,),
122

m

2<i<m—-1, (w#i)<lor (L#i)<u.

. . . 1 0 Ou, (e,
Proof. The Laplacian of u,(€,7) in (13) is computed as the sum of the two terms NG 86( uoa(ée T)J and

A smiixy ot (€,7) , where A gy x)e 18 the restriction of the Laplace-Beltrami operator in (18) to the geodesical sphere

. k
S(X),e) in[](Xn) through Theorem 2 " P'#,
Ouy(e,T Ric(7,7) €
Gu(€.7) that is M , and 4G in (12), so it equals
de (6—R1c(7',7')'_C ) )

. : Ouy(€,7) 0uy(€,7)

. Next, according to (22) and (23), the second term involves an
o, 24,04,

The first term involves,
J6Ric(r,7)(6d) — (d} ~1)Ric(7,7) &)

. 2 5/2
(6-Ric(r,7) %)
hereafter,

Ouy(€,7) _ N ORic(7,7) (72)
o,  2(6-Ric(r,n) ) 04

duy(e,7) 3J6 & ARic(7,7) ORic(T,T)

0406, 4(6-Ric(r,n)e?) o4 g,

(73)

.\ J6 €2 O*Ric(7,7)

2(6-Ric(r,) ) 0404

where,
Mzzzl@‘:z Ric i,i %7,’ (74)
o4, J or,” O, )og,
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O*Ric(7,T) (o o [ o7
5 =2 Zm i

.- Ric ,
09,09, O\, O\,

Now, the following reciprocal relations,

ll}\‘Z
z (ZS i+1

T
04,09, '

ar. o7, ] 5)
o¢, 04,

A

. }”s
S el I zﬂw

2<i<m-1,
and
2\}1—7\,,2,,7},,

of (37) and (38), respectively, are considere
expressions in (39) and (40) to get,

z: 17\‘2

d [19, Lemma 3],

\/1 xz Tm), (76)

(77)

; and consecutively the coordinates 7' are replaced with their

T, = mnl 12 sin(g,) cos(g,) — A, (ZS =i+l

7\'”1

Ji-22

117, sin(g,)), 2<i<m-—l,

and
122 117 sin(g)).

2
i

Then, the calculus of the partial derivatives a1 and

o4, g, 5¢

A s=1
s 7\12 H[=12 sln(@) COS(¢S)

Sy

(78)

(79)

appearing in (74) and (75) is achieved using (78) and (79).

The term Auy(0, 7) is defined thrlough the continuous extension at (0, 7) of the functions & (e,7), C(&,7), and

D(e,T) since they converge to zero, 7, , and zero, respectively, when & converges to zero.
Finally, the expression of the coefficient u,(€,7) is obtained in Corollary 4 hereafter.
Corollary 4. Under the same assumptions of Theorem 3, the expression of u,(€,7) is

Z(e.n)+(X 1K (N =Y 1A K (7)) T (e.7)

(D m K (T) =21 A K (7)) K(e,T)
_z :12 }\’iKi (7’)[/'(6,7'),

(80)

where K'(7), K/ (7) and K} (7) are defined in (47), (50), and (51), respectively, and
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V6 (6+24% +(1-4d) )Ric(7.7) € ) Rie(7.7)

Z(e,7)= o(6_Ri SN\32
—Ric(7,7
( ic(7,7) e ) @81
(4d"—1)‘/R1c(7 7) h(JRlC(T T €
48 € \/6—Ric(7,7) €
2
J(er)= 2o ! - s, (82)
& \J6—Ric(T,7) & *° sin®(r) (6~ Rie(7,7)r? )
4
K(e.r)= oo : - wdr, 9
2 \J6-Ric(7,7) &> " sin’(r) (6~ Ric(7, 7))
2
T - dr. Y

e J6-Ric(r.7) € " sin’(r)(6-Ric(7,7)r )

Proof. It is clear that the term u,(r,7)Auy(r,7), in the expression (14) of u,(€,7), is a continuous function

of r as ascertained by Theorem 3 (notice that u,(0, 7)) equals u;(0,7)Au,(0,7)). So, (13) and (45) are used to write
uy (7, T)Auy(r,7) as,

J6 (\/ERic(T,T){6d,’; ~(a: —1)Ric(r,r)r2}
J6-Ric(7,7)r (6-Ric(r,7) )"

+3r ZD) s g, TED g, QD))

i=2 57»2 O\, O\, oA,
Then, both j Vo 8u0(r,T) and f o 62u0(r,7)dr are computed using (46) and (49),
\/6 Ric(7,7)r’ oM, \/6 Ric(7,7)r* OA,OM;

respectively, where the parameter € should be within closed intervals correspondmg to compact subspaces of H(Xm

4. Discussion

The heat kernel approximation proposed in (11) can be extended straightforwardly to the subspace z \H ~ 1)
of shapes in Z whose pre-shapes’singular values A, , for 1 <i < m, remain strictly positive, yet they are not necessarlly
different anymore; here, D, , is the set, defined in Kendall theory, of pre-shapes where A, is fixed to zero. The extension
is based on the fact that the already used differential operators and functions, involving unitary tangent vectors, are still
valid for Z \H( - 1) since none of them includes terms that are inversely proportional to singular values differences.
Essentially, the established expressions of the Laplace Beltrami operator, the exponential map, the determinant of the path
of hnear transformatlons the Ricci tensor for [J(X), as well as the coefficients uy(e,7) and u,(e,7), are all well defined

on Z \II(D,
The Kendall space has been exploited in several objects’recognition approaches “**", a fact that emphasizes the
need for tools, like the heat kernel closed-form established in this paper, to better measure the similarity between shapes.
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Indeed, heat kernel can be interpreted as density probability function or also as inner product in various approaches of
machine learning for shapes recognition. It should be recalled that the motivation for the establishment of the heat kernel
expression in (11) has been the need to solve the problem of shape classification within the framework of Kendall shape
space. In general, given a set of N training shapes (J](S,),C;) for 1 <i < N, where C; are labels designating classes, then
the consequent question of interest is naturally what would be the class of an unseen shape [](S)? For the special case of
two classes C; and C,, the shapes’ classifier C is a function that maps any shape [](S) in H(an) to one of the two classes.
The Reproducing Kernel Hilbert Space (RKHS) of the linear combinations of the functions H([](S)),., ), is commonly
used to seek the classifier C(.) amongst the functions z:z]c,.H (TI(S,),.,#) in RKHS for some scalars ¢; in R; according to the

Representer theorem, C minimizes the error functional %Z“:(C(H(Si))—C,.)Z +\yzN ¢ H(I1(S,),11(S,),t) where C, are integer

e
labels and v is some regularization scalar parameter > *, It is interesting to notice that theoretically, the manifold metric
can help to perform shapes’ classification more easily, but in practice this kind of classification is too sensitive to noise,
hence the importance of the heat kernel based classifiers that are robust . Besides, the heat kernel is a Mercer one that
makes it useful for statistical learning; the geodesic distance does not have this property of course '". Consequently, the
heat kernel is appropriate for constructing nonlinear support vector machines for shapes’ classification ),

It is worth noting that to better grasp the significance of the heat kernel closed-form approximation in (11) it
should be reminded that the straightforward resolution of heat equations is only feasible for a restricted set of classical
manifolds ***); other approaches provide merely bounds of the heat kernel ****. Furthermore, number of closed-form
expressions have been proposed in the literature to calculate the heat kernel on hyperspheres like S’:. For instance,
the heat kernel 4(X,Y, ) on S’: , endowed with a distance d and for any pre-shapes X and Y, can be approximated by the

following expression obtained from [39, p.16],

o 4(X.7) m(k-1)-1
(2_]Z_tm(k—1) \/Sln(d(X, Y))

since the principal curvatures of m(k-1)-1 equal one. The heat kernel 4( X, Y,¢) can also be written as the sum

zi21 e,(X)e (Y)e™,

where ¢, and v, are the eigenfunctions and eigenvalues of the Laplacian on the hypersphere !'”’; other heat kernel calculation
techniques are based upon recurrence relations of derivatives ''*. Despite the elegance of all of these closed-form

expressions, they do not help to easily infer closed-form expressions for the heat kernel on the quotient space Zf,, as
done in this paper. Indeed, given a manifold M, the closed-form of the heat kernel H,,; (p, ¢,t) on the quotient space M/G;,
coincides with the sum of the heat kernels 4,,( p,g;eq.t) of M for all isometries g, in the discontinuous group G, ""*"%, p
and g are in M, and g, g are the actions of the isometries g, on ¢; in the present research the orthogonal group SO(m) is a
continuous Lie group.

The present discussion is ended with an analysis of the values of the parameter €. Indeed, the latter should fulfill
number of conditions in order to keep consistent the results presented so far. First, the values of € in (8) should be in

the interval [0, €, ] defined in [19, Lemma 4] to keep the pre-shape curves 1:7. () within Yom. Besides, the parameter €
should be necessarily strictly smaller than the local injectivity radius arccos (,/1 -\ =A2 ) of H(X,kn) at a shape [](X) to

accurately define exponential map (Sect. Preliminaries and methods) and to exploit the Minakshisundaram-Pleijel recursion

formulas"” ™™ '; the spaces zl;\ II(D,,) and [1(%») share the previous expression of the local injectivity radius. This
injectivity radius based upper bound is necessary yet not sufficient because the heat kernel expansion is defined on compact

subspaces of H(an). Furthermore, in (13) that defines the first coefficient of the heat kernel expansion, the parameter e
should be strictly smaller than
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(85)

3

where the real numbers,

2<i<m-1 (86)

i1 5 o
€= —m A — A S P 2
\V Zr:l 7”3 \/zrzl thl kf}\'tz \/1 —

and

e = J1-n. 5D

are the upper bounds of the absolute values of the coordinates 7 in (15) that have been already written above as (78) and
(79).

5. Conclusion

The Minakshisundaram-Pleijel recursion formulas proved to be useful in the case of the Kendall shape spaces ., for
m >3 and k > m + 2, that are homeomorphic neither to each other nor to any known spaces. They helped to establish the

closed-form approximations of the first and second coefficients of the heat kernel expansion. The obtained expression of
the heat kernel in (11) represents a potential interest in machine learning for objects recognition since it helps to get more
robust and accurate shape similarity measurements. The latter is evaluated through interpreting the heat kernel as
density probability functions and inner products in Bayesian and kernel-based machine learning approaches, respectively.

k
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