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Abstract: Using the normalization of the fractional Laplacian (-A)"u(x) over the space C;(R") forall s >0 and s # 1, 2, -,
we evaluate (-/A\) e ™ based on the multidimensional surface integrals over the unit sphere and special functions.
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1. Introduction
Let A=8%/ axf TR 6x§. The fractional Laplacian operator (—A)’ of order s € (0,1) is defined, via the Cauchy

principal value integral' ), as

u(x) ~u(g) ,

~A)u(x)=C, P.V.[
R A ==

é’)

where u(x) is a function from R" to R, and the constant C,, is given by

n+2s
/242 F( 2 )
C,o=m "2" —=~ g
’ r-s)

One typically needs two main requisites on the function u in order to make the above integral exist:
(1) u has to be sufficiently smooth near x,
(i1) u needs to have a controlled growth at infinity, for instance

[, g o
L N

In [6], Dipierro et al. defined the fractional Laplacian for functions that grow more than linearly at infinity. The basic
idea for this is that, if the function grows too much at infinity, its fractional Laplacian diverges, but it can be written as a
given function plus a diverging sequence of polynomials of a given degree.
The fractional Laplacian, widely considered as the Riesz derivative'"
ten equivalent definitions over certain function spaces'"”. For example, it can be defined
(1) as a Fourier multiplier given by the formula

"'or a nonlocal pseudo-differential operator, has

F=D)Y u)$) =< P Fu)<)

where the Fourier transform F(u) of a function u is given by

Fu)Q) = [ pu()e™ ax.

(i) by singular integral definition
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EZSF[Z”] (¢ +2)-u),
s _ _\2 ) u Z)—u
(—a) u(g)= rlig)lJr 7z‘n/2 IT(=s)| J.R”\B(x,r) |z |n+25 =

with the limit in Lebesgue spaces.

The fractional Laplacian with Fourier transform has recently gained a great deal of attention from the research area of
differential equations'*"", including fractional diffusion'"**'"" and porous medium equations™>*,

Let x = (x;, x5, *** , x,) € R". For a given n-tuple a = (a,, a,, *** , a,) of nonnegative integers (or called a multi-index),
we define

lal=0 +ay++a,,al=alay!--a,!
o o . a a
X :xllxzz-..xnn’

A%y

o= -— T
oxy1oxy 2 - Oxp

The Schwartz space S (R") (space of rapidly decreasing functions on R") is the function space’™’ defined as

S(R")= {u(x) eC*(R"): |ux)| Cy.x (const) Va,k e Ng}

<
ok —

where N, = {0} U N is the set of nonnegative integers and
||u(x)||a L+ = Sup ‘xaaku(x)‘.
’ xeR"

Let ||x|| =/x’ +---+x. The function space C,(R") is defined in [27] as the following.

C,(R") = {u(x) is bounded and 6™u(x) is continuous on R":

M
M (const) > 0, such that ‘62ku(x)‘ < —k2 as ||x|| — oo}
[l

where k= (k,, k,, -+ , k,) is an n-tuple of nonnegative integers.

Applying the normalization of the distribution xf , Pizzetti’s formula”®, and surface integrals on R", Li”” very recently
extended the fractional Laplacian (—A ) u(x) over the space C,(R") (which contains S(R") as a proper subspace) for all s >
Oands#1, 2, -, and obtained Theorem 1 below.

Theorem 1. Leti =0, 1, --- and i < s < i+ 1. Then the generalized fractional Laplacian (-/\)’ is normalized over the
space C,(R") as

(=) u(x) = —%Cn,s I(:O p172s

Q0 Au(x) 2750, Alu(x)
—_—e — d}/’

S(r)— - ,
2 iln(n+2)---(n+2i-2) (1)

where Q,, =27"" /T(2) is the area of the unit sphere in R, k= (k. ky, =~ , k,) with k, + - + k, =i+ 1, and

S(r)= J-||a\|2:1[u(x +ro)—2u(x)+u(x —rO')]dO'.

Furthermore,
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lim (-A)* u(x) = (1) A" u(x)
S—>m
forallm=1,2, -, and
lim (-A) u(x) = u(x).
s—0"
Note that for i = 0, we define

2 2i i
r QnA”(x)+_..+ . 2r°'Q, AN'u(x) _o.
n 2 iln(n+2)--(n+2i—2)

2
Il

The goal of this paper is to directly compute the fractional Laplacian (-A\)'e
use of Theorem 1, the value of the surface integral

in an n-dimensional space by making
2ji 2j,
oMo, /"do
ng”z:l ! o

as well as special functions.

2. Main result
It follows from integration by parts that

_I'(l-s)

e 2
-1 dr =
IO r (e +7r7)dr 25 )

for1 <s<2.
In general, we have

k 2\J
© _1-2s| —r? _ (=r )] _l _
-[O r {e J;O—j! Jdr—zf( s) .

fork<s<k+1landk=1,2, - .Indeed, by the variable change u = s

o o[ 2 & ()
Iorlz[e ‘Z(F'!)

=0 J J

TN R C
]drzEIOul {e _Z;') .

]du = %F(—s),

which is the normalization of gamma function on page 53 in [28]. Clearly for £ = 1, equations (2) and (3) agree since

_Id-s) 1
2s _2F( )

The multinomial theorem can be written as

m k k
Gt = z (kl,kz,---,k }ql"‘xn”

where m=0, 1, 2, - and
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m B m!
ks ky ) kgl !

In particular,

by setting x, = -+- =x,= 1.

We are ready to present the main result as follows.

Theorem 2. Lets>0and s # 1,2, --- . Then,

n
r ( + Sj 27 .
Oyl g2y 2 ) it § 27TG=Z9)

I'(l-ys)

Jibet = 2]19"'52]1’1

In particular,

lim (~A) e W7 = o= Il

J=0 (2j)!1“(j+’21j

2j 2 2itaell .
5 [ (i)
i-1

s—0"
and
1“(+k) F(n+k)
lim (—A) W 292k A2 ) A _Lp2ketp A2 J P2
s—k T(n/2) n T(n/2)
k 2j ,
—g 22k F[g+kje_”x|2 > 2 D k(e =1)- (k= j+1)
J=2(2/)IT j+")
2
2j - .
3 ( N }1211 -"x,fj"HF(lﬂij 1 Ak
Jittja=j 2]1,"'72]11 i=1 2
fork=1,2, .

Proof. Clearly,

2 2
Ne P = M4 x |2 —2n).

Letus assume 1 <s <2 first and u(x) =e
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e S(R") < C,(R™). From equation (1), we need to evaluate S(r) for > 0.
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S(r)= L|6||2=1[u(x+ r0')—2u(x)+u(x—r(7)] do

= LIGI|2 4 [e_(xﬁrcn)z —.—(x,+ro, )2 s e_(x1 o, )2 - ro, )2 j| -

—e {o][= = J'” ”2 1|:e 2x 10 —..=2x,1r0, +e2"1“’1+"'*2xn”’"}da—zu(x)Qn.
o =

Using

0 2j

2x-)

e X ex — —,

j=0 2NH!
we come to

0

2j,2J 2j
e—2x1r0'1—-~~—2x"r0'" + er1r01+-~~+2xnr0n =2 z 27r (xlo-l Tt ann)
J=0

@

X, 22/ 42 2j
:22 2))! z (k iy
j=0 A9 gk, =2 i\

From the cancellation over the unit sphere, we obtain
Kk
o l-ondo=0
I\\au%l b

ifone of k, fori =1, 2, -+, n is odd. Hence,

3 g ® 22_j+1 7’2j 2] i
S(r) = eI Bk
( ) z z kla"'akn 1 n

)! I 2171
im0 CDY =2 e

_ AP 5 2272 27 22
= e 22 )

il + : .+]n :1

In order to evaluate the surface integral over the unit sphere in R”
[ eee T = 211 e 2]n
Sn(ls]]y s]n)—J‘Ho_szlal O-I’l dU,

we need to consider the following integral over the unit ball

. . 2 2j
In(l'»']l’.“’J}’l) :J.HO_HZSIO-I N "'Gn]”dJ.

Making the variable change

0,=cos 0, 0<0<m,
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' 2j }‘kl
. z AR
=0 2NH! k1+~~~+kn2j[k1""’kn

2j,
. O‘ e
IH(;szl 1

k k,
(011 -+ (x,0,)"

x}/lf" 0'1]{1 “e O'}];" .

ol ofndo —2u(nQ,

o2inde —2u(nQ,.
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we arrive at

2 . T 2 27 i
I ,_ o) ---03]"d0'=_[ I > y a0 o d o |(cos? 6)n sin 0d6.
llo|lc<1 0 \Joj+-+0,_<sin” @ n
Clearly,
2jl zjn—l 02 / 22 ] 1 aiah—1
oo do =(sin” 8)’' ---(sin” 8)’"~! sin QI
I012+---+0’,371Ssin29 1 n—l1 ( ) ( ) y12+"'+y5—151yl

= (Sin 9)2(11 + ‘+jn71 )+}’l*1 In_] (13 _]] PR jn—] )

by the substitution
0; =y, sinf
forl<i<n-1.
Therefore,
1y (L) = Ly (s fp) o (sin 0P 0% cos? 9)n sin 00
=Ly (15 )J'(;[ (sin §)>Ui T ¥ (cos? 9))n a6,
Since
| (;”2 (sin 0)* Ut D cos ) dO = [ (sin )2V )™ (cos” 0)r do,

we derive that

. . . . /2 . 2+t 7 i
L(Ljs i) =1 (L jiaes juy) zjo (sin0) i+ +J,,_1)+n(cosz 0)/ do

. . n+l o1

2 a4 2
n+l i .
= —=+> F(*‘]nj
2 I 2 . .
- . Ly (L o5 Jnet)s
F(j++1)
2

where f is the beta function.
By the above recursion,

{n 'f J 1
ry—+ ji F("'jnl)
2 P 2

] ]n_2(1,j],"',jn_2)~

n+l 12
Y

i
i=l1

[n—l(lsj]a"'SJ.n—]) =
F(
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Repeating this procedure, we get

1 1 1 1
Cl=+j, |- T|=+J 20 =+, || =+
(3 r(3a) ar(3eibr(3+a)

In(lajlf";jn): n n
F(j+2+1J (2j+n)1"[j+2)

(1
2HF(2+]',-)
_ i=1

(2j+n)1"(j+§j’

by noting that /(1) = 1.
Let#>0and

. . 27j 2j
Sn(tafl""’]n) = J‘Ho.‘lzth O—1 1 ...Gn]ndo-_
Then,

Sn(t;J]3"'>]n) =t S Sn(l:']la"',Jn)

and

e ! . N Ly
In(lajl,-..,]n):J'OSn(tajla"’a]n)dt:Sn(l,jl,"',jn).[otzj+n ldt
:Sn(19_]ls9]n)
2j+n '
Thus,
(1
2 F+j)
RPN 1 63
)

r

In particular,

2ﬂ_n/Z
Qn = Sn (1707" ’0) - J-”O'“z:lda - m’

Q
S,(1,1,0,---,0) = -[\IO“I\Z 10'12d0 =" — Volume of the unit ball in R".
= n

In summary,

S(r) = 4 = i 3 .

. 1 xn
j=0 @n! Jiet =]

2j1,... . n
I j+—
(J 2
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This implies that

2 i 2
QA xR =2 =2 4
S(r)_%:k W=y g g W= 2y o

27 27 :
L YL 20 22
N1 Jiora 2, 1 n

j=2 @Y T
HF( +]lj

r|j+2
(’ 2

2
Q4| x| e

n

2
—2¢ Ml Q, -

where

2 2
T, =2Q, ¢ (efr +r2—1),

2 Q 2
7, = 4l ||x||2 rz—"[e_r —l},
n

Lo F(+j~
P e 22 2j 2y 2 E 2 -

Tz =4e Z— Z i Xy
Jio 52 r j+ﬁ

2

2 DY T
From Theorem 1 for 1 <s <2, we get

(<A P ___C f SB[ Ty 4 Ty dr

CIvl2 oo _1_ 2 2 vl o 1_ _
:—Cn,sQne [l .[0 poIm2s (e r +r2—l)dr—;Cn,SQn€ Il ||x||2 JO 12 (e r

-2C,, e_”x” Z—I(:Orzj_l_zse_rzdr~
J 2(21)'F(1+2j

Zj 2]1 . 2]n ( j
Z (2]1’ nzfj Hr +J[

St gy =

From equation (2), we deduce that

n
F[—i—sj
2 ro0 2 2
—Cn’sQne_”xH IO pI2s (e_r +72 —l)dr =22 2 ) eI,

Using the identities
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—l)dr
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0 2 — 0 . 2 ; —
J‘ -2 (e—r _l)dr:F(l 5) andj L2025 =7 g LU S)’
0 2 0 2

we imply that

) " . ! F(Z—i—sj ,
o0
~=Cp e M x| [ r1‘2S(e" —l)dr:——2zs+ls—e_Hx” x|,
L Cn.

n I'(n/2)
and
, © 2j o , 2 27 i .
O LT 11
12(2j)!F(j+Zj it gy= g NS i=l
n
F(-‘f-sj 0 27
2 J | — 2 i i n l
= 2928 f 5 o h Z 27T(—-s) Z [2. ]2.Jx12]1""‘5]"nr(5+j"j’
Fd-s) j—2(2j)!F(j+;j Jibt jy=j N0 i1
where
r n+2s)
C :”—n/222s 2 s
s r'd-s)

is given earlier. Therefore,

n n
s —|lxP 2sr[2+sj BN P S F(Zﬂj X 2
(A e W =25 A= J o AldlE _ Zp2stlg A2 7AWl
I'(n/2) n I'(n/2)
n
I'l—+s P .
2928 (2 ) 5 ol i 2%/T(j-5) - 2j .
r(1-s) ~ Con) = 22, )
J=202HIT ]+5 Sty =]

F(’“—sj

~ 0 2j .

2925 N2 ) P > 27T(j—s)
I'(1-s) ij(Zj)!F(j+;j

2ji .

2j ;
> (2’ ]2'%2]1”'
jl+"'+jn:j ‘]1,“.’ Jn

A 1
‘xrzl]"Hr[EJrji)
i=1

n
2j 1.
X ] |F(5+]ij.
i=1

This formula can be extended to all values of s > 0 with s # 1, 2, --- using equation (3), which deals with new terms,

due to the increasing range of s, in equation (1). Indeed, we can deduce the same expression like the above for (-/A\) e

with 2 < < 3 by following similar steps.
Clearly forj=2,3, -, k,

tim 2 =) _ i 1y (k= 1),

sk T(1—s)

This infers that
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lim () eI = g bl

s—0*"

and

, r (2 + kj 1 r (; + k) R
ﬁm(_A)Se—Hxll —o2k N2 T AN 12kl N2 T ] | x ||2
s—k I'(n/2) n I'(n/2)

_”n/222k1—~[ j 7Hx\ i
2 2(21)'r[1+2J

22J .
(1) k(k=1)-- (k= j+1)

2j 21 .2 _ ik Ak AP
Z (211’ 2]nj X HF +Jl _( 1) A e

St g =i

by Theorem 1. This completes the proof of Theorem 2.
Remark. (a) Letj = (j,, - ,/,) be an n-tuple of real numbers in R" with j,> - 1/2 for 1 <i < n. Then,

2ﬁ1‘(;+ji]

S, (L, fps s Jin) N O S
F(j+nj
2 4)

still holds. In reference [29], Michelitsch et al. established a regularized representation for the fractional Laplacian in n
dimension and showed the following identity

n—1

or 2T ( a+ lj
Ydo = _\2)
r ( a+n j
2
which is a special case of equation (4) by setting j, = o/ 2 and the rest being zero.
(b) In particular forn=1and s >0 withs # 1,2, -~ ,

for1<i<n,

AV ooy lr(z”j - Z(zx) )
r'-s) (2 )'

for all x e R.
(c)Forn=2ands>0withs#1,2, -,

_AY —x?—x3 —_p2sg F(1+S) —xl —x3 I'(k— S)(xl +x2)
Coye ra-s) kZ:‘) (kv)

which is identical with the result derived by a totally different method in [27].
(d) Theorem 2 for 0 <s < 1 was proved by Samko in 2001.

3. Conclusion
Utilizing the surface integrals in R" and special functions, we obtained the formula for the generalized fractional
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Laplacian (*A)Se’”)f”: foralls>0and s # 1,2, -+, based on the normalization in distribution.
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