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Abstract: A compendium of interesting identities involving the delta distribution in higher dimensional Euclidean space
is presented, ready to use as a reference work whenever modelling with the delta function is involved. The formulae
are expressed as well in vector, as in Cartesian and spherical variables, the latter case being especially important since
distributions in spherical coordinates have to be treated with the utmost care. Special attention is paid to an alter ego of
the delta distribution, the so-called delta signumdistribution, acting on test functions showing a singularity at the origin,
which appears, mostly unnoticed, when radial functions and negative powers of the radial distance are used.
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1. Introduction

Without any doubt the delta function is a fundamental mathematical tool in a broad spectrum of theoretical physics
and engineering sciences. However it often happens that the pure mathematical background of distribution theory in
general and the delta distribution in particular, is circumvented, especially in three dimensional space, in favour of ad hoc
constructions involving volume integrals, limit processes, special functions, and the like. Moreover such an approach
sometimes leads to a disagreement about the correctness of one or another formula. Let us give an example.

Consider, in three dimensional Euclidean space R>, the Coulomb potential of a unit point charge, given, up to
constants, by

1 1

r 2 2 2.
,/x1+x2+x3

It is the fundamental solution of the Laplace operator
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2 9% 97
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3 ax% 8x§ 8x§

and its second order Cartesian derivatives with respect to the real variables (x1, x2, x3) are given by

1 1 ; .
axkan;:3xkxjﬁu ]7&1@ jak:17273

1 1 4 1
8)52.7:3x%r—5—§7r5()7c)—— j=1,2,3

)
Ir r3

where 8 (x) is the delta distribution, sometimes called the delta function, in R3. In [1] it is argued that, with respect to test
functions that are not smooth at the origin, the above formulae should be replaced by the alternative formula

1 1 X jXp . .
axkaxj;:?’xkxjr?*“'ﬂ;iga(l)v JFk J k=1,2,3

2
1 1 X} ,
8%;:3)(?75—4767;5(1)—— j=1,23.

Mathematically speaking it is not clear what in [1] is meant by “test functions that are not smooth at the origin”.
Nevertheless, taking into account that distributions in general and the delta distribution and its derivatives in particular are
only defined on spaces of differentiable test functions, it is readily observed that the above two sets of formule simply
coincide, since it may be proved that, in general dimension m,

and

XjXk

SR8 =0, j#k jok=1...m

But there is more at stake than the correctness of certain formula. Let us introduce spherical coordinates (r, 6, ¢)
in R by the transition formulz

x; =rsinBcos¢, x; =rsinOsing, x3 =rcoso

or

X1 =ry, Xp =rn, X3 =rw3
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where we have put

o) =sinfcos¢, wr, =sinOBsing, w3 =cosb

and

r= \/x%—kx%—l—x%.

In [2] a formula is proved for the expression
1 CoL .
% ®jy s Ojy g |5 b Jay J3=1,2,3

1 1

the inverse square field — = ———— being at the heart of the discussion of idealised point sources in three dimensional
2 xxd 43

space. An elegant proof based on more general formule is given in [3]. We focus on the special case (n = 1)

1 1 1 4r
8Xl. (wjr2> zéijﬁ—3a),-a)jr—3+?6ij5(z) )

and note that if — would be interpreted as a distribution, then, due to the non-differentiability of ®; at the origin, the
r

expression ®;— becomes a signumdistribution, i.e. a continuous linear functional on a space of test functions showing a
r

singularity at the origin, the theory of which was studied in [4, 5] and which is discussed in Section 12. In order to validate

the proposed result (1), ®;— should be a distribution Whence — has to be interpreted here as a signumdistribution, which

is far more than a subtlety. For some more examples in the same vein we refer to [6, Section 12].

So it occurred to us that a self-contained compendium of identities involving the delta distribution and numerous
differential operators acting on it, including their behaviour in the signumdistributional case, could be a very useful
reference work, which lead to the underlying paper.

2. Basic notions and notations

The setting for this paper is m-dimensional Euclidean space R” with orthonormal basis (e, ..., e;). The basis
vectors (ej, j=1, ..., m) are considered to be Clifford 1-vectors; they generate the Clifford algebra Ry, ,,, where the
non-commutative geometric or Clifford product is governed by the rules

6‘?:—1, ]Zla

ejej=—eje;, Ii#].
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The Clifford product splits into the commutative inner product, denoted by -, and the anti-commutative outer product,
m m
denoted by A. For the 1-vectors x = Z ejxjandy = Z e;jyj, it holds that
j=1 j=1

Xy=x-y+xAy

and, in particular,

Note that the inner product is the negative of the standard scalar product of geometric vectors:

m
xy=-Xoy=-Y xy;
Jj=1
The derivatives with respect to Cartesian variables x;, j =1, ..., m are incorporated into the so-called Dirac operator

d, which may be seen, see e.g. [7], as a Stein-Weiss projection of the well known gradient operator V:

The Dirac operator lies at the hart of the higher dimensional theory of monogenic functions (see e.g. [8]), also called
Clifford analysis. It is a direct and elegant generalization to higher dimension of the theory of holomorphic functions in
the complex plane. One of the important properties of the Dirac operator is that it linearizes the Laplace operator:

9% =—A.

For more on Clifford algebras we refer to e.g. [9].

For the sake of completeness, we recall some basic notions from the theory of distributions. Distributions, also known
as generalized functions, generalize the traditional notion of a function. They act on fest functions, which we consider
here to be infinitely differentiable and with compact support in R™. This space of test functions is denoted by 2(R™),
and the action of a distribution T on a test function ¢ € Z(R™) is denoted by

(T, ¢).

A distribution is a continuous linear functional on 2(R™) according to the following definition. Note that this is
only one of several possible equivalent definitions.

Definition 1 A real distribution 7 in R™ is a linear functional 7 : 2(R™) — R such that for every compact set K C R™,
for every multi-index a, and for every sequence of test functions (¢ /‘)7:1 whose supports are contained in K, it holds that
whenever the sequence (9% ¢;)7_; converges to 0 uniformly on K, then the numerical sequence ((T, d%;))7_, converges
to 0.
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The space of distributions in R™ is denoted by 2'(R™). A typical example of a distribution is the delta or Dirac
distribution 6 (x), defined in R™ by

(6(x), (x) ) =9(0), Voe2(R").

And any locally integrable function f(x) may be interpreted as a distribution Ty, called a regular distribution, by
putting

(T 0)= [ fWowds, VoeI®")

A fundamental property of a distribution T € 2'(R™) is its infinitely differentiability, its partial derivatives with
respect to the Cartesian coordinates being given, for all test functions @(x) € 2(R™), by

(0T, 0x)) =—(T, dy0(x)), j=1,...,m.

Another important operation on distributions is the multiplication of a distribution T’ by an analytic function o(x),
i.e. a function which in the neighbourhood of any point x* € R” can be developed into a convergent multiple power series
in (x; —xj), j=1, ..., m. This multiplication is defined by

()T, @) =(T, a(x)9), VoecZ[R").

We call an operator acting on distributions Cartesian if it involves partial derivation with respect to the Cartesian
coordinates, and multiplication and division by analytic functions. However, this last operation, although being well-
defined, is not uniquely determined, but results into an equivalence class of distributions involving (derivatives of) the
translated delta distribution &(x — y), where y is a zero of the analytic function under consideration. More explicitly, if
the analytic function 3 (x) shows a zero at the single point y then

1 ,
%T—Sﬁ-T

where S is any distribution for which B(x)S = T and T* is a distribution with support at the point y, i.e. a finite linear
combination of distributional derivatives of the translated delta distribution & (x — y):

T =Y cqd%8(x—y).
o

Two basic Cartesian operators on distributions are the multiplication operator x and the Dirac operator d. Their
actions are, quite naturally, well-defined and uniquely determined as

(xT, ¢(x) ) =(T, x9(x) )
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and

(OT, ¢(x) ) =—(T, do(x)).

Also their squares: the multiplication operator — x> = |x|? and the Laplace operator — 97 = A, are Cartesian operators
with uniquely determined actions on distributions.
Division of a distribution by x may be approached in two ways. Either the function x is considered as a vector

polynomial of the first degree, whence a vector analytic function with a single zero at the origin, or, as — = — ﬁ, division
X X

by x is seen as the composition of two operations: first division by 2 = |x|*> = x% X2, followed by multiplication
by (—x). In [5] the following lemma was proven showing that both approaches are equivalent.
Lemma 1 For a scalar distribution 7 it holds that

1
ET =S5+0d(x)c

for any distribution S such that xS = T, ¢ being a vectorial constant.

X

. 1 . o
Henceforth we use the notation [T} for the equivalent class of distributions S such that xS =T.
The two fundamental formule in ;nonogenic function theory, involving the (anti-)commutator of x and 2, viz.

{x,d} =xd+dx=—-2E—-m and [x,d]=xd -dx=m—2T

give rise to two other well known Cartesian operators: the scalar Euler operator
m
E= Z Xj ax g
Jj=1
and the bivector (orbital) angular momentum operator

I'=- Z €j€ijk = — Z eq,'ek(xj8xk 7)6]((9)(/.).
Jj<k Jj<k

It follows that

or more precisely

x-d=—FE and xAd=-T. )
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On the other hand it holds that

dx=-m—-E+T

which splits into the scalar and bivector parts

d-x=—-m—E and dAx=T.

In the sequel we will also use of a special subclass of distributions, viz. tempered distributions. A distribution 7,
initially defined on the space 2(R™) of compactly supported infinitely differentiable test functions, is said to be tempered
if it can be extended to a continuous linear functional on the Schwartz space .7 (R™) of rapidly decreasing smooth test
functions. Rapidly decreasing means decaying to 0 for |x| — oo faster than the inverse of any polynomial. An example of
a rapidly decreasing function is |x|* exp(—|x|®), for any natural numbers k and £. More explicitly, rapidly decreasing test
functions are defined as follows.

Definition 2 A function y(x) is a rapidly decreasing test function in R™ if it is infinitely differentiable in R™ and,
together with all its derivatives, satisfies, for all multi-indices & and 3,

Pa, p(V) = sup X% 9P y(x)| < .

Here we have used the short hand notations x* = x{" --- x% and 9f = d 4, --- d g, In a natural way, a tempered
X m

distribution is now defined as follows.
Definition 3 A real tempered distribution 7 in R is a linear functional 7 : . (R™) — R such that for every sequence
of rapidly decreasing test functions ()7, for which, for all multi-indices & and j3,

,hf; Pa, pVj(x) =0

the numerical sequence ((7', y;))7., converges to 0.
The space of tempered distributions in R™ is denoted by .’/ (R™), and it holds that

2(R™) C F(R™) and &' (R™) C Z'(R™).

Tempered distributions are highly useful in practical applications, if only because the Fourier transform .#, given by

ZWIY) = | v@exp(-27ix y) dx, v e SR

and

(Z[T), v)=(T, Zly]), YyeSR"), TeSR")
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is an isomorphism of both spaces . (R™) and ./ (R™). Typical examples of tempered distributions are constant functions
and the delta distribution §(x) defined by

which are interrelated by the Fourier transform:

Z[5)] =1,

3. The one-dimensional delta distribution

The delta distribution &(¢) on the real line is defined, for all test functions ¢(7) € Z(R), by

It enjoys the following properties:
« it is pointly supported at the origin t = 0;
* it is an even distribution: 6(—t) = 6(¢);
1
« it is homogeneous of order (—1): §(ar) = Tl o(1);
a
« it is of finite order, more specifically of order zero, i.e. 6(¢) is continuously extendable to Cy(RR).
As any other distribution it is infinitely differentiable and its kth order derivative, given by

is of finite order k.
Multiplication of &(z) by natural powers of the variable 7 results into the following easily checked identities:

to(t)=0
and
t8'(t) =—58(¢)
28'(1)=0
and also
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t8"(t)=—-28'()

28"(1)=28(1)

t3 5”’(l) 0

etc. It holds that

80 () = (1) k(k—1)- (k—j+1)8% @), j<k

8% (1)

I
k=

j>k
and in particular
*8W (1) = (—=1)* k1 8(1).

Division of §(¢) by the variable ¢ leads, a priori, to an equivalence class of distributions, since ¢ shows a single zero
at the origin:

=8(t)=—-08'(t)+cb(1),

but, as the left-hand side is a homogeneous distribution of order (—2), as is &'(¢) at the right-hand side, the arbitrary
constant ¢ must be zero, eventually leading to

%5@) — ()

Along similar lines it is found that

86D ) = (-1

k(k—l)-~-(k—j+1)6

and

and also
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4. The higher dimensional delta distribution: the basics

The delta distribution 6(x) € 2'(R™) is a scalar distribution defined, for all test functions ¢ € Z(R™), by

It is a distribution which is:

* pointly supported at the origin x = 0;

« rotation invariant: 6(Ax) = 0(x), VA € SO(m), where SO(im) is the group of m x m orthogonal matrices of
determinant 1, called the special orthogonal group or rotation group;

s even: §(—x) = 8(x);

1
* homogeneous of order (—m): &(ax)

~lam

8(x);
* of finite order zero.
Its Cartesian derivatives are given by

(03,6(x), 0(x) ) = (=1)°(8(x), d5;0(x) ) = (=1)'{9,0(0) }i=0, J=1, ..., m.

In particular the action of the Dirac operator d results into the vector-valued distribution dd(x) given by

(26(x), p(x) ) = —(6(x), 20(x) ) = —{2@(x) }s=0-
The action of the Euler operator [E reveals its homogeneous character:
Ed(x) = (—m)8(x)
whereas the action of the angular momentum operator I' = — ¥ ; . eex(x;dxx — xidy;) leads to
ré(x) =0

which is in accordance with the rotation invariant or radial character of & (x).

5. Multiplication by natural powers of the vector variable x

A straightforward application of the definition of multiplication of a distribution by an analytic function, leads to
the following identities for multiplication of the delta distribution and its Dirac derivatives by the vector variable x and
natural powers thereof. It holds that
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and

and also

etc. More generally one has
x9*18(x) = (m+20) 08 (x)

x9*8(x) = (20)9* ' 8(x).

By iteration we obtain the following identities involving natural powers of the vector variable x :

1=

29218 (x) = (m+26)(20) 2% 5(x)

3Q2“16(5) = (m+20)(20)(m+2( — 2)@22_26(5)

I

2P (x) = (m+20)(m+20-2)(26) (20— 2) 9* 5 (x)

2P S () = Cm, 0) 8(x)

where we have introduced the constant

Co iporary Math tics
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C(m, £) = (m+20)(m+20—2)---(m)(20)(20 —2)--- (2)
=20 m(m+2)--- (m+20)

~ooei1 p D(m/24-£+1)
=2 T )

Similarly we find
208 (x) = (m+20—2)(20) 9% 25 (x)

3028 (x) = (m+20-2)(20) (20 —2)9* 38 (x)

=

9% 8(x) = (m+20—2)(m+20—4)(20)(20—2) 9* 5 (x)

20 420 1
x*d 6(&)_7m+zgc(mv £) 8 (x).

More generally it holds that, for k < £,
KM (x) = (20)(20=2) - (20—2k+2)(m+20—2)(m+20—4) - (m+20—2k) I* 5 (x)
S (x) = (20)(20—2) -+ (20 —2k)(m+20—=2)(m+20—4) - (m+20—2k) 9* 15 (x)
KPS (x) = (20)(20—2) -+ (20 —2k+2)(m+20)(m+20—2) -+ (m+20—2k+2)d* 15 (x)
K2 (x) = (20)(20=2) -+ (20— 2k+2)(m+20)(m+20—2) -+ (m+20—2k) 9> H*5(x).

6. Multiplication by natural powers of the Cartesian variables x;,j =1, ..., m

In this section we will establish formule for products of partial derivatives of the delta distribution & (x) by Cartesian
variables involving expressions of the form

XjyXjy o Xj, O Oy +++ O, 8(x)
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where d is shorthand for d; , k=1, ..., m, more explicitly: dj 6(x) denotes the partial derivative of the delta distribution
0 (x) with respect to the Cartesian variable x;, k=1, ..., m. Such an expression can always been written in the alternative
form

XTI a2 e xn 81131 8232 - 9P §(x)

with |a| =0+ -+ 0, =pand |[B|=B1+ -+ Bn=2¢q.

We proceed stepwise via a sequence of lemmata. Note that, since the delta distribution 8 (x) is tempered, see Section
2, the test functions under consideration can be taken either in Z(R™) or in ./ (R™).

Lemma 2 For all j =1, ..., m it holds that

xj0(x)=0,

the zero distribution.
Proof. For all test functions @(x), and any j =1, ..., m it holds that

(x6(x), 0(x) ) = (8(x), xj0(x) ) = {xj @(x) }s=0 = 0.

Lemma 3 Forall j, k=1, ..., m it holds that the commutator of the operators x; and d; is given by

{xj, dj} =—1

whereas for j # k

{)Cj7 8k} = O
Proof. For each distribution 7 it holds that
8]- ()CjT) = T+xj8jT
and thus
(xjaj —Bjxj)T =-T.

For j # k it holds trivially that
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8k(ij) :xj8kT.

Note that the above result can be written as

{xj, O} =—djx

where & is the Kronecker delta.
Corollary 1 For the delta distribution & (x) it holds that, for every j=1, ..., m,

xj0;8(x) = —6(x).
Lemma 4 For the delta distribution & (x) it holds that, for every j=1, ..., mand everyn € N,
%07 8(x) = (~1)"n! 8 ).

Proof. The proof is by induction on 7.
(1) Corollary 1 shows the result is true for n = 1.
(i1) We assume the result to be valid for x:

X197 6(x)=(—1)"n!6(x)

J 7

and prove it to be true for (n+ 1). We have consecutively, making use of the results in Lemma 3:

x’}“ 3}”1 6(x) = x}djx;d} 6(x) —x} 9" 6(x)

— 92 91 8 (x) — 201 9" 8(x)

= x’}fz afx? 8]" 0(x) —3x] 2" 8 (x)

=x;0;x7078(x) —nx;d" 5(x)

J] J

=x;0; ((—1)"n!8(x)) + (—=1)" ' nn! §(x)
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= (=1)" 18 (x) + (=) nn! 8(x)

= (=1)"" (n+ 1)1 8().

Proposition 1 For the delta distribution & (x) it holds that the distribution
X X8 % P gPr L 9B §(x)

is the zero distribution whenever at least one of the exponents, say «;, is greater than the corresponding order of derivation

Bj-
Proof. Assuming a; > ; we put aj — B; = s; > 0. Taking into account that the operators x; and d; commute
whenever j # k (see Lemma 3), the given distribution can be rewritten as:

A ] o (9P ol §(x) 2 0P 5 (x)

or, in view of Lemma 4,
LI [x?f] xgmalﬁl [afj] a}gmg(x)x;(_l)ﬁjﬁj!S(E)

which clearly is the zero distribution seen the fact that x; 6 (x) = 0. O
Proposition 2 For the delta distribution §(x) it holds that, for all multi-indices (o, ..., Qy),

XX I M 9P L 9% §(x) = (—1)% oy ! - (—1)% 0, 8 (x) = (— 1) ! § (x).

Proof. Again taking into account that the operators x; and dy commute whenever j # k, the given distribution may
be rewritten as:

(" Of) -+ (i At) 8 (x)
which, invoking the result in Lemma 4, equals

(1) oy (—1)% ! (x) = (—1)% a1 8 (x).

Proposition 3 If p < ¢, with p+s = ¢, then for the delta distribution §(x) it holds that
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XjtXjp o Xjp Ok Oy - akqs(l)

(3)
= (_1)[7 Z Z 5jlkl 8j2k2 e 6.fpkp ak’,+1 akp+2 ’ akp+.§ 5( )
(kp+1kp+2 kpﬂ) (j1j2 - Jp)
where the first summation runs over all possible combinations (k,11kp42 ... kpis) outof {ki, ko, ..., ks } and the second

summation runs over all possible permutations of (j; ... j,) repetitions being allowed.
Proof. The proof is by induction on p and g.
First we compute directly a particular case for p and ¢, say p =2 and g = 4 en we find:

XXk Og Op Oc g 6(x) = (Gjc Skd + 8 Okc) Oa I 6 (x)
+ (8 Okd + 8ja Oy ) O O 6(x)
+ (0 Ske + Ojc Oky) 9 Dy O (x)
+ (8ja 6kd + 6ja Ska) O 9 6(x)
+ (8ja Okc + jc Oka) 9 9u 8(x)
+ (8ja 8o + 8 Oka) O 0 8(x)

which is in agreement with formula (3).

Next we increase p by 1 by multiplying the left-hand side of (3) by a Cartesian variable, say x;,. Doing so, we expect
the order of derivation of §(x) at the right-hand side of (3) to diminish by 1. We find, using the commutating relations of
the operators x; and d;, consecutively:

Ko akpﬂ akpﬂ e 8k1’+s 5( ) ak p+1 %o 8kp+2 akp+s5( ) 5j0! kp1 akp+2 tee akars 5(5)

= akp+l (akp+2 &kars 8(7) 6j07 kp+2 akp+'i akp+s 6(7)>

JO kp+1 akp+2 T akp#r 6(‘1)

8k

p+2

p+1 akp+3 ij akp+4 e akp+s 6(£) IO« p+1 akp+2 ot akp+s 5(&)

- 8j(): kp+2 akp+l 8k[)+3 &kara 5(7) 6j0$ kp+3 akp+l akp+2 8kp+s 8(7)
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= 6]07 p+1 akp+2 akp+3 6(7)

]0 kp+2 akp#»l akp+3 e akp+.v S(E)
/O kp+s 8kp+1 akp+2 akp+$ 6()6)
which leads to
XjoXjiXjp " Xjp akl 8kz e akq o (x)
=0 ¥ Y SOk Sk, | o Oy Fepir - Ohyr O(X)
(kp+1kp+2---k17+s> ”(jljlujp)
where now the right-hand side takes the form
(_ l)p Z Z 6j1k1 6j2k2 T 6jpkp
(kpy1kpiokprs) \#(jrj2-Jp)
x (_ 6]07 ]7+l 8kp+2 . akara 6(7) 8j0! kp+2 akp+l akp+3 : akp+3 6(7) A 5]07 p+s akp+l akp+2 e akp+s—l 6(£))
which indeed equals
1
(_ 1)p+ Z Z 6./'1/61 6./'2/62 . 5 6/0k]7+| akp+2 : akp+s 6( )

(kp+2~~~kp+s> ”(jOjlew/p)

To prove the induction on g we increase g by 1 by acting with the operator 31<q ., on both sides of equation (3). The
action on the right-hand side is simply

(=P Z Z 6]1k1 6j2k2 5jp/<p akp+lakp+2 8;%81(%15(1)

<k]7+lk17+2---kq) ”(Jl/2}p)
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The action of qu ., on the left-hand side yields

le e )ij ak

Oy Oy ++ Ok, 6(x) +V

q+1

where the distribution V' is given by
6kq+1, jlsz ...ijaklakz akq5(£)+5kq+h j2Xj1 xh ...xjp 8k18k2 (9@5(1)

+- 40

q+1s Jp S(E)

lesz ...)ij71 8k1&k2--- 8kq

On each of the terms of V, formula (3) can be applied, yielding the following expression for V:

qu+]7 J1 (_])P*l Z Z 6j2k2 e 6jpkp 8k] ak[,+| akp+2 tee akq 6(&) +

(kikpr1kpi2-kg) \m(j2 - jp)

+ 6kq+|7j1 (—1)1771 Z Z 6j1k| 6jp—|kp—| 8kp8kp+]8kp+2... 8]((]5(5).

(kpkarlkarZ'"kq) 77:(]1 ---jp—l)

This leads to

Xjy v Xj, Ok Ok, Ok, Oy O(x)

—(-1» ¥ Y ikt Sk | 91 g0k, 8(x) -V

(kp+1kp+2---kq> ”(jljlujp)

which, by substituting the above obtained expression for V, takes the desired form

Xjy X, Oy Ok, Oy S(x)

= (—l)p Z Z 5jlk1 6j2k2"'6jpk,, 8kp+18kp+2... 8kq8kq+16(1).

(kpsrkpia kgrt) \7(1j2-Jp)
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Now we illustrate the results of the Propositions 1, 2 and 3 by some straightforward examples, meanwhile recovering
former formule.

Example 1 Forall j =1, ..., m, one has x; §(x) = 0, whence xJ(x) = 0. Similarly it holds that xx; d,8(x) = 0,
whence x? 9 5(x) = 0, etc.
Example 2 Forall j =1, ..., m, one has

x;j0;6(x) = —6(x)
and also
xjo6(x) =0, j#k

It follows at once that

ES(x)= flxja,ﬁ(x) = (—m)5(x),

that
[é(x)=— Z ejer(xjodk —xxd;) 6(x) =0,
j<k
and
x98(x) =YY ejexx; 0 8(x) =—Y x;0;8(x) =mS(x).
J ok J
It also holds that
x;98(x) = —¢;6(x)
and

x9;6(x) = —e;8(x).
Example 3 For j # k one has

xj0¢ 8(x) =0
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whereas

whence

and

Example 4 For j # k one has

whence

For j # a one has

whereas

whence

and
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xj 97 8(x) = ~20; 8 (x)
x;9%8(x) = _leil 9 8(x)=20;8(x)
x9%8(x) =29 8(x).
xjx 9y 8(x) = (Z 6ja5ka> 6(x)=0

7(jk)

xjx 0% 8(x) =0.

X597 8(x) = ~26(x)
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Example 5 For j # k one has

whence

and

yielding

On the other hand one has

whence

and

yielding

It follows that

Co iporary Math tics

X9*8(x) =— y x29%8(x) =2m 8(x).
Zl J
/:

X2 S(x) = — 28340 0 O()
Xjokd; 8(x) =0, j#a
xj 0k 2 8(x) = —20,9;8(x)

Xj 9> 8(x) =209 8 (x).
%093 8(x) = —2849;9a 8(x) — 97 8 (x)
xj0j0;8(x) = —9;8(x), j+#a
x;0;0; 8(x) = —39;9;8(x)

xj0;9°8(x) = — 97 8(x) +297 8 (x).
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x0°8(x) =) Y ejecx; 0 9% 8(x)
k

J

=Y x0,0°8(x)+ Y ejexx; 09’ 8(x)
J JFk

:mﬁzﬁ(g)—i— 2@25(5)4— Z ejex20; 0 6(x)
7k

— (m+2)9*8(x)

and also

J

E*8(x) =Y %;0,0°8(x) = ¥ (~ 0% 8(x) +2028(x)) = — (m+2) 98 (x)
J

and

*8(x)=— Y ejex (x;0 —xx9;) 9> 8(x) = 0.

j<k

In the same order of ideas the following results may be proven. Note however that a proof by induction is much

simpler.
Proposition 4 For j =1, ..., m one has
X‘Q2€+18 x :_e_Q2£5 x) + 20 a'Q2€715 x
J J J
x;07' 8(x) = (20)9;0* 5 (x).
Proposition 5 For j, k=1, ..., m one has

Xk d* 8(x) = (20)0;* 2 8(x), jH#k
%0707 8(x) = — 9% 8(x) +(20)97 9 8()
X007 S (x) = —e; %% S(x) + (20)9; % ¥ T 8(x), J#k

%j0;0° 1 8(x) = =9 8(x) —¢;9;9% 8(x) +(20) 97 ¥ 8 (x).
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Making use of the results in Propositions 4 and 5 the following well known formulae, may be proven straightforwardly.
Corollary 2 One has

() E9™ 8(x) = — (m+2£) 2 §(x);

() EQ* ' 8(x) = — (m+20+1)9*"" §(x);
(iii) T 9 8 (x) = 0;

(V)T 8(x) = (m—1)2*"" ().

7. Division by natural powers of the vector variable x

Division of a distribution by the vector variable x is a Cartesian operation, whence always defined, albeit, in general,
not uniquely determined. However, from [5] we know that division of a distribution by x is uniquely determined when this
distribution is either radial or homogeneous with homogeneity degree different from (—m+ 1), where m is the dimension
of the Euclidean space considered. It follows that the division of the delta distribution and its Dirac derivatives by natural
powers of the vector variable x will always be uniquely determined. Let us illustrate this as follows.

According to the general theory we would have

iS()ﬁ) ! 96(x)+6(x) ¢

m

with ¢ an arbitrary vector constant, since xd d(x) = md(x), x6(x) = 0 and x shows a simple zero at the origin. But the
left-hand side is a homogeneous distribution of order (—m — 1) whence the right-hand side should also be homogeneous
of order (—m — 1), forcing the arbitrary constant ¢, to be zero, eventually leading to

iS(x) = %QM&)
Similarly, based on the results of Section 5, we find:
iga@ = 5
ija(g - m%rz 9°3(x)
igﬂs(x) = 195

etc. More generally, one has

Co iporary Math tics 5260 | Fred Brackx




By iteration we find

1 B 1 3
2200 = 2m2) 976 (x)
1 1
?QZ‘S@) ~ 4(m+2) 2'5()
Losw=—"1_5n
2O T i ® O
etc. More generally, one has
i aZ[&(}o _ ;aZﬂrZé(x)
27 T (m420)(20+2) =
LIPS PR 1 2+3
2% W= e mrarr e W
Still more generally, it holds that
L 8255()6) _ 1 82l+2k6(x)
X2k T k(1) (U+2) (I k) (m+20)(m+20+2) - (m+20+2k—2) =

L oorg v 1 2042k+1
x2k+1 97 8(x) = 2K(04+1)(0+2)- - (I+k)(m+20)(m~+20+2) - (m+20+2k) 9 ()

RS _ 1 20+2k+1
9 O = DT D) T el D) 2 A (m 2020 2 ()

1 82Z+16(x> _ 1 2Z+2k+23(x)
X2+ = T2+ 1) (042) (I k+ 1) (m+2042)(m+20+4) - (m+ 20+ 2k) — =
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8. Spherical coordinates

m
We introduce in Euclidean space R™ spherical coordinates x = r@, r = |x|, ® = Z ejw; € §™=1. Note that in
j=1
physics texts @ is usually denoted by &, or 7.

The Dirac operator takes the form

Q:Qrad+a

Zang
with

1

Oyqg = @0, and 4, ;8@

ng —

We have indeed

1
=d,+—dy
r
where we have put
m
ag = Z e/' ag_)j

This angular differential operator d, may be seen as the Clifford vector version of the so-called spherical gradient
Vy for which it holds that

L1
V=-Vy+8é0,.
r

To illustrate the meaning of this spherical Dirac operator d, we consider the traditional cases of low dimension:
m=2and m = 3.
In dimension m = 2, where x; = rcos 0, x, = rsin and ®; = cos 0, @, = sin 0, it holds that
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where the SO(2)-matrix A; is given by

A — cosf sin6
27 | —sin® cos@|
It follows that
1 . . 1
d=¢e; (cos00d,——sinBdy | +e; (sinBad,+ — cosOdy
r r
whence
(9@ — €9 89
with eg = — e sin 6 4 e cos 6 a unit vector tangent to the unit circle. Note that

dw, = —sin@ dg and dy, =cosO dy.

In dimension m = 3, where x; = rsin0Ocos @, x, = rsin0sin¢@, x3 = rcos 6 and @; = sin6 cos P, W, = sinHBsin P,

w3 = cos 0, it holds that

3
1 X1
-9
r 0 = A3 8)(2
1 - 1 ¢ ax:;
rsin@

where the SO(3)-matrix A3 is given by

sinf cos¢ sinBsing cosO
A3 = |cosOcos¢ cosOsing —sinf
—sin¢ cos ¢ 0

It follows that
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x, 1 5
Qz[el e e3}>< Jx, :{el e 63}XA§1X 70
aX3 1 1
rsing ¢
whence
dp =€y d 0
@ = €600+ €y sin@ ¢
with eg = ej cos B cos ¢ +excosOsing —e3sin 6 and ey = —e sin¢ + ez cos ¢ two orthogonal unit vectors tangent to the
unit sphere. Note that
P 0 cos ¢ dp —sind ——
= cos 6 cos —sing —
@ 0 sin ?
P 0 sin ¢ Jp +cos $ ——
= cos 0 sin cosp ——
@ o sin@ ¢
O, = —sin 6 dg.
The angular operators 8(0]., j=1, ..., mshould be manipulated with great care, moreover taking into account that
the w;, j=1, ..., mare not independent since Z a)J2 = 1. Note the following formulae:

J
« 0 [01] = 1 — @},
* do,|@j] = doj[] = — Wi, i # ],
* do; [0] = do[0)] = ¢j — 0; @,
s dplw] =1—m.
Taking into account that dy, is orthogonal to @, the Euler operator takes the well known form

E:—&'Q:—rw'arad:_rQ'Qar:rar

whereas the angular momentum operator I takes the form

I'=—xANd=—-roAd

Yang =
Jj<k

In dimension m = 2 the operator I" is given by

I'= 76‘182(99

Co iporary Math tics

1
—TOAN—0p=—WON0py=—0dp = — ejEk((Djawk—wkawj).
r - .
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whereas in dimension m = 3 it holds that

I'=eye3(sing dg +cotB cosd dy) +e3e; (cotO sing dy —cos P dg) +e1e2(— ).

There is still an interesting observation to be made about the angular momentum operators and the spherical Dirac
operator. Introducing in each (x;, x;)-plane (with j < k) polar coordinates:

Xj = Iji COS ij, X = Fjk Sll’lejk

with X3 4 = r%, it is easily shown that

ij = agjk
whence
I'=-— Z Ejekaejk.
Jj<k
For the spherical Dirac operator we then obtain
dp=0-T
m
= — Z Z w; e; -ejeijk
i=1 j<k

= Z jerLjx—wye;Lj
i<k

ngE

m
Y ojeL
j=1 k=1

and also, componentwise,
m m
8a,k = Z a)ijk = Z O)jagjk.
j=1 j=1

The question now is how to define, if possible, the separate action of the operators d,,, and d,,,, on a distribution.

To that end both operators should first be shown to be Cartesian, which is achieved by putting
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1
9yud =00 =——-E and 9
X

=Zang —

1
]

1
(90,:7*1—‘.
X

Due to the division by the vector variable x, see Lemma 1, the result by the action of d,,; and Qang on a distribution
clearly will be an equivalence class of distributions modulo a multiple of the delta distribution. This leads to the following
definition.

Definition 4 Let 7' (x) € 2'(R™) be a distribution. Then we put

BT = (@0)T(r0) =~ | 157(0) @)
and
20T = (130 T00) = [ Lr7(0). )

So it becomes clear that the actions of d,,, and d,,,, on the distribution 7'(x) are well-defined but not uniquely
determined. However, if S| and S, are distributions arbitrarily chosen in the equivalent classes (4) and (5) respectively,

1.e.

xS, =—ET(x) and xS, =—-TT(x),

then
Qrad T()i) = 51 +¢ 6(5)
Qomg T(X) = 52 +o B(E)
and it must hold that

S +¢10(x)+8,+¢26(x) = 0,yq T(X) + 9 T(x) = 2T (x) (6)

where the distribution at the utmost right-hand side is, quite naturally, a known distribution once the distribution 7 is given.
One could say that the differential operators d,,, and d,,,,, are entangled in the sense that the results of their actions on a
distribution are subject to (6) which becomes a condition on the arbitrary vector constants ¢; and ¢,. Henceforth we call
(6) the entanglement condition for the operators d,,, and d,,,,,-

It is a very well known fact that the Dirac operator linearizes the Laplace operator:

—9=a=—[9.
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In terms of spherical coordinates we obtain, in view of

Qrad de == 8}’2

1
Qradéang - }72 waﬂ+ ; C()a@ar
1 1
Qang amd - (mf 1)781‘ arwa(ﬂ
1
QangQang = ﬁ aé

that

1 1
A=09? —1) =0, + — A*
o (m—=1) -0+

where A* = @ dyy — 8é is the so-called Laplace-Beltrami operator. In view of the orthogonality of @ and d, we have
A =®Ndy— 9y 0w — 9w dp
which, as A* is a scalar operator, implies that
A =—0yp dp= |9Q|2
and
WONOy =0y Ndy =—T.

So, whereas the Laplace operator A is the normsquared of the Dirac operator, the spherical Laplace operator or
Laplace-Beltrami operator is the normsquared of the spherical Dirac operator.

Contrary to its appearance, the Laplace-Beltrami operator A* is a Cartesian operator, and so is the operator 2. The
following result indeed holds. B

Proposition 6 [10] The angular differential operators 8é and A* may be written in terms of Cartesian derivatives as

2=0>—(m—-1)T

and
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A*=(m—-2)T -T2

The actions of the Laplace operator and the Laplace-Beltrami operator on a distribution being well-defined and
uniquely determined, the question arises how to define the separate actions on a distribution of the three parts of the
Laplace operator expressed in spherical coordinates. It turns out that these operators are Cartesian, their actions on a
distribution being well-defined, though not uniquely determined, through equivalent classes of distributions.

1 1
Proposition 7 The operators 8,2, —, d,and —ZA* are Cartesian, and it holds, for a distribution 7', that
r r

ZE@—Uﬂ

%

8,2T:[

l%T—{zET}
r

r

leading to
)0>T =S+ 8(x)ca — Y™ | c1. ; 9.6 (x) for arbitrary constants ¢, and ¢; j, j =1, ..., m and any distribution S,
r ] 1 y J ] o J

such that xS» =ES; withxS, = -ET;
1 1
(i) -0, T =S3+ — Yitic ax]ﬁ (x) 4¢3 8 (x) for arbitrarily constant c3 and any distribution S3 such that xS3 = S;;
r m =

(ii)) 5 A"T =Ss+ca o(x)+ Z;f‘:] cs, 8xj 0 (x) for arbitrary constants c4 and ¢s, j, j=1, ..., mand any distribution
, ,

S4 such that 2 S4 = A* T
Proof. (i) A direct computation shows that 7> 9> = E(E — 1), whence

Further we have

(@I)T = - [HET} 5+ 8¢,

withxS, = —ET. It follows that
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=85+8(x)c2—38(x)¢

with x5, = ES,.
1 1

(ii) As rd, = E, it follows that —d, = —E and also
r 7

1
-0,T=-(wd,)T
X
1
=3 (S1+6(x)cr)
1
=853+-98(x)¢
1
=83+ %Q5(£)§1 +6(x)c3
withxS; = §;.
(iii) The distribution A* T being uniquely well-defined and > being an analytic function with a second order zero at
the origin, the result follows immediately. O

1 1 . . e .
Remark 1 The operators 97, —d, and — A are entangled in the sense that, given a distribution 7" and having chosen
r r
appropriately the distributions S, S2, S3 and S4, all arbitrary constants appearing in the expressions of Proposition 7 should
satisfy the entanglement condition generated by

1 1
FT+(m—1)-0,T+ 5 A T=AT
r r

the distribution at the right-hand side being uniquely determined.

1
9. The action of the operators @ d,, 3> and —d, on the delta distribution
r

We already mentioned in Section 4 that the delta distribution & (x) is spherically symmetric or rotation invariant or
radial for short; we may think of 8 (x) as being only depending on the radial distance r, but we will keep the notation o (x)
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to avoid confusion with the one-dimensional delta distribution d(r). Due to this radial character the actions of the Dirac,
Euler, Gamma and Laplace operators take a simpler form.

Recall that Euler operator E = 9, is a purely radial operator and its action on d(x) results, quite naturally, into a
radial distribution, viz. the delta distribution itself, up to the homogeneity factor (—m):

Eé(x)=rd,0(x) = —mb(x).

Also recall that angular momentum operator I' = —@dy = — @ A Jdy is a purely angular operator which, quite
naturally, annihilates the radial delta distribution:

[8(x) = — 03 8(x) 0.

For the same reason, when acting with Dirac operator d = ® d, + —d,, on the delta distribution only the radial part
]

9,40 = © 0, will play an active role, which leads to the following specific result about the delta distribution.
Proposition 8 The actions of the radial and angular parts of the Dirac operator on the delta distribution are uniquely
determined and it holds that

=ang

2,05(2) = 03, 5(x) = 25(x) and 2, 5(x) =+ %0 5(x) =0,

Proof. By Definition 4 one has

(©9))3(9) =~ E8() = m 7 8(0) = 23()

X

and

O
As the Laplace-Beltrami operator is a purely angular operator, which implies that A* §(x) = 0, the action of the
Laplace operator on the delta distribution takes the form

£8() = 92 8() + (m 1) -3, 5(x).

. . 1 .
We will now show that the two operator parts of the Laplace operator, viz. (9?) and | —d, ] have well-determined
r
actions on the delta distribution. Note that the latter operator is, up to a constant factor, nothing else but the derivative

1
with respect to 2 since it holds indeed that (8,) =20,.
r
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1
Proposition 9 The actions of operators (9?) and (8r) on delta distribution 0 (x) are uniquely determined, and it
r
holds that

(97)6() = 5 (m+1)A3(x) and (1ar)a<x>=—;m<x>.

Proof. By Proposition 7 we find:

1 1 1
P 8(x) = S E(E—1)8(x) =m(m+1) 5 8(x) = 5 (m+1)A8(x)
r r
and
L6 ="LEs Ls L as
~0r8(x) = FES(x) = (—m) 5 6(x) = — 5 AS(x).
O
Remark 2 Note that the results of Proposition 9 are consistent with the action of the Laplace operator since
) 1 1 1
(07)8(x) +(m—=1){ ~dr | 6(x) = 5(m+1)AS(x) + (m—1) { — 7 | Ad(x) = Ad(x).
Combining the results concerning the actions on the delta distribution of the operators @ d, and 9> = — (@ d,)?, the

following identities are obtained.
Corollary 3 For all k € N one has

(03,4 6(0) = (1) 02 8(x) = Zyr (m - 1)(m+3)- (m+ 2k 1) 0% 6(x)

(@341 8() = (-1} @32 5(x) = Zyr (m-+ 1)(m+3) -+ (m+ 26— 1) 2% 6(x)

(@3,)9* 8(x) = 9" 8(x) = 9 (@d,) 8 (x)

(Qar)QZéJrl 6(&) _ wé2f+2 6(5)

o m+2€+1 82£+1
2(0+1) B

s 2 a8,

1

Iteration of the action on the delta distribution of the operator (8,) leads to the following result.
r

Corollary 4 For all £ € N one has

k
(la) 5(1) = gy 975(0) = (-1 5 A4 ()
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The formule obtained in Corollary 3 may be generalized by considering products of :
(i) natural powers of the radial distance squared: > = —x?;

(ii) natural powers of the radial derivative squared: 97 = — (@3, )?;
(ii1) the vector variable x = r @, to obtain the following identities.

Proposition 10 One has, with k > 7,

@)
P92k S (x) = (—1)F TG (m+1)(m+3)-(m+2k—1)(m+2k—2)
X (m+2k—4)-- (m+2k—20)9* 8 (x);
(i1)
012 8(4) = (1) gy (e ) (+3) - -+ 2k = 1) 24 —2)
X (m+2k—4) - (m+2k—20) 9% 218 (x);
(iif)
@7 P 8(x) = (=) Sy (e D +3) (o 2k = 1) m-+28)
x (m+2k—2)- (m+2k—20+2) 9% 215 (x);
(iv)

PR QUL § (1) = (— 1)k ' (m+1)(m+3)---(m+2k—1)(m+2k)

2~k — 1)
X (m+2k—2)-- (m+ 2k —20) 9% 25 (x).

Proposition 11 One has

(@)

1 (m+20+1)(m+20+3)---(m+20+2k—1
(@22 8(n) = 5 (TR E i SR et
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(i)

(C+1)(L+2)---((+k) (x);

(©3)* 31 6() = 5

(iii)

L+ 1)((+2)--- (L +k) (x);

(@3, 9% §(x) = %

(iv)

2k+1 720+1 o 1 (m+2€+1)(m+2€+3)(m+2€+2k+l) 2042k42
(@9, 977 0() = 7 (C+1)((+2)---((k+1) 2 o).

1
10. The action of the operator —0, on the delta distribution
r

Because the delta distribution & (x) and its Dirac-derivatives of even order 92 8 (x) are radial distributions, the action

1
of the operator —d,, annihilates them all:
oo
1
(aw> 2%8(x)=0, ¢=0,1,2,....
Pl

For the Dirac-derivatives of odd order we have e.g.
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More generally, it holds that

1 1
( aw) L R ]

r =

Indeed, we have consecutively

(1 aw) ¥ 5 (x) = <i 9w) (@9,)0* 8(x)

~-m (13.) 95w

— 2 (m—1) (la,>€+1 5(x)

r

1
_ _m(m_l)ézé+26(£)

11. The delta distribution in spherical coordinates

In physics texts one often encounters the following expression for the delta distribution in spherical coordinates:

™)

s =)

ap M 1

212 . . . . o
where a,, = W is the area of the unit sphere S"~! in R, and O(r) is the one dimensional delta distribution on the
m
r-axis.
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Apparently this can be mathematically explained in the following way. Write the action of the delta distribution as
an integral:

= [ 6(x)p(x)dV(x)
:/0 r'”*lé(g)dr /qu o(rm)dSy

= ap / 18 (x) 20o)(r) dr
0
using the so-called spherical mean (see e.g. [11]) of the test function ¢ given by

o
Plpl) = — [ o(re)dso.

am

As it is easily seen that X°[@](0) = ¢(0), it follows that
an [ 8029l r)dr = (8(r), Zlgl(r) = | 8()[p)(r)ar
which explains (7). However we prefer to interpret this expression as
9(0) = (8(x), @(x) ) = (8(r), =[] (r) ) = Z’[9](0) ®
which can be generalized to higher even order Dirac-derivatives of the delta distribution:

{0% () }x—0 = (2™ 8(x), ¢(x))

C(m, 0)

m<3r%5(”)a Zo[‘l’}(r) )

— (-1

C(m, 0)

A an O Zel} .

= (-1

Recall that the constant C(m, ¢) is given by

C(m, 0) =2"0'm(m+2)--- (m+20).
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In physics language of integrals this formula would be written as

~+oo
s [ etrw) dsa = (-1)'; m+2€/ s20ar - [ otw)dse

leading to

C(m, 0) 1 8C0(r)
20(m+20) a, -1

27'8(x) = (-1)! ©)

or, by means of the results of Corollary 3,

(m)(m+1)--- (m+20—1) 1 5(2e>(r).

1
20 _ —
9 8(x) = (20)! a, rm1

Note that the spherical mean X°[¢)](r) is an even function of r, tacitly assuming that 2°[¢](r) is extended to the whole
of the real r-axis. Moreover its odd order derivatives vanish at the origin:

(=0718(r), Zol(r) ) = {97 =[@)(r)}r—0 = 0

For expressing, in a similar way, the higher odd order Dirac-derivatives of the delta distribution, we have to invoke
the so-called spherical mean of the second kind ¥'[¢], which was introduced in [11]:

= o)(r) = — ©Q(ro)dS, .

am . gm—1

The spherical mean of the second kind X! [@](r) is a vector-valued odd function of r, whose even order derivatives
vanish at the origin:

(07 8(r), Z'0)(r) ) = {37 Z' [)(r) }r=0 = 0.
It holds that

l C(I’I’l, 6)

(*18(x), o)) i)

(971 8(r), Z'e)(r) ) (10)

Il
—~
|
—_
=

or

(& 0leemo = (1) oy 92 0l
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which in physics language would then be written as

¢ Clm, £) 1 83D (r)
20+ 1) ay, 1

¥ 8(x) = (1)

or, by means of the results of Corollary 3,

1 1 8@ (r)
2041 — _ .
@I o(x) = (2€+1)!(m)(m—|—1) (m+20) T [0} (11)
and, in particular for £ = 0,
/
260 = (©3)5(3) = —ma ).

However the mathematics interpretation of (11) is not straightforward; the best we can think of is to see the right-hand
side as a continuous linear functional on the space of test functions Z(R) x 2(S"™~!). Moreover, if one would give in to
temptation to multiply both members of (11) by @, which is not allowed since  is not differentiable in the whole of R™,
thus obtaining

(26+1)(f
5241 6(x) = Wi1)!(m)(m+1)-..(m+24) al;u

ym—1

one would have to give meaning to the radial derivative of a distribution, which is far from trivial as was already observed
by Schwartz in his famous and seminal book [12], where he writes on page 51: Using coordinate systems other than the
Cartesian ones should be done with the utmost care [our translation]. Derivation with respect to the spherical coordinates
of a distribution, and of the delta distribution in particular, will be treated in detail in Section 13.

Nevertheless, expression (7) may be used when computing the action of some operators. Let us illustrate this
phenomenon by obtaining, via this alternative way, already known results.
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RN T LU RO 2t
T ap 2 pm=1 2 pm—1
"
11
am rm—l
—_Las
__E X)

¢ Clm, 0) 1 .8CHD(r)
2e+1)! ay,  rm-l

2”1 8(x) =ra(-1)

m 2t r
(1 (Czigf))! i(q)(zeﬂ)%
= (m+20)9*" 8(x)

Cim, ) 1 8@9(r)

léné(l) :rQ(_l)( (2€)|(m+2€) @ pm—1

1 Clm, £—1) 1

:Q(fl) (26_1)| a( ) ym—1

— (2€) Q2Z71 6(&)

Volume 5 Issue 4|2024| 5279 Contemporary Mathematics



C(m, ?) 1 X r2k 5(2£>(r)

EZkQZ%(&):(*l)Ema - 1

C(m, {) 1 520 (r)

:(_1)f+km(ze)(ze—1)~~-(2£—2k+1)— e

am

C(m, £) o (20=20) (m+20—2Kk) o
=203 20) ) Clm, 1—1) ¥ 5(x)

— (_1)€+k

=20 (l=1)--(L—k+1)(m+20=2)(m+20—4) - (m~+20—2k) 9> 2 §(x)

and similarly for the other general multiplication formula of Section 5.

Dospeigey L Clm, 0) 1 8CD(r)
EQ dx) = rQ( 1 20+1)! ay,  rm-l
_ (_1)€+1 C(ma €+1) i 62£+2(}’) 1
N 20+ 1) (m+20+2)(20+2) ap, ™1 2042
L a2
Zmé 5(x)

1 C(m, ¢ 1 8@ (r
;Qzé‘s(l) = ;Q(_l)e (2@)'((1’114-)26) a rm—(l )

Cim, ) 1 .8*(n 1
20\ (m+20) ap,  rm 2041

=(-1)'o

1 2041
s 0w

5280 | Fred Brackx

Co iporary Math tics



L 250 = <1y Cm 8 L e 1 8%
12"Q 6@ =(-1) (20)1(m+2¢) ay, 2k e
_(_I)Hk C(ma Z) 1 1 5(2/?+2k)(r)

(20 (m~+20) (20+2k)(20+2k—1)---(20+1) @, 1]

C‘(fn7 E) (m+2€+2k> 82€+2k6

T m+20) Clm, (+k) (x)
_ 1 a%+2k 5()6)
U+ 1)(U+2)--(L+k)(m+20)(m+20+2) - (m+20+2k—2) =
and similarly for the other general division formule of Section 7.
More generally it can be proved by induction that
1 1 8@9(r)
2k = _ k ... — —
(@3 8() = (~1)* gy mm-+ 1)+~ (m+ 24 —1) - 25
1 1 8@+ (p)
2k+1 k
. =(-1) —+ 1)-- 2%k) — ———o.
(@318 = (1)} gyl + 1) (m 420 -

12. Signumdistributions

In [4] it was shown that derivation of the delta distribution with respect to spherical coordinates necessitates the
introduction of a new concept: signumdistribution. The general theory of signumdistributions was developed in [5] and
applied, in [6], on two specific families of distributions appearing in harmonic and Clifford analysis. Here we confine
ourselves to a concise introduction of the concept of a signumdistribution.

We consider two spaces of test functions: traditional space 2(R™) of compactly supported infinitely differentiable
functions ¢(x) and space Q(R™; R™) ={w ¢(x) : ¢(x) € Z(R™)}. Clearly the test functions in Q(R™; R™) are no longer

differentiable in the whole of R™, since they are not defined at the origin, due to the function ® = — which can be seen

£
as the higher-dimensional counterpart of the one-dimensional signum function sign(t) = |i—|, t € R. Obviously there is a
one-to-one correspondence between spaces Z(R™) and Q(R™; R™). The continuous linear functionals on those spaces
of test functions, both equipped with an appropriate topology, are the standard distributions and the signumdistributions
respectively.
Given a standard distribution T'(x) € 2'(R™), signumdistribution 7" (x) € Q'(R™; R™) is defined in such a way that
for all test functions @ @ € Q(R™; R™) it holds that

(T"(), 00(x) ) =—(TQ), o)) (12)
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Then TV(x) is called the signumdistribution associated to T(x). In [5] it was proven that this associated

signumdistribution is unique.
Conversely, for a given signumdistribution U € Q'(R™; R™), we define the associated distribution *U" by

(*UMNx), 0(x) ) = - ("UR), 09()) Vo) € 2(R").
Clearly it holds that
TV"=T and ‘U ="U.
With each well-defined operator P acting between distributions, there corresponds an operator
P/ =0P(-0)

acting between signumdistributions according to the following commutative diagram :

T — PT

1 |
| i

@«

V=0T — P'TV=wPT
pv

in this way giving rise to a pair of operators P and P¥ which we call a signum-pair of operators. If the action result of
the operator P is uniquely determined, then the action result of PV is also uniquely determined, in which case we use the
notation (P, P") for this signum-pair of operators. If, on the contrary, the action result of P is an equivalence class of
distributions, then the action result of PV will be an equivalence class of signumdistributions, in which case we use the
notation [P, PY]. In Table 1 a number of signum-pairs of operators are listed.

The above commutative diagram induces two more operators: the operator Q mapping a distribution to a
signumdistribution, and the corresponding operator Q¢ = (—@) 0 (—®) = ® Q ® mapping a signumdistribution to a
distribution according to the following commutative diagram :

P
sU/\ — 7QSU N chU
-0 o° -0
T N T
| Ay
U —  Q0(-0)U
PV
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Clearly the operators Q and Q° cannot be Cartesian since they map distributions to signumdistributions and vice
versa. We call the pair of operators Q and Q° a cross-pair of operators denoted by either (Q, Q°) or [Q, O°] depending on

the nature of their action result, similarly as in the case of a signum-pair of operators. In Table 2 a number of cross-pairs
of operators are listed.

Table 1. Signum-pairs of operators

Signum-pairs of operators

(x, x)
(%, 1)
(E, E)
(T, 0o @) (—0o®, T)
(12, 12 =2(m— 1T+ (m—1)?) (T2 =2(m— 1T+ (m—1)%, 1?)
(9, D) [D, 9]
[@9;, ®d)]
Lo, 1 30t (- 1)}@] Bag—&-(m—l)%g, LA
(92, 92)
(A%, Z7) (Z*, A%)
(A, Z) [Z, Al
97, 97]

(9y;, dj) [dj; 9]

Table 2. Cross-pairs of operators

Cross-pairs of operators

(0, ®)
(r, =r) (=r 1)

[0, —0] [~0r, /]
(O, ©Ip®) (0900, do)
B -]
fn o] [ o
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13. Spherical operators

An operator involving spherical coordinates is said to be spherical when it is not Cartesian. Clearly multiplication
operators r and @ are spherical operators, as are differential operators d, and d,. The concepts of signumdistribution,
signum-pair of operators and cross-pair of operators, introduced in Section 12, allow for a definition of the action of
spherical operators on (signum)distributions.

Definition 5 The product of a scalar distribution T by the function ® is the signumdistribution T associated to T,
and it holds for all test functions @ ¢ € Q(R™; R™) that

(0T, 09 )=(T", 00)=—(T, ¢).

Similarly the product of the signumdistribution *U by the function (— @) is its associated distribution *U".
Definition 6 The product of a scalar distribution 7°¢“/ by the function ®j, j=1, ..., mis the signumdistribution
; T3¢ given by the uniquely determined expression

w'Tscal _ {wTscal} .
j =@ Jj-
Similarly the product of the scalar signumdistribution *U** by the function @ ; is the distribution @; *U scal given by
w‘sUscal _ {wsUscal} .
j =@ i

Remark 3 For a general Clifford algebra valued distribution or signumdistribution, the action of the multiplicative
operator ; is defined through linearity with respect to the scalar components.

Definition 7 The product of a scalar distribution T by the function r is the signumdistribution T = (—x T)" given
for all test functions @ ¢ € Q(R™; R™) by

(rT, 0@ )=(xT, ¢)=(T, x¢).

according to (the boldface part of) the commutative diagram

T — —xT

) NV
ot N\, ‘o
V=0T — rT

involving the signum-pair of operators (x, x), which induces the product of the signum-distribution @ T by xtobe x(0 T) =
—rT.
Definition 8 The derivative with respect to the radial distance r of a scalar distribution 7 is the equivalent class of

signumdistributions
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— 0o,
T — {1 E T]
X
-0 -0 -0
1) N )
ot ) ‘o
TV =T — [arT]
— 0

involving the signum-pair of operators [® d,, @ d,|, which induces the action of (@ d,) on the signumdistribution @7 to
be be (03)) (@T) = [~ ,7].

Definition 9 The angular dj,-derivative of a scalar distribution 7 is the unique signumdistribution d, T = (I'T)"
given for all test functions @ ¢ € Q(R™; R™) by

(09, 00T )=(9, 0T )=(¢, -I'T)

according to (the boldface part of) the commutative diagram

,Qag
T — I'T
9 N 00 $e
ot N 90 ‘o
V=0T — 00T
-9,

involving the signumpair of operators (@dy, dp® ) or (', —dp @) = (I', (m — 1)1 — I'), which induces the action of the
operator dg @ on the signumdistribution @7 to be dy @ (OT) = —dp T
Example 6 Because the delta distribution is radial, it holds, trivially, that

90 8(x) =0.

Definition 10 The quotient of a scalar distribution 7 by the radial distance r is the equivalence class of signumdistribu-
tions
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T _ FT
X
1 N
ot N ‘o
TV =0T — FT}
r

. . . . 11 S . . e
involving the signum-pair of operators |—, —|, which induces the quotient of the signumdistribution @7 by x to be
x x

X X X

oT)=|-T]|.
n-[1]

Definition 11 The angular aw]. -derivative of a scalar distribution 75/ is the unique signumdistribution given by

1
X

0o, T = {0 T*"};, j=1, ..., m.
Remark 4 (i) An alternative expression for dy, T3l is:
oy T = 19, T*! — @, ET*.
Indeed, it follows from
_rrsed — xgTed 4 g sed
that
9T = — @xd T + @ET = —rd T g ET*!

whence the desired formula for each of the components.
(i1) For a general Clifford algebra valued distribution, the action of the spherical derivative operator 3(»]- is defined

through linearity with respect to the scalar components.
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Remark 5 Once the action of the spherical derivative operators 8wj, j=1, ..., mis defined, see Definition 11, we

are able to define the action of the corresponding Cartesian operators — Q&wj, j=1, ..., m, through the commutative
diagram
—Wde i
T — — @y, T
-0 09y @ -0
1 N
ot A g, L
oT — a(,,j T
—do ; @

In particular, for a scalar distribution 7°“ it holds that
— @y, Tl — — X0, Tl 1 a)jQ]ETml7 j=1, ..., m.

Example 7 Because §(x) is a radial distribution we expect 80,1,5(&), and thus also — Q&wjﬁ(g), to be zero. And
indeed it holds that

Jw; 0(x) = rdy; 8(x) — 0; ES(x)

= rdy, 8(x) +mw; 8(x)

14. Signum-partners of Cartesian operators

In Section 8 we saw that Laplace-Beltrami operator A* and the square of angular derivative Qé are Cartesian operators.
Their signum-partners are straightforwardly computed to be

(02)" = wdy (— ) =g

and

AV =-T*4+ml—(m—1)1.

Volume 5 Issue 4|2024| 5287 Contemporary Mathematics



Clearly also operator A*" is Cartesian. Introducing the notation Z* = A*", the signum-pairs of operators (aé , aé ),
(A*, Z*) and (Z*, A*) follow, inducing the definition of the actions of operators Qé, Z* and A* on a signumdistribution.
For signum-partner D of Dirac operator d we obtain the following expressions:

D=0d(-0)=0 <w8r+18w) (—o)

1 1 l
giving rise to the signum-pairs of operators (d, D) and | —dyp, ——dgp + (m 1) , which induce the actions of the
rr

1 1
operators D and ——dg, + (m 1) o on a signumdistribution.
)

Note that whereas the actions of the operator d on d1 stributions and of its signum-partner D on si gnumdistributions are

uniquely determined, the action results of the operator wa on distributions and of its signum-partner —— 8m +(m 1)1 [0]
on signumdistributions are, in general, equivalent classes of (signum)distributions. '

Operator D is called the signum-Dirac operator. At first sight it is not clear if D is Cartesian. But this is indeed the
case, and we have the following result.

1
Proposition 12 The operators D and —f8a, +(m 1) o are Cartesian operators.
Proof. In view of Definition 4 it holds that

ot m—1)r@= (T (n—1)1)

\

and also
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This leads to the signum-pair of operators [D, d], which induces the action of the Dirac operator d on a
signumdistribution. However, due to division by x, the latter action results into an equivalence class of signumdistributions.

It is interesting to note that, in the same way as the Dirac operator factorizes the Laplace operator: Qz = — A, signum-
Dirac operator D factorizes the signum-Laplace operator, i.e. the signum-partner of the Laplace operator:

D’ = (09 (-0)) = 0’ (-0) = ~0A(-0) = -A".

Introducing the notation Z = AY, it follows that (A, Z) is a signum-pair of operators, with

Z=-D?

1 1
_ 02 *
_8r —‘r(m—l);ar‘f'*rzz .

Clearly also the operator Z is Cartesian; the signum-pair of operators [Z, A] follows, inducing the action of Laplace
operator A on a signumdistribution.

. 1 1 . .
Also from Section 8 we know that operators 8,2, ~0d, and —2A*, which are the constituents of Laplace operator A, are
r I

Cartesian operators. Their signum-partners are easily seen to be

(37) =2
Vv
(1(;,) _ 1y
r r
1\ 1,

~

1 1 1 1 1 1
and the signum-pairs of operators [9?, 7], {8,, &r}, [2A*7 ZZ*} and [22*’ ZA*] follow, inducing the action
r r r I I r
1 1 1
of the operators 92, —d,, —Z" and — A” on a signumdistribution.
r r r

15. Action uniqueness of some operators

In the preceding sections we encountered operators acting on (signum)distributions with a uniquely determined
result and other ones whose actions are not uniquely determined but lead to equivalence classes of (signum)distributions
instead. Nevertheless in [10] sufficient conditions were found guaranteeing the uniqueness of the latter operators’ actions,
involving homogeneous, radial and signum-radial (signum)distributions.

Definition 12 (i) A distribution T or a signumdistibution *U respectively, is said to be radial if it is SO(m)-invariant
and so only depends on r = |x|: T'(x) = T(r) or *U(x) = *U(r) respectively.

(i1) A distribution, signumdistribution respectively, is said to be signum-radial if its associated signumdistribution,
distribution respectively, is radial.

Let us state these sufficient conditions obtained in [10].
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(i) If the distribution 77 is radial, then the following actions are uniquely determined:

1 1 1 1
(Qar) Trad < - aw + (m o 1) - (IJ> Trad - Trad Qde ar Trad - Trad
ro - r X r

and the actions of the corresponding signum-partner operators on the signum-radial signumdistribution *U*"*, viz

1

1
) sUsmd - SUsrad P sUsrad ar sUsrad - sUsrad
r

r X -

(Qar) sUsmd (l a@

are also uniquely determined.
(ii) If the distribution 7®) is homogeneous with homogeneity degree k # —m + 1, then the following actions are
uniquely determined:

(©3,)T® (13w) 7® (—18w+(m—1)1w) o lrwo p
r - r - r X r

and the actions of the corresponding signum-partner operators on the homogeneous signumdistribution *U®), viz.

Loy

sy k) 95U ® 0,5U®
- r

= | —

(@3,)°U® ( L e+ (m—1) 1w> sy (1 aa,) sy
r - r r -

are also uniquely determined.
(iii) If the distribution 7*) is homogeneous with homogeneity degree k £ —m+ 1, —m+ 2, then the following actions

are uniquely determined:

Lorw  Lorw g0

27w lopwm L 1w
r r r 2 72

r r2

and the actions of the corresponding signum-partner operators on the homogeneous signumdistribution *U®), viz.

r

aZsU(k) la A‘U(k) - iSU(k)
r r r 2 2

I%

are also uniquely determined.
(iv) The conclusions contained in (iii) remain valid if the distribution, signumdistribution respectively, under

consideration is both radial, signum-radial respectively, and homogeneous with homogeneity degree k # —m + 2.
(v) The conclusions contained in (iii) remain valid if the distribution, signumdistribution respectively, under

consideration is both signum-radial, radial respectively, and homogeneous with homogeneity degree k # —m+ 1.
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16. Signumdistributions associated to the delta distribution

Recall that to each distribution 7 there may be associated a signumdistribution 7V = @ T which acts on test functions
showing a point-wise singularity at the origin of R™. In this section we recall the definitions of signumdistributions
associated to the deltadistribution &(x), viz. ®§(x), J,8(x) and r&(x), which were stated with great detail in [4].
We will also define signumdistributions associated to Dirac-derivatives of d(x). The basic definition is that of the
signumdistribution & (x)" = @ & (x).

Definition 13 The signumdistribution §(x)" = @ & (x), associated to the delta distribution §(x), is defined by

(@6(x), @9(x) ) =—(6(x), ¢(x) ) = —(0) (13)

for all test functions @ @(x) € Q(R™; R).

Consider the distribution (@ d,) §(x) = d 6 (x) (see Proposition 8). Its associated signumdistribution is now defined
in terms of the radial derivative of & (x).

Definition 14 The signumdistribution ((@d,) 8(x))", associated to (@d,) §(x), is defined to be —d, §(x). It thus
holds, for all test functions @ ¢(x) € Q(R™; R), that

(0:8(x), @9(x) ) = ((@9,) 8(x), ¢(x) ) = (25(x), ¢(x) ) = —2¢(0) (14)

according to the commutative diagram

-0,
6(x) — —d6(x)
-0 T \/‘ -0 T*Q
ot ) ‘o
()Y = w8(x) — 9, 8(x)
— o,

Note that, as a corollary to the commutative diagram in the above definition, we have obtained the following action
for signumdistributions:

(Qar)(QS(l)) = - ar 5(&) .

Moreover the signum-partner of 8 (x) turns out to be, up to a minus sign, the radial derivative of 8 (x):

©98(x) = —9,8(x).

More generally the following commutative diagram holds:
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|
e
L

QaerH 5@) N ar2k+2 5@)
-0 T \/‘ —ar Tig
ot Ny, ‘o
IS — @)

I
[
&

Taking into account that x §(x) = 0, the following definition is obvious.
Definition 15 The signumdistribution r § (x) is defined to be the zero signumdistribution, according to the commuta-
tive diagram

8(x) — 0
) NV

ot AL,
®6(x) — 0

Note that, at the same time, we have obtained that, such as 8(x) itself, its associated signumdistribution @ 8(x) is
annihilated by multiplication by the vector variable x:

x(@8(x)) = 0.

Now consider the distribution d 8(x) = (@d,) 8(x). As xd 8(x) = md(x), we first define the signumdistribution
rd 8(x) by

(rdd(x), o(x) ) =m(8(x), (x))

In view of (13) we obtain the following identity of signumdistributions:

r (@ 9;)8(x) = (—m) @6 (x) (15)

which is in accordance with the commutative diagram
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(©3)8(x)=38(x)  —» ~m3(x)
-0 T \/ —r T*Q
ot N\, ‘o
—0,8(x) — (—=m) ®8(x)

More generally, the distribution
x9*M §(x) = (m+2k) 9% 5 (x)

allows for the definition of the signumdistribution r 9% §(x).
Definition 16 Multiplication by the radial distance r of an odd power of the Dirac operator acting on the delta
distribution & (x) results into the signumdistribution r@**! §(x) given by

(ro®18(x), @p(x) ) = (m+2k) (9% 8(x), 9(x) ).
Invoking the formula obtained in Corollary 3, this action can be rewritten as:
(r(@d")8(x), @9(x) ) = (m+2k) (98 (x), p(x) )
which implies the following identity of signumdistributions :
r@d 1 8(x) = — (m+2k) @97 8(x).
In a similar way we find

0,08(x) = wd?8(x) == (m+1) @AS(x)

N =

and more generally

1

9, 0% 8 (x) = (—1)k (m+2k+1) 0 A1 5 (x).

2k+1
Next we consider distribution A 8 (x) = — 9*8(x). We know that multiplication by the radial distance r results into a
signumdistribution, which we now define bearing in mind that xAd(x) = —23 8 (x).

Definition 17 The signumdistribution rA §(x) is defined by
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(rAd(x), @o(x)) =—-2(28(x), ¢(x)).
Clearly it holds that
rAd(x) = —20,06(x)

from which it also follows, invoking the results in Proposition 9, that

r (i a,) 5(x) = 9, 8(x)
and that

F(92)8(x) = —(m+1)9,8(x).

r

More generally, the formula x9* §(x) = (2k)@* ' §(x) allows for the definition of the signumdistribution
rd* 8(x).

Definition 18 The multiplication by the radial distance r of the distribution sz 0 (x) results into the signumdistribution
given by

(ro*8(x), @9(x)) = (2k) (97" 8(x), 9(x) ).
Note that this action can be rephrased as:
r*8(x) = — (20 9™ 8(x).
Again invoking the formule obtained in Corollary 3, it follows that
(ro8(x), @) ) = —(m+2k—1){ (@I ) 8(x), 9(x) )
or
rof*8(x) = — (m+2k—1)9/"'8(x).

Also the multiplication of a distribution by the singular vector variable @ results into a signumdistribution. We are
now ready to define the signumdistribution ® 98 (x).
Definition 19 The signumdistribution @ szS(g) associated to the distribution QZkS(g) is given by
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(09%8(x), 0(x)) = —(9™8(x), px)).

Note that this action can be rewritten as:

ﬁwﬂxmm---(mzk_ D" §() = (-1) 0 5(x)

and, in particular, for k = 1:

2 _ 2 2
02’ 8() =~ 03} 5().

Finally we consider the radial derivative of the distribution QZI‘B(E), which is, as expected, a signumdistribution. It
is defined as follows.
Definition 20 The signumdistribution 9, 928 (x) is defined by

(9,0%8(x), @9(x)) = { (@) 9*8(x), p(x) ).

This leads to the following expression for the signum-partner of 9! §(x) :

k1
2%k! 82k+16(1)

2% — 0§ = (—
9,07 8(x) = — @™ §(x) = ( l)k(m+1)(m+3)---(m+2k—1) '

and, in particular, for k = 1,
) 825(x) =—0d S(x)=——— 93 o(x)
1% A wo A 1 T .

The above results can be summarized in the following commutative diagram:

-0,

2k 2k+1 _ (__1\k+1 Zkk' 2k+1
1 N\ e
ot N, ‘o
2k 2k+1 _(_ 1)k 2kk‘ 2k
— 0o,

We also find, as could be expected, that
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9, 97" 8(x) = 971 8(x).

Remark 6 For k = 0 we obtain that rd(x) is the zero signumdistribution. In fact, this product is also defined within
the framework of standard distributions since the delta distribution is of finite order zero and the function r is continuous
in R™,

17. Action of signum-operators on the delta distribution

In Section 14 we encountered the signumpartners D and Z of operators d and A respectively, leading to the
commutative diagrams

9
T — oT
-0 ar -0
-1 N T
ot N, ‘o
oT — @dT
D
and
A
T — AT
- -0
@, 1
QJ’ + ®
oT — WAT
zZ
In particular for the delta distribution, more precisely for its signum-partner @ & (x), we obtain
D(®5(x)) = 09 §(x)
and

Z(06(x)) = 0AS(x).

Because operators D and Z = — D? are Cartesian operators, also the signum-pairs [D, 9] and [Z, A] hold. However,
because the delta distribution is radial and homogeneous of degree (—m), the actions of operators D and Z on 6 (x) will
be uniquely determined, leading to the commutative diagrams
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(7]
=

i‘t’

»)
g
=

T T
Ql’ i@
wéx)  —  J(wdkx))
9
with
D6(x):E85(x) and 8(0)6(x)):%QQ&;):—E&,S()C)
and
Z
8x) —  Z8W)
1 e
Q$ ig
wé(x) —  A@s())
A
with
2500 ="""1A5() and A(@()=""lorsw).
In [10] we introduced the vector operator
1 1
F=D+-0dp=00+(m—1)-0
r r

which is, as a matter of speaking, intermediate between d and D. It holds that

Q"‘Q_E:Qar-

The operator F is signum-invariant:
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and Cartesian:

E=- |t @+mm-1)].

Moreover it holds that

(i) if the distribution 77 is radial, then F 77 = DT"™,

(ii) if the distribution 7°"%¢ is signum-radial, then F 774 = 9 75"
In particular we have the commutative diagram

F
8(x) — D5 (x)
g 1
QJ/ i@

with

and

F(08() =2 (056() = ~ 09 6(x) =

3

The square of the F-operator is a purely radial operator:

—E2:&,2+2(m—1)%8,—|—(m—1)(m—2) :

and it holds that:

P8 =~ L3750 = L AS(Y

m

and

P (08(1) = -~ 027 8(x) = — 0AS().

3
3

Recalling that
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97 8(x) = 5 (m+1)A8(x)

| =

18,8 = - 5 A8(1

it is straightforwardly verified that indeed

and

~F5(x) = L AS(x).

18. Division by natural powers of the radial distance r

Because the division of the delta distribution and its Dirac derivatives by natural powers of the vector variable x is
uniquely determined, see Section 7, this will also be the case for the corresponding cross operation of division by the
radial distance r. Based on the result of Section 7:

1
we can define the signumdistribution —(x).
r

. o ] .
Definition 21 The signumdistribution —(x) is defined by
r

(3800 @9()) = (1 8. p) ) =(~ 930, 9(x)). Yepl) € AR").

r

In view of
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(0:6(x), @9(x) ) = (25(x), ¢(x) )

we obtain the signumdistributional identity

(@3()) =+ 5() = 3, 5(2).

r

= | =

More generally, we have the following definition.

o 1 .
Definition 22 The signumdistribution —— &(x) is defined by
I

1

80, 09()) = (-

< p2k+1

0(x), o(x))

=V e 2 8. el). Vel € Q(R”).

Through the commutative diagram

(— D gter
] . _ (—1) 2t
8(x) - D o790 = s o me2k—2) - & °W
) o
Q\L ig
l)k w82k+16(x)

03— (U (e = g

1 1 m—1)!
(1) a7 (@B9) = oty 8(0) = — o 321 5.

Note that division by an even natural power of r is a Cartesian operation. So — O(x) has to be a distribution; its
r

definition runs as follows. |
Definition 23 The distribution — 6(x) is defined by
r
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= (-1 2Kk m(m+2) - (m+ 2k —2) 2*6()

U
= (mt2k—1)! 93).

1
On the contrary, — (@ 6(x)) has to be a signumdistribution; its definition runs as follows.
r
Definition 24

o (@8() = (-1 o (@8(x))

=(-Df Fkim(m12) - (m+ 2k —2) ©*5()

Similarly, based upon the following formula for division by x:

Doskrrg,o v 1 oo
&Q 6(£>_2k+22 o(x)

T oo 2%+1
L3 = 0™ e
we may establish the commutative diagrams
1
9% 5(x) % LI 5(x) = 1 (—1)F2k! ®I%+18 (x)
- m+2k— = m+2k (m+1)(m+3)---(m+2k—1)" " =
) _1 -0
il N T
ot VAN 1 ‘o
1 2k+1 _ (1) 1 2%k 2k+1
m+2kQQ 5(£)_m+2k (m+1)(m+3)---(m+2k—1)a’ 8(x)

®9%* 5(x) —
1
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and

1
2%t ] I o _ (=1)f 2Rk 2Uet2
07 8(x) - 2k+2Q (x) = (m+1)(m+3)-- (m+2k+1)a 8(x)
) 1 -0
T N 1
ot N\ 1 Yo
2%t %2 (=D 2%k 212
@™ — 2k+2*Q 0W) = G DT ek 2% 0w
1
showing that
1 ok _ 1 %41 1 _ 2U+1
~975(x) = o ZkQQ S(x) and —dS(x) = +2k3 8(x)
and
2%t 1 %42 Lo okt _ 1 %42
3 8(x) = %22 @07 5(x) and (@) 6(x) =~ k12 W 8(x).

More generally, based on the formulae obtained in Section 5, one has the following formulee:

(@)

! 1
T % 8(x) = (-1t T (0T2) (R m+20)(mT 205 2) - (m 20+ 20 92241 §(x)

[y _ o (m420-1)1 oy
A O = = o W

(i)

(Y 1
ﬁéz 5@*(*l)k2k(e+1)(£+2)---(f+k)(m+2z)(m+2£+2) (m+20+2k—2) e

(m+20—1)! 20+2k
s oW

782/6( )
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(iii)

1 1

r2k+l o) = (-1t AL+ 1)(l+2) - (L+k+1)(m+20+2)(m+20+4)--- (m+20+2k) @5
r21}+1 9261 §(x) = — a +(’2n£j-22€k); 0 2H2HH2 5 (1)
(iv)
%Q”“S(;) = (=1 2’<(€+1)(£+2)--~(€+k)(m+2£1+2)(m+2£+4)---(m+2£+2k) e ()
%arzul 5(x) = (m(:l;;%f)zlk)! AU 5 ()

19. Two fundamental sequences of (signum)distributions

There is a fundamental sequence of derivatives of the delta distribution, which are alternatively scalar and vector
valued, and which is generated by the action of the operator (@ d;):

6= (03)8 =+ d*8—...= (@3 16— *6 = (@d* )5 —....

For each of the distributions in this sequence we defined, in the examples of the foregoing section, through the action
of , a specific associated signumdistribution, yielding in this way a parallel sequence of signumdistributions:

08— 3,8 = (05— ... = 3* 15— (0d* )6 =¥ 15— ...

Let us recall these definitions. The initial definition is the following.
Definition 25

(@7 68(x), 0o(x))=(—3F5(x), x)) (16)
(0@ "8(x), ® ¢(x) ) =(—(@d* ") 5), ¢x)). (17)

Whereupon we introduce the signumdistribution 92~ §(x) by
Definition 26

1 8(x) = — (@ 8(x))
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such that Definition 17 may be rephrased as

(1502, 00)) = ( (@) 3(x). () ). o

There are two other actions on each of the distributions of the first sequence, yielding a signumdistribution of the
second sequence, viz. the actions by r and by d,. Indeed, by an appropriate combination of the above definitions, we
obtain the following calculus rules.

Property 1 One has

r(@07") 8(x) = —(m+2k) @97 8()
ro*8(x) = —(m+2k—1)9/"" 8(x)
o (@371 8(x) = 0/ 8(x)

3,07 8(x) = 941 ().

One may wonder if there are actions transforming the signumdistributions from the second sequence back into
distributions from the first sequence and the answer is positive. Indeed, the same actions apply on the signumdistributions
from the second sequence. The basic action is again through the operator @, which yields the following definitions.

Definition 27

(0(@97)8(x), 9()) = (0 8(), @) ) (19)
(@(9718(x)), o) (1 8(x), @0(x) ). (20)

Comparing Definitions 19 and 16, it is clear that the distribution @ (@ d?¥) 8(x) is nothing else but the distribution
— 97K §(x), whereas comparing Definitions 20 and 18 shows that the distribution @ (92*~! §(x)) is indeed the distribution
(@I 1) 8().

For the actions of operators r and d, on signumdistributions, which are defined in a similar way as the actions of r
and d, on distributions, we obtain the following computation rules.

Property 2 One has the following formula:
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FR S (x) = —(m+26) 928 x)
F(@32)8(x) = —(m+2k— 1) (02" 8(x)

(s ) = 5w

3, (@) 8(x) = (@) ().

From those fomulathe following completely symmetric picture can be deduced:

— (@d* 1§ — 278 — (@d?* s —
o1 ST AT %
ot N et N, oV

—  9XFls — (@I — xS —

20. Composition of spherical operators

When composing two operators out of the set of operators: r, d, and @, six operators originate: 72, rd,, r @, 8,2, o,
and @?, which are traditional operators whose actions on distributions are well-defined. This means that the consecutive
action by any two of the operators r, d, and @ should lead to a known result, which is a serious test for all calculus rules
established above. We now prove that this is indeed the case.

(1) By the calculus rules we have

P (@971 8) = —(m+2k)r(@7*§) = (m+2k — 1)(m+2k) (@97 ") §
and
r2(0%8) = —(m+2k — 1)r(0* 1 8) = (m+2k —2)(m+2k — 1)92* 2§

On the other hand, invoking the identities
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¥ 8(x) = (m+2k)(2k) 9% 8 (x) @1
X9%8(x) = (m+2k—2)(2k) 9% 8 (x) 22)

and the formule of Corollary 3, we have

C1\k
(@ 9! 5):—<2 2 (m+1)(m+3)--- (m+2k—1)x>9%*"'§

= (m+2k—1)(m+2k) (@*") 5

and

(9% 8) = — (-1 (m+1)(m+3)--- (m+2k—1)x29* 8
’ 2kk! ==

= (m+2k—2)(m+2k—1)(@3*2)§.
(i1) The Euler operator measures the degree of homogeneity and thus
ro (@7 8) = —(m+2k+1)@d**'§
rd, (03 8) = —(m+2k)9* s
whereas the calculus rules lead to
ro (00> 8) = r(@d* 2 8) = —(m+2k+1) 0> 6
ro, (075 8) = r(d* 1 8) = —(m+2k)3* 5.
(iii) By the calculus rules we obtain
ro (0o 8) = —rd?* ' § = (m+2k) 9* &
r@(0*8) = —(m+2k—1)0d* 5

whereas invoking identities (21) and (22) respectively, leads to
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and

ro (9 8) = (;c;()‘k (m+1)(m+3)--- (m+2k—1)x9%* 6

=—(m+2%k—1)wd*'§.
(iv) The calculus rules lead to
P (02 8) = 0I5
9% (9% 8) = 9%+25.
On the other hand we can make use of the identities

(Q&r)QZkS(X) :QZk—H 5(1)

(@3,) 9%+ 8(x) = %szﬂs@
to obtain
% @ap1 ) - S (1) 3) -+ on-+ 2k 1) (<1) L 0%
= 2,((;(1]3/:11)!(% 1)(m+3)--- (m+2k—1)(m+2k+1)9*3 5 =
and
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C(=1f m+2k+1

(m+1)(m+3)--- (m+2k—1)(—1) R

2kk! 2(k+1)
(71)k+1
= m(m+1)(m+3).--(m+2k_ 1)(m+2k+1)9%*2§ = 9%#+2 5.

(v) On the one hand we have by the calculus rules

03, (@91 5) = 0 (@IF28) = —9H25
Qar (aera) :Q(arZH»l 6) :Q(?erJrl S
and on the other

Qar (QarZH»l 5) — Qar(_l)k(gar)ﬂﬁq S= (—1)"(@8,)2k+26 — _aerJrZ(s
©9,(0%8) = 03, (— 1) (@3,)*8 = (—1)X(@,)* 18 = @d2+! §.

vi) The action by @? = —1 is trivial.
(vi) y

21. Two families of specific distributions

In a series of papers, see [11, 13] and the references therein, several specific families of distributions in Euclidean
space R™ were thoroughly studied. Of particular importance are distribution families T) and U;, A being a complex
parameter, appearing in harmonic analysis. They are defined as follows, using spherical coordinates x = r @, r = |x],
o € §" !, 51 being the unit sphere in R™.

Definition 28 For all A € C and for all test functions ¢(x) € 2(R™) the distributions 7 and U, are defined by

(Th, o(x) ) := am<FPri+mil» ZO[‘P](") )r

and

(Up, 9(x) ) = aw (Fpri ™" 2 [p](r) ),

where, recall, the spherical means X0 and X! are given by
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and

m/2
with a,, = m the area of the unit sphere !, and where Fp ri stands for the Finite Part distribution on the one-
m
dimensional r-axis.
An alternative, and handy, notation could be Tj = Fpr* and U; = @Fpr*. For the sake of completeness we give
the definition of the one-dimensional Finite Part distribution.
Definition 29 The distribution pr’i is defined for the complex parameter y such that —n— 1 < Ry < —n and all

n €N, by

. / (n—1)
(ot o)) = [ <¢<x>¢<o> A U i L (O)x"—1> dr

1! (n—1)!

(23)

+oo p ehtl ¢(n—1)(0) ghtn

= i d 0 e —] .
e /g ¥ (x)dx+ 9 )[.L+l et (n=1)! u+n
Let us comment on the Definition 28; for more details we refer to the above mentioned series of papers.

A priori, distributions 7j and U, are not defined at the simple poles of the one-dimensional distribution Fp rﬁ*’"*l
on the r-axis, viz., A = —m —n+1, n € N. To cope with these singularities, the distributions Fp r.", n € N are interpreted

as the so-called monomial pseudofunctions, see [11].

Distributions 7}, are standard scalar distributions well known in harmonic analysis. They are radial and homogeneous
of degree A. As meromorphic functions of A € C they show genuine simple polesat A = —m, —m—2, —m—4, .... This
is due to the fact that the singular points A = —m—2¢—1, ¢ =0, 1, 2, ... are removable, since spherical mean X(*) (9]
has its odd order derivatives vanishing at r = 0. So we can define

(T_p—20-1, ¢) = ”Jii%izama:p ri, z© [0])

but, remarkably, this limit is precisely a,, (Fp r5*~2, Z()[¢]), with Fp ;> =2 the monomial pseudofunction. The most

important distribution is this family is 7_,,42 = ——, which is, up to a constant, the fundamental solution of Laplace
r

operator A. Also note the special cases Ty = 1, Toy = r?* = (—1)/x*, and Topy; = 1, £=0, 1,2, ...

Distributions U, are typical Clifford analysis constructs. They are homogeneous of degree A. As vector-valued
meromorphic functions of A € C they show genuine simple polesat A = —m—1, —m—3, —m —35, .... This is due to
the fact that the singular points A = —m —2¢, £ =0, 1, 2, ... are removable, since spherical mean Z(!) [¢] has its even
order derivatives vanishing at »r = 0. So we can define

(Uonat ) = lim  an(Fprt, Z0[g])
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but this limit is precisely a, (Fp @2“1, x(D[g]), with Fp rjrze*l the monomial pseudofunction. The most important
®

ym—1 = W’

distribution in this family is U_,, | = which is, up to a constant, the fundamental solution of Dirac operator
9. Also note the special cases Uy = @, Uyy = @r*' and Uypy | = 0?1 = (=1)'x>F1, 1=0,1,2, ...

It is important to note that, although distributions 7 and U, are also defined in their respective singularities, these
exceptional values do not turn these distributions into entire functions of the parameter A € C.

When restricted to the half-plane Re A > — m, distributions T and U), are regular, i.e. they are locally integrable
functions. From [4] we know that a locally integrable function can be seen as a signumdistribution as well. This inspires

the definition of the following two families of signumdistributions:

(°Th, @9(x) ) :=an (Fprl™ ', 2'g](r) )3
(*Up, @9(x) ) i= —an (Fpri ™", Z0g)(r) ),

It is clear that

T, =°Up, ‘Ul =T,

and
U =T, °T)) =-U,.
In this way *T), inherits the simple poles of U;, viz.,, A = —m—1, —m—3, —m—35, ..., whereas *U, inherits the
simple poles of Ty, viz., A = —m, —m—2, —m—4, ....

Because distributions 7; are radial, by Definition 12, signumdistributions *U, are signum-radial. Because
signumdistributions 7T are radial, by the same definition, distributions U, are signum-radial.

Now we will systematically compute the actions on T, Uy, °Tj and *U,, of all operators introduced in the preceding
sections, paying attention to the uniqueness of the expressions obtained.

Multiplication operator x is a Cartesian operator whose actions are uniquely determined, quite naturally. It holds for
all 1 € C that

xTy =Upsr, xUp=—Th4. (24)
Based on the commutative diagram
—x
T;, — —Upsi
) —r -
-1 A% T
ot N\, ‘o
Uy — Tt
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we find the additional formule

rT) =°Thy1 and r'Up=U,., A€eC

and

.ISUA:—STA_'_M 7L€(C

In a similar way, based on the commutative diagram

x
—Ux — T
) r )
-1 A% T
ot N, ‘o
T, — Up+
x

we obtain the additional formulae

r’'Ty =Ty, and rUy,="°U,,,, A€eC
and also

T, =°'U,.,, Ae€C.
Iterated action of multiplication operator x results into
P Ty =Ty, rU,=U,, A€eC

and

STy =Ty n, 1°U,="Up,s, A€eC.

As is the case for multiplication operator x, also Dirac operator d intertwines the T), and U, distribution families. It
clearly is a Cartesian operator whose action is uniquely determined. It holds that

ATy =AU, 1, A#—m, —m—2, —m—4, ... (25)

Volume 5 Issue 4]2024| 5311 Contemporary Mathematics



and

AUy =—A+m-DTy 1, A#-m+1, —m—1, —m-3, ... (26)

whereas for =0, 1, 2, ...

- _ w1 L 20+1
9T 2=~ (m+20U_p20-1+(=1) C(m, 0) and”" O(x) (27)
and
_ Cye—1 mA20 gy
QU7m72€+1 - (25) T_ 2 +( 1) C(m, E) amQ 5(1) (28)
with
r (% nyn 1)
C(m, 0) =220 2 2 =2 0m(m+2)(m+4) - (m+20).
r(3)
In particular, for ¢ = 0, it holds that
1
QTfm = (_m) U -1 — % amQS(E) 5 (29)
QU—m—&-l = _am6(1)~ (30)

1 - . .
Formula (30) expresses the well known fact that — — U_,,1; is indeed the fundamental solution of Dirac operator d.
m

Through the signum-pair of operators (d, D), the corresponding formuleefor signumdistributions T and *U, are
readily obtained:

DUy, =—-A°T)_y, A#-m —m—2 —m—4, ...
and
DTy =A+m—-1)°Uy_, A#-m+1, —m—1, —-m—3, ...

whereas for /=0, 1, 2, ...
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D*U_pyn¢ = (m+20)*T_p_pp_1 + (—1)"*! Con D)

and

C(m, ¢)

DT a1 =—(20) U—pno+ (1) an 09 5(x)
and in particular, for £ = 0,

1
DU_, =m*T_,_1 — *amQQS(l)
m

DT i1 =an®6(x).

Iterated action of Dirac operator d results into formulae for the action of the Laplace operator on distributions. It

holds that

ATy, =AA+m—-2)T)_»,, A#-m+2, —m, —m—2, ...

AU, =A—1D)A+m—1)Uy_o, A#-m+1, —m—1, ...

and

= DT arat (1) ay 922§
AT o= (m+20)(20+2) w2+ (—=1)a Clm, (1) 0 (x)
+4¢
it = (MA202OU gy + (=1 ay T 2§
AU_p2041=(m+20)20)U_py—20-1+(—1)"a Cm, 02 (x)
and, in particular, for £ =0
2
AT py=2mT 2+ m amQZ 6(5)
m

AU _ 1 = améa(l)

and also

€Ly

(32)

(33)

(34

(35)

(36)

Volume 5 Issue 4]2024| 5313 Contemporary Mathematics



AT 2 =— (m - 2) am 6(&) (37)

. . 1 1 . .
this last formula expressing the fact that — —— —T_,,15 is, as expected, the fundamental solution of the Laplace
m—2 an

operator.
Continuing the iterated action by Dirac operator d leads to the fundamental solutions of the natural powers of d. We

find
0 By = 8(x)
with
By = 1 LIS B B G- T i (38)
2T (=) (m—2)(m—4) - (m—20) ay, 20 ((—1)1  gm2
and
P Eyy = 8(x)
with
1 1 11 F(% *5)
gz Ummtats - (39)

Bt = = T T =2 m—3) - (m—20) @y, T T T

If dimension m is odd, then the above formula are valid for all natural values of . However if dimension m is even,
then these expressions are only valid for £ < m/2; this already becomes clear from the fundamental solution E,, of the

operator @ which is logarithmic in nature:

1
"y =" — Inr) =8(x), .
Ik d ( 2T AT (m)2) nr> O(x), meven

More generally, it holds for all k € N and still for m even, that, see [13],

ik
Enyork1 = (pu—1 Inr+qo1) —55—— U1 (40)
r (— +k)
2
T2tk
Epyor = (pox Inr+qo) ——— Tk (41)
r(5 +#)
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the constants (par—1, gox—1) and (pax, gox) satisfying the recurrence relations

1
P2k = 50 P2k-1

1 1
Dk = % (CI2k—1 % sz—1>

and

1
Pok+1 = — o P2k
_ 1 1
QPk+1 = o 92k m+2kp2k
with initial values
1
pPo=— m—1 gm’ q0=0.

Through the signum-pair of operators (A, Z) or, equivalently, by iterated action of operator D, we obtain the
corresponding formula for the operator Z acting between signum-distributions:

LUy =A(+m=2)"Up 3, A#—m+2, —m, —m=2, ... (42)

T =A-1D)A+m—1)T 5, A#-m+1, —-m—1, ... (43)

and

(m+40+2)(m+20+2)

Z5U oy = 200(2042) U202+ (—1) ap, 2642 44
U= (m+20)(20+2)'U_py202+(=1)"a Clm, 0+1) wI" " 6(x) (44)

44
LT st = (m420) (20 Ty a0 + (= 1) 4y 22 9924 5(x) (43)

C(m, ¢)

and, in particular, for £ =0
K} K m+2 2
Z Ufm =2m U7m72 +am QQ 5(5) (46)
m

Z°T i1 = a0, 6(x) 47)
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and also

Z‘YU7m+2 = - (m - 2) amQS(l) . (48)

22. Negative integer powers of the Dirac operator

Firstly let us concentrate on operator @ . Consider test function ¢ (x) € Z(R™); it is a well known result in Clifford
analysis that the so-called T-operator, given by

T(@)@) = [, E1x=y)o()dy
with
s 1
El(x)——irfm— - U—m+1

the fundamental solution to the Dirac operator, see (30), is an inverse operator to Dirac operator d. We could as well have
written:

9 p(x) =E1x9(x)
from which it easily follows that indeed
9 (27" 0W) =2Ex 9@ =5x0 () = o).

Quite naturally d 15 (x) is not uniquely determined, since Ker d # {0}, but, instead, consists of all entire monogenic
functions in R™, which compels us to make a choice. Whence the following definition of @' & (x).
Definition 30 For all test functions ¢(x) € Z(R™) one defines

(97'8(x), p(x) ) = —(8(x), E1x9(x) ).

It follows at once that
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= (E1(x), ¢(x))

in other words: ' §(x) is defined to be the regular distribution E; (x). This inspires the following definition.

Definition 31 For each n € N, distribution d "5 (x) is the regular distribution E,, E,, being the fundamental solution
of the operator 9".

In Section 21 we have established the explicit formule (38), (39), (40) and (41) for those fundamental solutions E,,.
Note that, for each n € N, it indeed holds that:

9" (27"8(x)) =" En(x) = 8(x).

Now recall the signum-partner D to the Dirac operator:

D=0d(-0)=0d a1 0.

It was shown in [6] that

QST—m+1 = amgs(i)

whence the following definition.

1
Definition 32 Signumdistribution D! (@ §(x)) is the regular signumdistribution ®E;(x) = —*T_,,.1. More
am
generally, for each n € N, signumdistribution D™"(8(x)) is the regular signumdistribution @ E,, (x).

Definitions 31 and 32 correspond to each other through the following commutative diagram:

an
(x) — Ey(x)
2 PV
ot N, ‘o
Qé(l) — QE, (1)
Qiil
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with

Let us open a parenthesis here and wonder if it is possible to define negative entire powers of the Dirac operator acting
on a more general distribution. Because, for each test function @(x) € Z(R™), it holds that 9 ' ¢ = E; x ¢ ¢ Z(R™), it
is clear at once that this will not be the case for the most general distribution. We propose the following definition.

Definition 33 For Dirac operator d one defines its inverse d ~! to be the convolution operator given by

I T=E xT

for all distributions T for which this convolution is meaningful.
Note that it holds indeed that

0@ 'T)=0E\xT =8(x)«T =T.

Note also that Definition 33 applies to all tempered distributions T € .7/ (R™).
More generally, we have the following definition.

Definition 34 For Dirac operator d one defines the inverse operators d ", n € N to be the convolution operators
given by

"T =E,xT

for all distributions 7' for which this convolution is meaningful .
The following commutative diagram holds:

Q*ﬂ
T — E,xT
21 N
ot N\, ‘o
oT — WE,xT
an
with
Qn E,= 5(&)
and
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D" (®E,) = 0d(x).
Note that, when @ " T is defined, we indeed have
"("T) =" (Ey*T) = (3"Ey)+T = 8(x)+xT =T.
Note also that
97"(9"8(x)) = Enx (2" 8(x)) = (E, ") *6(x) = 6(x)

which means that, if we drop the local integrability condition, we may qualify E_,, = 9" §(x) as the fundamental solution
of the operator @ ", where the notation E_, is introduced for symmetry reasons. In this way we obtain the following three
sequences:

« the operators

L0 91,0, .., 9" ..
« their action on the delta distribution
ey Eny ..., E1,Eo, E_y, ..., E_p, ...
« and their fundamental solutions
veis E_py ..., E_1, Eo, Er, ..., Ep, ...

and so, in words: the action of the operator 0%, k € Z, on the delta distribution 6 (x), equals the fundamental solution of
the inverse operator d 7k.

23. Regularization of the distributions 7 and U.

In Section 21 we saw that, when considered as functions of the complex parameter A, distributions T), show simple
polesat A = —m, —m—2, —m—4, ..., whereas distributions U, show simple polesatA = —m—1, —-m—3, —m—35, ....
In these singular points the distributions 7 and U, were defined through monomial pseudofunctions.

There is, however, a second option to cope with these singularities: removing the singularities by dividing
distributions 7 and U, by an appropriate Gamma-function, which gives rise to the so-called normalized distributions
T} and U;. Their definition runs as follows.

The normalized distributions 7} are defined by
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and we call Riesz potential of the first kind 27,y € C, the scalar valued convolution operator given by

271111
For y # —21, | € Ny, we have more explicitly:

T

Ty =n R A#£—m—2l
r‘ -
(2")
21
T2
o A)'8(x) 1 €Ny
m—21 m )y
21 _
2 r(2+1)

=Ty .xf, fes.

Y
2

gZ}’[f]:inp - lx—y|""f(y)dy
r(3)
whereas for y = —2I, ] € Ny we have
n3! T
22 f = 7 (—a)f= i ?f.
ar (T uar(
2 r(2+1) 2 r(2+z)
So
27’
P = 7y P v#me2k ke No,
r(*s)
2

where I7[f] is the traditional Riesz potential.

(49)

Note that 22}[f] is an entire function of y, whereas I7[f] shows simple poles at y = m + 2k, k € Ny.

The normalized distributions Uy are defined by

?L+Z1+1 UA

- —m—20—1
Up=n (l—i—m—i—l)’ A #—m
r
2
* m2! 2+1
—m=2l-1= " m Q 6(&)7 €Ny
22l+1r(§+1+1)

and we call Riesz potential of the second kind ,@2}, Y € C, the Clifford-vector valued convolution operator
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Py =Uywxf, fES.
Fory# —21—1,1=0, 1, 2, ..., we have more explicitly:

yan} nym

2l =77 F()/erl)*f

whereas for y=—-2/—-1,1=0, 1, 2, ..., we have

2
= * T2

2% 1m:Ufm72171*f:—221+1r o Rany

(5+1+1)
We also put
27’7ry++1+1
D) = ——F——< I f, v#m+2k+1, keNo.
1“(’"_7/""1)
2

Note that 2]} [f] is an entire function of ¥, whereas J?[f] shows simple poles at y = m+ 2k + 1, k € No.
Normalized distributions 7, and U; are holomorphic mappings from A € C to the space ./’ (R") of tempered
distributions. They are intertwined by the actions of multiplication operator x and of the Dirac operator, according to

the following formule: for all A € C one has

. 2
Wafy =07, 5 xUf =Ux=—T5,

()T =AU;_; dU; =U;d=-2nT; |;

(iii) ATy =27AT) ,; AU; =2m(A —1)U;_,;

(i) Z (T} =T"_,; FU;]=-iU" .

For property (iv) recall from Section 2 the following definition of the Fourier transformation:

FUWI) = [, Fe)exp (~2ril, ) da.

24. Complex powers of the Dirac operator

In [8], complex powers d*, 1 € C, of the Dirac operator were defined as convolution operators acting on tempered
distributions in the following way:
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(m+u> r m+p+1
1+exp(iTu 2 N 1 —exp(iTu 2 X "
Q“f = 2( ) 2’“ nmgy Tfmfl,L *fﬁ 2( ) 2” n,;17‘21+1 U7m7H *f} f E <yl(]:R )

where T)" and U are normalized versions of distributions 7 and U, respectively, introduced in Section 23.
In particular for delta distribution 8 (x) it thus holds that

<m+u> <m+u+1>

1 4exp (i 2 N 1 —exp(im 2 N

QIJ 8(5) = g( 'u) 2 ﬂ% —m—i g( ‘u) 28 m—p+1 U—m—ﬂ : (50)
T 2

Clearly expression (50) is valid for most complex values of the parameter i, but not for all. Firstly, let us verify that
for natural values of 1 we indeed recover the natural powers of d acting on & (x).

Foru=20+1,¢=0, 1, 2, ... the right-hand side of expression (50) takes the form

m—|—2£—|—2>

al
2041 2

m—2( —m—20—1
T 2

which indeed reduces to QZH] 0(x)=E 2.
Foru=2¢,/=0, 1, 2, ... the right-hand side of expression (50) takes the form

F<m+2€)
22472 *

m—=2( —m—2(
T 2

which reduces to (—A)! 8(x) = 9% 8(x) = E_.
Now we focus on the negative entire values of the parameter (.
For u = —2¢ — 1 expression (50) takes the form

Q—Z@—l 8(&) _ _2—2[—1 *

mA204+1 —m+20+1
T2

1 1
= T m—2) - (m—20) ay L

in which we recognize fundamental solution E;¢, | of operator QzHl.
For p = —2¢ — 2 expression (50) takes the form
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F(mZ(Z)
2 *

m4204+2 —m+20+2
T 2

1 1
- —T
255!(m—2)...(m_2€_2) a m+20+2

in which we recognize fundamental solution E;,, of operator 2212,

At least these are correct statements for all natural values of ¢ as long as dimension m is odd; if dimension m is even,
then the above statements are correct as long as ¢ < m/2.

Because the right-hand side of expression (50) is well-defined for all complex, non-integer values of parameter [, it
follows that the complex powers 9" of the Dirac operator acting on delta distribution &(x) are well-defined by (50) either

(1) for all u € C when dimension m is odd, or

(ii) for all u € C\{—m, —m—1, —m—2, ...} when dimension m is even.

We complete the definition of 9* §(x) by putting

9" *8(x) = Epyx, meven, k=0,1,2, ...

where E,,; is the fundamental solution to operator oMtk given by (40) and (41).

Now we prove that @ * §(x) is the fundamental solution of operator 9. In fact this was already proven in Section
22 for all integer values of 1. So we may restrict ourselves now to the case where u € C\Z. We find, making use of the
convolution formulea established in [13],

2 (e
_ 1 +exp(imu 2 . I +exp(—imu) ._ 2 .
(@ 4o - R A E L, S e A2 S,

r<m+u+1> F<m—u+1>
n 1 —exp(imy) ou 2 Ut 1 —exp(—imu) —u 2 U

m—p+1 —m—U 41 —m+U
2 A 2 T

F<m+u) F(m—u+1)
_ Ltexp(imp) b 2 ——_ 1 —exp(—imu) -u 2 U

m—p —m—U mu+l1 —m+U
2 T2 2 e

F<m+u+1> F<m_”>
_ l—exp(inu) Sh 2 Ut x 1+exp(—imu) " 2 T+

—u+l —m—U
2 e 2

or
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("3") o("3") (%)
* (978 (x)) 1 +exp (imp) oM m% 1 +exp (—imp) 2K m% /2 2 T
2 ot 2 it F<m+u)r<m—u)
2 2
m+u+1
1 —exp(inp) 2 1 —exp(—imu)
+ 2 2 m—u+1 2
T2
m—u+1
") ()
2—H ln.m/Z 2 T*
mptl m m+u+1 m—pu+1\ "
Tz rf—e— | ———
() (=)
m+u
_ l4exp(imp) oH 2 1 —exp(—imu)
2 7 2
m—p+1
o) (%)
2—H /2 2 U*
n_m+£1+l F m_u+1 r m+“ —m
2 2
m+u+1
~ 1—exp(imp) o 2 1 +exp(—imu)
2 EW 2
(") r(3)
—H m/2 2 U*
=T m+u+1 m— -
n 2 r H r u
2 2
or still
m
(=
a#((;*ug(x)): (2) *
= = /2 m
or finally
M (927" 8(x) = 8(x).
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Appendix: Spherical means

Let ¢(x) be a scalar test function in R™. Introduce spherical coordinates x = r @, r = |x|, ® € "' and denote by

a,, the area of the unit sphere §” 1.
Definition 35 Spherical means (¥ [¢] and £(V[¢] are defined by

sl =~ [ o(r)dS,

am . Sm—l
and

Ol = - [

am

WP(ro)dSy.

—1

Spherical mean »() [@] is a classical concept. It is a scalar function of radial distance r for which

It can be defined for r < 0 through an even extension.
Spherical mean X(V)[¢] is a Clifford vector valued function for which

=[g](0) =0.

It can be defined for r < 0 through an odd extension.

Further properties of the spherical means are listed in the following sequence of lemmata, see also [11].

Lemma 5 One has

=0[0¢] =g

and

Lemma 6 One has

and
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Lemma 7 One has

2(0)[Q¢] = <3r+(m— 1)% ) Z(l)[‘i’]

and
=M[2¢] = —a,2[g].
Lemma 8 One has
(2000 - = (1) BL ) (¥ gl o
(@ 29l o =0
with

C(m, 0) =2"0'm(m+2)--- (m+20).

Lemma 9 One has

{322 19)(r)} 0 = 0

(2041)!

{arze+121[(p](r)}|r:0 = (_l)é C(m, 0)

{2 o(x) o
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