Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Highly Dispersive Optical Gap Solitons with Kundu-Eckhaus Equation
Having Multiplicative White Noise

Elsayed M. E. Zayed', Reham M. A. Shohib?, Mohamed E. M. Alngar3, Mona El-Shater!, Anjan
Biswas*>67" Yakup Yildirim®%1%*, Anwar Ja’afar Mohamad Jawad'!, Ali Saleh Alshomrani®

'Mathematics Department, Faculty of Science, Zagazig University, Zagazig, Egypt
2Basic Science Department, Higher Institute of Foreign Trade & Management Sciences, New Cairo Academy, Cairo 379, Egypt
3Basic Science Department, Faculty of Computers and Artificial Intelligence, Modern University for Technology & Information, Cairo
11585, Egypt
4Department of Mathematics and Physics, Grambling State University, Grambling, LA 71245-2715, USA
>Mathematical Modeling and Applied Computation (MMAC) Research Group, Center of Modern Mathematical Sciences and their
Applications (CMMSA), Department of Mathematics, King Abdulaziz University, Jeddah-21589, Saudi Arabia
®Department of Applied Sciences, Cross-Border Faculty of Humanities, Economics and Engineering, Dunarea de Jos University of
Galati, 111 Domneasca Street, Galati-800201, Romania
"Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University, Medunsa-0204, South Africa
8 Department of Computer Engineering, Biruni University, Istanbul-34010, Turkey
9Mathematics Research Center, Near East University, 99138 Nicosia, Cyprus
19Faculty of Arts and Sciences, University of Kyrenia, 99320 Kyrenia, Cyprus
"' Department of Computer Technical Engineering, Al-Rafidain University College, Baghdad-10064, Iraq
E-mail: yyildirim@biruni.edu.tr

Received: 21 December 2023; Revised: 15 March 2024; Accepted: 8 April 2024

Abstract: This paper explores the dynamics of highly dispersive gap solitons within the framework of the Kundu-Eckhaus
equation, augmented by the inclusion of multiplicative white noise in the It6 sense, a novel addition to the model. Two
integration schemes, the extended simplest equation approach and the generalized Riccati equation mapping scheme, are
employed to analyze and integrate the model. Despite yielding bright, singular, and dark-singular straddled solitons, both
methods independently fail to capture dark optical solitons. Additionally, our investigation highlights that the influence
of white noise predominantly affects the phase aspect of the solitons, with negligible impact on their amplitude. Further
details regarding the specific physical system or optical medium under study would provide readers with context, aiding
in the comprehension of the significance of our findings.
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1. Introduction

The concept of highly dispersive optical solitons made its debut a couple of years go. This concept was conceived
with the absolute need to maintain the delicate balance between chromatic dispersion (CD) and self-phase modulation
(SPM) for the soliton propagation to sustain for inter-continental distances. Later, this concept was applied to optical
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fibers with differential group delay. This concept was applied to nonlinear Schrodinger’s equation as well as the complex
Ginzburg-Landau equation and several of the features have been recovered [1-5]. The retrieval of optical solitons for the
models as well as as locating the conservation laws by the method of multipliers have been studied. The numerical analysis
of such highly dispersive optical solitons, by the aid of Laplace-Adomian decomposition scheme as well as variational
iteration scheme, have also been reported [4, 5].

The current paper addresses such highly dispersive optical solitons in Bragg gratings that would yield gap solitons.
The study is made with Kundu-Eckhaus equation as the platform. These gap solitons are being considered with a flavor
of stochasticity. The inclusion of multiplicative white noise in Itd sense would yield the necessary gap solitons with the
stochastic effect embedded in them. Two integration schemes would make the retrieval of such optical solitons possible.
They are the extended simplest equation approach and the generalized Riccati equation mapping scheme. These two
algorithms would collectively yield bright and singular optical solitons as well as straddled bright-singular and straddled
dark-singular optical gap solitons. An inherent shortcoming with these two integration algorithms is that they fail to
recover dark optical gap solitons. The details of the retrieval procedure of such gap solitons are exhibited in the rest of
the paper.

1.1 Governing model

The dimensionless form of highly dispersive Kundu-Eckhaus equation in fiber Bragg gratings with multiplicative
white noise is modeled for the first time as:

ig; +iay17x + @127y + 113 o + Q14T o + 1015 P + Q16 oo + (él |CI|4 +m |q|2 |r|2 + Cl |r|4) q

dw (t
+biry+ [ll (|Q\2)X+91 (|V|2)j q+iouge+Bir+ 81 r* + o (g—ibiry) # =0, (D

and

iry +iaz1qx + a22Gxx + 123G xxx + A24Gxxxx + 125G xxxxr + A26Gxvxnex + <§2 |r‘4 + M2 |r|2 |Q‘2 + CZ |Q‘4) r

: N : dw (¢
+bagy + [lz (|r|2>x+92 <|q\2)x} r+icpry+ Pog+ &or q2 + 0 (r—ibagy) dt( ) =0, )

where g (x, t) and r(x, t) are complex-valued functions that represent the wave profiles and ¢* (x, ¢) and r*(x, t) are their
complex-conjugate, i = v/—1. The first term is the linear temporal evolution. The constants a; ik=1,2, j=1-6)
are the coefficients inter-modal dispersion (IMD), chromatic dispersion (CD), third order dispersion (30D), fourth order
dispersion (40D), fifth order dispersion (50D) and sixth order dispersion (60D), respectively. The constants b;(j = 1, 2)
are the coefficients of STD. The constants &;, A; (j = 1, 2) are the coefficients of self-phase modulation (SPM), while the
constants 1;, {;, 0;(j =1, 2) are the coefficients of cross-phase modulation (XPM). The constants o;, B, §; (j =1, 2)
are the coefficients of IMD, detuning parameters and four wave mixing (4WM) terms, respectively. The constant ¢ is the
coefficient of noise strength and W (¢) is the standard Wiener process, such that dW (r)/dt is the white noise.

This article’s primary goal is to use the extended simplest equation approach, and the generalized Riccati equation
mapping strategy to locate the bright, singular, straddled dark-singular soliton solutions of Equations (1) and (2).

This article’s structure may be expressed as follows: Section 3 introduces the mathematical preliminaries. We derive
the solutions to systems (1) and (2) in Sections 4 and 5. Section 6 concludes the work with a few words on the future plan.
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2. Mathematical preliminaries

To analyze the model, we postulate assumption:
q(x, 1) =H, (&) expi[—kx+Qt+60+0W(t)— o],
r(x, 1) = Hy (€)expi [—Kx+Qt+6+GW(t)—62t}, 3)
and
E=x-Vrt, “)

where k, Q, 6 and V are nonzero real-valued constants which represent frequency of the soliton, wave number, phase
constant and soliton velocity, respectively. The functions H; (&) and H, (€) are real functions which represent the
amplitude portion of the soliton and the phase component of the soliton, respectively. Inserting (3) and (4) into Egs.
(1) and (2) gives the real parts:

ar6HY (£)+ (ara +Skars — 15%ais) Hy (£)

+ (a12+3a131<—6a141<2 —10a;5K> + 15a;6x* —b1V)HY (&) + (koy —Q+ 62) Hy (&)

+ [B] +anKk—apk® —apnk +auk’ +asc —a161<6+b11<(§27 62)} Hy (E)+EH; (E)+mH; (E)H3 (&)
+8iH (§) H (§) + 2 Hi (§) H{ (§) +261H: (§)Ha (§) Hy (§) + 81 Hi (§) Hj (§) =0, ®)
aseH\"” (£) + (a4 + Skans — 15%az) H (£)

+ (a2 4 3a23 K — 6az4 kK> — 105> + 15a25k* — bV ) HY (€) + (ko — Q@+ 6%) Hy (&)

+ [ﬁz +an K —ank® —ank +auk’ +axsi fa26K6+b2K(Qf 62)} Hy (&) +EH5 (§)+mH5 (E)HE (§)

+GoH (§) H (§) +20:H3 (§) Hy (§) +26:H, (§) Hi (§) Hi (§) + &:Ha (§) Hi (§) =0, ©)

and the imaginary parts are
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/—7
where =

(on —V)H{ (§) + |an —2annk —3a13k* +4aisk’ + Sai5k* — 6aiek” + by (Q— 6?) +b1KV} Hj (&)
+ (a13 —4a1sk — 10a1s k> +20a16k” ) Hy' (§) + (a1s — 6ai6k) Hz(s) (&)=0,
(00 —V)H} () + |aa1 — 2axnk — 3axsk* +4ara K + Sapsk* — 6azsk® + by (Q — 67) +b21<V} Hi (&)
+ (a23 — 4azak — 10az5k* +20ax k> ) H" (£) + (az5 — 6azs k) Hl(s) (&)=0,

d n_ d* _d @« & 5 & 6 d®
//_@’W_@’()_@’()_Eand()_@.

To recover the integer balancing number used in the given integration methods in the current paper, we set

Hy (6) =1 Hi (),

where U is a non zero constant, such that u # 1. Now, Egs. (5)-(8) become

and

C

s €)1 s 155 HO 6

+ (a2 +3ai3k — 6aiak* — 10a;5K° + 15a16k* — by V) HY (&)

+u {ﬁl +(an + o) K —apk® —aik® +auk® +aisk® — aek® — (1-bix) (Q—GZ)} H; (§)
+ (& +mu’ + Gut) HY (8) +2 (4 + 60?) HE (§) Hi (§) + &1 HS (§) =0,

a26H1(6) (&) + (a24 + Skars — 157(2026) H1(4) (&)

+ (@22 +3a23 Kk — 6424k — 10ars K> + 15a26K* — boV) Hy ()
+ {Bz%— (a21 + 1) K — ank® — axk’ +auk® + a5k — axk® — (1L —byk) (Q— 02)} H (§)

+u (W +Pm+ &) Hy (&) +2u (Aop® +6) HE (E)HY (&) + &u H (E) =0,

(7

®)

)

(10)

(11)
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{ocl —V+u (a“ —2a12k —3ai3k* +4aisk’ + 5a15k* — 6ai6K° + by (Q - 67) +b1KV)] Hi (&)
+  (a13 —4aiak — 10a15k” +20a16k° ) H” (&) + p (ars —66116’()111(5) (§)=0,
{(az — V)l +ax —2ank —3ank® +4auk’ +Saysk* — 6ayk> +by (Q—06?) + by KV} Hi (&)
+ (a23 — 4arsk — 10ar5K> +20a26 %) H}! (&) + (azs — 6arsk) H (£) = 0.

Integrating Eqs. (12) and (13) with zero-integration constants, we have
{(xl —V(l=bix)+u (a” —2a12k — 3a13K> +4aia k> + 5arskt — 6a6K° + by (Q—Gz)ﬂ H; (&)
+ (a3 — darak — 10a;5k> +20a16K7 ) HY' (&) + 1 (a15 — 6a16x) H Y (E) = 0,
{azu — (U —bok)V + a2 —2axnk — 3axk* +4ars k> + Sarsk* — 6arek” + by (Q — 02)} H, (&)
+ (@23 — 4az4k — 10a2s k2 +20as6 K3) HY (&) + (ars — 6axsk) Hl(4) (&)=o0.

Setting the coefficients of the linearly independent functions of Egs. (14) and (15) to zero, yields

ajs
= b :17 27
6aj6 d

and

o+ U [a” —2012K—3013K2+4a141€3—|—5(115K4—66116K‘5 + by (Q—Gz)]
1-b1x ’

U +ap —2anK — 361231(2 +4024K3 —|—5025K4 - 6(1261(5 +by (Q — 62)

Vv
u—brx

)
and the constraints conditions

aj3—4aj41<—lOaj5K2—|—20aj6K3 =0, j=1, 2,

(12)

(13)

(14)

(15)

(16)

amn

(18)

(19)

providedajs #0, aje #0, (j =1, 2), bik # 1, byk # u. Egs. (10) and (11) are equivalent under the constraint conditions:
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ajglt = aze,

O = O,

M+ 617 = (Aop®+65)

S+mp’+opt =p (uo+u*m+6),

1 (@14 +5kars — 15k%aie) = (ax + Skars — 15k%a) ,
1 (a2 +3ai3k — 6arak® — 10a;5k° + 15a16k* — by V)

= (a22 +3ar3 K — 6ay, K2 — 10as5 K + 15ay¢ Kt — sz) ,

u [ﬁ] + ((111 +OC1) K‘—a12K‘2—al3K3—|—a14K4—|-al5K'5 —a16K6— (1 —b1K) (Q—Gz)}

= [32 + (a21 —‘y—,LLOCz) K—a22K2 —a23K‘3 —|—a24K4+6125K‘5 —a26K‘6 — (‘LL —bgK) (Q— 62) .

From (26), we have the wave number of the soliton:

[ax1 — w (an) + o — o)) k + (Haie — aze) K° + (azs — pars) K° + (aza — para) k*

o_ + (ai3p — a23) K2 + (parp — axn) K%+ By — uPi + 62k (uby — by)

K (uby —b2)
provided wb; # b,. From (17) and (18), we deduce that

2:A([,L—sz)—B(l—blK)-i-Q[[,Lbl (/J—sz)—bg(l—blK)]

o )
uby (,u —sz’) —bz(l —blK)

where
A=o01+u [a” 72a12K73a13K2 +4a14K3 +56115K'4 760161(‘5} ,

B=mu+ar —2ank—3ax K2 + 461241('3 + Sazs Kt — 661261(5.

Now, Eq. (10) can be rewritten in the form

(20)

ey

(22)

(23)

24

(25)

(26)

@7

(28)

(29)
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HO (&) + LY (&) + LH] (&) + 2L3H} (&) H] (&) + LaHy (§) + LsH; (§) + LeH; (§) =0, (30)
where

_ ajg+5xas — 15K2a16

Ly ,
aie
L a12+3a13K—6a14K‘2—10a15K3+15a16K‘4—b1V
2 = )
aie
A+ 01 p?
L3: s L ;
aicl
L ﬁl+(a11Jr(X])K‘*(llzk‘z7a13K3+a14K‘4+a15K57(11(,1(67(171?11() (9762)
4 = 5
aie
o
L5:17“7
aie
2 4
Pk |l ST 31)

ajpl

Now, balancing the terms HI(G) (&) and H; (§) in Eq. (30) yields the balance number N = % Thus, we take the
transformation:

3
H(8)=22(8), (32)
where Z(£) is a new positive function of &. Next, Eq. (30) changes to:

2°(£)2'9(8) +324(§)Z'(£)2)() - % (2%(8) -22(8)2"(8)] [23 (£)29(8) —22*(§)Z'(£)2"(§)

FSZEZ(E) - DRQTHE) + R OZAEZE) + 28 -

- = 2(8)24(8)2" (&)

L

+ 2 [822(E)79(8) + 1622()Z(6)2" () +321(€) + 12 (2(8)2" () - 2(£)) 2(8)7"(8)| 22(E)

+ 22 (27(6) 4+ 22(8)2(6)) 7€)+ BN Z () 4 SLZ Q) + AL E) L2 E) =0 ()
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In Eq. (33), we balance Z°(&)Z(©) (&) and Z'2(&) produces the equilibrium number N = 1. Eq. (33) will be solved

using the following two integration techniques in the next sections.

3. Extended simplest equation approach

The formal solution to Equation (33) is [6-8]:

Z()=x+n [2,((5&))} +Po {qnzé)]’

and @ (&) is the solution of the equation

" (8) + 1P (&) =,

where T, v, X0, X1 and pg are variables, such )(12 —&—pé #0.
For 7 < 0, we switch (34) with (33) and apply Eq. (35) with the following relation

CORICORE

where T} = 7 (W]2 — W22) — “Tz, while W and W, are parameters, allows for results

1

1 [ 11785523 (w2 —w2)’]°
XOZO,XIZ(),POZ* - 70:03
2 Lg
and
3247 135679 , 45873 4
1 ’4 T, L2 336 T, L3 07 4 64 T, Ls Oa

provided (W]2 — W22) L¢ > 0. Consequently, we obtain bright-singular straddled optical solitons as:

1

CJ [ onmssse (w2-wp)*]® !
qlx, 1) =4 5 |~ Lo Wi cosh (v/=7&) +Wasinh (v—1§)

iRt Q0 +oW (1) —0%1]

)

[

(34

(35)

(36)

(37

(3%

(39)
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[SI[o%}

= 1) 1 [ 11785503 (w2 —w2)’]° 1
r(x, t) = - |—
’ *32 Lg Wi cosh (v/=7&) + Ws sinh (v/=7¢&)
ei[—rcx+Qz+6+cW(t)—crzr] ) (40)
The bright soliton solution is obtained when W # 0, W, = 0, we have:
a7h :
q(_x7 t) — % |:—]17iSST :| Sech (\/jfg) ei[*KX+Qt+9+O'W(f)*GZI]’ (41)
6
o :
r(x, t) =u % |:_117iSST] sech( /—‘L'é) ei[—Kx+Qt+9+GW(t)—62t]’ (42)
6

provided Lg > 0. The singular soliton solution is obtained when W; = 0, W, # 0, we have:

2

1
1 [117855737¢ ,
(](x, t) = 2 [i:ST] csch( /—’Cé) el[—Kx+Qt+9+6W(t)—(;2t]’ (43)
3
1 [117855¢3]6 ’ 2
r(x, 1) = 3 [ I ] csch (\/j,cé) ez[—xx+Qz+e+aW(z)—a t]. (44)

for Lg < 0.

In Figures 1 and 2, we can see 3D plots, contour plots, 2D plots of a bright soliton solution defined by Eq. (41). The
parameters have specific values: V=1.1,7=-1,u=12, =191 =13, {i=14,a,6=17,k=1.6,Q=2.1,
0=24,and W(t) =1.
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Figure 1. Profile of a bright soliton solution
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Im(g(x, )
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Figure 2. Profile of a bright soliton solution
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4. Generalized Riccati equation mapping scheme

Eq. (33) obtains the formal solution [6-8]:

and Q (&) satisfies the generalized Riccati equation:

Q (E)=ho+hi Q(E)+hy Q*(E),

where Ay, Ay, A_1, hg, h; and hy are arbitrary constants to be determined provided A; £ 0 or A

Plugging (45) together with (46) into Eq. (33), obtains the following results:

1
hy 117855\ ¢
1 ) ( L6 ) s 80 )

2L, [ 117855\ 6 21 L
A71 == - 7h0 = , 11 =Y,
6494 h, Le 3247 hy
and
2849259 L} 424829853 L}
== [3=0,Ly=—— 1 Ls=0
27 710543000 P T Y T 34233150223 0

provided Lg < 0. From (45) and (47), then we have the solutions:

=3 (-122)" [moter+ 222 (g17)] -

The following solutions are thus yielded.

(45)

(46)

—1 #0and Ay #0.

(47

(43)

(49)

IfY = h% —4hghy > 0 and hyhy # 0 or hohy # 0, then, we have the straddled dark-singular soliton solutions:

1
117855\ [ 211
n=4(- - tanh
ax. 1) {( Le > 12988 [an <

ei[—Kx+Qt+9+GW(t)—62t]

21 Ly
~3247 5) +coth<

)
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3
1 2
117855\ ¢ [ 211 21 L 2L,
—ud (- - h{y/- (/-
r(x, 1) ”{( L ) 12988 ltan < 3247 5) oot ( 3247 5)]}

ei[—Kx+Qt+9+6W(t)—62t] (51)

) _ei[f Kx+Qt+9+GW(t)70'2t]

g(x, 1) = X

1
117855\ ¢ [ 21L, 211, 21 L,
- - tanh [ 4/ — th (/-
{( Ls ) 51952 [an< 12088 g)“" ( 12088 5)

4
N , (52)
an (/2 ) + com (/B €
r(x t) =1 x ei[—Kx+Qt+0+6W(r)—62t] «
1
117855\ ¢ [ 21L, 211, 211,
- - tanh [/ — th (/-
{( Ls > 51952 lan< 12988 5)“‘) ( 12088 é)
2
4
+ (53)

2L 2L
tanh ( — 73958 5) +C°th< — 72088 5)

Also we obtain the straddled singular solitons
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C

—Kx+Qi+6+0W (1)—c%1]

q(x, 1) =l X

1
21L, [ 117855\ 84 L, 84 L,
= _ _ h+/—
{ V 12988( Ls ) [C(’th< 3247 ‘§>i°5° ( 3247 5)

1

+ ) (54)
84L 84L
coth( —3247‘§>:l:csch< —3247‘§>
r(x l) :ei[—Kx+Qt+9+GW(t)—62t] %
21L; [ 117855\ ¢ 84L 84 L
1 1 1
Y - th( 4/~ tesch (/-
“{ 12988 ( Lg > [CO ( 3247 é) ese ( 3047 5)
2
1
+ ) (55)
coth< ggﬁé):tcsch( ggﬁé)
A few additional soliton solutions are structured as:
VA2 * B2 _ Acosh _84L;
0 ( 117855)é o, | VATTE Acos ( it 6
g, )= (——— ) \/~
Lg 12988 . 841
Asmh( 576 | +B
%
Asinh( —2‘2‘4@15) +B
+ ) o —Kx+Qi+0+0W (1) —02t] (56)

VA? +B2Acosh< §;‘4L;§>
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1 VA2 B? —Acosh | /3L
o ) 117855\ [ 21L; * COS( it 6
r(x, t)= - —
 D=H Le \ 12988 v

Asinh< — 37 5) +B

Asinh< 7242‘4%1 6) +B

+
VA?+ B2 — Acosh ( —2‘2‘4%‘5)

ei[7Kx+Qt+9+6W(t)762t] (57)

)

1 VB* =A% + Asinh ( /- 3L
G )= 117855\ ¢ [ 211, FAsn ( 247 S .\
a5 = 12988

L
6 Acosh< §‘214L7‘§> +B

Acosh( —2341‘715) +B

. 84 L
VB2 —A? 4 Asinh ( —3247‘§>

e

)

i[—Kkx+Qr+6+0W (1) -] (58)

VB2 _ A2 i _ 4Ly
178ss\¢ [ arr, | VB A +Asmh< 3247&)
rbe ) =pq =~ 12988 *

L
6 Acosh( —234%'5) +B

84L
Acosh( —3247'5) +B ' .
el 7KX+Qf+9+GW<t)7O' l] (59)

: 84 L 7
VB? — A + Asinh ( — 7 §>

provided L; < 0, A and B are two non-zero real constants satisfying B> — A% > 0.

5. Conclusions

The current paper conducts a detailed analysis and constitutes the retrieval of highly dispersive gap optical solitons
that emerge from the Kundu-Eckhaus equation. To give the model a flavor of stochasticity, the effect of multiplicative
white noise is included in the It6 sense for the first time. Two integration algorithms shed light on the model. They are
the extended simplest equation approach and the generalized Riccati equation mapping scheme. These methods together
yield bright and singular 1-soliton solutions as well as dark-singular and bright-singular straddled optical solitons. Both
of the schemes have a severe shortcoming. They fail to recover dark 1-soliton solution to the model. Another feature that
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is observed in this paper is that the effect of white noise stays confined to the phase component of the solitons and thus
does not affect the amplitude component of any of the solitons.

The results are thus indeed promising to traverse along additional avenues to proceed with this model. It is imperative
to consider more integration schemes that would reveal dark 1-soliton solutions to the model. The present paper thus stands
incomplete in the sense that the two adopted algorithms fail to present a full spectrum of optical gap solitons to the model.
This is one of the very many avenues to venture into in the upcoming days and the recovered results would be reported
after aligning them with the various pre-existing ones [9-24].
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