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Abstract: To measure the commutativity of two elements in a group, we define the commutator by [x, y] = x~ 'y~ xy for
all x, y € G. Two elements x, y € G commute if and only if [x, y] = e, where e is the identity element of G. We determine
the number of pairs (x, y) in a finite group such that [x, y] = e. Using the free group of rank n, denoted F", we define for
every g € G the set of n-tuples & € G" such that w(h) = g, denoted by Ng, ,(g). Many open problems remain about the
structure of Ng_ ,,(g) and its implications for the underlying group. One such problem is Amit’s Conjecture, which states
that for every w € F", the value of [Ng, ,,(e)| is at least |G|"~! for every finite nilpotent group G. This paper proves Amit’s
Conjecture for all words in two variables. Furthermore, our main theorem generalizes the result to all finite groups. As
an application, we provide a bound on the number of edges in the non-braid graph of any finite nonabelian group.
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1. Introduction

The concept of commutativity of two elements in a finite group was first discussed by Erdos and Turan [1], where
the number of pairs (x, ¥) € G x G, where G is a finite group, such that xy = yx can be expressed as |G|k(G) where
|G| represents the order of G and k(G) represents the number conjugacy classes of G. By defining the commutator of
two elements in G, namely [x, y] = x~!y~!xy, then the above problem can be rewritten as finding solutions for equation
[x, ¥] = e in a finite group G where e is the identity element in G.

What if the expression [x, y] is replaced with another type of expression, such as x>y~ 3xyx®[y, x]? By reviewing the

elements of the free group generated by k variables, namely

W(X1, X2, ey Xp)-

We can define a verbal mapping on the finite group, namely
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fu:GH = G

(gla 82, vy gk) = W(gl, 82, -+ gk)

Then the number of k-tuples g € G*) such that w(g) = e, is

|NG7 W(e)l

where Ng, ,,(e) = {g € G¥ : w(g) = e}.

The problem of finding a lower bound of |Ng, ,.(e)| is still an open problem that has not been solved until now.
One of the unresolved problems raised by Amit (see [2]) concerns the lower bound of Pg ,,(e) in the nilpotent group as
ING, w(e)| > |G[*~! for each word w over k variable. This paper will give the lower bound of |[Ng, ,,(e)| for w an element
of the free group with rank 2, for any finite group G. And as an application, we give a bound for the number of edges of
the non-braid graph of any finite non-abelian groups.

2. Verbal mapping on a finite group

In this section, we discuss the main topic of this paper, namely verbal mapping on a finite group.

Definition 1 Let G be a finite group. Let F,, denote the free group generated by S = {x;, x2, -+, x,} C G and let
w(xy, x2, ..., X,) € F,. We define the verbal map on G associated with word w as a function
fe.w:G" — G

(81, 82, -, 8n) > w(g1, &2, --8n)-

The verbal map replaces each variable in the given word with the corresponding group element. We define

Ng, w(g) = {(gh 82y -y gn) eG" :fG, w(gla 825 ooy gn) :g}7

and the subgroup of G generated by the image of fg, , is called the verbal subgroup of G, denoted by w (G).
Example 2 Let G = Dg = {e, a, a*, b, ab, a*b} be the dihedral group of order 6 and w (x;, x) = x1x2x;. Then

fo, wla, b) =aba =b.

Based on the above definition, the image of f ,, does not necessarily form a group.
Example 3 Let G = D¢ = {e, a, a*, b, ab, a*b} be the dihedral group of order 6 and w (x;) = x?. Then the image
of fG. v is {e, b, ab, a*b} which does not form a group.
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3. Divisibility of |Ng, ()| for w € F

In [2], Amit’s Conjecture is stated as follows.
Conjecture 4 For each finite nilpotent group up to G and any word w € Fy, the following property holds

[N, w(e)| > |Gl

In this paper, we will focus on the case of w € F>, and it should also be noted that the results obtained in this paper
can be applied to all finite groups. The proof written in this section is the two variable case from the proof given in [3].

Definition 5 Suppose w € F>, We define d(w, x;) as the degree of w in the variable x;, which represents the total
exponent sum of all occurence of x; in w.

In other words, if

_ b1 by by
w=d;'ay..a.,

where a; € {x1, x2} and b; € Z\ {0}, then for each j € {1, 2}, we define d(w, x;) = ¥ -, bi.
Example 6 Let w(x;, xp) = xlxglx%xé € B thend(w, x1) =d(w, x) =3.
We define N = {w € F> : d(w, x1) = d(w, x2)}. Note that by parsing the exponents of an element w in F», d(w, x;)
can be viewed as the number of components x; in w minus the number of components xi_1
Definition 7 Let G be a group and s, ¢ € G. Define the following subgroup of G

nw.

P(s, t) = ﬂ (CG(Siti) ﬁC‘G(tisi))
i€Z

where Cg(x) = {g € G : xg = gx}.
Lemma 8 If b € P(s, t) then (bs) (tb~')! = s't' and (tb~")!(bs)' =t's' for i € N.
Proof. We prove this by induction.
For i = 0 we get

(bs)°(th™ )0 = e = s%%°
(th 10 (bs)? = e = 1.
Assuming the lemma is true for i = k, fori = k+ 1 we get
(bs)< L (e~ 1)+ = (bs) (bs)k (b~ YK (16 1) = bsshtkeb ™! = bkt k11 = gl kel ppt — gl el
(tb™ Y (bs) ! = tb =L (1th™ YK (bs)bs = th ' *s*bs = th ™ brksks = (AL

Since the induction hypothesis is true, then the theorem is proven. O
The idea is to construct a partition of N, ,,(e) such that the cardinality of each part is divisible by |G|.
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Definition 9 For every pair (x, y), (w, z) € G X G, we say that (x, y) ~ (w, z) if thereis @ € G and b € P(x, y) so
that

z=abxa”!

w=ayb 'a”l.

Lemma 10 The relation ~ is an equivalence relation.

Proof. First, we prove that ~ is reflexive. For all x, y € G, by choosing a = b = e we have (x, y) ~ (x, y) so that ~
is reflexive.

Secondly, we prove that ~ is symmetric. Suppose x, y, w, z € G with (z, w) ~ (x, y) then there are a € G and
b € P(x, y) such that

z=abxa"
w=ayb 'a”!
For every i € Z we have
2w = (abxa™ " (ayb'a ") = a(bx)'a  a(yb~ a7 = a(bx) (yp~')ia7! = ax'yla!
wizl = (ayb'a ) (abxa™") = a(yb " a 'a(bx)'a” = a(yb™ ") (bx)'a”! = ay'x’
then
(ab~'a MY dwiab a7 = aba 'ax'y'a \ab™ ' = abx'y'b'a ! = ax'ylaT! = 2w
(alflcfl)71wiz"ab71a*1 =aba 'ay'x'a 'ab~ a7 = aby'x'b a7 = ay'xaT! = w7
This indicates that ab~'a~! € P(z, w). Obeserve that x and y can be written as:
x=blaza=a Y ab " 'a")za,

y=a 'wab=a"'waba'a=a 'wlab 'a ") a.

Since ab~'a~! € P(x, y), it follows that (x, y) ~ (z, w). Hence ~ is symmetric.
Lastly, we prove that ~ is transitive. Suppose x, u, z, , v, w € G with (&, v) ~ (z, w) and (z, w) ~ (x, y) then there
area, c € G,b € P(x, y) and d € P(z, w) such that
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z=abxa™
w= aylflcf1
u=cdzc”
v=cwd ‘¢!
We prove (u, v) ~ (x, y). Notice that
a 'dabx'y' = a7 'dax'y'b = a 'daa ' Zw'ab = a7 'dZwab = a”'Zw'dab = x'y'a ' dab
a 'daby'x' = a7 'day'x'b = a” 'daa""Wzab = a 'dw'ziab = a 'WZ'dab = y'x'a'dab.
This means a~'dab € P(x, y). Since u and v can be written as
u=(ca)(a"'dab)x(ca)™
v = (ca)y(a 'dab)~"(ca)™"

(u, v) ~ (x, y). Hence ~ is transitive and therefore, ~ is an equivalence relation. O
We define the equivalence class of (x, y) € G x G as C(x, y).
Lemma 11 Suppose x, y € G then x normalizes P(x, y) .
Proof. Suppose ¢ € P(x, y), we prove that xex~! € P(x, y). Note that

1 1

xex Ity = xe(x ™y Ty = xiy ey = xly ey = xlylxex L

In the same way we get xex ™ 'yix’ = yix'xex™!, this means xcx™! € P(x, y). We conclude that x normalizes P(x, y).
O
Lemma 12 Let x, y € G. Write G = [J;cpa;iP(x, y) i.e. as a union of the disjoint cosets of P(x, y) with A =
{1, 2, ..., |G : P(x, y)|}. Then each element in C(x, y) can be written as

(a,‘bxai_l7 a,-yb_lal-_l)

where b € P(x, y),i € A, and |C(x, y)| = |G|.
Proof. Let (z, w) € C(x, y) then there is a € G and b € P(x, y) such that
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z=abxa™!
w :aybflafl.

Since a € G, it must belong one coset of P(x, y) in G. That is, there exist i € A and ¢ € P(x, y) such that a = gjc.
Because x normalizes P(x, y), and thus

xe T e P, y).

and
chxe 'x7 € P(x, ).
Since c is an element of the centralizer yx, and thus
xex = y_lcy,
and hence

(chbxe 'x D) P =xex o te =y leyp el
Consequently, z and w can be written as

U= ai(cbxe ™ x Yxa; !

z=abxa ' = a,-cbxc_laf ;

1

w=ayb la™l = a,-cbxc*la;1 =ay(y ey ! )afl.

Suppose for i1, v € Aand b, d € P(x, y)
7= aubxaﬁl = aydxa,,’
1

-1 -1 -1 -
w=auyb a, =ayyd a, .

Then for every i € Z we get
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L S R SO SR A S|
aux'y'ay, =zw' =ayx'ya,

1 1

A N I S A
apy'x'a, =wZ =ayyxa, .

This means alj]av € P(x, y), consequently u = v. Then by using cancellation law, b = d. Now C(x, y) can be
viewed as

{(aibxa;", ajyb~'a; ') i€ A, b€ P(x, y)}

Therefore |C(x, y)| = |P(x, ¥)||G : P(x, y)| = |G|. O

Lemma 13 If N is a nontrivial normal subgroup of F,, then N is generated by elements of F; of the form x’ixé and
xbxt for eachi € Z.

Proof. Define Ny as a subgroup of F» generated by the elements of the form xix}, and xix! for each i € Z. Then
No C N. Note that for every i, j € Z we have

it i+
XX, =x,  €ENox, T k=1,2
xih = xixhx) " € Noxd ™
xhx] = xhxx] € Nox| .

Suppose w € F, then w can be written as the product of elements xj- with j =1, 2 and i € Z. From the above process,
w can be arranged so that w € Noxfc withk € {1, 2} and/ € Z. If w € N, since Nyp C N, x,lc € N and from the definition of
N, [ = 0. Therefore w € Ny, and N C Ny. We conclude that N = Nj. O

Lemma 14 Let w € N. If x, y € G and b € P(x, y) then fg. (bx, yb~') = fo. w(x, ¥).

Proof. Elements of N are generated by the elements of F> of the form x} x/, and x,x’ for each i € Z. When substituted
with bx and yb~! we obtain

(bx) (yb~ ") =y
(yb™ ") (bx)' = y'x'.

Therefore fG, v (bx, yb™1) = fG. w(x, ¥). O
Lemma 15 For every group G and w € N, |Ng, ,»(e)| is divisible by |G].
Proof. Suppose (x, y) € Ng, w(e). If a € G and b € P(x, y) then

fo. wlabxa™, ayb™'a™") = afg, w(bx, yb Na ' =afg, w(x, y)a ' =e.
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This means that Ng, ,,(¢) can be viewed as a composite of several equivalence classes with the relation ~ in G x G.
Therefore |Ng, ()| is divisible by |G]. O

We will now prove that [Ng, ,,(e)| is divisible by |G| for every w € F, by relating every word in F> to some element
in N. Before presenting the main theorem, we introduce several auxiliary tools.

Definition 16 Let A — (“ Z
.

) € GL(2, Z). We define a group homomorphism1
A RSN D)
by specifying the images of the free generators x, x; as follows:

A =xg, =i

This homomorphism is then extended to all of F; multiplicatively.

1 2
Example 17 Let w = x;x3 and A = (3 5) . Then:
q=x0g, g =xn,
)
wh = (4)? = () (x3)*.
Lemma 18 Let F’ be the commutator subgroup of . If A, B € GL(2, Z) and w € F> then
(WBF' = wABF',

Claim: For any w € F, if d(w, x1) =d(w, x2) =0thenw € F’.

Proof. Let w € P> with d(w, x;) = d(w, x»), by applying Hall Collecting Process [4] there are k, [ € Z and ¢ € F' so
thatw = xkxbc. Since c is generated by the commutator in F», d(c, x1) = d(c, x2) = 0. Hence d(xkxb, x1) = d(xkxb, x2) =0
which means k = [ = 0. Therefore w € F". O

2
Proof. [Proof of Lemma 18] For every w € F> we have d(w”, x;) = Z aid(w, x). Hence fori =1, 2
=1

2
d(w")B, x;) = Z bud(w?, x) = bid(W*, x1) +bpd(w*, x2)
=1

=bji(and(w, x1) +axd(w, x2)) + bip(aind(w, x1) + axnd(w, x2))

= (binay1 +bnax )d(w, x1) + (biaia +bnan)d(w, x2) = d(w*8, x).
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‘We obtain

This shows that (w4)? (WAB)fl €F. O
Ifg e GxGandw € F,, define 6(g, w) by:

1, ingNg_’W(e),

6(g, w) =

0, otherwise.

Then, it is clear that

NG, wle)l = ), 85 w).

8€eGxG

Definition 19 Let G be a finite group and let

a b
A= (c d> € GL(2, Z).

Define a map

1:GxG—GxG, (g1, ) (g?g?g‘ig?)-

Lemma 20 There is a set A which generates GL(2, Z) so that if A € A and w € F; then

NG, wa(e)| = ING. w(e)l.

0 1 -1 0 1 1
Proof. Select A = { (1 O) , ( 0 1) , <0 1) }, from [5], we get GL(2, Z) = (A).
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Notice that for every (g, g2) € G X G we have

(o)
(g1, &2) bo = (g2, &1)

)
(g1, &2) 0 1 =(g" &)

o 1)
(g1, &2) 0 1 = (2182, &2)-

Then the map (g1, g2) — (g1, g2)" is a bijection for every A € A. Hence for every w € F> we have

INg wale) =Y, 8@ wh= Y 6@ w= Y 8@E w=INguwe)l

8€GxG 8€GxG geGxG

O
Lemma 21 If w € F, then there is A € GL(2, Z) such that w* € N.
Proof. Define L = {n(d(w, x;) d(w, x2)) : n € Z} C Z>. Based on Simultaneous Basis Theorem [6] there are a
basis u1, uy € 72, a basis v € L and d € Z such that v = du;. Select B € GL(2, 7Z) such that ujB=ejfor j=1, 2 where
e1 = (10), e = (01). Then we get vB = du; B = de;. Define the endomorphism C in Z? with

eilC=ej1+ep
e C =ej.

It is clear that C € GL(2, Z) and vBC = du;BC = de|C = d(e1 + e2).

Suppose A = BC then vA = d(e; +e3) € M = {m(e| +e2) € Z* : m € Z}. Suppose that A = <a11 au) then we
ax axn

get

a  a

(d(w, x1) d(w, x2))A = (d(w, x1)(1 0)+d(w, x2)(0, 1)) <a21 ar

> =d(w, x1)(a1 ai2) +d(w, x2)(az1 a22)

= (d(w7 xl)a“ +d(w, )C2>a21)61 =+ (d(w, xl)alg —l—d(w, )Q)azz)ez
Zd(WA, x1)61 —I-d(WA, XQ)EQ = (d(WA, xl), d(WA, XQ)).

Since vA € M and v is a basis of L, d(w*, x;) = d(w", x,). Therefore w" € N. O
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4. Main result

Theorem 22 For every word w € F>, |Ng, ,(e)| is divisible by |G|.
Proof. Suppose w € F». There is A € GL(2, Z) such that w* € N. Since GL(2, Z) = (A), A can be written as
A=A1A; ... A, for some A, Ay, ..., A, € A. There exist a € F' such that

wha = (W2, YA,

Since F/ C N wa € N, hence ING. waq(€)| is divisible by |G|. Based on Lemma 14 we have

ING, w(e)| = NG, a1 ()| = ING, (i (€)| = o = NG, ya,(€)| = 0 (mod |G)).

Therefore [Ng, ()] is divisible by |G].
From the above observation, the proof of Amit’s Conjecture for two variable word is stated by the theorem below.
Corollary 23 Suppose G is a finite group, then for every w € F, we have

ING, w(e)| > [G].
Proof. Let w € F,, by Theorem 22 there is ¢ € N such that

ING.w(e)| = ¢|G| = |G].

O

Inspired by the braid relation and as the development of a non-commuting graph, the non-braid graph 4% of a
finite group G is defined as the simple undirected graph where the set of vertices is G, and x is joined to y if xyx # yxy.
The non-braid graph of a finite ring was studied by Cahyati et al. [7].

Example 24 Let G be a finite commutative group and x, y € G where x # y. If there exists no edge between x and y,
then xyx = yxy but then yxx = xyx = yxy, implies x = y. Hence, the non-braid graph for any finite commutative group is
complete.

Example 25 For G = Do, = (a, b:a" = e, b*> = e, bab=a""'). Leta'b’, a"b’ € G, if there is no edge between those
elements, then with an algebraic manipulation, we have i = u mod(n) and j = v mod(2). Since i, u < n and j, v < 2 then
we have i = u and j = v, hence x and y are adjacent for all x, y € D,, where x # y.

We conclude that the non braid graph for Dy, is a complete graph.

The set of edges of the non-braid graph A B¢ is E(N PBg) = {(x, ¥) : xyx # yxy}. By taking w € F, as w =
xyxy~'x~1y~1 it is clear that
_ |G~ NG, w(e)]

E(¥ Bo)| ;

since we consider (x, y) and (y, x) as the same edge. By Theorem 22 we get
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2_
By 7)< 191G

Example 26 For G = S3, there are no edges between (12) and (13), (12) and (23), and (13) and (23); and for each
_IGE -6l _
2

other pair of vertices there is an edge. Therefore, the number of edges is 12. By Theorem 22, E(.4 %s,)
15.

Example 27 For G = S4, there are no edges between:

* (12) and (13), (12) and (23), (12) and (24), (12) and (14), (13) and (23), (23) and (34), (23) and (24), (13) and
(34), (13) and (14), (34) and (24), (34) and (14), (24) and (14),

« (1432) and (1243), (1432) and (1342), (1432) and (1423), (1432) and (1324), (1243) and (1423), (1243) and
(1234), (1243) and (1324), (1342) and (1423), (1342) and (1234), (1342) and (1324), (1234) and (1324),

« (132) and (143), (132) and (124), (123) and (243), (123) and (134), (243) and (142), (243) and (134), (143) and
(234), (143) and (124), and, (234) and (124); and for other pairs of vertices, there is an edge. Therefore, the number of

2 _
edges is 244. By Theorem 22, |[E(A %5, )| < w =276.
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