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Abstract: We introduce a new fractional wavelet transform using the convolution for the coupled fractional Fourier
transform. We derive that the fractional wavelet transform satisfies all the expected properties such as Parseval identity,
inversion formula, convolution theorem. We also characterize the range of the fractional wavelet transform on .#%(R?).
Finally, we establish the uncertainty principle for the fractional wavelet transform.
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1. Introduction

Condon [1] and Namias [2] introduced the fractional Fourier transform independently. For o € R, the one-
dimensional fractional Fourier transform of f € #!(R) is defined by Z(f)(u) = [ f(x)Ka/(x, u)dx, where

[1—icoter . —i[<%% (x24u?)—xucsco
T r i~ [ 2 ( ) ]7 o ¢ EZ,

Ko(x,u) = ¢ 8(x—u), o €217,
S(x+u), o+7me2nl,

and & is the Dirac delta function. The inverse of .% is same as F_ .
In 1982, Morlet discovered the idea of the wavelet transform which gives a new mathematical tool for seismic wave

A 2 ~
analysis. A wavelet ¢ is a function in .#2(R) which satisfies the condition 0 # Cy = [ %dw < oo, where ¢ is the
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Fourier transform of ¢. The wavelet transform of f € .#%(R) with respect to the wavelet ¢ is defined by Wy f(x, 5) =
% Je f(0)¢ (52)dt, Vx € R, s € R\ {0}, where ¢ () is the complex conjugate of ¢ (“=*). The inversion formula
for the wavelet transform is given by f(z) = % Joe JaWo f(x, 8)¢ (52) %. The one-dimensional fractional wavelet

N

transform was first introduced by Mendlovic et al. [3] and is used to study the optical signals. Shi et al. [4] proposed

a new fractional wavelet transform of x(¢) by W& (a, b) = x(t)@q (a’% y* (%‘)) where y* is the complex conjugate of

v, x(1)Ogh(t) = [0(t)] ! [(x®)(t) * h(t)], and ©(t) = e3r’cot0 The properties of the fractional wavelet transform are
derived in [4—6]. Dai et al. [7] introduced yet another a fractional wavelet transform using a convolution and discussed
the multiresolution analysis associated with this transform. The fractional wavelet transform is applied on optics [3],
denoising [4], signal processing [5, 8] and image processing [9].

Recently, Zayed [10] introduced a two dimensional coupled fractional Fourier transform whose kernel is not a tensor
product of kernels of one-dimensional fractional Fourier transform. The coupled fractional Fourier transform satisfies
Parseval’s identity, additive property, convolution theorem, and uncertainty principle [10—13]. Using the theory of
coupled fractional Fourier transform, short-time coupled fractional Fourier transform [12] and two-dimensional fractional
Stockwell transform [14] were introduced and their properties were obtained. In this paper, we introduce a 2D-coupled
fractional wavelet transform using the convolution associated with the coupled fractional Fourier transform.

This paper is organized as follows: In section 2, we recall some definitions and theorems which are required to follow
this paper. In Section 3, we introduce a new fractional wavelet transform and derive the properties including the Parseval’s
identity, inversion formula, range characterization, convolution theorem. In section 4, we discuss the uncertainty principle
for the proposed transform.

2. Preliminaries

LetZ, R, R*, and C denote the sets of integers, reals, non-zero reals, and complex numbers, respectively. Throughout
this paper, x = (x1, x)" is viewed as a column vector in R? as well as a complex number. For any x, y € R?, we denote
the complex multiplication of x and y by xy and the scalar product of x and y by x - y.

For p =1, 2, the norm of f € .£7(R?) is defined by || f| p: = (5= fp2 | f(x)|Pdx) l/p, where dx = dx;dx;. The inner
product on .#?(R?) is defined by (f, g) = 2 [p2 f(x)g(x)dx, Vf, g € L*(R?).

We denote by .#%(R? x R*), the Hilbert space of all square integrable complex valued functions on R? x R* with
the inner product (F, G)pa g+ = 5= [p2 Jr+ F (X, s) G(x, s)%, VF, G € £%(R* x R¥).

Definition 1 Fort< R?, A € R* and f € .£P(R?), we define

F) = (%), (af)(x) = f(x—1), D, f(x) = ﬁf (3): Mf(x) = e (), ¥x € B2,

N 1 .
The Fourier transform of f € £ (R?) is defined by f(u) = o Jre f(x)e~®Udx, Vu € R2.
Before defining the coupled fractional Fourier transform .%, g, we introduce the following notations: For ¢, f € R
with ot + B ¢ 277, let

_a+f . a—f _  coty - - _cosé _ siné et P,
2 » 8= ar= 0 _siny’c_c(’g)_siny7 Y_Zn:siny’c_(b’ .

Definition 2 ([10]) For o, B € R with o + 8 ¢ 27Z, the coupled fractional Fourier transform (CFRFT) of f €
Z1(IR?) is defined by
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Fap (W = [ | FOOKy, plx. u)dx, vu € B @

where Ky _g(x, u) = dy exp{—i[dy(||x||* +|[u]|*) —x- {u]}, and u is the complex multiplication of § and u. The CFRFT
of f € Z*(R) is defined by F¢ 5(f) = lim .7¢, g(fa), where (f,) is a sequence from ZL1R?) N Z?(R?) such that
: am
fu— fin ZL%(R?) as n — oo,
For a given y € R\ 77, we define E,(x) = eidnyllz, Vx € R%. The coupled fractional Fourier transform (2) can be
written in terms of the Fourier transform as follows.

Fa,p(f)(u) = 27rdyE771 (u)(fE;IS (—&u), where yis as introduced in (1).

In the above equation, (fE, 1Y means the Fourier transform of JE, I. The Parseval’s identity ||.Z, g(Hll2 = Il
and inversion formula .#_, _g.%, g(f) = f for CFRFT are established in [11, 10].

Definition 3 ([10]) Let y € R\ 7Z. The fractional convolution of f € Z”(R?), p=1, 2 and g € £ (R?) is defined
by

f®yg=2mdyEy[fE," *gE, "],

where # is the usual convolution operator defined by (f*g)(x) = ﬁ Jre f(x—y)g(y)dy, VxeR2
This fractional convolution is a generalization of the usual convolution as f ®rg= f*xg and it satisfies the following
properties [11]:

f®yg=g®yf, 3)
f®y(g1®y82) = (f®yg1) ®yg2, 4

forall f € £P(R?),p=1,2and g, g1, g2 € L' (R?).
Theorem 1 (Convolution theorem for CFRFT, [10]) If f € £7(R?), p=1,2and g € £ (R?) then .7, g(f ®y8) =

EyF o pfFa pg holds for every a, B € R satisfying O’Tw =7.

3. 2D-coupled fractional wavelet transform

We first prove some identities involving the fractional convolution ®,, which will be useful to discuss properties of
the coupled fractional wavelet transform.

Theorem 2 Let f, f1, o € ZP(R?), p=1,2, g, g1, 8 € L' (R?),t c R?, 7€ Cand A € R*. Then, we have

L (fi+£2)®yg=(fi®yg) +(f2®y8).

2.«f@®yg) = (2f) ®yg = f @y (28).

3. (f®yg) = (f®y Q)

4. Mt(f@)yg) = (Mtf®yM¢g).

5. u(f ®y8) = (ttf ®yMaag) = (Maapf ®yTg)-
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d _ o=V
6. Dy (f®yg) = %(le@)yDlg), where 7 = cot™! (%’) and dy = zﬁsmy,.

7. Let P.: R? — R be defined by Py (x) = xi, fork =1, 2.
(@) If Pf, Oy f € LN (R?)UL2(R?), then Oy, (f ®y8) = 2idy[Pi(f ®y8) — Pif ®yg]+ 0y f ®yg.
(b) If g, Iy 8 € L1(R?) then oy, (f ®yg) = 2idy[Pc(f ®y8) — f ®y Pgl + f ®y Oy, 8.

Proof. We can easily prove the first two identities using the properties of the usual convolution.

1. Applying the well known property (f * gj = (f % &) of the convolution *, we get

v

(f®y8)(x) = 2mdyEy(—x) (fEfl *gE;lj(x) = ZWdVEY(X)((fEflj* (8E7715)(X)
= 2mdyEy(x)(fE;" +$E, ") (x) = (f @, 8)(x).

2. By direct calculation, we obtain that

M(f@yg)(x) = e ™ (f@yg)(x)

= dyeME,(x) /R - 2)E, (x~2)g(0)E; ' (2)dz
= dyEy(x) /R2 e (Dt p(x z)E}Tl (x— z)e*iz'tg(z)E;1 (z)dz

= B [ (M) x=DE; " (x~2)(Mg) @)E; (D)
= (Mif ®yMig).

3. We first observe that Ey(x — t)E; ! (z—t) = Ey(x)E; ! (z)e2#(*~2*_ Indeed,

-1 _idy(|Ix—t) 2= z—t||?)
Ey(x—t)E, ' (z—t) = et
— et -0 (-1 ~(2-n))
iy (B3 — 73— B —2x1 1) =232 +221 11422317 )
= ey Tl —anh e Tanh
idiy(|x1 [P+ |x2[?) o —idy (|22 +]z2[?) o —2idy((x1—21)t1+(x2—22)12)
= e 217) g —taylz1"H22l") g =2ty =z Hxa—22)h

_ EY(X)E_I (Z)e—iZdy(x—z)t.

Using the above observation and the well known property 7(f * g) = (7f * g) of the usual convolution, we get that

Volume 5 Issue 3]2024| 3101 Contemporary Mathematics



W(f®y8)(x) = 2mdyEy(x—t) u(fE; " xgE,")(x)

= 2mdyEy(x—t) (u(fE,") *gE, ") (x)
= dyEy(x—1t) /]RZ [tef] (z)Eyfl (z—t)g(x— z)E;1 (x—z)dz
= BB [ W@ @ Dy x—2)E, (x—2)dz

= dyEy(x) /]RZ [%f)(2)E, " (2)(Maa8)(x—2)E, ' (x—2) dz
= 2mdyE,(x)([%f]E, ' * Mz gE, " )(x)
= ([uf]®yMaarg)(x). (5)

Using (3) and (5), one can get that 7(f ®yg) = (g ®y f) = (g ®y Maapf) = (Maapf ®y 1g)-
4. By a direct computation, we get that

DA @rg)x) = WQET(*) (7B, ") (7)

dyEy () . )
N y|§t|7L /RJnyl)(rz)(gEyl)(z)dz

dyEy (X x ot /e .
= Y|Ay<3/l) /Rz(ny D) (k - A) (E, ") (l) dt (Substituting z = 1)

Y RCvr (57") s (5 )ar

= dy?{(x) AZ(DAJ‘)(X_t)E;1(X_t)(Dlg)(t)E;l(t)dt (using}/ ot (C%Y))

dy (Drf ®y Dyg)(x)
A] dy '

5. We prove the first identity and the second one follows by a similar argument.
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I (f@yg)(x) = Oy [2mdyEy(X)(fE," *gE, ") (X)]

= 27dy Oy, (Ey(X)) (fE, ' % gE;")(X) +27tdy Ey(x)0y, (fE, ' % gE, ) (x)

= 2mdy idy X Ey(x)) (fEy ' *gE; ') (X) +27dy Ey(x) (9, (FE; ') * 8Ey 1) (%)

= 2iayP(x)(f ®y8)(X) +21dy Ey(x)[((d5 f)E; ' —2iayPfE; ) *gEy '] (x)

Hence, the theorem follows.

2idy[P(f ®y8) — (Pif ®y8)](X) + (9. f @y 8) (X)-

O

Corollary 1 For f € ZP(R?), p=1,2, g€ LY (R*)NL*R?) and A € R*, (D, f ®yg)(x) = %Dl(f ®n

D%g) (x), where 1 = cot™! (A2 coty) and dy, =

e~
2msinn *

Proof. Replacing y with 1) in the sixth identity of Theorem 2 and applying that ' = cot ™! (C‘)’%) =7, we get

d
D;(f ®y8) = o (Dy.f ®yDyg).

- [Aldy

|2 |dy

Replacing g with D%g in (6), we get (D f ®yg) = an D (f ®q D%g).
Definition 4 For0+# y € £ (R?)N.2%(R?) and y € R\ 7Z, the 2D-coupled fractional wavelet transform (CFRWT)
of f € Z2(R?) is defined by Wy f(x, 5) = [f ®y EyDs(VEy)](x), Vx € R?, s € R*.
It is easy to observe that the CFRWT WJ,’ is equal to the two dimensional wavelet transform when y = 7.

Lemma 1 If ye R\ 7Z and y € £ (R?) then .F g(EyDs(WEy))(u) = —|s|e *7E, ! (w)E, !

allu € R? and a, B € R such that # =

Proof. For arbitrary y € ! (R?), we have

yoc, B (EYDS(‘T’EY))(U)
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/Rz Ey()Dy(WEy) (t)Kq, (t, u)dt

-1 TN
dyE, (ll)/ v —t E- t cit-u g
|s] R2 s )77 \s

dyEy, ' (u)

5 - y(—w)E," (w)e™™4u|s]2dw  (Putting ¢

sy ) [ WEWIES (W)e™ S

2lsldyE; ! (u) (WEy) (& (su))

(6)

O

(su).Z gy(su), for

=Ww)

Contemporary Mathematics



C

27sldyEy " (w)(WE; ' J(—§ (sw))

d

B 1 ) (sw) ¢ Py o) (W Ey D) (G w))]

f\s|e_2"7’E;l (u)E;l (su).Z gy(su).

O

Theorem 3 (Parseval’s identity for CFRWT) Let «, 8 € R such that # =y€R\7nZand y1, y» € Z(R*)N
LHR?). If 0 # Cyyyy = Jpe ﬁa,ﬁ(y/l)(rw)fayﬁ(wg)(rw)%" < oo, for almost all w € R? with |w| = 1, then
<Wq);|f17 W$2f2>R2><R* = CW],W2<f1, f2>a vf17 fZ S gZ(RZ)
Proof. For arbitrary fi, f> € Z*(R?), we have

27t<Wl21/1 fla W$2f2>R2 < R*

iporary Math tics

—————dxds
/* - W‘I/};Ifl (X, S)W$2f2<x, S)W

/R* /RZ [f1 ®yEst(‘ﬁ1Ey)](x) [ ®YEYD5(V?2E7)]()() %

v <

/H%* - Fa,p(f1 ®yEyDy(Y1Ey))(X) T, g(f2 @y EyDs(Y2Ey))(x)

(Invoking the Parseval’s identity for CFRFT.)

/* - Ey(n)Fy pfi(u) Fq p (EyDs(Y1Ey))(u)

_— < dud
XE; ' (0) F g f2(u) %,MEstszy»(u)%

(Using the convolution theorem for CFRFT)

/RZ ﬁa,[}fl (u) cgzoc,ﬁfz(ll)

" (/R Tes <Est<‘71Ev>><">%,ﬁ<Est<quy>><u>fffs) du

(Applying the Fubini’s theorem)

dxds

|sI®
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/ Fa,pf1(@) Fo pfa(u </ F (1) (50) ﬁ(%)(m)|)

(By Lemma 1)

~ [P sh 0 Fag W ([ FepIOTI 2 sl S )

(Substituting u = |Ju||v with v € R? and ||v|| = 1)

— [ Fasr 0T [ FuplTGIN gyl

0 ds
- [ T ) o) )

dr
[ Faph 0 Fa g ([ T Fa ) ) )
(Putting ||ul[s = r)
- CWIWZ/R*ﬁa,ﬁfl(u)mdu:2ﬂCW17W2<f1,f2>.

Hence, the theorem follows. O
Theorem 4 For y € .2 (R?)N.Z%(R?) with 0 # Cy: = Cy, y < o0, we have

(W f1, Wy fa) g2 = Cy (i, o), Vi, fo € L2 (R?).

Remark 1 If fi = f», then from Theorem 4, we have 5= [p. [r2 Wil £(X, s) 2d|>$s =Gyl fll5-

Lemma 2 ([15, p.43]) Let Q be a function defined on R? x R* and Q(t, s) € .Z?(R?), Vt € R%, s € R*. If the
mapping T'(h) = [+ Jr2 (Q(t, 5), h) % is a bounded conjugate linear functional on .#>(RR?) then there exists a unique
element ¢ = [ [p2 Qt, s)% € Z*(IR?) which satisfies T (h) = [+ Jp2(Q(L, 5), >d:f35 = (9, h), Vh € L*(R?).

The lemma given below is an analog of Lemma 2 in terms of convolution.

Lemma 3 Let Q be a function defined on R? x R* and Q(t, 5s) € .Z?*(R?), Vt € R?, s € R*. If the mapping I(g) =
Jr+ Jr2 (Q(t, ) * §)(0)% is a bounded conjugate linear functional on .#?(RR?) then there exists a unique element ¢ =

Jr+ Jr2 QUt, s)% € Z*(IR?) which satisfies 1(g) = [p- [z (Q(t, s) *§)(O)% = (¢+2)(0), Vg € L*(R?).

Lemma4 Lety € 2! (R?)N.2?(R?) such that 0  Cy, < e. For fixed x € R? and F € .22 (R? x R*), define ¢(z) =
Jie (F (., 5) @y EyDy(WE; ) (2) 5. Then, we have ¢ € #*(R?) and [(IR*FC, 5) ®yEyDS(1//E}71)“;—“"3) @YEYB} (x) =
Jre[F (s 5) @y (EyDy(WE, ) ®7E7h)](X)W’ Vhe L1 (R)NZL*(R?).

Volume 5 Issue 3|2024| 3105 Contemporary Mathematics



Proof. If Q¢ ((z) = d,F(t, s)E;l(t)Ey(z)TtDS(y/E;l)(z), then we get _S-Eyl € Z%*(R?), Vt € R?, s € R*. For
fixed x € R?, we define Iy(g) = [ [p2 (QL, )E, ' %2)(x) 94, Vg € £?(R?). Then,

‘S|3 )

dtds
Kl = | [ [a@uE D0
dtds

= | L araaE OEpvE ) 0 T e

= /*/deyF(t, S)Ey_l(t)(DS(‘/’Eil)*§)(X—t)0|l;f;'

(Using the property (f* 7tg) = @(f *g))

/* RZdYF(t’ S)Eyl()( s(WEy) ) (t— X)[Ttis

v

(Using the properties (f*g)(x) = (f *g)(—x) and

(f*8)(x) = (f*8)(x), Vf, g € L*(R?))

dtds
s [ [P O W B x ) T
Y

IN

dxds
37 o 1P e )|

IN

7[HF||$2<R2xR*)HWt/)fl(gEy)HxZ(RZxR*)

1 .
- EHanz(RZXR*) X \/M\IgEyllz (Using Remark 1)

Cw
= 2 Il 2@ e ll8ll2-

Therefore, Iy is a bounded conjugate linear functional on .#%(R?). For arbitrary h € ! (R?) N .Z?(R?), we get
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/* [F (-, ) @y (EyDs(WE, ) ®},E},Z)](X)|§1|S3

e 75700 (/Rﬂtv $)E; (O(EyDy(VE, ) & Eh)(x — OE, ! (x - t)dt> 0

¥ dtds
= 2mdlE,x) //RZ (O(Dy(VE; )*h)(x—t)ﬁT

— 2ﬂd§Ey(X)A* RzF(t,s)E},l(t)L( t«(Ds(VE, OE h))(O)CT;T;S

¥ dtds
= 2 dzE / / Dy(VE, - h)(0)——
T 7 R2 (Tt (‘I/ )*T )(0) |S|3
dtds
— 2mdyEy(x / / (Qu By ) (0) 5 =2 )

Applying Lemma 3 in (7), there exists a unique function ¢ € #?(IR?) such that [p. [p2(Q¢, sEy '+ 8)(0) d:Td’A = (¢
£)(0),Vg € L*(R?).If ¢ = Ey¢ then ¢ € Z*(R?) and

[P @y (EDwE o B = 2mdyEy(x) (0 +)(0)
= 27dyEy(x)(9E; "+ Tx)(0)
= 2mdyEy(x)(PE;, 1) (x) = (¢ @y Eyh) ()
_ K'/*F(~,s) @y D, (VE; )|d|3> ®yEyh}( )
This completes the proof. O

Lemma 5 If y € R\ 7Z and y € £ (R?) then EQYB(EVDS(WE}TI))(u) = \s|E;1(u)Ey(su)ﬁaAﬁw(su), for all
a, B € R such that # =7.
Proof. For arbitrary u € R?, we get
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FapEDWE D@ = [ EOD(VE,)OKs, plt, wat

—1 .
_ dyE, (u)/ " t E- t ot Cu ¢
|s] rR2\s) 7 \s

d}’E}Tl(u) g -1 iSW-Cu 2 . . ¢
- T /]RZ W(W)EY (w)e s“dw (Substituting © = w)

= |s|d7Ey_l (u) /1;2 W(W)E;1 (W)eiw{(su)dw
= Is|E; (w)Ey(su) /R2 W(W)Ky (W, su)dw
= |S|E771 (W)Ey(su).F o gy(su).

Theorem 5 Let y € .Z!(R?) N.£%(R?) such that 0 # Cy, < 0. If f € £*(R?) then

iy
Cy

ds

1= [ WGS9 B )

holds weakly in .#2(R?).
Proof. Using the Parseval’s identity for WJ,/ (Theorem 4), we have

{f.8) = C}|‘,<W‘Zf’ W$8>R2xu§*:2nlcw - Rle};f(X, S)Watfgs
- zﬂlcw . sza,ﬁ(wtzl/f('a5))(“)9a,ﬁ(W$g(~,s))(u)dll:C§s
- 27:ch - %-,B(WW(',S))(u)ﬁa,g(gcﬂayEst(qﬁEy))(u)d"S"‘is
= 5y Jo Joa T n WA D IE; () )
XFq, ﬁ(Est(‘IXny))(U)d'lsTis (Using Theorem 1)
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—e2iY duds

= 220 Joo Jor T VG500 P g o) o p(sw) (5

(Using Lemma 1)

_ a2
- z;c;/*/ﬂgz W) T, g (Wi (- 5))(w)

duds

W (Using Lemma 5)

Xga,ﬁ(EYDS(Wqul))(“) nga,ﬁg(u)

—e?” 7 ——duds
= 200y Joo Jor T VR 5) @/ EWD(WE, ) () Fo pa ) Y5
—e2ir W ——dxds
= o, L. L wise o)y ED(vE, ) X8

217 d
= o L W) ey B ) 8)

217 O ds
= lef( )®7EVDS(WE’)/ ) 378 .
Cy 5]

Thus, f = <57 [ Wi f(-, 8) @y EyDy(WE; ') 5, holds weakly in £2(R?). O

Theorem 6 (Inverswn formula for CFRWT) Let y € Z!(R?) N .£?(R?) such that 0 # Cy < . If f € Z%(R?),
a, B € R such that &+ B # 2n7 for any n € Z, and F gf € Z'(R?) then

—e?ir v o ds
) = [ (WG9 By ED(E ) ()5,
v JR 5]
almost everywhere in R?.
Proof. Using the inversion formula for CFRFT, we get
762"7/ (Wyf( )® E.D ( E—l)) (X)ﬂ
Cy Ju TV ) 8) @y EyDs(YLy BE
—e2 a T x -1 ds
= Cy R*J—a,—ﬁ (Za,p ((f ®yEyDy(VEy)) ®y EyDy(WE, )))(X)W
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_ 20 )
= gl[/y/* ﬁla, -B (Eyga’ﬁ(f@)yEVD‘(VXIEY))ﬁaﬁ(EyDy(l[/E}Tl))) (X)[:P
_a2i ) s
_ gwy [ 7 (8 P p(0) P p DA FE) o B (E; ) 07
_ a20 . )
- gy,y/*/RzEi(u)gﬂhB(f)(u)ya,ﬁ(Est(l[_ny))(u)

_ duds
X F g, g (EyDs(WE; ) (W) K_q _p(u, X>W

ds

_ Cll,,/ . (/Rz o, pf (W) F o, py(sw)*K_q, _p(u, X)du> [s]

Is]
(Using Lemma 1 and Lemma 5)

1 ds

S R T CL ] § EA O I

(Using Fubini’s theorem)

= [, Fapf WK o plu,x0du = f(x).

Hence, the theorem follows. O
Theorem 7 (Characterization of range of W) Let ® € .#?(R? x R*). Then ® € Wy(.#?(R?)) if and only if

—e2iY ds

o5 = ¢ [ (26905 6.5)) ) el ®)

where Ky P (s, §') = E\D,(YE; ') @y EyDy (WEy).
Proof. We first assume that ® € Wy (£ (R?)). Then there exists f € .£*(R?) such that Wy} f = ®. Using Theorem
5, we get

Wif(X,s)) = [f®yEDy(VE,)|(X)
_e2i o 5
= K CWY/R*[WJJC('J) @VEYDS(WE;l)]l‘S"B> ®YE7DS/(1/7E},)} (x)
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—e2Y _ . ds _
= = /R* (Wof (-, s) @y [EyDs(YE, Y@y EyDy (WEy)]) (X) P (Using Lemma 4)
v

—e2iY ds

= oy Jo (R @k P 5)) 0 15

_2ir

Conversely, we assume that ® satisfies the equation (8). If f(x) = oy Jre (D( 5) ®yEyDs(YE,, M) (x)“;—‘ﬁ, then
by Lemma 4, we get that f € .#%(R?). Therefore,

WIS = [FoyEDy(FE](X)
_e2iy d § ,
= |:< gw - CI)(, S) ®YEYDS(WE;1)S|S3) ®7E7DS/(WEY):| (X )
—e? ds

-G, /*(q)("S)®Y(EYDA'(‘I/EJI)®YEYDS/(1T/E7)))(X/)W

—CZW B ds
- = / RCIOOES o (s,s’))(x')W:CD(X/,sl).

This completes the proof. O
Theorem 8 (Convolution theorem for CFRWT) If f € #?(R?) and g € £ (R?) N.#?(R?) then

Wy (f @y8)(x, 5) = (f @y Wyg (-, ) (x) = (Wyf(, 5) ®y8)(x),

for all x € R?, s € R*.
Proof. Let f € .#%(R?) and g € .2 (R?) N .£?(IR?). Then, we have

Wt}//(f®yg)(xa 5) = [(f®yg) ®yEst(‘/!/Ey)] (x)
= [f®,(8®yEyDy(WEy))] (x) (Using (4))
= (fo,Wyg(-, 5))(x).

Similarly, we can prove the other equality using (3) and (4). O

Lemma 6 Let y € R\ 7Z and y € £ (R?) N.2?(R?) satisfy the condition 0 # Cy, < o0, where Cy, depends on
a, B € R such that # =17. For A € R*, define n = cot !(A%coty) and ¢ = Dyy. Then, we have 1 € R\ 7Z,
¢ € L1 R?)NL?(R?), and 0 # Cy < oo.
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Proof. If n = cot~!(A%coty) and ¢ = DAL v, then clearly we have n € R\ 7Z, ||¢||; = ﬁ”l]/”l <coand ||¢]2 =

|w|la < eo. For § = a;ﬁ, if we let oy = Y+ & and B; = y— &, then we get %ﬁl =1 and O”T_ﬁ‘ = 8. Asin (1), we
denote by an = 21, b(n, §) = <2 &(n, §) = 0 and d), = S Next we find

C

2

90{1 ) ﬁl (P (u)

sinn ? sinn 2msinn

i 2 s 2
= dpe @I [ D y(x)eianl
JRZ %

x exp(ib(1, 8)(x1u1 +x2102) + i (1), 8) (x11uz — o101 ))x
= [AldnE;" (Au) /R WOX)E; (Ax)

x exp(ib(1, 8)(x1u1 +x22) + i (1), 8) (x1uz — a1 ))dx
= ' (2w) [ YE' )

dy

] (Substituting Ax =y)

X exp (if;(n, ) ()i—lul + yl—zuz) +ic(n, §) (y)Tluz - y/%m))

_ dp ~1 = uy sin’y up siny
= ) [ vE; e (i7.0) (n T 1) )

. Uy Sin up sin
x exp (zcm 5) <y1 2y @J)) dy

siny siny

— dn —1

For w € R? with ||w]|| = 1, we get

r

d
2
Co = [ 1ZapotmP
. 2 . 2
_ siny o~ rsiny dr )
~ |Asinn /]R* Ja"“”(lsinnw)‘ |r| (Using ©))
~sin’y /°" 7 r|siny] (dw) 2dr_/0 7 r|siny] (W) 2@
~ AZsin?n \Jo o p¥ |Asinn]| W roJoe ap¥ |Asinm| W r
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)
_ _siny 7 24P puttine Ssn?l
- lzsinzn R* |’/(XBW(p(:|:W))‘ ‘p| (Puttlng Alsinn| _p)
Cy sin® y < oo
A2sin’n ’
which completes the proof. O

Theorem 9 For f, f1, f» € Z*(R?), A € R* and 1, 22 € C, we have

L Wy(zifi+22f2) =a Wy fi+2 Wy f.

2. WJ;f(x—t, s) = ezidyx'tWJ,'(M_gdyt(ftf))(x, 5).

3. Wy (nf)(x, 8) = E 2 ()X WM a0 f)(x—t, 5).

4. WD f)(x,5) = %ng(%, 5), where ¢ = Diy,n= cot !(A2coty) and dp = 2;?;:7,]

Proof. 1. Using the first two identities of Theorem 2, we can easily prove that Wl}; is linear.
2. Applying the fourth and fifth identities of Theorem 2, we get

4

Wif(x—t,s) = (f®yEyDs(VEy)(x—t)(Tuf ®y Moz (EyDs(VEy))(x)
Mag M 254 (Tef ®y Mg (EyDs(WEy)) (X) = Mag (M _2a,(Tef) ®y (EyDs(WEy))(x)
e 2N (M o1 (Tef) ®y (EyDs(WEy)) (x) = e W] (M_25.4(%ef)) (X, 5).

3. For (x, s) € R x R*,

Wy(nf)(x,s) = (nf®yEyDy(VEy)) (x)

= Ry () () e v

- dVE|;’|(X) /Rz v (mst)_x)EV <X—(SW+t)> f(W)E;Tl (W +t)dw (Substituting z — t = w)

—1 X — t)ei2drxt T w_(x—0\ Xx—t)— -
_ dVEY (t)EY( t)e /]Rz v (W ( t) )EY < ( t) W) f(W)Eil (W)E;l (t)et2ayw-tdw

1
= E;Z(t)eﬁﬁyx-t (Est(lf/Ey) ®y Mfzgytf) (X — t)

= E (1) W] (M g5, f)(x—t, 5).
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4. Forz € R?,

Dy (EyDs(WEy)(z) = |A|Ey(A2)Dy(VEy)(Az)

- L )‘7’(“>EY(11>

= En(z)Dy(9Ey)(2). (10)

Now using Corollary 1, we have
Wy(Daf)(x,5) = (Daf ®yEyDs(WEy))(x)

— Dy on Dy (D, (FE))

) (Using (10))

>

d
= ngf( s), by Lemma 6.
d77

Hence, the theorem follows. O

4. Uncertainty principle for 2D-coupled fractional wavelet transform

First we recall the uncertainty principle for CFRFT from [14]. If f € £ (R?)NL*(R?) and P f, PF g p f € L*(R?)
fork=1, 2, then

1 3
(57 L IxP1reax) (55 [ w17 st >|2du) > S [ an

Lemma 7 If f, PFy pf € £*(R?), fork=1,2and y € £ (R?) N.L*(R?) such that 0 # Cy < oo, then

duds
[ P12 p W )@ = Cy [l )
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Proof. By direct calculation, we get

dud v dud
fe J 170 s ORI NPT = [ 1P (70 ED (PN P

duds
= /R* /Rz ||l-l||2|Ey( a, Bf( u)Fy, ﬁ(EyD (q/E ))(u)|2W

' dud
L L 1?17 )Pl 7 s (Using (1)

[P ([ 1Za ppowPs ) du

Cy [, |7 pf () P

Thus the lemma follows. O
Theorem 10 (Uncertainty principle for CFRWT) Let y € £ (R?)N £2(R?) satisfy 0 # Cy < oo, If f, PkF g pf €
LAHR?), Wi f (-, s) € L1 (R?) and P(x)Wy f(x, s) € L*(R? x R¥), for k=1, 2, then

1 dxd .
(5 [ LIt 9P ) (5 [ P17, ) = Cysin 1,

21

Proof. Replacing f(x) by W]};f(x, s) in (11), we get

1

1 P
(55 [ st Pax) " (5 [ nl12a pwgstosnlan)” = S0 [ i sfax. a2)

Then,

C sinzy dxds\ 2
Cysin’yl|f|3 = =X / Wy 2 Using Remark 1
wsin”y[| f1I2 47°C R2| wf (X, s)] RE (Using Remark 1)

_ b |sin?y| ) ds
TGy (/R( / (Wi f(x, s)| dx>| |3>
i L 2 b4 2 %
Cy </R <2n /Rz [1X[|7 Wy f (x, 5)] dX)

IA
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| 2
2 ds

X (217'E/Rz ||ll||2ﬁa,ﬁ(Wl,Zf(-,s))(u”Zdu) |s|3> (Using (12))

1 1 py—r ,dxds 1/ 5 y ,duds
< — | = W, — Fo.s(Wyf(:
< o (G L Larwiro P 5 ) (57 L L1 Za pOWr o) P
(Using Cauchy-Schwartz inequality)
| | P— ,dxds Cl,,/ ’ 5
= —(= W, v Z, d
c (5 [ Lo ImPwirx D) (52 [ IlP1 prwPau
(Using Lemma 7)
- 1 2 % 2dde 1 2 2
= (55 [ LI P T ) (55 IRl P ).
Hence, the theorem follows. O

5. Conclusion

We defined the coupled fractional wavelet transform CFRWT using the fractional convolution ®y so that the CFRWT
satisfies the expected properties including the Parsevals’ identity, inversion formula and the uncertainty principle. When
y=72, WJ; becomes the the classical two-dimensional wavelet transform. Introducing a higher dimensional fractional
wavelet transform will be an interesting open problem.
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