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Abstract: A SVEIR epidemic model with a delay in diagnosis is studied in a constant and variable environment. The
mathematical analysis shows that the dynamics of the model in the constant environment are completely determined by
the magnitude of the delay-induced reproduction number %,. We established that if Z,, < 1, the disease-free equilibrium
is globally asymptotically stable, and when Z, > 1 the endemic equilibrium is globally asymptotically stable. In the
variable environment, the model undergoes a transcritical bifurcation for %, = 1 leading to changes in the stability of
the equilibrium points. The analytical effect of the delays in epidemic diagnosis is investigated. A minimum diagnosis
rate 0y, has been determined to face or control the disease effectively. Finally, numerical illustrations were presented to
support the theoretical results.
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1. Introduction

Infectious diseases include all diseases caused by the transmission of a pathogenic agent such as bacteria, viruses,
parasites and champions. They are currently the leading cause of death worldwide. According to the WHO, infectious
diseases are responsible for about 13 million deaths every year and are now the leading cause of death among children and
young adults (see [1]). A number of measures have been taken to eradicate infectious diseases, including improved hygiene
conditions, better nutrition, vaccination and isolation. Mathematical models are an essential tool for understanding the
dynamics of infectious diseases. They are used to prevent and control the epidemic progression in a community (see [2]).
Several mathematical models were proposed and studied in order to understand the dynamics of infectious diseases and
to control them (see [3—-21]). Among these mathematical models, the SVEIR type model is one of the models that is most
often used. It is used in modeling diseases such as measles, tuberculosis, influenza, hepatitis B, Covid-19. For this type
of model, the dynamics of the spread of the epidemic occurs according to five compartments (see [10, 12, 14, 15, 22-24]).

In [12], Miled and Amer proposed a SVEIR model of measles epidemic in which they examined the influence of
the susceptible population that has been vaccinated and the rate of infection when susceptible individuals interact with
infected individuals. Using an SVEIR model, Nkamba et al. (see [14]) studied the impact of vaccination in the control of
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poliomyelitis disease. In [15], a SVEIR model for streptococcal pneumonia with a saturated incidence of infection was
formulated and studied by Opara et al. The authors showed that vaccination coverage must be higher than the critical
proportion of vaccination to eradicate streptococcal pneumonia disease in the community. A SVEIR model with two
delays was formulated by Zhang et al. (see [23]). The authors analyzed the impact of these delay parameters on the
dynamic behaviour of the system. Recently, several authors have used SVEIR models to assess the influence of incomplete
vaccination on epidemics such as hepatitis B in [24], tuberculosis in [22], and HIV in [10].

During COVID-19 pandemic, it was established that more infected were undiagnosed due to the lacks of diagnostic
reagents and the long waiting time for diagnosis. This situation had a great impact on the spreading of this disease.
Therefore, it becomes important to diagnose and identify the infected in time and then treat the confirmed case.

In this work, we formulate a SVEIR epidemiological model with delay in diagnosis in a changing environment. This
model treats diseases with total immunity, such as meningitis, chickenpox, etc. The infectious class / is divided into two
classes, namely /; for individuals diagnosed in time and I, for those who received a delayed diagnosis. This work is
organized as follows: in section 2, we formulate the model. Section 3, is devoted to the study of the dynamics of model
without a changing environment. In section 4, we derive the analytical effects of the delay in diagnosis and we provide
sensitivity analysis results. In section 5, the model in a variable environment is presented. We end by a conclusion in
section 6.

2. Model formulation

The total population at time ¢ denoted by N is subdivided into six compartments, namely, susceptible individuals
(S), Vaccinated (V'), undetected non-symptomatic (Latent) (E), infected individuals with timely diagnosis (I;), infected
individuals with delay in diagnosis (I2) and recovered individuals (R). The flowchart of the model is given by Figure 1
below.

Blel, +1)S

us wB(el, + L)V,

(14 uE UR

Figure 1. Transfer diagram

The state of infection is determined by the complex interaction between disease transmission, vaccinations, recoveries
and different mortality rates. In fact, this model takes into account the impact of mortality without having an explicit
variable for deaths, but individuals in each category (S, V, E, I, I, R) can die of natural causes, so we add a rate yt which
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characterises natural mortality to each equation uS, uV, uE, ul;, ulh, and gR. In addition, infected individuals may die
from the disease, with a rate &; for those who received a rapid diagnosis and a rate &, for those who received a delayed
diagnosis. The dynamic of the model is given by following the differential equation system:

B = A+ 06V —B(el; +h)S— (& +1)S,

& —ES—of(eh +h)V —(0+u)V,

4E — B(el +L)S+ wp (el + L)V — (L +k)E,

A — qkE — (U + 11+ 801, 1)
b = (1 - )kE — (U + T2+ &b,

AR — 11, + o — UR,

da _
a D

where r is the speed of environmental change. From the last equation of system (1), we derive that at(¢) = rt + o (0 is the
initial value), which represents the possible directional environmental change. The susceptible compartment is increased
through the recruitment of individuals, either by immigration or birth into the population at a constant rate A and the
natural mortality rate is tt. Susceptible individuals are vaccinated at a rate £, and the protection provided by the vaccine
wanes over time at the rate 6. The disease transmission rate is  and € (0 < € < 1) is the reduction in infection rate due to
timely diagnosis. The vaccine offered to individuals is thought to be imperfect (i.e., it does not offer total protection against
the disease), the vaccinated individuals may become infected again, but with a lower level than those in the susceptible
compartment. Therefore, the transmission rate  is estimated by a scaling factor (1 — @), where ® (0 < @ < 1) is the
viability of the vaccine and @ = 0 implies that a vaccine provides 100% assurance against the disease, while @ = 1
indicates that a vaccine does not secure individuals. Latent individuals become infected with rate k and a fraction of a(r)
of these individuals receive timely diagnosis and the remaining fraction (1 — a(¢)) are diagnosed with delay. Mortality
rates due to disease in compartments /; and I, are 6; and 0, respectively, with 8; < &,. Infected individuals with timely
diagnosis recover at rate 7; and infected individuals with delayed diagnosis recover at rate 7, , with 7, < ;.

3. Analysis of the model in a constant environment

In a constant environment (i.e » = 0), system (1) is reduced to the following system:
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45— A+ 0V —B(ely +h)S — (& +)S,
& —Es—oB(eh +h)V —(8+p)V,
9 = Bleh +0)S+0p(eh +L)V — (H+K)E,
(2)

% = (XkE—(,ll+T1—|—51)]1,

o — (1 — a)kE — (U+ T2+ 8)Ds,

% =701 +nh — UR,

with initial conditions (S(0), V(0), E(0), I;(0), 1(0), R(0)) € RS. For model (2) to be epidemiologically realistic, it

das dv dE
i t that all variabl i itive for all time. Clearly — >0, — y = >0,
ljlnecessary odplrove ata vaerR es remain positive for all time ety — e 02 Frlveo = Fr o 2
d—; o >0, d—tz oo > 0 and T lrco > 0 within Ri. Thus, Proposition 2.1 of [25] implies that ]R?r is positively
invariant.

Let N =S+V +E +1; + I, be the total population. Thus, by summing all equations of (2), we obtain

dN
o =A—uUN—(11+0)1 — (2 + &)h.

Thus,

N
— < A—uN
dt — KAV

and by the standard comparison theorem (see [26]) we derive that

Ny <D (2 —N(O)) o ht

In particular, if N(0) < %, then N(r) < % forall# > 0.
Hence, the domain

9 = {(S(t), V(t),E(t), L (t), (t),R(t)) € Ri: N(@) <

= >

}

Theorem 1 For every initial value in &, solutions of system (2) exists for all time r > 0.

is positively invariant.
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Proof. The right-hand-side of system (2) is locally Lipschitz because it is class ¢!, hence the local existence of

solutions follows. The global existence of the solutions is due to the fact that & is positively invariant and attracting all

the solutions. O

3.1 Global dynamic of the disease-free equilibrium

Since the recovered human population R does not appear in the remaining equations of system (2), it is then sufficient

to consider the following system

45— A+ 0V —B(ely +h)S— (& +n)S,

W =ES—wf(eh +DL)V —(0+pn)V,

& =Bleh +DL)S+ of (el + L)V — (L +k)E, ©)

dt

% = (XkE—(.LL-i—Tl—i-S])Il,

b — (1 - Q)kE — (u+ 12+ &)b,
with initial conditions
(S(0), V(0), E(0), 11(0), 1(0)) € RS,
The disease-free equilibrium &j is given by
éa() - (SO; VO; O» 07 0)7

where

AO+u) EA

RRTTITER R R TR R L

Following the method of Driesche and Watmough (see [27]) the delay-induced reproduction number is given by

_BAk(Otptod)leantnt &)+ (1 -a)(utn+é)]

Ha Lu+k)(L+0+E)(U+T1+68)(L+T+6)

The following result hold.
Theorem 2 If %, < 1, the disease-free equilibrium & is locally asymptotically stable.

Proof. Consider
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dS dv dE dhL dh

= — = — = — = — and = —.
81 dtv 82 dtﬂ 83 dtv 84 dt 85 dt

By linearising system (3) around the equilibrium point &, we obtain the system

ds dv dE dI, dby'
(5’5’57575) _J(éao>(s7 Va Ea11712)

!
)

where J(&)) is the Jacobian matrix evaluated at &y. Clearly, the matrix J(S, V, E, I}, I,) is given by

Y
-
Y

g1 da1 da1 9l

as V. 9E 9L 9h

JS,V,E,I,b)=| % 2& 9 Jdu 9

S 9V O9E 9, b

and then, J(&)) is given by:

—(u+8) 6 0 —efSo  —BSo
5 —(u+6) 0 —wepWy -0BV
J(&) = 0 0 —(u+k)  epy gy, |,
0 0 ok —Y, 0
0 0 (1—a)k 0 -1

where

Vi=S+oV, Lh=p+1+6 and V3 =u+n+6,

and this give us the characteristic polynomial

PA)=(A+u)A+u+0+E) A3 +aA’ +ad +a3)

where
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ay = Ak+U+ T8 U+ T+ 8,

a=(U+k)(U+T+0+u+n+60)+(U+T+0)(U+T+ )

—kB(So+oVp)(1 —a+ea),
a=(U+k)(U+7+06)U+n+86)1—Zy).
The Hurwitz matrices associated with the polynomial A3 +a;A? +aA + a3 are :

1 aq 1 0
a
H]—Q],H2—< ! ) andH; = |a3 a a
as a
0 0 as

Since %y < 1, thus

Bk(So+ V) < (H+K)(p+7+6)(n+ 72+ &)

(1—a)(u+1+8)+ea(u+n+8)

that is
—kB(So+oVp)(1 —a+ea) >
—(u+k)(u+tn+o)(t+n+6)(1-a+ea)
[(1—a)(u+1+8)+ea(u+n+8))
We obtain

1

a >(1—a)(u+11+61)+ga(u+72+52) [(1—a)(2u+k

P+ &) (LT + ) Fea(n+ 1+ &) Qutk+n +51)},

that is ap > 0.
Further,
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aray—az =(U+K) U+ T+ 8 +U+ D+ &+ Ukt T
+&) U+ +8)+ U+ 1+ &) utk+1+8)
+(p+) 4+t +8)(L+ T+ &) (Ko +2) — (U +k
Fu+T+o+u+1m+86)kB(So+oVo)(l—a+ea).

Since Zy < 1, by using (4) we get

—(U+k+pu+T+0+1+T+0)kB(So+0Vo)(l —a+ea) >

1
[(1—o)(u+71+8)+ea(ut+1+8)]

—(H+k+p+T+6

FUFT+6)(U+k)(u+T +51)(I.L+Tz+5z)(1706+8a)]
Then,

(1—a)(u+1+38)2
(1—a)(u+1+8)+ea(u+1n+8)

aja; —az > [(u+k)2+(u+k)(u+f1+51)

FUAT+8) U+ T +8)+ (U + T+ 8) + (u+k) (U + T+ &) (Za+ 1)

N ca(p+n+&)°
(1—a)(u+7+8)+ea(u+n+6)

[(u+k)2+(u+r1 +6)(U+ 1+ 8)

+w+MW+n+&ywu+n+&f+w+mm+n+&x%wuﬂ.

Thus,

ajay —az > 0.

Therefore, we have
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detH, =a; >0, detHy =aja; —a3z >0 and
detH; = a3(a1a2 —a3) >0if %o < 1.

Thus, according to the Routh-Hurwitz criterion (see [28]), the roots of the characteristic polynomial are negative if
Za < 1. Hence, the disease-free equilibrium & is locally asymptotically stable if Zy < 1. O

To establish the global stability of disease-free equilibrium &y, we follow the method discussed by Chavez et al. in
[29] and details are reproduced below.

Suppose that a model can be written as following:

X =F(X, 2

)

' = G(X,Z) with G(X, 0) =0,

where X € R™ denotes the uninfected individuals and Z € R™ denotes the infected individuals, n; and n; are positive
integers. Let & = (Xo, 0) be the disease free equilibrium of the system (5). Consider the following two assumptions as:

(Cy) For % =F(X,0), Xo is globally asymptotically stable.

(G2) G(X,Z)=DyG(Xy,0)Z—-G(X,Z),G(X,Z) >0 for (X, Z) € @, where DzG (X, 0) is an M-matrix (stable
matrix with non-negative off diagonal elements) and & is bounded invariant region.

If the model (5) satisfies the above two conditions then the following Lemma 1 holds.

Lemma 1 [29] The disease-free equilibrium &y = (Xp, 0) of the model (5) is globally asymptotically stable for
Ry < 1 provided the assumptions (C;) and (C,) are satisfied.

Following the method of Castillo-Chavez et al. (see [29]) we rewrite system (3) as follows.

& =F(X.2),

(6)

% =GX,2),

where X = (S, V) and Z = (E, I}, I) ,

!

F(X,Z) :(A+ OV — B(el; +B)S— (& +)S, ES— wB(el; + L)V — (0 +u)v) :

!

G(X,Z) :(B(ell +B)(S+0V)— (W+kE, akE—(u+1+8), (1—a)kE — (/.L—i—Tz—l—Sz)]z) .

Here, denotes the transpose. Clearly G(X, 0) = (0, 0, 0) and the disease-free equilibrium of system (3) is given by
&y = (Xo, 0) with Xo = (So, Vo). Xo is globally asymptotically stable for ‘% =F(X,0)as X — (So, Vo) whenever t — co.
Further,
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—(M -‘r-k) 8ﬁ(50+a)V0) ﬁ(So-i—(J)Vo)

G
B:ﬁ(xo,o): ok —(L+71+61) 0 ;

(1—a)k 0 —(U+ 1 +8)

is an M-matrix (the off-diagonal elements of B are non-negative). Then,
G(X,Z)=BZ—-G(X, Z)

Bleni+b) (&~ (5+V)+(1-0)V)
= 0
0

Since S+V < % and 1 — @ > 0, thus G(X ,Z) > 0. So, according to Lemma 1 we have the following result.
Theorem 3 The disease-free equilibrium & of system (3) is globally asymptotically stable in & if Z, < 1.

3.2 Global dynamic of the endemic equilibrium

In this subsection we show the stability result of the endemic equilibrium.
Theorem 4 System (3) has a unique endemic equilibrium whenever Z,, > 1, and no endemic equilibrium otherwise.

Proof. Denote by & = (S*, V*, E*, I}, I;) the endemic equilibrium of system (3). Thus, &, solves the following
system

A+ 0V —B(elf +I;)S* — (E+p)S* =0,
ES* —wB(elf + L)V —(6+un)V* =0,
B(el; +1I;)S* + 0B (el; + I5)V* — (u+k)E* =0, (7)

akE* — ([.L—I—‘L'l +51)Ii* =0,

(1= QKE" — (i + 2+ &)1 =0,

that is,

Volume 5 Issue 3|2024| 3771 Contemporary Mathematics



S* — A+OV*
u+E+B(elf+13)°

s

V* —_
T ut6toB(elf+I3)’

B(el; +5)S* + 0B (eI} +5)V* — (1 +k)E* =0,

I* — akE*
I ,u+‘l.'1+5| ?

I — (1—)kE*
27 uimts

Settingch:u+fl+51,d2=u+72+82andA:Wweget

S — A(u+6+wBAE™)
 H(pAEH0)+B(u+0+0(utE)AE +0BAR (EF)

Ve = EA
(U+E+0)+B(1+0+0(u+E))AE +0B2A%(EX)?’

B(el; +I)S™ + @B (eI} + I;)V* — (W +Kk)E* =0,

* __ OkE*
Il - d
1* (lfa)kE*
2= dp

It follows from the third equation of (9) that E* solves the equation
my(E*)® +my (E*)? +moE* = 0.
where,
my = — A% (1 + k),
my =0AB’A” — BA(u+k)(u+ 0+ o(u+§),
mo =BAA(L+ 0+ 08) —pu(u+k)(u+E+6)
=U(H+E) (L +E+0) (%o —1).
Equation (10) give us E* = 0 or
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my(E*)2 +my(E*) 4+mo = 0. (11)

The solution E* = 0 gives the disease-free equilibrium & defined above. Since, Z, > 1, thus mg > 0 and equation
(11) has a unique positive solution given by

., —m —\/m%—4m2m0
E* = .

2my

If %, < 1 then my < 0, so the model has no positive solution. O
In order to establish the local stability of the endemic equilibrium &, we use the theory of the central variety as
discussed by Chavez and Song [22], and their result is given as follows

Lemma 2 [22] Consider the following system of ODEs with a parameter 3

%zq(x,ﬁ), ¢:R"xR —R"and g € C*(R" xR), (12)
with 0 is an equilibrium of this system and ¢(0, ) = 0 for all 3. Assume
Dyq(0,0) = (3% (0, O)) is the linearization matrix of the system (12) around the equilibrium 0 with 8 evaluated
at 0. Zero is a simple eigenvalue of D,¢(0, 0) and all other eigenvalues of D,g(0, 0) have negative real parts.
Py: Matrix Dyq(0, 0) has a non-negative right eigenvector / and a left eigenvector v corresponding to the zero
eigenvalue.
Let g, be the p-th component of g and

Z v,,llja a £-(0,0)

p. i, j=1

p,i=1

The local dynamics of the system (12) around 0 is totally determined by a and b.

(1) a>0,b>0. When 8 <0 with || < 1, 0 is locally asymptotically stable, and there exists a positive unstable
equilibrium; when 0 < f8 < 1, 0 is unstable and there exists a negative and locally asymptotically stable equilibrium.

(i) a < 0, b < 0. When § < 0 with |3| < 1, 0 is unstable; when 0 < 8 < 1, 0 is locally asymptotically stable, and
there exists a positive unstable equilibrium.

(iii) @ > 0, b < 0. When 8 < 0 with || < 1, 0 is unstable, and there exists a locally asymptotically stable negative
equilibrium; when 0 < 8 < 1, 0 is stable, and a positive unstable equilibrium appears.

(iv) a < 0, b > 0. When B changes from negative to positive, 0 changes its stability from stable to unstable.
Corresponding a negative unstable equilibrium becomes positive and locally asymptotically stable.

We set S =x, V =xp, E = x3, I = x4 and I = xs. Using vector notation W = (S, V, E, I, 12)/, system (3) can be
re-written in the form
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that is

dxy
dt

ax
dt

dX3
dt

dxy
dt

dxs
dt

aw /
? = q[) = (qla q2, 43, 44, q5) )

=A+0x —ﬁ(SX4 +XS)X12 =41,

=&x) — 0B (ex) +x5)x2 — (0 + U)x2: = qa,

23 = Bexs+x5)x) + 0P (€xa+x5)x0 — (U +k)x3: = g3,

= othxs — (U + 71+ 01)x4: = g4,

=(1—a)ks—(L+T+&)xs: =gs.

By linearising system (13) around the equilibrium point &, we obtain the system

J(S,V,E,I;,L)=| %5 28 9 95 Ia

and then, J(&)) is given by:

iporary Math tics
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J(60) =

where

—(n+8)

0

—(1+6)

0
—(p+k)
ok

(1—0)k

—SﬁS()
—wePVy
8BY1

A

—BSo

—0pVy

B

— Y3

Yi=S+oVy, h=u+7+6 andYs=Uu+ 17+ 6.

If B is the bifurcation point and if we consider the case when % = 1 and then solve for , we obtain

B=p =

(L+k)(U+T1+6)(U+ T+ &)

k(So+ Vo) [ea(u+ T+ &)+ (1 —a)(u+ 71+ 61)]

The Jacobian matrix J(&p) with B = B* has a simple zero eigenvalue, hence we can use the center manifold theory in
the analysis of the dynamics of system (13) near 3 = 3*. The Jacobian matrix J(&p) near § = B* has a right eigenvector

associated with the zero eigenvalue given by I = (11, Ip, I3, l4, Is)

Thus,

§

which gives

Volume 5 Issue 3|2024| 3775

—(u+8)

0

—(u+96)

0

0

!

—€B*So
—eP*Vy
epry

-Y

—B*So
—0f*Vy
B 1
0

— Y3

Iy

b

Is

L=
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—(U+ &)y + 61, — eB*Sols — B*Sols =0,

éll — (/J + 9)[2 — £wﬁ*Vol4 — a)ﬁ*VolS =0,

—(U+k)+€B*(So+ ®Vo)ls + B*(So + @Vo)ls = 0, (14)

oklz — (,U + 171+ 51)14 =0,

(1 —a)klz — (,Ll+’l'2+52)15 =0.

After solving system (14) we get

| __( eak (1—a)k )((u+9)ﬁ*So+w9B*Vo> <0
b U+T+6 U+T0+ & pp+6+8) 7

= _< eak (1—a)k > (wﬁ*vo(u+§)+ﬁ*<§so) <0,

U+T +6 U+T+ & pu+6+8)
(1—a)k
>0 y=—Z1>0, s=—I13>0.
3 4 ‘LL—l-T1—|-51 3 > ,U-|—’L'2+523

!
Let v = (v1, v, v3, v4, vs) be the left eigenvector of the Jacobian matrix J(&p) associated with the zero eigenvalue
at B = B*.
Thus,

—(u+8) £ 0 0 0 Vi 0
0 —(u+6) 0 0 0 Vv 0

0 0 —(u+k) ak (1—a)k vi|=10],
—eB*Sy —ewp*Vy €Yy -1 0 V4 0
—B*Sy  —0B*Vy BN 0 ~Y; Vs 0

which gives
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—(+Evi+Ev =0,

Ovy — (‘LL + 9)\)2 =0,

—(u+k)vs + otkvg + (1 — a)kvs =0, (15)

—ef*Sovi —e@f*Vova + €B*(So + @Vp)vs — (U + 71 + 8 )va = 0,

—B*Sovi — 0B*Vova + B*(So + @Vo)vs — (L + T2 + &)vs = 0.

After solving system (15) we get

vi=vy =0, v3 >0,

eB*(S Vi
V4 = 7[)} ( ot ® 0)V3 >0,
w+7T+ 98
B*(So+ oVp)
Vs = ————v3 >0.
’ U+ T+ 6 ’
As in [22], we now calculate the values of a and b defined by
5 (92 5 a2
dp qp
a= vplili——=— (&), b= Vplis—=77 (),
p7§:1 P 8x,-8xj p;l b 8x,-8ﬁ
where g, the p-th component of g.
From system (13), we have
g3 9*qs
&) = &) =ep*
8x18x4( 0) 8x48x1( 0) ﬁ )

326]3 _R*
8x18x5 (éa()) - aXSa.Xl ((5’0) - ﬁ )

9%q3 A
aX2aX4 0= 8x48x2

(60) = ewf,

9%qs A oo
&)Q(?XS (éa()) n a)C5a)C2 (6’0) B (J)ﬁ '
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It follows that

5 az
a=yv3 Z liljvgjcj(éao)

poi, j=1
=v3 (2L 1B e+2111sB* 4+ 2hlswB e+ 2hlswP™)
=2B%vsly (ely+15) + 2B v30l; (ely + I5)
=203B" (1 + wh) (els +1s) .
Further,

g3
dx4dB*

32613
’ 8x58[3*

(¢0) = &(So + W) (&) = So+ @Vh.

Hence,

5 92
q3
b=v li &
31:,:2:1 ERTE (60)

=v3 (€l4(So + @Vp) + I5(So + ©Vp))

=v3 (els+1s5) (So+ 0oVp).

Clearly a < 0 and b > 0. Now by applying condition (iv) of Lemma 2 we have the following result.

Theorem 5 The endemic equilibrium &, = (S*, V*, E*, I}, I5) is locally asymptotically stable for %y > 1.

We now demonstrate the global stability of the endemic equilibrium &, of model (3).

Theorem 6 The unique endemic equilibrium & is globaly asymptoticaly stable whenever Z, > 1.

Proof. Consider the following Lyapunov function

s v E
.,sf:(S—S*—S*l 7) (V—V*—V*l —) (E—E*—E*l —)
nS* + nv* + IIE*

I I
s (11 —If—lfln—i) +cz(12—1;—1;1n—i),
Il IZ

where ¢ and c¢; are positives. The positive equilibrium &, satisfies the following equations
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A= (u+&)S +B(elf +1;)S* — V™,

(U+0)V* =ES* — wf(el} +I;)V*,

(L+K)E* = B(el; +1)S* + wB (el + L)V*,

(L+ 71+ 61)If = akE™,

(U+ T+ 8)5 = (1 —o)kE". (16)

Differentiating .Z with respect to time yields

*

% :(1—%*>S+(1—V7*)V+ (1—%*)E+Cl(l—%)jl

n ( 15)1'
(&) 12 2

*

~(1- %) ((u+&)s° +Blel +15)5" ~6V* + 0V

—B(el +h)S— (u+é)s) + (1 - v7> (55— oB (el + L)V

* *

~e> Y v oper+5)) + (1- %) (Ben +h)(s+ ov)

* * *

S'E VE I
—~Bleli +15) % fwB(SITJrIS)F) +er(1- 71) (ke
1

*

_ akE;fl) +C2(1 - %) ((1 — Q)KE — (1— a)kEgz).

After a bit of algebra, we obtain
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dg (S_S*)Z * ook
o= (8T v eplis (1—

s s I

I]S S* 11 )

LS s 12) v SV
- ov* (— 1
gy s )t

I V* SV*

5" %
+ S)+€S( T Ty Ty ) TEOBLV (3

I]V 11 \% IzV 12
LA 7) ® I*V*(—— 1 7)
LV +11* OBV LV* L

LS E LSE* LS
P 1*5*(1 ————7) 1*5*(1 22
TephST(1+ I;S* E* LS'E TALS (1 IS

E  LSE* LV E LE'V
- el (14 0 - = )
E* I;S*E) +eopl M LV* E* [LEV*

LV E LEV E
® I*v*(l LY 2 ) akE*(l =
TOPEY It s T B T LEve) T TE
L EI ) E L EL
o l—akE*(l -2 )
I EL te(l-a) TE L EL

We now introduce the new variables

Thus,

% :(“+‘§)(2_x—%>s*+£ﬁ[fs*(l—ux—j?+u>
s (1) o (i)

+§S*<1+xfyf§) +£wﬁI;‘V*(y7uyfl+u)

—|—(0ﬁ]§V*(y—ny—1—|—n) +BSI1S*<1—|—xu—z—ﬂ)
F4
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+B0s" (1+xn—z =)+ oBeriv* (1+yu—z- )
+opLV* (1 +yn—z— %) +c1QkE* (l +z—u— Z)
+cz(1—a)kE*(1+Z—n—§)

—(u+E)Ss* (Z—x— )1;) + (:SﬁlfS* L BES" — OV 1+ ES*
—efLV' — oLV +Bel[S*+BLS"+ wBel[V*
L OBLV + i 0kE* +cy(1 — a)kE*) + u(sﬁI;‘S*
FewBlVF — ¢ akE*) +n(ﬁ1;5* + wBLV*
—c1(1— oc)kE*) +y(9V* — &S+ wPel[VT + coBIi‘V*)

—BLS*—BLS* — oBel{VF — oBLV” +ciakE*
* 1 * ok 1 * ok y * X *
+oo(1— Q)KE* — —Bel;S* — —BLS* — 20V — ZES
X X X y
1
rxES - ov - gers Y pps M operv
X Z Z Z
P WBEV* — ¢ akE* —cr(1 — o) kE”. (18)
Z u n

We set in equation (18)

_ BL(S*+wVT)

eI (S* + V™)
= d =
“ R g VT

akE*

Using (16) and replacing ¢ and ¢, by their expressions in (18), we obtain
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1 1
=us* (fof ;) + (fof ;) (GV* +ofe[V + wﬁljv*)
- g (ev* +oBelV* + wﬁlgv*) +x(ev* + oBelV*
1
+ wﬁle*) +20BElV +20BLEV — L0V + — oV
X X

n
M oBerv — L wBrV — LoBelv — CwBEVF —uvty,
Z Z u n

and with a rearrangement we get

i 1 1
—:uS*(foff)JrGV*(ZfX—{)+gﬁ1fs*(3f,,ﬂ
dt X Xy x z
Z o 1 xn z . 1 x
—7)—|—ﬁle (3 —————— )+w[3811v (4—7—7
u X z n x oy
—)ﬂ—g)+wﬁI§V*(4—f—)ﬁ—ﬁ—7>_uV*y
Z u

That is,

Az
— <0.
dt —
Moreover, we observe that % =0ifand only if (S, V, E, I, L) = (§*, V*, E*, I}, I;). Therefore, {&.} represent
the largest compact invariant set in {(S, V, E, I, L) € Ri % =0} . Thus, by LaSalle’s invariant principle (see [30]),

& is globally asymptotically stable for Z, > 1. O
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4. Effect of delays in diagnosis and sensitivity analysis results
4.1 Analytical effect of delays in diagnosis

When the disease is timely diagnosed, thus the basic reproduction number is given by
BAke (6 + 1+ k)

ATy FTRRy e Y pre—— L (19)

Assume that % > 1 and we want to establish the influence of the delay in the diagnostic by following the idea of
Hsu Schmitz (see [31] ).
Differentiating %, with respect to o, gives us

IR _ —kBA(O +p+0d)[u(l —¢)+(n —en)+ (8 —8)]

doo p(uAk)(+O+E) (T +8) (Lt T+ 8)
Since 7| > Ty, thus aéﬁ”‘ <0ife<e* = g;igiﬁ

This indicates that improving the proportion of timely diagnosis of the disease can decrease the delay-induced
reproduction number if € < £*.
Setting Z,, = 1 and solving for a gives us the threshold of timely diagnosis by

(L+m +51)[ﬁ/\k(9+u+wé)fu(u+k)(u+r2+52)}
BAk(U+ 0+ &) [+ + 6 —e(u+1+&)]

Cnin =

If the proportion of timely diagnosis is larger than o,,;,, then the final size of infected components will decrease.

4.2 Sensitivity analysis results

Here, we provide sensitivity analysis of model (3). This is done to identify the most influential parameters of model.
In this subsection, the values of the parameters chosen for the numerical simulations are presented in Table 1.

Table 1. Parameter values

Symbol  Value (per year) Ref.

A 5 [32]
0] 0.90 [33]
6 0.067 [34]
13 0.95 [35]
B 0.2 Assumed
u 0.15 [36]
o 0.5 Assumed
& 0.5 Assumed
& 0.2 Assumed
T 0.5 Assumed
T 0.3 Assumed
k 0.5 Assumed
€ 0.3 Assumed
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The scatter plots of each parameter against the delay-induced reproduction number. Figure 2 shows a scatter plot of
the sensitivity analysis for each parameter. The plots describe qualitatively the influence of the corresponding parameters
on #Zy. We observe that the delay-induced reproduction number increase significantly with the increase of the rate of
infection reduction due to timely diagnosis €. It also increase with the rate of infection of latent individuals k and the
contact rate 3.

It decreases slightly with the increase of the other parameters.

0.00 025 050 0.75 1.000.00 025 050 075 1.000.00 025 050 0.75 1.00

value

Figure 2. Scatter plots sensitivity analysis of parameters
Figure 3 is a representation of the partial correlation coefficients for each parameter of model (3). The PCC is
provided to illustrate the correlation between the parameters and the delay-induced reproduction number. A positive

value indicates a positive correlation, and a negative value indicates a negative correlation.
We observe that the parameters €, k and 3 are positively correlated and the others negatively correlated.

ary Math tics 3784 | Ali Traoré, et al.

/



1.0 4

0.5 4

I N N

PCC
-
—o
— |
— o
—_—

-0.5

-1.0

T T T T T T T T T T T

a € T T, [ 0, J, k w & p

Figure 3. Partial correlation coefficient plot of model parameters

5. Changing environment: Existence of bifurcations

We establish how the speed of environmental change can regulate the dynamics of model (1). We use the bifurcation

software Matcont to plot one-parameter bifurcation diagram in the planes & — I} and a — I for model (1). Clearly, in
model (1), a(t) increases continuously over time when r > 0, and continuously decreases when r < 0.
The delay-induced reproduction number %, = 1 is a threshold in the sens that disease is persistent if Z, > 1 and extinct
if Zo < 1 in model (1). In Figure 4, we choose A=2, 4 =02,¢=03,71=0517=03,0=03,0,=05,06 =
0.2,k=0.5, ®=0.03, ¢ =0.03, B =0.2. We obtain a bifurcation at point agp = 0.58. This provide that if 0 < a < ogp,
then system (1) has a stable disease-free equilibrium point &y. When o = agp the system (1) undergoes a transcritical
bifurcation and the disease-free equilibrium & becomes unstable and a stable endemic equilibrium occurs if agp < «.

In Figure 5, we choose A=2, 1 =02,e€=03,71=051%=03,0=03,0,=0586=02k=05 0=
0.3, £ =0.3, B = 0.2. We obtain a bifurcation at ogp = 0.41. This provide that if 0 < o < agp, then system (1) has
a stable disease-free equilibrium point ). When @ = ogpp the system (1) undergoes a transcritical bifurcation and the
disease-free equilibrium &y becomes unstable, and a stable endemic equilibrium occurs if op < Q.
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Figure 4. Bifurcation diagram of model (1) in the plane & — I; obtained using matcont. For agp = 0.58, there is a BP branching point or bifurcation
indicating a change in the stability of the equilibrium points
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Figure 5. Bifurcation diagram of model (1) in the plane & — I, obtained using matcont. For agp = 0.41, there is a BP branching point or bifurcation
indicating a change in the stability of the equilibrium points

6. Conclusion

In this in-depth study, we explored the dynamics of an SVEIR model to understand the impact of diagnostic delays
on the spread of an epidemic in constant and variable environments. Our results highlight several key aspects of infectious
disease behavior and control under different diagnostic and environmental conditions.

Contemporary Mathematics 3786 | Ali Traoré, et al.



Firstly, in a constant environment, we established the conditions for stable disease-free equilibrium and endemic
equilibrium. We have shown that the global behavior of the epidemic is intrinsically linked to the size of the reproduction
number induced by the delay Z,. If Z, < 1, the disease-free equilibrium is globally asymptotically stable and the disease
tends to disappear from the population, and if Z, > 1, the endemic equilibrium is globally asymptotically stable and the
disease persists in the population. The minimum diagnostic effort noted &,;, required to control the disease is calculated
and is equal to

(u+n+61)[BAk(6+u+w5>—u(u+k)(u+rz+62>}
BAk(+ 6 + &) [+ 171+ 8 —e(u+ T + 8)]

Ohnin =

This threshold is an important measure for public health interventions, as it provides a clear target for the level of
diagnostic effort required to effectively manage and eradicate the disease.

The sensitivity analysis revealed that the parameters with the most significant impact on the model are the reduction
rate of infection due to timely diagnosis €, the infection rate of latent individuals k and the contact rate 3. Knowledge of
the most influential parameters is essential for prioritizing resources and efforts in the epidemic control, as it allows focus
on the factors that have the greatest influence on the spread of the disease.

In a variable environment, the existence of bifurcations is carried out in the planes o — I} and o — I, with & as
the bifurcation parameter. It is shown that the model undergoes a BP transcritical bifurcation for values @ = 0.58 and
o = 0.41 in the planes o — I} and « — I, respectively. Identifying these bifurcation points is important because it indicates
the critical thresholds at which the system undergoes qualitative changes in its behavior, moving from one epidemic regime
to another.

This work provides a detailed mathematical framework for understanding the effects of diagnostic delays on epidemic
dynamics. The conclusions drawn from this study have important implications for public health policies, particularly in
optimizing diagnostic efforts and resource allocation to control and prevent the spread of infectious diseases.

Future research could build on these findings by incorporating more complex environmental factors and exploring
the impact of other types of delays and interventions in epidemic modeling.
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