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Abstract: We study permutation polynomials through the device of the polypermutation group of an associative ring R,
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1. Introduction

Let p be a prime. Why are Z/p x Z/p and Z/p’ not isomorphic as rings? It’s because the latter has more
permutations induced by polynomials! That’s why this paper is about-permutations of rings like Z/pk induced by
polynomials. We start with R, an associative ring with identity. We say that a polynomial f € R[x] is a permutation
polynomial if the induced evaluation function R — R is bijective. For example, x° + 6x° + x € Z/9[x] permutes Z/9. For
finite fields permutation polynomials have been studied extensively (cf. [1]), and some other finite rings have also been
considered. Often, research has focused on finding specific classes of permutation polynomials. In this work, we study
this subject from the lesser used perspective of group theory.

Definition 1.1 For a ring R, the subset of permutations of R that can be represented by polynomial functions is
a monoid, and we define the polypermutation group Pgr(R) of R to be the subgroup generated by this monoid in the
symmetric group of R.

If R is a finite field, any function R — R can be represented by a polynomial and so Pgr(R) is the symmetric group
Agon R. In [2] and [3], the polypermutation group was calculated for the group ring R[G] where R is a finite field and
G is a finite abelian group. Permutation polynomials Z/pk — Z/pk have been studied before in [4-6]. Where indicated,
some of the results have been obtained before, but our proofs are different. Also, we believe the presentation we give for
the group Pgr(Z/p’) is new.

So what’s in this paper? We will start with some basic properties of the polypermutation group in §2, such as the
behaviour of Pgr(—) with respect to products, inverse limits, and ring homomorphisms. For example, it turns out that
Pgr(-) is a functor from the category of finite rings and surjective homomorphisms to the category of groups. The main
section is §3, where we compute the size of Pgr(Z/pk) for a prime p and an integer & such that p > k:

Theorem 1.2 Let p be a prime and k& > 2 be an integer such that p > k. Then
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|Pgr(Z/ p1) = pllp-Dp* I

This result also appears in [6]. However, we provide a different proof which might be of some interest. Our main
result is the structure of Pgr(Z/p*):

Theorem 1.3 Let p be a prime and let the group (Z/p)” act on the group Z/p by multiplication. Let A, act on the
p-fold products [(Z/p)"T and (Z/p)’ via permuting the coordinates. Then there exists an isomorphism

Per(Z/ p*)=((Z/ p)? x[(Z! p)*IP)xA,,

Here, the notation 4 x G means the semidirect product with G acting on 4. This group was also studied in [7],
though we believe this presentation as a semidirect product is new.

2. Basic properties

For any set X, we write A, for the permutation group of X and A, for the permutation group on # letters. We also
write D, for the dihedral group of the regular n-gon if n > 3, so that |D,| = 2n. By convention we set D, = A, = Z/2 and
D, = {e}.

Proposition 2.1 If R, and R, are associative rings then

Pgr(R, x R,) = Pgr(R,) x Pgr(R,).

Proof. Any polynomial permutation of R, x R, comes from a polynomial with coefficients in R, X R, and so is
given by a pair of polynomials ( f;, f;) with f; € R, [x] and f, € R, [x].

Proposition 2.2 Let / be a directed poset and consider a functor F from / to the category of rings. Write R, = F(i)
for all i € 1. Suppose that for each morphism i — j in /, the morphism R; — R; with the corresponding morphism R, [x]
— R;[x] sends permutation polynomials to permutation polynomials. Then

Pgr(lim R;) = lim Pgr(R,).
F F

Proof. We will show that Pgr(limR,) satisfies the universal property of limzPgr(R,). To this end, let X be a group
and suppose we have homomorphisms ¢, : X — Pgr(R,) for each i € / such that the diagram

]

Pgr(R) ——— Pgr(R j)

commutes whenever there is a map Pgr(R,) — Pgr(R)). Thus f; = ¢ (x) is a permutation polynomial in R;[x] for all i such
that ¢ (x) is obtained from ¢ (x) by applying R, — R; if such a map exists. So, such a system of polynomials defines a
polynomial f"= (f;) with coefficients in limR,; we need to verify that it defines a bijection imR; — limR,. Since each f;
is an injection, the map limR, — limR; must certainly be an injection.

Now suppose that (a¢;) € limR,. Since each f; is surjective, there exists an element (b,) € I1R, such that f;(b,) = a, for
eachi. Leta: R, — R; be the ring homomorphism in the inverse system, so that a(f)) = ]; and a(a;) = a;. Applying o to
the equation f;(b,) = a; gives

£ (b)) =a,
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and we already have j;(bj) =a, Since ]j : Rj — Rj is bijective, a(b,) = bj and so (b;) € limR, , showing that f'is also
surjective and hence bijective. Thus we get a map X — Pgr(limR)), which is a group homomorphism because each
@, is a group homomorphism, and by construction is the unique homomorphism that makes the appropriate diagram
commute.

Remark 2.3 Let R be a commutative ring and suppose that R, and R, are any two commutative R-algebras. Then
there does not seem to be an easy way to determine Pgr(R, ®;, R,) from Pgr(R,) and Pgr(R,)as can be seen in the case of
Zin ®; Zim = Z/gced(m, n).

The next proposition can be helpful when computing some polypermutation groups by hand.

Proposition 2.4 Let R be a ring such that every translation polynomial x + 7 is in Pgr(R) and let {f; : i € I} be a set
of generators for Pgr(R) containing all translation polynomials. Then each f; that is not a translation can be replaced by
a polynomial with no constant term.

Proof. Let f be in the generating set for Pgr(R). Since fis a permutation, f(r) = 0 for some » € R. Then f(x + r) is
also in Pgr(R), has no constant term, and may replace f'in the generating set.

Let R — S be a ring homomorphism. When does the induced map R[x] — S[x] send permutation polynomials to
permutation polynomials? This does not always happen: for example, the homomorphism Z/2 — Z/2[{] sends f (x) =
x” to a polynomial that does not induce a permutation, because ¢ € Z/2[f] has no square root! The first hint is a result of
Rivest.

Theorem 2.5 ([8]) Let w > 2. A polynomial f(x) = a, + a;x + ... + a,x" with integer coefficients reduces to a
permutation polynomial in Z/2"[x] if and only if a, is odd, (a, + a, + ....) is even, and (a; + a5 + ....) is even.

Since Rivest’s condition on f'is independent of w, and given that such a polynomial would also reduce to a

permutation polynomial in Z/2[x], we see that the reduction homomorphisms Z /2% — 7/2" for ¢ < k induce group
homomorphisms

Per(Z/2%) - Per(Z/2")
which are surjective, again by Rivest’s condition. It is easy to verify that when m | n, the reduction map Z/n — Z/m
induces a map Pgr(Z/n) — Pgr(Z/m). Both of these facts are part of a more general result, which is easy to see but
nevertheless useful.

Proposition 2.6 Let R be a ring and / an ideal of R. If R/I is finite then the reduction modulo / of any permutation
polynomial /'€ R[x] is a permutation polynomial in R/I[x]. Hence, there is an induced map

Pgr(R) — Pgr(R/I).
Proof. Let /' € R[x] be a permutation polynomial. Then its reduction modulo 7 defines a function on R// which is
surjective and hence injective because R// is a finite set.

In particular, Pgr(-) is a functor from the category of finite rings and surjective morphisms to the category of finite
groups. As an example use of this theorem, write

: k
Z,=lmZ/ p
k
for the p-adic integers. Applying Proposition 2.6 and Proposition 2.2, we see that we have an isomorphism

Pgr(Z ,) = limPgr(Z/ p*)
k

showing that the monoid of polynomial permutations of Z, is actually a group. Moreover, we can endow Pgr(Zp) with
the topology coming from this inverse limit of finite groups, making Per(Z,) into a profinite group, though we will leave
an analysis of this p-adic situation for a future paper.
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Remark 2.7 Here is a question inspired by Proposition 2.6 for which we do not yet have a good answer. Let / be an
ideal of a ring R such that R// is finite. When is

Pgr(R) — Pgr(R/I)

surjective? This is a natural question, because when it is surjective, then Pgr(R/I') would be a quotient of Pgr(R). It is
certainly not always surjective, such as for Z — Z/p when p is a prime. Even when it is surjective, lifts of permutation
polynomials in R/I[x] may not necessarily be permutation polynomials in R[x], as in the case of Z/2[u]/u’ — 7Z/2 where

the polynomial x* € Z/2[u]/u’[x] reduces to a permutation polynomial in Z/2[x] but does not induce a permutation of
Z2[u)/u’.

3. Quotient rings of the integers

In this section we take a look at Pgr(Z/n). When writing permutations of Z/n, we will use cycle notation with the
elements labeled as 0, 1, ..., n — 1. We have already remarked that Pgr(R) = A, when R is a finite field.
Proposition 3.1. Let n be squarefree with n =p, p, -+ p, for distinct primes p,, ..., p,. Then

Pgr(Z/n);Ap1 x---xApk

Furthermore, if n > 6 then Pgr(Z/n) is a proper subgroup of A, .

Proof. This follows immediately from Proposition 2.1.

We now consider Z/p* where k > 1 and p is a prime number. We start with some examples that will elucidate a
method that works in principle to compute Pgr(R) for any finite ring R.

Proposition 3.2 The polypermutation group of Z/4 is

Pgr(Z/4) = D,,

and is generated by (0, 1, 2, 3) and (1, 3).

Proof. The permutation (0, 1, 2, 3) can be given by the polynomial function f(x) = x + 1, and the permutation (1,
3) can be given by f(x) = x* + x> + x. Since (0, 1, 2, 3)* = (0, 2)(1, 3), we see that Pgr(Z/4) contains (0, 2) and (1, 3).
Now suppose Pgr(Z/4) is not generated by (0, 1, 2, 3) and (1, 3). Then we need at least one more generator for Pgr(Z/4),
which we can choose by Proposition 2.4 to have no constant term. But then this generator would leave the set (0, 2}
invariant, and so it would be in the subgroup {e, (0, 2), (1, 3), (0, 2)(1, 3)}, and hence we do not need a new generator
after all.

Over the finite field I, every function IF, — IF, can be represented by a polynomial of degree strictly less than g.
For other finite rings, as shown by the computation of Proposition 3.2, there are some set endomorphisms that cannot be
represented by a polynomial of any degree. Nonetheless, there are only finitely many set endomorphisms of a finite ring.

Definition 3.3 For a finite ring R, we define the polynomial function bound on R to be the least upper bound of the
set of all d such that every polynomial function R — R can be represented by a polynomial of degree at most d, and we
write pb(R) for this number.

We can always get an upper bound for pb(R) by computing the largest integer d such that the polynomial functions x,
x’, ..., x* are all distinct; then pb(R) < d. For example, by this method we see that pb(Z/9) < 7 and pb(Z/27) < 20. Since
there are only finitely many ring structures on a finite set of a given cardinality, one should be able to express this bound
in terms of this cardinality. Using this number, we can compute Pgr(R) for any finite ring. Since this may be the only

method for some finite rings, we illustrate it with an example, using Sage to avoid lengthy hand-computations.
Example 3.4 We have

Pgr(Z/8) = (Z/2)* x D,
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Indeed, we first compute powers of elements in Z/8, which gives us pb(Z/8) < 4. We need three permutations to
generate Pgr(Z/8): the permutation (0, 1, 2, 3, 4, 5, 6, 7) given by f(x) = x + 1, the permutaiton (1, 3, 5, 7)(2, 6) given by
f(x) =x*+x* + x, and the permutation (1, 5) given by f(x) =x"*+ x> + 3x.

These permutations generate the group Pgr(Z/8) which has order 128. It has a normal subgroup isomorphic to (Z/2)"
fitting into an exact sequence

1 — (Z/2)" — Pgr(Z/8) — D, — 1.

The subgroup isomorphic to (Z/2)* can be generated by the set {(3, 7), (2, 6), (1, 5), (0,4)}, and the quotient D, has
coset representatives

{e, (1,3)(5,7), (0,1)(2, 3)(4, 5)(6, 7), (0,1, 2, 3)(4, 5, 6,7), (0, 2)(4, 6),
(0,2)(1,3)(4, 6)(5,7), (0, 3,2,1)(4,7, 6,5), (0, 3)(1, 2)(4, 7)(5, 6)} < H.
The dihedral group D, also has the presentation

Dy =(r,s| r4,s2,rks :sr_k)

and an isomorphism to the quotient of Pgr(Z/8) is given by
r—(0,1,2,3)4,5,6,7)
s —(1,3)5,7)
Similarly, an embedding of (Z/2)* into Pgr(Z/8) is given by

(1,0,0,0) > (2, 6)
(0,1,0,0)—~ (3,7)
(0,0,1,0) (0, 4)
(0,0,0, 1) (1, 5).

The intuition is to think of a square whose vertices are labeled by (2, 6), (3, 7), (0, 4) and (1, 5) around going either
clockwise or counterclockwise. Using these isomorphisms, the action of D, on (Z/2)" is given on generators by

rx(a,b,c,d)=(d, a b,c)
s (a,b,c,d)=(a,c,b,d)
and it gives an explicit isomorphism
Pgr(Z/8) = (Z/2)* x D,.

These techniques can be used for any finite ring but for larger cardinalities, the computations quickly become
prohibitive. Next, we will derive a few results necessary to compute the cardinality of Pgr(Z/pk). We first note that if /'€
Z/pk[x], not necessarily a permutation polynomial, then
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S Cctmp)= f(x)+mpf'(x)+(mp)? f"(x)+-++ (mp)* ! FED (x) (1)

for all xe Z/pk and where f”, denotes the formal derivative of f. Therefore, f is actually determined by a choice of 0, 1,
..., p — 1 and a choice of derivatives f(i)(O), - f(i)(p —1)fori=0, ..., k — 1. Can any such choice be represented by a
polynomial? This is the content of a theorem of Carlitz.

Theorem 3.5 ([9]) A function f*: Z/pk — Z/pk can be represented by a polynomial in Z/pk[x] if and only if

Sx+mp) = fo(x)+mpfi(x)+--+(mp) ™ £ (x)

forall mand x =0, ..., p — 1 where each f: Z/p — Z/pk is an arbitrary function.

So any function f : Z/pk — Z/pk obtained by choosing 1 (i)(O), v | (i)( p—1)fori=0, .., k— 1 and extending by
Equation (1) can also be defined by a polynomial in Z/pk [x].

Proposition 3.6 A function f : Z/pk — Z/pk obtained by the method just described is a permutation of Z/pk if and
only if f(0), ..., f(p — 1) are all distinct modulo p and f(0), ..., f'(p — 1) € (Z/pk)x.

Proof. Suppose there exists an x € (0, ..., p — 1} such that f'(x) € (p). Choosing m = pk'z, we see that

fx+mp)=fx)+ p ()= f(x) e 2/ pF.

Therefore, the conditions: f(0), ..., f(p — 1) are all distinct modulo p and f'(0), ..., f(p—1) € (Z/pk)x is certainly
necessary for the corresponding function to be a permutation.
Now we prove sufficiency. Since f(x + mp) and f(x) are the same modulo p, it suffices to fix an x and show that f{(x),

fix+p), ..., flx+ (pk'l — 1)p) are all distinct. Suppose not. Then there exists distinct m,, m, € 0, 1, ..., pk'1 — 1 such that

S+ m p) = flx + m,p).

Then by Equation (1), we must have

0= p(my —my) f'(x) + p>(mi =m3) f"(x) + -+ pF T omf ™ =™ p 5D ().

Reducing modulo p* we see that m, — m, € (p). But then m12 - mzz € (p) and so reducing modulo p® we see that m, —
m, € (p°). Continuing along this fashion, using that mf - mé has m, — m, as a factor, we can conclude that m, —m, € (pk'l).
But we have chosen m, —m, € {0, ...,pk'] — 1}, and so m, = m,. Thus f'is indeed a permutation.

Looking at Equation (1) again, we see that to obtain any permutation it suffices to choose f(0), ..., f(p — 1), exactly
one from each coset of the ideal (p) in Z/pk, an ordering of these cosets, and for x = 0, 1, ..., p the elements f'(x) €
(Z/pk'l)x, and f ([)(x) € Z/pk% for £> 1. It is easy to see that this gives

PP P L2 (p=DIPLpE 2053 P = pll(p—1)p® Hh=H/2pp

many choices. Moreover, we consider all of these choices to be elements of Z/pk through the set inclusion (not ring
homomorphism!) Z/pz — Z/pk defined by n + n for £ < k; this is to avoid writing the more cumbersome 0, 1, ..., pl €
Z/pk. Do different choices necessarily lead to different permutations? Not necessarily. We have to impose one additional
condition for this to be so and this is the content of the next result.

Theorem 3.7 Let p be a prime and &k > 2 be an integer such that p > k. Then

2
|Per(Z/ p*) = pl[(p—1)p* H127p,
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Proof. Consider two permutations f and g defined by the aforementioned choices of f (i)(x) fori=0,1,.., k-1
andx=0, 1, ..., p — 1. Let us suppose that f and g induce the same permutation on Z/pk. To prove the theorem we must
show that /(x) = g”(x) forall i=0, .., k— T and allx =0, 1, ..., p — 1 or equivalently, that &, = f(x) - g”(x) € Z/p" is
zero for all .

Since fand g are supposed to be the same, the difference of Equation (1) for fand the analogue for g gives the
identity in Z/p":

0 = mpd, +(mp)*dy +--+(mp)* " d;_,

that holds for all m. Let m,, ..., m,_, be arbitrary. For each m, we obtain an identity, all of which collectively can be
expressed in matrix notation:

m mlz mll“l rd
2 k-1 24
m m eom p
0= "2 T2 ™ - @)
2 k-1 || k-1
mey mig w2 g

The determinant of the matrix with i, j-entry mlj is just a variant of the Vandermonde matrix; its determinant is

HmiH(mi—mj).

i i

The identity in (2) shows that this determinant annihilates pfde in the ring Z/pk. Because we have assumed that p > £,
we can choose m,, ..., m,_; in the set (1, 2, ..., p — 1} all distinct, and so consequentlypgdf =0.Butd, € (0, 1,2, ...,pk'g— 1}
and hence d,= 0.

Remark 3.8 The same proof idea does not seem to work for p < k because the determinant annihilating pzd( will

only give a lower bound in this case. In fact, we recall Example 3.4 that |Pgr(Z/2’)| = 2’, whereas putting p =2 and k=3
in Theorem 3.7 gives the number 29.

Theorem 3.9 Let p be a prime and let the group (Z/p)” act on the group Z/p by multiplication. Let Ap act on the
p-fold products [(Z/p) 1" and (Z/p)’ via permuting the coordinates. Then there exists an isomorphism

Per(Z/ p*) = ((Z/ p)? x[(Z! p)* P )xA,,

Proof. For a polynomial permutation f on Z/pk, let o, be the permutation that /" induces on Z/p. By our previous

discussion, to give f'is the same thing as to give e elements q, ..., a,, € Z/p, and elements f, ..., ];_1 € (Z/p)", which
defines f by the conditions that

f()=0,() +a,p
[+ mp) = fx) + mpf, 3)

forx=0, ..., p — 1 and m arbitrary. Then it follows that f(x + mp) =f(x) + mpfy where y € {0, ..., p— 1} and y = x (mod p).
Consider the map:

Pgr(Z/ p*) > (Z1 p)?’ x[(Z/ p)P)xA,,
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Theorem 3.7 shows that this map is a bijection. To show that it is a homomorphism we compute the product of two
elements in the iterated semidirect product: Suppose g is another polynomial permutation defined by constants b, € Z/p,
g € (Z/p)”, and 0, Then

[(a;),(f1), 0 p1[(5),(g;), 0 1= (0 *((5;),(g)) + (4, f;),0400 )

= (s (1)) (&5, (M), (fi)), 0 0 0]

=[bs (i) + 8o (1)) (&, (1) /i )sTg 0O ]-
On the other hand, by directly using the formulas in (3), we see that:
(g 0 H) = glo,(i) + a;p)
= (0, 0D + b, iy + 4,2, )

and (g © /)i +mp) = (g © /)@) + mpf; g,

The same proof will not work for & > 2; the problem is that the structure of the group Pgr(Z/pk) is more complicated
and it is not clear for the author if there is any nice presentation of it. Nonetheless, we emphasize that with Theorem 3.7,
it is possible to write a fairly fast algorithm that will determine all the generators of Pgr(Z/pk) for any k as a subgroup of
Ap k.

Remark 3.10 A polynomial permutation of Z/pk also induces a permutation of Z/p(/' for /=1, ..., k by Proposition 2.6.
Inspired by this fact, it is tempting to introduce the following definition: Let R be a commutative ring and / an ideal of R.
We say that a permutation of R/ ¥is an I-fractal permutation of R/I *if it induces permutations of R// " for 0= L., kIf
the ideal is understood, we simply say fractal permutation. Let us write Fpg (R/I k) for the group of /-fractal permutations
of RII".

As we have said, permutation polynomials in Z/pk[x] induce fractal permutations of Z/pk. However, the converse is
false in general! Indeed, the following fractal permutation of Z/27 is not given by any polynomial:

(0, 5)(1, 13,7, 10, 4, 25)(2, 15, 8, 3, 11, 24, 17, 21, 20, 6, 26, 12)(9, 14, 18, 23)(16, 19, 22)

In fact Pgr(Z/pk) is usually a proper subgroup of Fpgp(Z/pk). Now, using the notion of fractal permutation, we can

define the /-fractal permutation group of R, or the fractal permutation group of the pair (R, /) as the limit
Fpg; (R) = lim Fpg, (R/1°).
k

The structure and meaning of this group are still mysterious, but we leave this for future research.
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