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1. Introduction

In the literature, many mathematicians have studied the divisibility of binomial coefficients. A nice survey and
a systematic presentation of this subject were given by Singmaster [1] and Granville [2]. To provide background and
motivation, we introduce some common terminology and useful results.

For a positive integer n and a prime number p, we denote the largest integer e, so that n is divisible by p, by v, (n).
Thus, n can be written as n = p° - u, where u is an integer and p { u. Any positive integer n has a unique base-p digit
representation

Cipi = (Cla Ct—1y -4y Co)pa
0

n=

1
i=

with minimal 7 > 0,¢, > 1,and 0 < ¢; < p—1 forall i with 0 <i <t. A classical result, the so-called Legendre’s formula,
was given below
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_n- op(n)

v, (n!
p (n!) p—1

)

where o), (n) is denoted by the sum of the base-p digit of n. Another classical result developed by Kummer [3] showed
that the power of prime p which divides the binomial coefficient (Z) was given by the number of carries when adding k&
and n — k in the base-p digit representation.

Kummer’s theorem For any prime number p, we have

Vp ( (Z) ) = the number of carries when adding k and n — k

in base-p digit representation,

where 0 < k <n.
In other words, Kummer’s theorem said that “v,, ((})) equals to the number of borrows in base-p subtraction n — k”.
For any finite subset S of positive integers, we denote the greatest common divisor of all elements of S by ged(S), or
simply by ged S. In 1909, Ram proved an elegant theorem on the greatest common divisor among binomial coefficients.
Theorem 1 (Ram [4], 1909) For any integer n > 2, let S be the set of binomial coefficients

s (D kerzn i,

Then we have gedS = p if n = p™ for some prime p and for some integer m > 1; and gcdS = 1 for otherwise.
Due to the elegance of Ram’s theorem, many researchers prove analogue results along this line. Authors in [5]
showed that for any positive integer 7, the following holds

2n 14va(n)
1 <k< = 24,
gcd<{<2k_l> l_k_n}) 2

In [6] Albree generalized the above result by showing that

gcd <{ (Z) 1 <k<n,gcdk, p)= 1}) _ pv,,(n)7 0

where p is any prime number. This is equivalent to

ged ({ (T): 1 <k<pn, pfk}) =p!tl,

Another generalization of Ram’s result is obtained by [7]. Indeed, in [7] Joris et al. determined
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a’(n;r,s)ngd({(Z)irSkSS}>,

for any r < s < n. However, the explicit formula of d(n; r, s) is too complex to illustrate here.
In [8] Hong extended of Albree’s result (1). For any positive integers m and n, Hong showed

ged ({ (”Z’) 1 <k <mn,ged(k, n) = 1}) =n ] prm). @

plecd(m, n)

If n or k is required to be a multiple of a positive integer, the situation becomes more complex. The author in [9]
proved a tidy generalization of Ram’s theorem.

Theorem 2 (McTague [9],2017) For any integers n > g > 0, and for any prime p congruent to 1 modulo ¢, we have

Vp {gcd ({ <;k>: 1<k< Ln/qJ}ﬂ =1,

if 0,,(n) < ¢; and the value is equal to O for otherwise.

For any positive integer d and any integer n > 2, consider the set

Ad(n){<Z):l§k§n1, gcd(n,k)d}.

In [8] Hong proved that gcd A (n) = n for all positive integer n > 2 (the case when m = 1 in (2)). In the same paper,
Hong proposed a problem which asked a general answer for gcdA,(n) when d > 1.

For each positive integer n > 2, the number b(n) is the smallest nonnegative integer such that the set of the
binomial coefficients (}), where k is an integer with b(n) < k < n—b(n), has a nontrivial divisor. The existence and
the characterization of b(n) can be found in [10]. In fact, the number b(n) is the smallest integer of the form n — p¢,
where p¢ is a prime power less or equal to n. That is, n = p®+ b(n). For examples, b(22) = 3 (since 22 = 19+ 3), and
b(33) =1(33=2+1). Let By(n) = { (}): b(n) <k <n—b(n), ged(n, k) =d}.

In a recent paper [11], using methods from both elementary number theory and the p-adic valuation, Xiao et al.
proved the complementary result (see Corollary 1.1 in [11]) to Ram’s theorem.

Theorem 3 (Xiao et al. [11],2022) For any integer n > 2, write b(n) = n — p°. We have

gcd{<z>: b(n) <k<n—b(n)} =p.

It is obvious that gcd By (n) = n for all positive integers n > 2 with b(n) = 0. However, the value of gcd B (n) varies,
and we have no idea about the exact value.

In this paper, we study the greatest common divisor of sets A;(n) and B;(n) when d = 2 and answer partially to a
problem proposed by [8]. First of all, we can reduce the question about A, (n) to the case when each component of the
base-p representation of n is 0 or 1, where p is a prime divisor of n — 1. After that, this case can be divided into three
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subcases according to the value of o, (n). More precisely, the subcases will goes in 6,(n) =2, 6,(n) =4 and o,(n) > 6.
In the first case, G,,(n) =2, we can determine the exact value of the greatest common divisor of the set A, (n), namely,

gcdAr(n) == - p.

[NSRIN

For the second and third cases, we prove the following main results.

Theorem 4 Forn=p't +p2+pB3+1 () >t >3 >0), let a,, = vo (1), and write ,,, = 2% u,, with odd integers
uy form=1,2, 3. Then we have v, (gcdA>(n)) = 1 ifand only if a; = a; < ai and ay = a; + v> (u; — u;) for {i, j, k} =
{1, 2,3}; and v, (gcdA>(n)) = 0 for otherwise.

Theorem 5 For a positive integer n and an odd prime number p, we let

n:psfl_’_psz_'__.__’_p_’_l’

where s is an even number, and have v, (gcdAs(n)) = 0 if 5 is not a power of 2. Moreover, for s = 2°, we have
v, (gedAz(n)) =1ifb=2,0orb=3 when p=1 (mod 4); and v, (gcdA>(n)) = 0 for otherwise.

This paper is organized as follows. In Section 2, we present some results for gcdA,(n) and answer partially to a
problem of Hong in [8]. In Section 3, we briefly discuss the value of gcd B;(n) for d = 1, 2 and summarize our results.
We also raise some open questions and conjectures, and hope that interested readers will continue to explore them.

2. Results for gedA,(n)

In what follows, we should use the fact that is not specifically mentioned

ds) = mi
vp (gedS) = minv, (n),

for any finite subset S of positive integers. Recall that

Ad(n)—{<’;):1§k§n—l, gcd(n,k)—d}.

We begin this section with a simple result when d = 2.
Proposition 1 For any even integer n with n — 1 = p’ (¢ > 0), an odd prime power, we have

gcdAz(n) = (n/2) - p.

Proof. Note that both n and k are even, say n = 2¢t, k = 2k’ with two coprime positive integers n’ and k’. In light of

(n\ _, ,(n—1
w () =20(}2)).
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and ged(n', k') = 1, we obtain that

!/
n =

g (Z) , for each even integer k with 1 <k <n—1. 3)

Assume that n — 1 = p' for some integer r > 0 and odd prime p. We claim that gcdA,(n) = n’p. Since
n n—1 n—1 P P
() =) () =)+ () =0 oo
and together with (3) we have
n'p ‘ (Z), forallevenkwithl <k <n—1.

This implies that (n/2) - p | gcdAz(n).
On the other hand,

gedAs (n) ‘ <Z> :g-(nq) —n'p.

Therefore, we may assume that gcd A, (n) = n’p/ for some j with 0 < j <t. Ift = 1, then j = 1 and the proof is done.
Suppose ¢ > 2. Then we have p' +1—2p'~! = (p—2)p'~! 4+1 > 0, and the considered binomial coefficient

P+l
<2pt1) EAQ(}’[).

By Kummer’s theorem, we immediately get

P+l ,, (P11
p’ (sz)bUtp " 1)

That 1s,

o)

which implies j = 1 and our proof completes. O
Remark 1 By the similar argument in the proof of Proposition 1, it follows that

(n> for all £ which is a multiplier of d with 1 <k <n-—1,

n
d | \k
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and hence
g gcdAy(n).

Since "<"£ D = (5) € A2(n) and § | gedAz(n), in order to determine the greatest common divisor of the set A(n),

we need to consider the values v,, ((})) for those odd primes p such that p | (n — 1). For each prime p with p | (n— 1),
consider the base-p representation

13
n= Zcip’ = (¢t -1, ..., €0)p-
i=0

We have ¢g =1, for p| (n—1). Together with p | (n — 1), we have ¢y = 1. That is,

n=cp' +teip o teap+l,

with 0 <¢; < p—1,and ¢; > 1. If there exits some j so that ¢; > 2, we may set k = 2pj which is even and ged(n, k) = 2.

#((0))-e

which implies that v, (gcdA»(n)) = 0. We summarize the above discussion as the the following.

Hence by Kummer’s theorem,

Proposition 2 Given an even integer n. For each prime divisor p of n — 1, consider the base-p representation

t
n= Zcip’ = (C1y €115 -+, €0)p-
i=0

If there exists ¢; > 2 for some j, then we have v, (gcdA;(n)) = 0.
Hence, we can restrict ourselves to the remaining case when n = ¢, p' +¢,_1p' ' + - +c1p+ 1 with cj €40, 1} for
all j between 1 and 7, where p is a prime divisor of n — 1. It follows that ¢, = 1 and let s: = 0, (n) = 2+Z§;11 ¢; > 2 which

is an even integer greater than 2 (since 2 | n). Now, we divide it into three subcases (i) s = 2, (ii) s = 4, and (iii) s > 4.
@ Ifs=2,n=(1,0,...,0,1), =p'+1 in this case. Thatis, n — 1 = p’. By the previous Proposition 1, we have

gedAz(n) = (n/2) - p.
(ii) Assume that s =4 and n = p’ + p/ +p' +1 (t > j > i > 0). We define the reverse symmetry of n by 72

’—l:pr+pt—i+pt—j+1.
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The following results are useful for us to know gedA(n) whenn = p' +p/+p' +1(t > j>i>0).
Lemma 1 For any positive integers a, m, and n, let d = gcd(m, n) and A = a?. Then we have

agdmm 1 =A+1 if 2| ke
ged(@"+1,a"+1) =
2 if 2 4 mh

Proof. Assume m = dm’ and n = dn’ for some coprime positive integers m’ and n’. Let D = ged(a™ +1,a" +1) =
ged(A™ 41, A" +1). Without loss of generality, we may assume m’ is an odd integer. Since A” = —1=A" (mod D),
we have A2 = A’ =1 (mod D). The order, 0(A2), of A in (Z/DZ)* divides both m’ and n’ which implies 0(A2) = 1
since m’ and n’ are coprime. That is, A> =1 (mod D).

Letm' =1+2j. Thenwehave A” +1=A-(A2)/+1=A+1 (mod D) and D = gcd(A™ 41, D) = ged(A+1, D) =
gcd(A+1, D (mod A+ 1)). Note that

D (mod A+1)=ged(A™ +1,A" +1) (mod A+1)=ged(0, (—1)" +1) = (=1)" +1.
Therefore, we have
D=gcd(A+1,D (mod A+1))
=ged(A+1, (=1)" +1)

A+1, if21n;

2, if2|n,

A+1, if 2| (W +n');

2, if 24 (m 1),

A+1, if 2| 2,

if 2 f e

In our cases, a weaker form of Lemma 1 might be more useful.
Corollary 1 For positive integers m, n and an odd integer a > 1, then we have

>2, if va(m)=w(n);
ged(d™ +1,a" +1) = 4)
2, if \'%) (m) 7§ \'%) (l’l) .
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For any positive integers m and n, we can define the relation ~, by m ~, n if gcd(a™ + 1, a" 4+ 1) > 2 and it is easy
to see that ~, is an equivalent relation.

The following proposition tells us the relation between gcd Az (n) and ged Az (7).

Proposition 3 If 6,(n) = 4 for some odd prime p with p | (n—1), we have p | gcdA»(n) if and only if p | gcd A, (7).

Proof. Assume that n = p’ +p/+p'+1 (t > j > i>0). According to Kummer’s theorem and the symmetric
property of the binomials coefficients (}) = (,,",), those possible even integers we need to consider such that v, ((})) =0
are k=p' +1, p/ +1, and p/ + p' = p'(p/~"+1). We know that 2 is a common divisor of n and k. If there is another
common divisor d > 2 of n/2 and k/2, then we have ged(n, k) > 2 and thus (}) ¢ Az (n). Note that p | gcdA(n) if and
only if foreach k € {p'+ 1, p/ + 1, p/ + p'}, there exists d > 2 such that

k
d’g, andd‘z.

For k = p' + 1, the above condition implies

n k (P TI+1
LA R o O o N
| (5-2)-r("=")

Thus, d | (p'~/+1)/2 since p cannot be divisible by d. This implies that d would be a common divisor of 7i/2 and
(p'~/ +1)/2. The similar argument can be applied for the cases k = p/ + 1, and p/ + p' = p'(p/~' +1). These three
conditions correspond to p | gcdA»(77) and the proof completes. O

Remark 2 Letn=p'+ p/+p'+1(t > j > i>0). Taking k = 2p'~!, we obtain (}) € A>(n) and

()

by Kummer’s theorem. Thus, v, (gcdA>(n)) < 1. In light of Proposition 3, it follows that v, (gcdA»(n)) = 1 if and only
if v, (gcdAz(77)) = 1. Moreover, we have p { gcdA(n) if and only if p { ged Az (7).
Letn=p'+p/ +p'+1(t > j>i>0). We say the pair (i, j) is admissible to n = p’ + p/ + p' 4+ 1 if ged(n, k) > 2 for

n

all possible even integers k’s with v, ((k)) = 0. This terminology helps us determine whether v, (gcdA>(n)) is 0 or 1 by
Remark 2. It also tells us that a pair (i, j) is admissible to n = p’ + p/ + p' + 1 if and only if (¢ — j, t — i) is an admissible
pair. We say that n is self-symmetry about p if n = 1. So it follows t = i+ j if n is self-symmetry about p. That is,

n=pH+pl4pi+1=(p 1) (P +1).
In this case, the only possible even integer we need to consider with v, ((})) =0 is k = p/ 4 p'. For this k, note that

ged(n, k) = ged(p™/ +1, p'(p ' + 1)) = ged(p™/ + 1, p/7 - 1).

With the help of (4), we have ged(n, k) > 2 if and only if v, (i + j) = va (j —i).
Proposition 4 For self-symmetry n = p' + p/ + p’ + 1, we have v, (gcdAx(n)) = 1 if and only if v, (i+j) =
\%) (] — i).
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Proof. We only need to considerc when k = p/ + p’. From the above discussion, we have ged(n, k) > 2 if and only
if vo (i+ j) = va(j—i). However, v, (gcdA»(n)) = 1 < ged(n, k) > 2. So the result follows. O

Now, we prove Theorem 4, the general case for 6, (n) = 4.

Proof of Theorem 4 Let n = p't + p2 + p's + 1. Note that v, (gcdA,(n)) = 1 if and only if the pair (2, 13) is
admissible. That is, all possible even integers k’s with v,, ((})) = 0, which are k = p2 + p3, p2 + 1, and k = p3 + 1, must
satisfy ged(n, k) > 2. For example, if k = p2 + p'3, we have ged(n, k) = ged(p + 1, p2 + p"3) = ged(p" + 1, p273 4+ 1).
According to (4) in Corollary 1, these three conditions are equivalent to the simultaneous equations

\ %] ([1) =V (tz 7[3), V2 (l‘z) =V (tl 7t3), and v, (tg,) =V (l1 7[2).

Hence, the necessary and sufficient conditions for v,(gcdAz(n)) = 1 are
ar=Wv (2a2u2 — 2a3u3) , dp =V (2a1 uy — 2a3u3) s and a3 =V (2“1 uy — 2a2u2) .

Without loss of generality, we may assume that a; = max{ay, az, a3 }. From the second and third equations given
above, we obtain

ap > min{al, a3} =az, az > min{ah az} =a,
and thus a; = a3. In addition, we have
a =V (2“21/!2 — 2a3u3) =ay+W (u2 — u3) .

The proof is done. O

Remark 3 We might rephrase Theorem 4 in the following equivalent form: Forn = p’ +p/ +p'+1 (t > j > i > 0),
we have v, (gcdA;(n)) = lifand only ift ~, (j—1i), j ~p (t —i),and i ~, (t — j). In other words, for n is self-symmetry
about p, a pair (i, j) is admissible if and only if (i + j) ~, (j — i), if and only if v» (i+ j) = v2 (j —i). This is exactly
what Proposition 4 says. Notice that, by Theorem 4, there are infinitely many admissible pairs.

Example 1). Let us look at few examples. For the positive integer n; of the form n; = p% + p¥ + p? +1 =
(P8 +1)(p?® +1), we see that n is self-symmetry about p and v» (66) = v, (38 —28) = 1. Hence v, (gcdAz(ny)) = 1 by
Proposition 4.

2). Let ny = p>3 + p* + p'3 +1. We have v, (53) = v, (13) = 0 and v, (24) = 3. Also, we have v, (53 —13) =
V2 (40) = 3. Hence by Theorem 4, we have v, (gcdA;(n2)) = 1.

3). Let n3 = 823,600, we have n3 — 1 = 823,599 = 3%.7.17-769, and

n3 = (1, 3027 1)769
=1(9,14,10, 14, 1)17

= (1a 0,0,0,0,1,1, 1)7
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=(1,1,1,2,2,1,1,2,0,2,2,0, 1)3.

By Kummer’s theorem, we see that 3, 17 and 769 can not be a prime divisor of ged (A, (823600)). Now, n3 =77 +7% +
7' + 1 satisfies conditions in Theorem 4, thus v; (gcd A (823600)) = 1 and indeed gcd A (823600) = 822890 .7 — 2882600.

(iii) Now suppose that s = 6,,(n) > 4. We should demonstrate two specific consequences of this case. The first one
is a special case for s = 6.

Proposition 5 Let n, a, 1, and t, be positive integers. If n = (p? + 1)(p"t + p2 + 1) with #; > 1, then we have
p1gedAr(n).

Proof. Assume that p is a prime divisor of gcdA>(n). For any even integer k with v, ((Z)) =0, we must have
ged(n, k) > 2. Take k; = p't + 1. Since v, ((k”l)) =0, we have

ged(ky, n) = ged(p" +1, (p*+1)(p" + p? 4+ 1)) = ged(p" +1, p* +1) > 2.

By Corollary 1, it implies that v; (1) = v, (a). Denote this value v, (a) by m.

In the same way, we can consider k, = p2 + 1, k3 = pt + p2 and then derive v, (f2) = V2 (a) and v, (1) —1r) =
v (a), respectively. Say t; = 2™u;, and 1, = 2"u, with odd integers u; > up. However, we see that v, (1] — 1) = m+
V2 (11 —up) > m, a contradiction. Hence we have p 1 gcdA;(n). O

Before proving the next result, we need a lemma that is interesting in its own right.

Lemma2 Letnandd be positive integers, and p be an odd prime. Letn = (c;, ¢/—1, - .., co)p- If p +1=0 (mod d),
we have d is a divisor of n if and only if

,i
~l=
[

d (71)i(ci€+[—17 Cil 4025 -+ Cif)pa
0

where ¢; =0if j > ¢.
Proof. This follows by a direct computation:

n=0 (mod d)
& (¢, ¢-1,...,¢0)p =0 (mod d)
< (Ctvcl‘—b 764\_%)[_‘1 pZL%J

+"'+(C[7],C[72,.-.7C()>pEO (modd)
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& (e ¢, ""célﬂ)l"(_l)%J
_1)(L5-1
+ (C[L%J—lv cf[%J—Z’ R CZ“%J‘U)[] ( 1) ( 4 )

+"'+(Cf71acf72a"'700)1750 (modd)

—
~is

J

~ (_l)i(ci£+é—1; Cil4+0-25 -+ Ci[)]? =0 (mOd d)
0

O
We are now in a position to prove our second main result: Theorem 5.

Proof of Theorem 5 Suppose that s is not a power of 2. That is, s = 2% witha = v, (s) and u > 1. We setk = p** + 1.
On one hand, if d | ged(k, n), by Lemma 2, we have

d|ned Z(—l)i(l,l,...,l)p

ed| (-D)(1,1,...,1),

201
p

&d +p Pt

ed | (p+D)E DG ) (7 1),

On the other hand, by Corollary 1, we have
ged (pZ[ 1M 1) -2
for any positive integer i < a. In addition, we get
gcd (pza +1, X T pP Pt 1) =2,

since p** +1=2 (mod 4). That is to say gcd(k, n) = 2. It implies that (;) € A»(n) and, by Kummer’s theorem, v,, ((})) =
0. Hence, we conclude that p { gcdA>(n) and v, (gcdA;(n)) = 0.

If b =2, then we have s =4 and n = p> + p?> + p+ 1 = (p> + 1)(p+1). Thus, n is self-symmetry about p. By
proposition 3, it is easy to see that 3 ~, 1. So we obtain v, (gcdA>(n)) =1ifb=2.
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Suppose b =3 and p=1 (mod 4). Wehaves=8andn=(1,1,1,1,1,1,1,1), =0 (mod 4). Since (}) = (, fk),
we need to consider the cases 6,(k) = 2, 4 with v, ((})) = 0. For each integer k with 6,,(k) =4 and v, ((})) =0, kis
divisible by 4 since p =1 (mod 4). Now, we consider the remaining case when 6, (k) = 2. Notice that n = % (p+

1)(p?+1)(p*+1). Each k with 6, (k) =2 and v, ((})) = 0 can be written as k = p/ + p' = p'(p/ "+ 1) (7> j>i>0).
Then we have ged(n, k) = ged ((p+1)(p? +1)(p* +1), p/~+ 1) and, by Corollary 1, we further have

(p+1) | ged(n, k) ,if j—iis odd,
(P +1)| ged(n, k) ,ifj—i=2,6,

(P*+1)| ged(n, k) ,ifj—i=4.

which implies ged(n, k) > 2 if 6, (k) =2 with v,, ((})) = 0. That is, we show that ged(n, k) > 2 for all k with v, ((})) =0
which is equivalent to v, (gcdA(n)) = 1.

Assume b =3 and p=3 (mod 4). We have s =8 and n= (p+1)(p>+1)(p*+1) =0 (mod 4). If we can find
a positive even integer k such that ged(n, k) =2 and v, ((})) = 0, then we can conclude that v, (gcdA(n)) = 0. Take
k = p* + p*+ p+1 and we will show that it is indeed such an example. Note that k =2 (mod 4) so that 4 { ged(k, n).
Apply the result in Corollary 1, it is easy to see that

ged(k, p* +1) =2,

for c € {0, 1, 2}, and hence ged(k, n) =2 and v, ((})) =0.
Finally, for b > 4 and s = 2°, we have

2b
b—1
= —H@Dd =(p+1)(P*+1)---(p° +1),
p— d‘2b
d#1

where @, (x) is the dth cyclotomic polynomial. Consider

3 2b—1

k=plp+ )P+ )P +1) (7 + 1) +p7 +1

2b=2 + pzb—z_l

b—
=p" 4p ot pr L

Notice that v, (k) = 1 since k =2 (mod 4). For 0 < ¢ < b— 3, we have

ged(k, p* +1) = ged(p” +1, p¥ +1)=2.

Furthermore, by the Euclidean algorithm we have
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2

ged(k, p2h72+1)zgcd(p(p+1)...(p2b*3+1)+2)pzb* +1)

2b72 2b72_1

bh—
=gcd(p® +p o pt2, pP 1)

2b72 2b72

—ged(p? T p T 1, PP 1)

2h=2-1

=ged(p? T T pt1,2) =2,

and

b3

b—1
ged(k, p*  +1)=ged(p(p+1)---(p* +1),p

2b=3

=ged((p+1)(p*+1)---(p

2b-3

Let Q= (p+1)(p>+1)---(p? " +1). Note that (p* ' +1)— (p— 1)Q(p* " + 1) = 2, together with the above

equaions, we get

gcd(k, pz[F1 +1) =gcd(Q, pzbq +1)=gcd(Q,2)=2.

From this, we conclude that v; (k) = 1 and ged(k, p* +1) =2 for 0 < ¢ < b— 1. Itimplies ged(k, n) = 2, (}) € A2(n),
and then v, (gcdA>(n)) = 0. O

3. Concluding remarks, and open problems

Determining the exact value of gcd By (1) becomes more difficult than that of gcd A, (n) for us. In this paper we just
deal with a special case for gcd By (n) and leave the problems to those readers who are interested in.

Proposition 6 For any even integer n with n — 1 = p’ (¢ > 0), an odd prime power, we have gcd B, (n) = (n/2) - p.

Proof. We need only to prove that, in the case n — 1 is a prime power, b(n) = 1 since then by Proposition 1 the result
follows. By the well-known solution of Catalan’s equation, the integer n cannot be a prime power. So the prime power
p' is the smallest prime power less than or equal to . It implies that b(n) =n—p' = 1. O

Remark 4 We can avoid using the result about the solution of Catalan’s equation. We give a direct proof of the
integer n with n — 1 = p’ cannot be a prime power. Assume otherwise, such as n = ¢", n is a prime power. Thus,
q" — p' = 1. Itis obvious that p and g must be of different parity, so it implies ¢ = 2 since n is even. Now, 2" = p’ +1. If
t is odd, we get an odd divisor, namely p'~! — p'~2 +... — p+ 1, of 2 which is absurd. Hence 7 must be even. Letr = 2r
and p" =2m+ 1. From

2" =(p")VP+1=02m+1)2+1=4m*+4m+2=2 (mod 4),
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it only holds when w = 1, and then » = 0. So we have p = 1, which is again absurd.

For those positive integers n’s satisfying b(n) = 0, that is to say n = p™ (m > 1) is a prime power, we have

gcd B (n) = ged ({ (Z) 0<k<n, ged(k, n) = 1})
:gcd<{<z>: 1 <k<n, ged(k, p) = 1})

So by Albree’s result (1), we get

gcd B (p™) = ged ({ <pk ): 1<k <p" gedk, p)= 1}) =p"

Consider gcd B, (n) with those n’s satisfying b(n) = 0. We require that n is even in this case, and thus n = 2" (m > 1).
By McTague’s theorem (Theorem 2), we obtain that p | gedB>(2™) if and only if 6,,(2") = 2, where p is an odd prime
so that p | (2" —1). Hence it must be the case 2" = p’ + 1 and, if we can solve this equation 2" = p’ + 1 in (m, p, t), by
Proposition 1, gcd B2 (2™) = gedA,(2™) = 2"~ p. For example, 27 = 127 + 1, we have gcd B,(128) = gcdA,(128) =
(128/2)-127 = 8,128. Let n = 2! = 4,096. Clearly there is no odd prime power p’ such that p’ + 1 = 4,096. Therefore,
2cd B>(4,096) = gcd Ax(4,096) = 2,048.

In general, if b(n) > 1, we have no idea about the exact value of gcd B>(n). For example, gcd B,(58) =29 - 53 but
gcdA»(58) = 58/2 = 29. Another example gcd B, (40) = 22-3-5-19-37, however gecdA,(40) = 2%-3-5. Of above two
examples, b(58) = 5, and b(40) = 3. We might ask the following questions. How to determine the value of gcd B, (n)?
Or, in general, what are the values of gcdA,(n) and gcd B;(n) for any positive integer d > 2 and for any positive integer
n? At least, we have a simple observation as below.

Proposition 7 If n = p® + b(n), we have p | gcdB,(n) for any integer d > 1.

Proof. In light of Theorem 3, p is a prime common divisor of elements of the set

{(Z):b(n) <k<nb(n)},

and then p is a prime common divisor of elements of B, (n). Hence, the result follows obviously. O
By a similar argument for Proposition 1, we obtain easily that n/2 must be a common divisor of elements of the set
By (n). Hence, by the previous proposition, we then have

n
5 4 ngBZ(n)a

where n = p®+b(n).

Here is a brief summary of this paper. In order to determine the value of gcdA,(n), we divide into three subcases
according to the even integer 6, (n) = s. If s = 2, we conclude that n is the form of n = p’ 41 and have gcd A, (n) = (n/2) - p.
When s =4, we let n=p' +p/+p'+1 (t > j>i>0), and we have v, (gcdAz(n)) = 1 if and only if t ~, (j — i),
Jj~p (t—i),and i~ (t — j). For s > 6 we obtain two specific results. Especially, the situation whenn = (1,1, ..., 1),

——

N

is clear. Actually, our Theorem 5 states that v, (gcdA(n)) = 1 ifand only if s =4, ors =8 and p=1 (mod 4).
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In addition, we propose the following two conjectures.

Conjecture 1 Among odd prime divisors of n — 1, we have at most one prime p such that v, (gcdA>(n)) = 1.

If Conjecture 1 holds, we should paraphrase Theorem 4 as: Forn=p't +p2+p3+1 () >t > 13 >0), leta,, =
va(tm), we write t,, = 2% u,, with odd integers u,, for m = 1, 2, 3. Then we have gcdA,(n) = (n/2) - p ifand only if a; =
aj <ayfor{i, j,k} ={1,2,3} and ax = a;+v>(u; —u;). Similarly, if Conjecture 1 holds, the statement “v,, (gcdA»(n)) =
0” in Theorem 5 could be replaced by “gcdAs(n) = n/2”; and the statement “v,, (gcdAs(n)) = 1” in Theorem 5 could be
replaced by “gcdAj(n) = (rn/2)-p”.

Conjecture 2 If 6,,(n) # 2 and 6, (n) =2 (mod 4) for all odd primes p | (n— 1), we have gcdAs(n) =n/2.
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