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Abstract: We introduce a new fractional wavelet transform using the convolution for the coupled fractional Fourier
transform. We derive that the fractional wavelet transform satisfies all the expected properties such as Parseval identity,
inversion formula, convolution theorem. We also characterize the range of the fractional wavelet transform on L 2(R2).
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1. Introduction
Condon [1] and Namias [2] introduced the fractional Fourier transform independently. For α ∈ R, the one-

dimensional fractional Fourier transform of f ∈ L 1(R) is defined by Fα( f )(u) =
∫
R f (x)Kα(x, u)dx, where

Kα(x, u) =


√

1−icotα
2π · e−i[ cotα

2 (x2+u2)−xucscα], α ̸∈ πZ,

δδδ (x−u), α ∈ 2πZ,
δδδ (x+u), α +π ∈ 2πZ,

and δδδ is the Dirac delta function. The inverse of Fα is same as F−α .
In 1982, Morlet discovered the idea of the wavelet transform which gives a new mathematical tool for seismic wave

analysis. A wavelet ϕ is a function in L 2(R) which satisfies the condition 0 ̸= Cϕ =
∫
R

|ϕ̂(w)|2
|w| dw < ∞, where ϕ̂ is the
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Fourier transform of ϕ . The wavelet transform of f ∈ L 2(R) with respect to the wavelet ϕ is defined by Wϕ f (x, s) =
1√
s

∫
R f (t)ϕ

( t−x
s

)
dt, ∀x ∈ R, s ∈ R \ {0}, where ϕ

( t−x
a

)
is the complex conjugate of ϕ

( t−x
a

)
. The inversion formula

for the wavelet transform is given by f (t) = 1
2πCϕ

∫
R∗
∫
RWϕ f (x, s)ϕ

( t−x
s

) dxds
s2 . The one-dimensional fractional wavelet

transform was first introduced by Mendlovic et al. [3] and is used to study the optical signals. Shi et al. [4] proposed
a new fractional wavelet transform of x(t) by W α

x (a, b) = x(t)Θα

(
a−

1
2 ψ∗ (−t

a

))
where ψ∗ is the complex conjugate of

ψ , x(t)Θα h(t) = [ω(t)]−1 [(xω)(t)∗h(t)], and ω(t) = e
i
2 t2 cotθ . The properties of the fractional wavelet transform are

derived in [4–6]. Dai et al. [7] introduced yet another a fractional wavelet transform using a convolution and discussed
the multiresolution analysis associated with this transform. The fractional wavelet transform is applied on optics [3],
denoising [4], signal processing [5, 8] and image processing [9].

Recently, Zayed [10] introduced a two dimensional coupled fractional Fourier transform whose kernel is not a tensor
product of kernels of one-dimensional fractional Fourier transform. The coupled fractional Fourier transform satisfies
Parseval’s identity, additive property, convolution theorem, and uncertainty principle [10–13]. Using the theory of
coupled fractional Fourier transform, short-time coupled fractional Fourier transform [12] and two-dimensional fractional
Stockwell transform [14] were introduced and their properties were obtained. In this paper, we introduce a 2D-coupled
fractional wavelet transform using the convolution associated with the coupled fractional Fourier transform.

This paper is organized as follows: In section 2, we recall some definitions and theorems which are required to follow
this paper. In Section 3, we introduce a new fractional wavelet transform and derive the properties including the Parseval’s
identity, inversion formula, range characterization, convolution theorem. In section 4, we discuss the uncertainty principle
for the proposed transform.

2. Preliminaries
LetZ,R,R∗, andC denote the sets of integers, reals, non-zero reals, and complex numbers, respectively. Throughout

this paper, x = (x1, x2)
t is viewed as a column vector in R2 as well as a complex number. For any x, y ∈ R2, we denote

the complex multiplication of x and y by xy and the scalar product of x and y by x ·y.
For p = 1, 2, the norm of f ∈ L p(R2) is defined by ∥ f∥p: =

( 1
2π
∫
R2 | f (x)|pdx

)1/p
, where dx = dx1dx2. The inner

product on L 2(R2) is defined by ⟨ f , g⟩= 1
2π
∫
R2 f (x)g(x)dx, ∀ f , g ∈ L 2(R2).

We denote by L 2(R2 ×R∗), the Hilbert space of all square integrable complex valued functions on R2 ×R∗ with
the inner product ⟨F, G⟩R2×R∗ = 1

2π
∫
R2
∫
R∗ F(x, s)G(x, s) dxds

|s|3 , ∀F, G ∈ L 2(R2 ×R∗).

Definition 1 For t ∈ R2, λ ∈ R∗ and f ∈ L p(R2), we define

f̌ (x) = f (−x), (τt f )(x) = f (x− t), Dλ f (x) =
1
|λ |

f
( x

λ

)
, Mt f (x) = e−it·x f (x), ∀x ∈ R2.

The Fourier transform of f ∈ L 1(R2) is defined by f̂ (u) =
1

2π
∫
R2 f (x)e−ix·udx, ∀u ∈ R2.

Before defining the coupled fractional Fourier transform Fα, β , we introduce the following notations: For α, β ∈R
with α +β /∈ 2πZ, let

γ =
α +β

2
, δ =

α −β
2

, ãγ =
cotγ

2
, b̃ = b̃(γ, δ ) =

cosδ
sinγ

, c̃ = c̃(γ, δ ) =
sinδ
sinγ

, dγ =
ie−iγ

2π sinγ
, ζζζ = (b̃, −c̃)t . (1)

Definition 2 ([10]) For α, β ∈ R with α + β /∈ 2πZ, the coupled fractional Fourier transform (CFRFT) of f ∈
L 1(R2) is defined by
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Fα, β ( f )(u) =
∫
R2

f (x)Kα, β (x, u)dx, ∀u ∈ R2 (2)

where Kα, β (x, u) = dγ exp{−i[ãγ(∥x∥2+∥u∥2)−x ·ζζζ u]}, and ζζζ u is the complex multiplication of ζζζ and u. The CFRFT
of f ∈ L 2(R) is defined by Fα, β ( f ) = lim

n→∞
Fα, β ( fn), where ( fn) is a sequence from L 1(R2)∩L 2(R2) such that

fn → f in L 2(R2) as n → ∞.
For a given γ ∈ R \πZ, we define Eγ(x) = eiãγ∥x∥2

, ∀x ∈ R2. The coupled fractional Fourier transform (2) can be
written in terms of the Fourier transform as follows.

Fα, β ( f )(u) = 2π dγ E−1
γ (u)( f E−1

γ )̂ (−ζζζ u), where γ is as introduced in (1).

In the above equation, ( f E−1
γ )̂ means the Fourier transform of f E−1

γ . The Parseval’s identity ∥Fα, β ( f )∥2 = ∥ f∥2

and inversion formula F−α,−β Fα, β ( f ) = f for CFRFT are established in [11, 10].
Definition 3 ([10]) Let γ ∈R\πZ. The fractional convolution of f ∈L p(R2), p = 1, 2 and g ∈L 1(R2) is defined

by

f ⊛γ g = 2πdγ Eγ [ f E−1
γ ∗gE−1

γ ],

where ∗ is the usual convolution operator defined by ( f ∗g)(x) = 1
2π
∫
R2 f (x−y)g(y)dy, ∀ x ∈ R2.

This fractional convolution is a generalization of the usual convolution as f ⊛ π
2

g = f ∗g and it satisfies the following
properties [11]:

f ⊛γ g = g⊛γ f , (3)

f ⊛γ (g1 ⊛γ g2) = ( f ⊛γ g1)⊛γ g2, (4)

for all f ∈ L p(R2), p = 1, 2 and g, g1, g2 ∈ L 1(R2).

Theorem 1 (Convolution theorem for CFRFT, [10]) If f ∈L p(R2), p = 1, 2 and g ∈L 1(R2) thenFα, β ( f ⊛γ g) =

EγFα, β f Fα, β g, holds for every α, β ∈ R satisfying α+β
2 = γ.

3. 2D-coupled fractional wavelet transform
We first prove some identities involving the fractional convolution ⊛γ , which will be useful to discuss properties of

the coupled fractional wavelet transform.
Theorem 2 Let f , f1, f2 ∈ L p(R2), p = 1, 2, g, g1, g2 ∈ L 1(R2), t ∈ R2, z ∈ C and λ ∈ R∗. Then, we have
1. ( f1 + f2)⊛γ g = ( f1 ⊛γ g)+( f2 ⊛γ g).
2. z( f ⊛γ g) = (z f )⊛γ g = f ⊛γ (zg).
3. ( f ⊛γ g)̌ = ( f̌ ⊛γ ǧ).
4. Mt( f ⊛γ g) = (Mt f ⊛γ Mtg).
5. τt( f ⊛γ g) = (τt f ⊛γ M2ãγ t g) = (M2ãγ t f ⊛γ τtg).
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6. Dλ ( f ⊛γ g) = dγ
|λ |dγ ′

(Dλ f ⊛γ ′ Dλ g), where γ ′ = cot−1
(

cotγ
λ 2

)
and dγ ′ =

ie−iγ ′

2π sinγ ′ .

7. Let Pk: R2 → R be defined by Pk(x) = xk, for k = 1, 2.
(a) If Pk f , ∂xk f ∈ L 1(R2)∪L 2(R2), then ∂xk( f ⊛γ g) = 2iãγ [Pk( f ⊛γ g)−Pk f ⊛γ g]+∂xk f ⊛γ g.
(b) If g, ∂xk g ∈ L 1(R2) then ∂xk( f ⊛γ g) = 2iãγ [Pk( f ⊛γ g)− f ⊛γ Pkg]+ f ⊛γ ∂xk g.

Proof. We can easily prove the first two identities using the properties of the usual convolution.
1. Applying the well known property ( f ∗g)̌ = ( f̌ ∗ ǧ) of the convolution ∗, we get

( f ⊛γ g)̌(x) = 2πdγ Eγ(−x)( f E−1
γ ∗gE−1

γ )̌(x) = 2πdγ Eγ(x)(( f E−1
γ )̌∗ (gE−1

γ )̌)(x)

= 2πdγ Eγ(x)( f̌ E−1
γ ∗ ǧE−1

γ )(x) = ( f̌ ⊛γ ǧ)(x).

2. By direct calculation, we obtain that

Mt( f ⊛γ g)(x) = e−ix·t( f ⊛γ g)(x)

= dγ e−ix·tEγ(x)
∫

R2
f (x− z)E−1

γ (x− z)g(z)E−1
γ (z)dz

= dγ Eγ(x)
∫

R2
e−i(x−z)·t f (x− z)E−1

γ (x− z)e−iz·tg(z)E−1
γ (z)dz

= dγ Eγ(x)
∫

R2
(Mt f )(x− z)E−1

γ (x− z)(Mtg)(z)E−1
γ (z)dz

= (Mt f ⊛γ Mtg).

3. We first observe that Eγ(x− t)E−1
γ (z− t) = Eγ(x)E−1

γ (z)e−i2ãγ (x−z)·t. Indeed,

Eγ(x− t)E−1
γ (z− t) = eiãγ (∥x−t∥2−∥z−t∥2)

= eiãγ ((x1−t1)2+(x2−t2)2−(z1−t1)2−(z2−t2)2)

= eiãγ (x2
1+x2

2−z2
1−z2

2−2x1t1−2x2t2+2z1t1+2z2t2)

= eiãγ (|x1|2+|x2|2) e−iãγ (|z1|2+|z2|2) e−2iãγ ((x1−z1)t1+(x2−z2)t2)

= Eγ(x)E−1
γ (z)e−i2ãγ (x−z)·t.

Using the above observation and the well known property τt( f ∗g) = (τt f ∗g) of the usual convolution, we get that
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τt( f ⊛γ g)(x) = 2πdγ Eγ(x− t)τt( f E−1
γ ∗gE−1

γ )(x)

= 2πdγ Eγ(x− t)(τt( f E−1
γ )∗gE−1

γ )(x)

= dγ Eγ(x− t)
∫
R2
[τt f ](z)E−1

γ (z− t)g(x− z)E−1
γ (x− z)dz

= dγ Eγ(x)
∫
R2
[τt f ](z)E−1

γ (z)e−i2ãγ (x−z)·tg(x− z)E−1
γ (x− z)dz

= dγ Eγ(x)
∫
R2
[τt f ](z)E−1

γ (z)(M2ãγ t g)(x− z)E−1
γ (x− z)dz

= 2πdγ Eγ(x)([τt f ]E−1
γ ∗M2ãγ t gE−1

γ )(x)

= ([τt f ]⊛γ M2ãγ t g)(x). (5)

Using (3) and (5), one can get that τt( f ⊛γ g) = τt(g⊛γ f ) = (τtg⊛γ M2ãγ t f ) = (M2ãγ t f ⊛γ τtg).
4. By a direct computation, we get that

Dλ ( f ⊛γ g)(x) =
2πdγ Eγ

( x
λ
)

|λ |
(

f E−1
γ ∗gE−1

γ
)( x

λ

)

=
dγ Eγ

( x
λ
)

|λ |

∫
R2
( f E−1

γ )
( x

λ
− z
)
(gE−1

γ )(z)dz

=
dγ Eγ

( x
λ
)

|λ |3
∫
R2
( f E−1

γ )

(
x
λ
− t

λ

)
(gE−1

γ )

(
t
λ

)
dt (Substituting z = t

λ )

=
dγ Eγ

( x
λ
)

|λ |

∫
R2
(Dλ f )(x− t)E−1

γ

(
x− t

λ

)
(Dλ g)(t)E−1

γ

(
t
λ

)
dt

=
dγ Eγ ′(x)

|λ |

∫
R2
(Dλ f )(x− t)E−1

γ ′ (x− t)(Dλ g)(t)E−1
γ ′ (t)dt (using γ ′ = cot−1

(
cotγ
λ 2

)
)

=
dγ

|λ |
(Dλ f ⊛γ ′ Dλ g)(x)

dγ ′
.

5. We prove the first identity and the second one follows by a similar argument.
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∂xk( f ⊛γ g)(x) = ∂xk [2πdγ Eγ(x)( f E−1
γ ∗gE−1

γ )(x)]

= 2πdγ ∂xk(Eγ(x))( f E−1
γ ∗gE−1

γ )(x)+2πdγ Eγ(x)∂xk( f E−1
γ ∗gE−1

γ )(x)

= 2πdγ (2iãγ xk ×Eγ(x))( f E−1
γ ∗gE−1

γ )(x)+2πdγ Eγ(x)(∂xk( f E−1
γ )∗gE−1

γ )(x)

= 2iãγ Pk(x)( f ⊛γ g)(x)+2πdγ Eγ(x)[((∂xk f )E−1
γ −2iãγ Pk f E−1

γ )∗gE−1
γ ](x)

= 2iãγ [Pk( f ⊛γ g)− (Pk f ⊛γ g)](x)+(∂xk f ⊛γ g)(x).

Hence, the theorem follows.
Corollary 1 For f ∈ L p(R2), p = 1, 2, g ∈ L 1(R2)∩L 2(R2) and λ ∈ R∗, (Dλ f ⊛γ g)(x) = |λ |dγ

dη
Dλ ( f ⊛η

D 1
λ

g)(x), where η = cot−1(λ 2 cotγ) and dη = ie−iη

2π sinη .

Proof. Replacing γ with η in the sixth identity of Theorem 2 and applying that η ′ = cot−1
(

cotη
λ 2

)
= γ , we get

Dλ ( f ⊛η g) =
dη

|λ |dγ
(Dλ f ⊛γ Dλ g). (6)

Replacing g with D 1
λ

g in (6), we get (Dλ f ⊛γ g) = |λ |dγ
dη

Dλ ( f ⊛η D 1
λ

g).

Definition 4 For 0 ̸=ψ ∈L 1(R2)∩L 2(R2) and γ ∈R\πZ, the 2D-coupled fractional wavelet transform (CFRWT)
of f ∈ L 2(R2) is defined by W γ

ψ f (x, s) = [ f ⊛γ Eγ Ds( ˇ̄ψEγ)](x), ∀x ∈ R2, s ∈ R∗.

It is easy to observe that the CFRWT W γ
ψ is equal to the two dimensional wavelet transform when γ = π

2 .

Lemma 1 If γ ∈R\πZ and ψ ∈ L 1(R2) then Fα, β (Eγ Ds( ˇ̄ψEγ))(u) =−|s|e−2iγ E−1
γ (u)E−1

γ (su)Fα, β ψ(su), for
all u ∈ R2 and α, β ∈ R such that α+β

2 = γ .
Proof. For arbitrary ψ ∈ L 1(R2), we have

Fα, β (Eγ Ds( ˇ̄ψEγ))(u) =
∫
R2

Eγ(t)Ds( ˇ̄ψEγ)(t)Kα, β (t, u)dt

=
dγ E−1

γ (u)
|s|

∫
R2

ψ
(
−t
s

)
E−1

γ

(
t
s

)
eit·ζζζ udt

=
dγ E−1

γ (u)
|s|

∫
R2

ψ(−w)E−1
γ (w)eisw·ζζζ u|s|2dw (Putting t

s = w)

= |s|dγ E−1
γ (u)

∫
R2

ψ(−w)E−1
γ (w)eiw·ζζζ (su)dw

= 2π|s|dγ E−1
γ (u)( ˇ̄ψEγ )̂(−ζζζ (su))
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= 2π|s|dγ E−1
γ (u)(ψE−1

γ )̂(−ζζζ (su))

=
|s|dγ

d
E−1

γ (u)E−1
γ (su)× [2πdγ Eγ(su)(ψE−1

γ )̂(−ζζζ (((sssu))))]

= −|s|e−2iγ E−1
γ (u)E−1

γ (su)Fα, β ψ(su).

Theorem 3 (Parseval’s identity for CFRWT) Let α, β ∈ R such that α+β
2 = γ ∈ R \πZ and ψ1, ψ2 ∈ L 1(R2)∩

L 2(R2). If 0 ̸= Cψ1, ψ2 =
∫
R∗ Fα, β (ψ1)(rw)Fα, β (ψ2)(rw) dr

|r| < ∞, for almost all w ∈ R2 with ∥w∥ = 1, then
⟨W γ

ψ1 f1, W γ
ψ2 f2⟩R2×R∗ =Cψ1, ψ2⟨ f1, f2⟩, ∀ f1, f2 ∈ L 2(R2).

Proof. For arbitrary f1, f2 ∈ L 2(R2), we have

2π⟨W γ
ψ1 f1, W γ

ψ2 f2⟩R2×R∗ =
∫
R∗

∫
R2

W γ
ψ1 f1(x, s)W γ

ψ2 f2(x, s)
dxds
|s|3

=
∫
R∗

∫
R2
[ f1 ⊛γ Eγ Ds( ˇ̄ψ1Eγ)](x) [ f2 ⊛γ Eγ Ds( ˇ̄ψ2Eγ)](x)

dxds
|s|3

=
∫
R∗

∫
R2

Fα, β ( f1 ⊛γ Eγ Ds( ˇ̄ψ1Eγ))(x)Fα, β ( f2 ⊛γ Eγ Ds( ˇ̄ψ2Eγ))(x)
dxds
|s|3

(Invoking the Parseval’s identity for CFRFT.)

=
∫
R∗

∫
R2

Eγ(u)Fα, β f1(u)Fα, β (Eγ Ds( ˇ̄ψ1Eγ))(u)

×E−1
γ (u)Fα, β f2(u)Fα, β (Eγ Ds( ˇ̄ψ2Eγ))(u)

duds
|s|3

(Using the convolution theorem for CFRFT)

=
∫
R2

Fα, β f1(u)Fα, β f2(u)

×
(∫

R∗
Fα, β (Eγ Ds( ˇ̄ψ1Eγ))(u)Fα, β (Eγ Ds( ˇ̄ψ2Eγ))(u)

ds
|s|3

)
du

(Applying the Fubini’s theorem)
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=
∫
R2

Fα, β f1(u)Fα, β f2(u)
(∫

R∗
Fα, β (ψ1)(su)Fα, β (ψ2)(su)

ds
|s|

)
du

(By Lemma 1)

=
∫
R2

Fα, β f1(u)Fα, β f2(u)
(∫

R∗
Fα, β (ψ1)(s∥u∥v)Fα, β (ψ2)(s∥u∥v)

ds
|s|

)
du

(Substituting u = ∥u∥v with v ∈ R2 and ∥v∥= 1)

=
∫ ∞

0
Fα, β f1(u)Fα, β f2(u)

(∫ ∞

0
Fα, β (ψ1)(s∥u∥v)Fα, β (ψ2)(s∥u∥v)

ds
s

−
∫ 0

−∞
Fα, β (ψ1)(s∥u∥v)Fα, β (ψ2)(s∥u∥v)

ds
s

)
du

=
∫
R2

Fα, β f1(u)Fα, β f2(u)
(∫

R∗
Fα, β (ψ1)(rv)Fα, β (ψ2)(rv)

dr
|r|

)
du

(Putting ∥u∥s = r)

= Cψ1, ψ2

∫
R∗

Fα, β f1(u)Fα, β f2(u)du = 2πCψ1, ψ2⟨ f1, f2⟩.

Hence, the theorem follows.
Theorem 4 For ψ ∈ L 1(R2)∩L 2(R2) with 0 ̸=Cψ : =Cψ, ψ < ∞, we have

⟨W γ
ψ f1, W γ

ψ f2⟩R2×R∗ =Cψ⟨ f1, f2⟩, ∀ f1, f2 ∈ L 2(R2).

Remark 1 If f1 = f2, then from Theorem 4, we have 1
2π
∫
R∗
∫
R2 |W γ

ψ f (x, s)|2 dxds
|s|3 =Cψ∥ f∥2

2.

Lemma 2 ([15, p.43]) Let Ω be a function defined on R2 ×R∗ and Ω(t, s) ∈ L 2(R2), ∀ t ∈ R2, s ∈ R∗. If the
mapping T (h) =

∫
R∗
∫
R2⟨Ω(t, s), h⟩ dtds

|s|3 is a bounded conjugate linear functional on L 2(R2) then there exists a unique
element ϕ =

∫
R∗
∫
R2 Ω(t, s) dtds

|s|3 ∈ L 2(R2) which satisfies T (h) =
∫
R∗
∫
R2⟨Ω(t, s), h⟩ dtds

|s|3 = ⟨ϕ , h⟩, ∀h ∈ L 2(R2).

The lemma given below is an analog of Lemma 2 in terms of convolution.
Lemma 3 Let Ω be a function defined on R2 ×R∗ and Ω(t, s) ∈ L 2(R2), ∀ t ∈ R2, s ∈ R∗. If the mapping I(g) =∫

R∗
∫
R2(Ω(t, s) ∗ ˇ̄g)(0) dtds

|s|3 is a bounded conjugate linear functional on L 2(R2) then there exists a unique element ϕ =∫
R∗
∫
R2 Ω(t, s) dtds

|s|3 ∈ L 2(R2) which satisfies I(g) =
∫
R∗
∫
R2(Ω(t, s)∗ ˇ̄g)(0) dtds

|s|3 = (ϕ ∗ ˇ̄g)(0), ∀g ∈ L 2(R2).

Lemma 4 Letψ ∈L 1(R2)∩L 2(R2) such that 0 ̸=Cψ <∞. For fixed x∈R2 and F ∈L 2(R2×R∗), define φ(z) =∫
R∗(F(·, s)⊛γ Eγ Ds(ψE−1

γ ))(z) ds
|s|3 . Then, we have φ ∈ L 2(R2) and

[(∫
R∗ F(·, s)⊛γ Eγ Ds(ψE−1

γ ) ds
|s|3

)
⊛γ Eγ

ˇ̄h
]
(x) =∫

R∗ [F(·, s)⊛γ (Eγ Ds(ψE−1
γ )⊛γ Eγ

ˇ̄h)](x) ds
|s|3 , ∀ h ∈ L 1(R2)∩L 2(R2).
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Proof. If Ωt, s(z) = dγ F(t, s)E−1
γ (t)Eγ(z)τtDs(ψE−1

γ )(z), then we get Ωt, sE−1
γ ∈ L 2(R2), ∀ t ∈ R2, s ∈ R∗. For

fixed x ∈ R2, we define Ix(g) =
∫
R∗
∫
R2(Ω(t, s)E−1

γ ∗ ˇ̄g)(x) dtds
|s|3 , ∀g ∈ L 2(R2). Then,

|Ix(g)| =

∣∣∣∣∫R∗

∫
R2
(Ωt, sE−1

γ ∗ ˇ̄g)(x)
dtds
|s|3

∣∣∣∣
=

∣∣∣∣∫R∗

∫
R2

dγ F(t, s)E−1
γ (t)(τtDs(ψE−1

γ )∗ ˇ̄g)(x)
dtds
|s|3

∣∣∣∣
=

∣∣∣∣∫R∗

∫
R2

dγ F(t, s)E−1
γ (t)(Ds(ψE−1

γ )∗ ˇ̄g)(x− t)
dtds
|s|3

∣∣∣∣
(Using the property ( f ∗ τtg) = τt( f ∗g))

=

∣∣∣∣∫R∗

∫
R2

dγ F(t, s)E−1
γ (t)(Ds( ˇ̄ψEγ)∗g)(t−x)

dtds
|s|3

∣∣∣∣
(Using the properties ( f ∗ ǧ)(x) = ( f̌ ∗g)(−x) and

( f̄ ∗ ḡ)(x) = ( f ∗g)(x), ∀ f , g ∈ L 2(R2))

=

∣∣∣∣∣ dγ

2πdγ

∫
R∗

∫
R2

F(t, s)E−1
γ (t)Eγ(t−x)W γ

ψ(gEγ)(t−x, s)
dtds
|s|3

∣∣∣∣∣
≤ 1

2π

∫
R∗

∫
R2

|F(t, s)| |W γ
ψ(gEγ)(t−x, s)|dxds

|s|3

≤ 1
2π

∥F∥L 2(R2×R∗)∥W γ
ψ(gEγ)∥L 2(R2×R∗)

=
1

2π
∥F∥L 2(R2×R∗)×

√
2πCψ∥gEγ∥2 (Using Remark 1)

=

√
Cψ

2π
∥F∥L 2(R2×R∗)∥g∥2.

Therefore, Ix is a bounded conjugate linear functional on L 2(R2). For arbitrary h ∈ L 1(R2)∩L 2(R2), we get
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∫
R∗
[F(·, s)⊛γ (Eγ Ds(ψE−1

γ )⊛γ Eγ
ˇ̄h)](x)

ds
|s|3

=
∫
R∗

dγ Eγ(x)
(∫

R2
F(t, s)E−1

γ (t)(Eγ Ds(ψE−1
γ )⊛γ Eγ

ˇ̄h)(x− t)E−1
γ (x− t)dt

)
ds
|s|3

= 2πd2
γ Eγ(x)

∫
R∗

∫
R2

F(t, s)E−1
γ (t)(Ds(ψE−1

γ )∗ ˇ̄h)(x− t)
dtds
|s|3

= 2πd2
γ Eγ(x)

∫
R∗

∫
R2

F(t, s)E−1
γ (t)τ−x(τt(Ds(ψE−1

γ )∗ ˇ̄h))(0)
dtds
|s|3

= 2πd2
γ Eγ(x)

∫
R∗

∫
R2

F(t, s)E−1
γ (t)(τtDs(ψE−1

γ )∗ τ−x
ˇ̄h)(0)

dtds
|s|3

= 2πdγ Eγ(x)
∫
R∗

∫
R2
(Ωt, sE−1

γ ∗ ˇτxh)(0)
dtds
|s|3

. (7)

Applying Lemma 3 in (7), there exists a unique function ϕ ∈ L 2(R2) such that
∫
R∗
∫
R2(Ωt, sE−1

γ ∗ ˇ̄g)(0) dtds
|s|3 = (ϕ ∗

ˇ̄g)(0), ∀g ∈ L 2(R2). If φ = Eγ ϕ then φ ∈ L 2(R2) and

∫
R∗
[F(·, s)⊛γ (Eγ Ds(ψE−1

γ )⊛γ Eγ
ˇ̄h)](x)

ds
|s|3

= 2πdγ Eγ(x)(ϕ ∗ ˇτxh)(0)

= 2πdγ Eγ(x)(φE−1
γ ∗ τ−xȟ)(0)

= 2πdγ Eγ(x)(φE−1
γ ∗ ȟ)(x) = (φ ⊛γ Eγ

ˇ̄h)(x)

=

[(∫
R∗

F(·, s)⊛γ Eγ Ds(ψE−1
γ )

ds
|s|3

)
⊛γ Eγ

ˇ̄h
]
(x).

This completes the proof.
Lemma 5 If γ ∈ R \ πZ and ψ ∈ L 1(R2) then Fα, β (Eγ Ds(ψE−1

γ ))(u) = |s|E−1
γ (u)Eγ(su)Fα, β ψ(su), for all

α, β ∈ R such that α+β
2 = γ.

Proof. For arbitrary u ∈ R2, we get
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Fα, β (Eγ Ds(ψE−1
γ ))(u) =

∫
R2

Eγ(t)Ds(ψE−1
γ )(t)Kα, β (t, u)dt

=
dγ E−1

γ (u)
|s|

∫
R2

ψ
(

t
s

)
E−1

γ

(
t
s

)
eit·ζζζ udt

=
dγ E−1

γ (u)
|s|

∫
R2

ψ(w)E−1
γ (w)eisw·ζζζ us2dw (Substituting t

s = w)

= |s|dγ E−1
γ (u)

∫
R2

ψ(w)E−1
γ (w)eiw·ζζζ (su)dw

= |s|E−1
γ (u)Eγ(su)

∫
R2

ψ(w)Kα, β (w, su)dw

= |s|E−1
γ (u)Eγ(su)Fα, β ψ(su).

Theorem 5 Let ψ ∈ L 1(R2)∩L 2(R2) such that 0 ̸=Cψ < ∞. If f ∈ L 2(R2) then

f (x) =
−e2iγ

Cψ

∫
R∗
[W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ )](x)

ds
|s|3

,

holds weakly in L 2(R2).

Proof. Using the Parseval’s identity for W γ
ψ (Theorem 4), we have

⟨ f , g⟩ =
1

Cψ
⟨W γ

ψ f , W γ
ψ g⟩R2×R∗ =

1
2πCψ

∫
R∗

∫
R2

W γ
ψ f (x, s)W γ

ψ g(x, s)
dxds
|s|3

=
1

2πCψ

∫
R∗

∫
R2

Fα, β (W
γ
ψ f (·, s))(u)Fα, β (W

γ
ψ g(·, s))(u)

duds
|s|3

=
1

2πCψ

∫
R∗

∫
R2

Fα, β (W
γ
ψ f (·, s))(u)Fα, β (g⊛γ Eγ Ds( ˇ̄ψEγ))(u)

duds
|s|3

=
1

2πCψ

∫
R∗

∫
R2

Fα, β (W
γ
ψ f (·, s))(u)E−1

γ (u)Fα, β g(u)

×Fα, β (Eγ Ds( ˇ̄ψEγ))(u)
duds
|s|3

(Using Theorem 1)
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=
−e2iγ

2πCψ

∫
R∗

∫
R2

Fα, β (W
γ
ψ f (·, s))(u)Fα, β g(u)Eγ(su)Fα, β ψ(su)

duds
|s|2

(Using Lemma 1)

=
−e2iγ

2πCψ

∫
R∗

∫
R2

Eγ(u)Fα, β (W
γ
ψ f (·, s))(u)

×Fα, β (Eγ Ds(ψE−1
γ ))(u)Fα, β g(u)

duds
|s|3

(Using Lemma 5)

=
−e2iγ

2πCψ

∫
R∗

∫
R2

Fα, β (W
γ
ψ f (·, s)⊛γ Eγ Ds(ψE−1

γ ))(u)Fα, β g(u)
duds
|s|3

=
−e2iγ

2πCψ

∫
R∗

∫
R2
(W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ ))(x)g(x)

dxds
|s|3

=
−e2iγ

Cψ

∫
R∗

〈
W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ ), g

〉 ds
|s|3

=

〈
−e2iγ

Cψ

∫
R∗

W γ
ψ f (·, s)⊛γ Eγ Ds(ψE−1

γ )
ds
|s|3

, g
〉
.

Thus, f = −e2iγ

Cψ

∫
R∗ W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ ) ds

|s|3 , holds weakly in L 2(R2).
Theorem 6 (Inversion formula for CFRWT) Let ψ ∈ L 1(R2)∩L 2(R2) such that 0 ̸= Cψ < ∞. If f ∈ L 2(R2),

α, β ∈ R such that α +β ̸= 2nπ for any n ∈ Z, and Fα, β f ∈ L 1(R2) then

f (x) =
−e2iγ

Cψ

∫
R∗

(
W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ )
)
(x)

ds
|s|3

,

almost everywhere in R2.

Proof. Using the inversion formula for CFRFT, we get

−e2iγ

Cψ

∫
R∗

(
W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ )
)
(x)

ds
|s|3

=
−e2iγ

Cψ

∫
R∗

F−α,−β
(
Fα, β

(
( f ⊛γ Eγ Ds( ˇ̄ψEγ))⊛γ Eγ Ds(ψE−1

γ )
))

(x)
ds
|s|3
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=
−e2iγ

Cψ

∫
R∗

F−α,−β
(
Eγ Fα, β ( f ⊛γ Eγ Ds( ˇ̄ψEγ))Fα, β (Eγ Ds(ψE−1

γ ))
)
(x)

ds
|s|3

=
−e2iγ

Cψ

∫
R∗

F−α,−β
(
E2

γ Fα, β ( f )Fα, β (Eγ Ds( ˇ̄ψEγ))Fα, β (Eγ Ds(ψE−1
γ ))

)
(x)

ds
|s|3

=
−e2iγ

Cψ

∫
R∗

∫
R2

E2
γ (u)Fα, β ( f )(u)Fα, β (Eγ Ds( ˇ̄ψEγ))(u)

×Fα, β (Eγ Ds(ψE−1
γ ))(u)K−α,−β (u, x)

duds
|s|3

=
1

Cψ

∫
R∗

(∫
R2

Fα, β f (u)|Fα, β ψ(su)|2K−α,−β (u, x)du
)

ds
|s|

(Using Lemma 1 and Lemma 5)

=
1

Cψ

∫
R2

Fα, β f (u)K−α,−β (u, x)
(∫

R∗
|Fα, β ψ(su)|2 ds

|s|

)
du

(Using Fubini’s theorem)

=
∫
R2

Fα, β f (u)K−α,−β (u, x)du = f (x).

Hence, the theorem follows.
Theorem 7 (Characterization of range of W γ

ψ ) Let Φ ∈ L 2(R2 ×R∗). Then Φ ∈W γ
ψ(L

2(R2)) if and only if

Φ(x′, s′) =
−e2iγ

Cψ

∫
R∗

(
Φ(·, s)⊛γ Kα, β

ψ (s, s′)
)
(x′)

ds
|s|3

, (8)

where Kα, β
ψ (s, s′) = Eγ Ds(ψE−1

γ )⊛γ Eγ Ds′( ˇ̄ψEγ).

Proof. We first assume that Φ ∈W γ
ψ(L

2(R2)). Then there exists f ∈ L 2(R2) such thatW γ
ψ f = Φ. Using Theorem

5, we get

W γ
ψ f (x′, s′) = [ f ⊛γ Eγ Ds′( ˇ̄ψEγ)](x′)

=

[(
−e2iγ

Cψ

∫
R∗
[W γ

ψ f (·, s)⊛γ Eγ Ds(ψE−1
γ )]

ds
|s|3

)
⊛γ Eγ Ds′( ˇ̄ψEγ)

]
(x′)
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=
−e2iγ

Cψ

∫
R∗

(
W γ

ψ f (·, s)⊛γ [Eγ Ds(ψE−1
γ )⊛γ Eγ Ds′( ˇ̄ψEγ)]

)
(x′)

ds
|s|3

(Using Lemma 4)

=
−e2iγ

Cψ

∫
R∗

(
W γ

ψ f (·, s)⊛γ Kα, β
ψ (s, s′)

)
(x′)

ds
|s|3

.

Conversely, we assume that Φ satisfies the equation (8). If f (x) = −e2iγ

Cψ

∫
R∗
(
Φ(·, s)⊛γ Eγ Ds(ψE−1

γ )
)
(x) ds

|s|3 , then
by Lemma 4, we get that f ∈ L 2(R2). Therefore,

W γ
ψ( f )(x′, s′) = [ f ⊛γ Eγ Ds′( ˇ̄ψEγ)](x′)

=

[(
−e2iγ

Cψ

∫
R∗

Φ(·, s)⊛γ Eγ Ds(ψE−1
γ )

ds
|s|3

)
⊛γ Eγ Ds′( ˇ̄ψEγ)

]
(x′)

=
−e2iγ

Cψ

∫
R∗

(
Φ(·, s)⊛γ

(
Eγ Ds(ψE−1

γ )⊛γ Eγ Ds′( ˇ̄ψEγ)
))

(x′)
ds
|s|3

=
−e2iγ

Cψ

∫
R∗

(
Φ(·, s)⊛γ Kα, β

ψ (s, s′)
)
(x′)

ds
|s|3

= Φ(x′, s′).

This completes the proof.
Theorem 8 (Convolution theorem for CFRWT) If f ∈ L 2(R2) and g ∈ L 1(R2)∩L 2(R2) then

W γ
ψ( f ⊛γ g)(x, s) = ( f ⊛γ W γ

ψ g(·, s))(x) = (W γ
ψ f (·, s)⊛γ g)(x),

for all x ∈ R2, s ∈ R∗.
Proof. Let f ∈ L 2(R2) and g ∈ L 1(R2)∩L 2(R2). Then, we have

W γ
ψ( f ⊛γ g)(x, s) =

[
( f ⊛γ g)⊛γ Eγ Ds( ˇ̄ψEγ)

]
(x)

=
[

f ⊛γ (g⊛γ Eγ Ds( ˇ̄ψEγ))
]
(x) (Using (4))

= ( f ⊛γ W γ
ψ g(·, s))(x).

Similarly, we can prove the other equality using (3) and (4).
Lemma 6 Let γ ∈ R \ πZ and ψ ∈ L 1(R2)∩L 2(R2) satisfy the condition 0 ̸= Cψ < ∞, where Cψ depends on

α, β ∈ R such that α+β
2 = γ . For λ ∈ R∗, define η = cot−1(λ 2 cotγ) and ϕ = D 1

λ
ψ . Then, we have η ∈ R \ πZ,

ϕ ∈ L 1(R2)∩L 2(R2), and 0 ̸=Cϕ < ∞.
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Proof. If η = cot−1(λ 2 cotγ) and ϕ = D 1
λ

ψ , then clearly we have η ∈ R \πZ, ∥ϕ∥1 =
1
|λ |∥ψ∥1 < ∞ and ∥ϕ∥2 =

∥ψ∥2 < ∞. For δ = α−β
2 , if we let α1 = γ + δ and β1 = γ − δ , then we get α1+β1

2 = η and α1−β1
2 = δ . As in (1), we

denote by ãη = cotη
2 , b̃(η , δ ) = cosδ

sinη , c̃(η , δ ) = sinδ
sinη and dη = ie−iη

2π sinη . Next we find

Fα1, β1ϕ(u) = dη e−iãη∥u∥2
∫
R2

D 1
λ

ψ(x)e−iãη∥x∥2

×exp(ib̃(η , δ )(x1u1 + x2u2)+ ic̃(η , δ )(x1u2 − x2u1))dx

= |λ |dη E−1
γ (λu)

∫
R2

ψ(λx)E−1
γ (λx)

×exp(ib̃(η , δ )(x1u1 + x2u2)+ ic̃(η , δ )(x1u2 − x2u1))dx

= dη E−1
γ (λu)

∫
R2

ψ(y)E−1
γ (y)

×exp
(

ib̃(η , δ )
(y1

λ
u1 +

y2

λ
u2

)
+ ic̃(η , δ )

(y1

λ
u2 −

y2

λ
u1

)) dy
|λ |

(Substituting λx = y)

=
dη

|λ |
E−1

γ (λu)
∫
R2

ψ(y)E−1
γ (y)exp

(
ib̃(γ, δ )

(
y1

u1 sinγ
λ sinη

+ y2
u2 sinγ
λ sinη

))

×exp
(

ic̃(γ, δ )
(

y1
u2 sinγ
λ sinη

− y2
u1 sinγ
λ sinη

))
dy

=
dη

|λ |d
E−1

γ (λu)Eγ

(
sinγ

λ sinη
u
)

Fα, β (ψ)

(
sinγ

λ sinη
u
)
. (9)

For w ∈ R2 with ∥w∥= 1, we get

Cϕ =
∫
R∗

|Fα1, β1ϕ(rw)|2 dr
|r|

=

∣∣∣∣ sinγ
λ sinη

∣∣∣∣2 ∫R∗

∣∣∣∣Fα, β ψ
(

r sinγ
λ sinη

w
)∣∣∣∣2 dr

|r|
(Using (9))

=
sin2 γ

λ 2 sin2 η

(∫ ∞

0

∣∣∣∣Fα, β ψ
(

r|sinγ|
|λ sinη |

(±w)

)∣∣∣∣2 dr
r
−
∫ 0

−∞

∣∣∣∣Fα, β ψ
(

r|sinγ|
|λ sinη |

(±w)

)∣∣∣∣2 dr
r

)
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=
sin2 γ

λ 2 sin2 η

∫
R∗

|Fα, β ψ(p(±w))|2 d p
|p|

(Putting r|sinγ|
λ |sinη | = p)

=
Cψ sin2 γ
λ 2 sin2 η

< ∞,

which completes the proof.
Theorem 9 For f , f1, f2 ∈ L 2(R2), λ ∈ R∗ and z1, z2 ∈ C, we have
1. W γ

ψ(z1 f1 + z2 f2) = z1 W γ
ψ f1 + z2 W γ

ψ f2.

2. W γ
ψ f (x− t, s) = e2iãγ x·tW γ

ψ(M−2ãγ t(τt f ))(x, s).

3. W γ
ψ(τt f )(x, s) = E−2

γ (t)e2iãγ x·tW γ
ψ(M−2ãγ t f )(x− t, s).

4. W γ
ψ(Dλ f )(x, s) = dγ

dη
W η

ϕ f
( x

λ , s
)
, where ϕ = D 1

λ
ψ , η = cot−1(λ 2 cotγ) and dη = ie−iη

2π sinη .

Proof. 1. Using the first two identities of Theorem 2, we can easily prove that W γ
ψ is linear.

2. Applying the fourth and fifth identities of Theorem 2, we get

W γ
ψ f (x− t, s) = ( f ⊛γ Eγ Ds( ˇ̄ψEγ))(x− t)(τt f ⊛γ M2ãγ t(Eγ Ds( ˇ̄ψEγ))(x)

= M2ãγ tM−2ãγ t(τt f ⊛γ M2ãγ t(Eγ Ds( ˇ̄ψEγ))(x) = M2ãγ t(M−2ãγ t(τt f )⊛γ (Eγ Ds( ˇ̄ψEγ))(x)

= e−i2ãγ t·x(M−2ãγ t(τt f )⊛γ (Eγ Ds( ˇ̄ψEγ))(x) = e2iãγ x·tW γ
ψ(M−2ãγ t(τt f ))(x, s).

3. For (x, s) ∈ R2 ×R∗,

W γ
ψ(τt f )(x, s) =

(
τt f ⊛γ Eγ Ds( ˇ̄ψEγ)

)
(x)

=
dγ Eγ(x)

|s|

∫
R2

ψ
(

z−x
s

)
Eγ

(
x− z

s

)
f (z− t)E−1

γ (z)dz

=
dγ Eγ(x)

|s|

∫
R2

ψ
(
(w+ t)−x

s

)
Eγ

(
x− (w+ t)

s

)
f (w)E−1

γ (w+ t)dw (Substituting z− t = w)

=
dγ E−1

γ (t)Eγ(x− t)ei2ãγ x·t

|s|

∫
R2

ψ
(

w− (x− t)
s

)
Eγ

(
(x− t)−w

s

)
f (w)E−1

γ (w)E−1
γ (t)ei2ãγ w·tdw

= E−2
γ (t)ei2ãγ x·t (Eγ Ds( ˇ̄ψEγ)⊛γ M−2ãγ t f

)
(x− t)

= E−2
γ (t)ei2ãγ x·tW γ

ψ(M−2ãγ t f )(x− t, s).
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4. For z ∈ R2,

D 1
λ
(Eγ Ds( ˇ̄ψEγ))(z) = |λ |Eγ(λz)Ds( ˇ̄ψEγ)(λz)

=
|λ |
|s|

Eγ(λz) ˇ̄ψ
(

λz
s

)
Eγ

(
λz
s

)

=
1
|s|

Eη(z) ˇ̄ϕ
(z

s

)
Eη

(z
s

)
(where ϕ = D 1

λ
ψ and η = cot−1(λ 2 cotγ))

= Eη(z)Ds(
ˇ̄ϕEη)(z). (10)

Now using Corollary 1, we have

W γ
ψ(Dλ f )(x, s) = (Dλ f ⊛γ Eγ Ds( ˇ̄ψEγ))(x)

=
|λ |dγ

dη
Dλ ( f ⊛η D 1

λ
(Eγ Ds( ˇ̄ψEγ)))(x)

=
dγ

dη
[ f ⊛η (Eη Ds(

ˇ̄ϕEη))]
( x

λ

)
(Using (10))

=
dγ

dη
W η

ϕ f
( x

λ
, s
)
, by Lemma 6.

Hence, the theorem follows.

4. Uncertainty principle for 2D-coupled fractional wavelet transform
First we recall the uncertainty principle for CFRFT from [14]. If f ∈L 1(R2)∩L 2(R2) andPk f ,PkFα, β f ∈L 2(R2)

for k = 1, 2, then

(
1

2π

∫
R2

∥x∥2| f (x)|2dx
) 1

2
(

1
2π

∫
R2

∥u∥2|Fα, β f (u)|2du
) 1

2
≥ |sinγ|

2π

∫
R2

| f (x)|2dx. (11)

Lemma 7 If f , PkFα, β f ∈ L 2(R2), for k = 1, 2 and ψ ∈ L 1(R2)∩L 2(R2) such that 0 ̸=Cψ < ∞, then

∫
R∗

∫
R2

∥u∥2|Fα, β (W
γ
ψ f (·, s))(u)|2 duds

|s|3
=Cψ

∫
R2

∥u∥2|Fα, β f (u)|2du.
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Proof. By direct calculation, we get

∫
R∗

∫
R2

∥u∥2|Fα, β (W
γ
ψ f (·, s))(u)|2 duds

|s|3
=

∫
R∗

∫
R2

∥u∥2|Fα, β ( f ⊛γ Eγ Ds( ˇ̄ψEγ))(u)|2
duds
|s|3

=
∫
R∗

∫
R2

∥u∥2|Eγ(u)Fα, β f (u)Fα, β (Eγ Ds( ˇ̄ψEγ))(u)|2
duds
|s|3

=
∫
R∗

∫
R2

∥u∥2|Fα, β f (u)|2|Fα, β ψ(su)|2 duds
s

(Using (1))

=
∫
R2

∥u∥2|Fα, β f (u)|2
(∫

R∗
|Fα, β ψ(su)|2 ds

s

)
du

= Cψ

∫
R2

∥u∥2|Fα, β f (u)|2du.

Thus the lemma follows.
Theorem 10 (Uncertainty principle for CFRWT) Let ψ ∈L 1(R2)∩ L 2(R2) satisfy 0 ̸=Cψ < ∞. If f , PkFα, β f ∈

L 2(R2), W γ
ψ f (·, s) ∈ L 1(R2) and Pk(x)W

γ
ψ f (x, s) ∈ L 2(R2 ×R∗), for k = 1, 2, then

(
1

2π

∫
R∗

∫
R2

∥x∥2|W γ
ψ f (x, s)|2 dxds

|s|3

)(
1

2π

∫
R2

∥u∥2|Fα, β f (u)|2du
)
≥Cψ sin2 γ∥ f∥4

2.

Proof. Replacing f (x) by W γ
ψ f (x, s) in (11), we get

(
1

2π

∫
R2

∥x∥2|W γ
ψ f (x, s)|2dx

) 1
2
(

1
2π

∫
R2

∥u∥2|Fα, β (W
γ
ψ f (·, s))(u)|2du

) 1
2
≥ |sinγ|

2π

∫
R2

|W γ
ψ f (x, s)|2dx. (12)

Then,

Cψ sin2 γ∥ f∥4
2 =

Cψ sin2 γ
4π2C2

ψ

(∫
R∗

∫
R2

|W γ
ψ f (x, s)|2 dxds

|s|3

)2

(Using Remark 1)

=
1

Cψ

(∫
R∗

(
|sinγ|

2π

∫
R2

|W γ
ψ f (x, s)|2dx

)
ds
|s|3

)2

≤ 1
Cψ

(∫
R∗

(
1

2π

∫
R2

∥x∥2|W γ
ψ f (x, s)|2dx

) 1
2
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×
(

1
2π

∫
R2

∥u∥2|Fα, β (W
γ
ψ f (·, s))(u)|2du

) 1
2 ds
|s|3

)2

(Using (12))

≤ 1
Cψ

(
1

2π

∫
R∗

∫
R2

∥x∥2|W γ
ψ f (x, s)|2 dxds

|s|3

)(
1

2π

∫
R∗

∫
R2

∥u∥2|Fα, β (W
γ
ψ f (·, s))(u)|2 duds

|s|3

)

(Using Cauchy-Schwartz inequality)

=
1

Cψ

(
1

2π

∫
R∗

∫
R2

∥x∥2|W γ
ψ f (x, s)|2 dxds

|s|3

) (
Cψ

2π

∫
R2

∥u∥2|Fα, β f (u)|2du
)

(Using Lemma 7)

=

(
1

2π

∫
R∗

∫
R2

∥x∥2|W γ
ψ f (x, s)|2 dxds

|s|3

)(
1

2π

∫
R2

∥u∥2|Fα, β f (u)|2du
)
.

Hence, the theorem follows.

5. Conclusion
We defined the coupled fractional wavelet transform CFRWT using the fractional convolution⊛γ so that the CFRWT

satisfies the expected properties including the Parsevals’ identity, inversion formula and the uncertainty principle. When
γ = π

2 , W γ
ψ becomes the the classical two-dimensional wavelet transform. Introducing a higher dimensional fractional

wavelet transform will be an interesting open problem.
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