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Abstract: The Rosenau-Korteweg-de Vries equation describes the wave-wave and wave-wall interactions. In this paper, we
prove that, as the diffusion parameter is near zero, it coincides with the Korteweg-de Vries equation. The proof relies on
deriving suitable a priori estimates together with an application of the Aubin-Lions Lemma.
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1. Introduction

The study of nonlinear wave phenomena is an important area of scientific research. In the last years several
mathematical models describing wave behavior have been proposed. Some of them are the Korteweg-de Vries (KdV), the
regularized long wave, the Rosenau, Rosenau-Kawahara, the Rosenau-KdV and the Rosenau-KdV-RLW equations (see [1-
6]).

The KdV equation [7]

Ou+ audu + a&iu =0,a,0 €R, (1)

has a wide range of applications, such as magnetic fluid waves, ion sound waves, and longitudinal astigmatic waves.

From a mathematical point of view, in [8-11], the Cauchy problem for (1) is studied, while in [12], the author reviews
the travelling wave solutions for (1). Moreover, in [13-15], the convergence of the solution of (1) to the unique entropy one
of the Burgers equation is proven.

The KdV equation cannot describe the wave-wave and wave-wall interactions that appear in compact discrete
systems. To overcome the shortcoming of KdV equation, Rosenau proposed the equation (see [3, 16-18])

O+ aud u + a@iu + ﬁzﬁtaiu =0,a,a,p €R. 2)

From a mathematical point of view, the well-posedness of the classical solution of the Cauchy problem of (2) is
studied in [19-20]. In particular, in [19], the well-posedness of the solution of the (2) is proven, under the assumption:

uy(x) € H(R). 3)

In [21], Zuo discussed the solitary wave solutions of (2). In [3], a conservative linear finite difference scheme for the
numerical solution of an initial-boundary value problem for (2) was considered. Esfahani in [16] and Razborova, Triki,
Biswas in [22] studied the solitary solutions for (2) with the solitary ansatz method, and also gave two invariants for (2).
In particular, in [22], the two types of soliton solutions were analyzed. One is a solitary wave and the other is a singular
soliton. In [23], Zheng and Zhou proposed an average linear finite difference scheme for the numerical approximation of
the solutions of the initial-boundary value problem for (2). Finally, in [13, 24], the convergence of the solution of (2) to the
unique entropy one of the Burgers equation is proven.

Observe that, if we send f — 0 in (2), we obtain (1). Therefore, if £ is near 0, the wave-wave and wave-wall
interactions are described by (1).
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The aim of this paper is to prove that, when f goes to 0, the solution of (2) converges to the unique one of (1). In other
to do this, first, we augment (2) with the initial datum u,(x), on which assume (3). After, following [24] and fixing two
small numbers 0 <¢, < 1, we consider the following Cauchy problem:

8tu8,ﬂ +aug,ﬂ6xugﬁ +a6iugﬁ +ﬁ28taiu8,ﬂ :e‘ﬁiugﬁ, t>0, xeR,
ug g(0,x) =u, go(x), xeR, 4)

where u,, 50 isa C” is a Capproximation of u, such that

"Mg,/;,o "Hz(R) < "u0||H2(R)’ B aﬁ”s,ﬁ,OHLz(R) <G,

Blo

3 2
xl/lg’ﬁ70 “LZ(R) + Eﬂ”axug’ﬂ’o ||L2(]R) + 8ﬂ 8xug,ﬁ’0HL2(R) < Co,

Aot

xMe.p0 “LZ(R) " ‘9”696”&%0 "LZ(R) v op?

02 “ <C,,
o0 2 gy = 0 (5)

where C; is a positive constant, independent on ¢ and . In what follows we denote with C,, the constants which depend
only on the initial data, and with C(T) the constants which depend also on 7.

Equation (4) is known as the Rosenau-Korteweg-de Vries-Burgers equation (see [25-26]). The well-posedness of (4)
can be proven as in [19]. In [25], the initial-boundary value problem for (4) is studied, while, in [26], the well-posedeness
of the periodic solutions for (4) is proven.

The main result of this paper is the following theorem.

Theorem 1.1 Fix 7> 0 and consider (4). Assume (3) and (5). If

p= 0, (©)
then there exist two sequences {¢,} ;,.x» 18,},ene With €, B, — 0, and a limit function
uel” (0. T:H (R)), ()

which is the unique solution of (1). Moreover, if u, and u, are two solutions of (1), we have that

sz|

||u1(t, - uz(t, ')||L2(]R) <e |“1,0 - uz,oHLz(R)s (8)

for some suitable C(7) > 0, and every 0 <¢<T.
The assumption (6) consists in

B<D*", )

where D is a positive constant such that

D < min {DO,

1
la|2Cy } (10)

where the positive constant D, is the unique zero of the function /(X), defined in (33). Note that in (6) we have ¢* and not
¢’ because we have ,6’2 and not S in (2).

From a physical point of view, Theorem 1.1, whose proof is based on the Aubin-Lions Lemma (see [27-30]), says that,
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when f is near 0, Equations (2) or (4) coincides with (1). From a mathematical point of view, compared to [9], Theorem 1.1
gives a new method, to prove well-posedness of the Cauchy problem of (1).

The paper is organized as follows. In Section 2, we prove several a priori estimates on (4). Those play a key role in
the proof of our main result, that is given in Section 3.

2. A priori estimates

This section is devoted to some a priori estimates on u, 5 We begin by proving the following result.
Lemma 2.1 For each >0,

" gﬁ(t )||L2(R) gﬁ( )“ x gﬁ( )||L2(R) —CO' (11)
In particular, we have
pB? "a g p (8 )||L2(R) Co- (12)
Moreover,
1
" g, (1 )"L “(R) "~ <Gp R (13)
3
")"L‘”(R) <Gf *. (14)

Proof. Arguing as in [24, Lemma 2.1] or [13, Lemma 2.2], by (5), we have (11).
We prove (12). Observe that

2
Blosus 5. )||L2(R) B, Osttz stz px = =B uz pou g,
Therefore, by (11) and the Young inequality,

Blosuep. >||L2(R) <[ lugp | BRuz 5 | dx

| 2
< gl sl gy + 55 1%

t, Co,
& ﬁ( LZ(R) 0
which gives (12).
We prove (13). Thanks to the Holder inequality,
X
uz g(t0)=2[" uy g0y gy <2[ |z g 1|01z 5| d
< 2””5ﬁ (t")"Lz(]R) iz (1 .)"LZ(R) : (15)

Consequently, by (11) and (12), we have that
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I
" &8t )”L (R) ~ <G 2,

which gives (13).
Finally, we prove (14). Again by the Holder inequality,

2 x 2 2
Oty p (6,00 =2[" Dy, p0us pdy <2[ |01 5 || 00 g | dx

<20, ")”LZ(R) Oitep (t")”LZ(R) ' (16)

It follows from (11) and (12) that

3
<Cyp 2,

||6 g p (8 [°(R)

which gives (14).

Following [24, Lemma 3.2], we prove the following result.
Lemma 2.2 Fix 7> 0. There exists a constant C;, > 0, independent on /8 and ¢, such that

"”&ﬁ ||L°° (©.1yR) < €0 (17)

In particular, we have

Pt 69 <o
Plotue,p 0] p gy < o
T I

e ) o g < o

t
¢}
0

2
B, o5 (s,~)||L2(R)ds <G,

2
O2u, 4 (s,~)“L2(R)ds <Gy,

2
2 (!
&8 [, 00wz p (s,-)||L2(R)ds <Gy,
2
t
s 56
2
t
P

(18)

for every 0 << T. Moreover,

<Cop!
e S0P (19)

xua,ﬁ(t"
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forevery 0 <¢<T.
Proof. Let 0 <7< T. Consider three real constants A, B and C, which will be specified.
Multiplying (2) by

2
—28xu£’ )

+Au y— B’ep0,00m, 5+ Coepou, .

we have that
(28, 5+ AU}~ B'ef’0,00, 5+ Cepou, )ou,
+a(=28%u, ;+ Au — Bep0,0u, 5+ Cepou, u, ,0.u, 5
+ (200, 5+ Au, ,— BYef 00w, 4+ CePou, Yo, 4
+ B (280, 5+ AUy~ B’ef0,80, 5+ Cepou, oo,
= o(-200, 5+ Au, ,— B'efP0 0, 4+ CePou, Hou, (20)
Since

jR(—zaﬁu& o+ Au? g~ B26p20,0%, 5+ CPepou, )ﬁtugdx

2
*(R)

2
2(R)’

= %(Hﬁxu&ﬁ (, .)"iz(R) +§.[R ug’ﬁdxj + B2gﬂ2 ||6t6xug,ﬁ D) + ngﬂnﬁtug,ﬂ (@, )”
af (2005, p + AU} ~ B2ef0,0%u, 5 + C2e,u, p i Oyt i

=2af u, p0us poius g+ B2ash’ [ (01 5)70,0,u; pdx

+Basp? IR ug,ﬁﬁ)zcug,ﬁﬁtzxug’ﬂdx + CzaeﬂjR .0 u,0u,dx,

af, (—2@3(”5, o+ Aul g~ B2eB20,0%u, 5+ C2ePoju g )aiug, prs

= —2Aa_[R ug,ﬂaxug,ﬁaiugﬁdx + Bzagﬂzdx + Bzagﬂz IR 6§u5,ﬁ6t6iu€,ﬁdx - CzagﬁjR 6§u5,ﬁ6tﬁxu€,ﬁdx,

2 2 2 2 2 2 2 4
B jR(—zaxug,ﬁ +Au? 5~ B26p20,0%u, 5+ C gﬂﬁtug)atﬁxu&ﬂdx

5 d 3 2 2 3 2 o4 3 2
= ax”&ﬂ(”')”p(R)_Mﬂ [l 40,005, p 0,055, pex + B guﬁf@x“&ﬂ(”’“ﬁm)
2
+C2¢B3(0,0%u, 4(t,
&p t x”g,ﬂ( )LZ(R)
2.d |33 2 2 2
=F dt Oxte,p (t,~)HL2(R)—4A,3 .[Raxu&ﬂaxuga’axugdx
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VAR [ 0%, 50,02, pdx+ B2 5“6 Oy p

+ 23 “a %y 4, )H

I (R) (R’

2 2 2 .2 2 2 2
e jR(—zaxu& o+ Aul g~ B2ef20,0%u, 5+ C2efosu, 4 )axug, 5

2 Bzgzﬂ dys
2 2
Me.p (t")”LZ(R) _2ASIR g, p(Oxttz, )" dv = ——"— LZ(R)
2 2 2 02 2 2 2
ij(—zaxug,ﬁ + Aul — B2ef20,0%, 5+ C2efosu, 4 )axug,ﬁ
2 3252/3 djs
2 2
: gﬁ(l‘,.)“Lz(R)—2A£J‘Rug’ﬁ(6xug’ﬁ) v == LZ(R)

ngz,B d

”ax Ug ﬂ( )||L2(R) ’

an integration on R of (20) gives

2
%["axuaﬁ @, ')"iz(R) * ? I]R ; 3‘ a8 .)“LZ (R) j

C’s’p
dt{ & || X gﬁ( )||L2(R) 7 gﬁ’( )”LZ(R)]

+2¢&

2 s,ﬂ(t")“iz( +C 5,8”6 ug p(t, )"Lz(R)

2 2
+B25p 0,04, 5t +Cep o2 ﬁ(t,~)HL2(R) + B2 0,00, 50,

*(R) L7 (R)
=2(a+Aa) J'R ug,ﬂaxug’ﬂafcug,ﬂdx —B%agp? J‘R (axug,ﬂ)Z 0,0 u, gdx

—Bzagﬂ2 -[R ug’ﬂé)zcug’ﬁ%(u&ﬁdx - Czagﬂ‘[R U0 u O dx

~B*azf’ | N 03u 30,03, gax— czagﬂjR Oy g0, pex

+4A,/32jR 0, 01,0,0 . gdx—2A4p° LR u 05, 50,0%u, pdx— 2AgjIR ug (1, ) d.

Taking 4 = _4 ,we have that
a

a

%(Haxug,ﬁ (t,')"iz(R) = 3aj - ﬂdx+ﬂ ep(ts

I (R) J

Contemporary Math tics 370 | Giuseppe Maria Coclite, ef al.




c’ep
dt( : " e (8 )||L2(R) 2 gﬂ( )“Lz(R)]

+2¢&

2 g’ﬂ(t,.)“iz( +C 8,8”6 ug gt )||L2(R)

2
+ B2p* 0,030, 509

B ||a 01, (1, )|| 2@®)

Py € Ha Oy p )H

A(R)
= ~BYasp? [ (0,1, 5)°0,0,u, px— B2ash® [ uz poju, pOus g

—C2agp LR U, 0 u,0u dx — B> agB? jR O3 50,03, pdx

2
C’asp LR O3y 30,0, pdx —% jR 0t pO31;0,0 1, el

2aﬂ2 2 2 2ag 2
= IR 1, it pO,03ts pex +== jR g (01 ) dx. @1
Since 0 <¢, f <1, due to (10), (11), (13), (14) and the Young inequality,

B |a|ef? [ (D,u; ) 10,01, | d

2 2 2
S#J.R(a ug,B) dx+ "8 0 ug,g(t )||L2(R)
2. 2
< 5 ;ﬂ ||5x“e,ﬂ(t")||i°°(R) ||6x”5>ﬂ(t")||iz(1[{) i gﬂ "8 Oxthg, (£, )"LZ(R)
1
B gﬁz B*sp* 2
"a g p (&, )||L2(R) ”a Oxliz, (t”)"Lz(R)

< CoB* D&’ 0,1, 5, )"LZ(R) a €ﬁ — s g )||L2(R)

< CoB*De o,y 51} ||a 0,015,500

2w " ([R)’

B |a| 6B [ us posus p || Oryuip | v

22
b gﬂ [l p @ g ) de+? ||aa tep(t )||L2(R)

SM" M"a d.u

e .

2
Ug g (t")"L‘”(]R) 0 e *
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3 2 a2
2 2 BB 2
2.12172 . 2 F .
< CoB gf* ||0vu, (1, )HL2(R) " "a Oxtiz, (1 )||L2(R)
2 2
3 3 B gp 2
<G, B2D3¢ g p (2, )“LZ(R) ||5taxug,/3(l‘,-)||L2(R)
2 02
3 B°gf 2
<CyB*D’¢ e g, )HLZ(R) ||a Oxliz (t")"LZ(R)’

2
C*la|&p| |usdu, || Opu, | dx

C’a*ep C’ep 2
sTjRug(a ug) dx+ S lors (2

c a gﬂ Czeﬂ"a .

g (8, ')"iz(R)

e (2,9) |0 (2,)

(R)

1

C2
< CoCop? 0,0, gy + S oo

® " (®)
2
21,2 Cgf 2
< CyC De” [0, (1, )||L2(R) "at”s(t")"Lz(R)
ngﬂ 2
< CoC?Deljo,u, (1, )||L2(R) — 0 )2 g,y
B 2 B’
B |6 [ | 0%us 5 110,03, 5 | e < 0%, p (t,-)”LZ(R) ﬂ Ha &u LZ(]R)
7C4a2£ 2 B%ep? 2
Cz || gﬁJR| ai”s,ﬂ Il ataxua,ﬁ | dx < Ug ﬂ(ta .)“L2(R) +—ﬁ||ataxu£,ﬂ (, ’)"Lz(R) >

2
4 ”g cltg 502, 10,0, 5 |dx<‘g’“ s [ @ ) @, ) v+ 3P~
<43a2132 . 2 2 B? glg .
_m" xug,ﬂ(l,-)"Loo(R) xus’ﬁ(t’.)”Lz(R) || 10y Sﬂ(t )”LZ(R)
1
B2
< zﬁ Oyug p(t, )“LZ(R) 5/’7 "68 ug p(t, )"LZ(R)
< e s g, B oo

tYx gﬂ(t )||L2(R)

2a®
e pOnte 5| 0,00, g | dx < aZ—Cfijug, 5%, 5)° ax+ €

iporary Math tics
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2
2 (R)

”aa s, p )” A(R)
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24*B 2 ) 2 c? gﬂ 2
< —1f . .
a’c? Jue.p 2 s )Hﬁ(u@ “8 Ot )“

1
<2p oy S o
0,0%u, 4(t “

a2C2 Eﬂ( )Lz(R) 5 | ug gt )LZ(R)

261 D8 C gﬂ 2
< 0,05u

pre et )”Lz(R) o Lz(R)
Therefore, by (21),

a
(||a VI o [V eI LZ(RJ

2.2
+i[Ceﬂ
2

p ||6xug,ﬁ(t,-)"iz(R) T Sug 5, )”LZ(R)]

t,-
e L%R)

Bo® 1C%a® GD 24D
B B o)

+[2—C032D3 -

s +EL
Mep 2wy T 06

2
(R)

|00, .

ngﬂ B ﬂ P
I P L )
” s, p (1) LZ(R) g, p (1) 2(R)

< COD(32 +cz) [mpree

a 2
it 26| [ e, (@15, )

<G (D (B 2rc? ) * "”8ﬁ ||L°° ((O,T)x]R)j "a Uz p )"L2 R)’

We search B, C, D such that

B*a*> 1C*a* CyD 24’D

213
2-CyB°D” - 15 2 a2c2>0,
that is
2 2 2p2 2.2 4 2
C,C*+24%B B
B} L CC 2By Bam TCe” 5,

a’B*C? 2 4B>

We search B, C such that

B%a? 7C*a?
+

= 1,
2 4B>

that is
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(22)

(23)

24

(25)
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20°B* —4B* +72%C*

0.
4B>

(26) is verified when
2¢°B* - 4B + 74°C* = 0.
B does exist if and only if
2-74°C*>0.

Choosing

1

N

Cc? =

(28) is verified. Moreover, thanks to (28) and (29), by (27), we have that

2-2

32 = 22 or B2 =
2a

2+\/§
R

2o

Thanks to (29) and (30), we can define the following positive constant:

a’CyC? +24° B*
a?BC?

k12 = COBZ, k22 =

It follows from (24), (25) and (31) that
KD +ID - 1<0.

Let consider the following function:
FX) =KX +k5X-1,X>0.
Observe that

F(0)=-1, )I{me F(X)=o0.

Moreover,

F'(X)=3k'X" +k; > 0.

(26)

@27

(28)

29)

(30)

€2

(32)

(33)

(34

(35)

Then, it follows from (34) and (35) that the function / has an only zero D,, > 0. Therefore, the following inequality

KX +EX-1<0,

is verified when

C 1

0<X<D,.

iporary Math tics
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Taking X' = D, we have (10).
Consequently, by (10), (22), (23), (29) and (30),

s pte] (R)j

%(Hﬁxulgﬁ(t;)"iz(m L piv+

"axufﬁ @ ')"iz(R) T

2.2
Ld[cep
dr| 2

g p(ts )“LZ(R)]

2 ngﬁ
2w

ot

2
+K{ ¢
! 2(R)

xus,ﬁ(t"

2 B2
+
I2(R) 2

g D o 0%,

Ug ﬁ(l )“

1806 ||a Oxttz, p (1> )||L2(R) 2(R)

=Co (Kzz +Hue,p ||L°° ((0.T)xR) j loste 5t ”22(]1@) :

for some constants K %, K;.
(5), (11) and an integration on (0, ) give

i p(t, )”

"a ug,pt, )"LZ(R) 3‘;.[ 2(R)

C b

xtte p (s )||L2(R) T2 s, p )HL2(R>

+K{ef |07 5 s, )HLZ(R) < gﬂj ot s )||L2(R)
2
+318i)ﬂ6 “|a Oxltg, (5, LZ(R)dH 2 e p(5: )H (R)
EL o

=G (Kzz 1 0 P j f|0xtte, 5 ')"iz %

<G (1 + ||”s,ﬁ " L ((0,T)xR) )

Therefore, by (11),

g p(t, )”LZ(]R’)

X gﬁ( )||L2(R) 2

"a ug,p(t, )||L2(R) s’ LZ(R) 2

2.2 ’
o )”Lz - Cgﬂ EDL "o, . )||L2(R) o+ 2o,

+K12

d
2®"
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ngﬂ B gﬂ

+

T s LIS

1+|| gﬁ"L «o, T)XR)) 36;,'- ug,ﬂdx

a
o [z p P

( Ue,p ||L°°((0,T)><R) ) ’

gaﬁ ||L°° ((0,7)xR) j * % "”&ﬁ ||L°° ((0,7)xR) ””&ﬁ (t, ')||22<R>

<Cy (1 * ””‘E’ﬁ ||L°°((0’T)XR) )

We prove (17). Thanks to (11), (15) and (36).

“g,ﬂ (t.x) < C \/ (1 + "”€ﬁ ||L°° ((0,7)xR) j

Therefore,

"”ffﬁ "i‘” (0.T)R) Co "”€ﬁ ||L°° (O.T)R) Co <0.

Arguing as in [31, Lemma 2.4], we have (17).
(18) follows from (17) and (36).
Finally, we prove (19). Due to (11), (18) and the Holder inequality,

2 2 X A2 3 2 3
(@3 p (6,00 =2[ O%u, pous pdy <2[ |0 5 || Oug 5 | d

ﬂ—Z

O (1, )H

xug,ﬁ(tf

12(R) LZ(R)

Hence,

e <G
B ) :

which gives (19)

(36)

Lemma 2.3 Fix 7> 0. There exists a constant C(7) > 0, independent on £ and &, such that

R

In particular, we have that

< (D),

ug 5t )”

ZR)

iporary Math tics
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e ) o g, < CD

6‘||a)cul>',ﬂ(ta' LZ(R) < C(T)9

1
gf2

Yug gt ')“LZ(R) <C(D),

offon

A=),

oB|,|0.0%u..5 (a-)Hiz 6 <CD),
B [y o.02us p 5502 ds <€D,
o’ [ |odu (S")Hiz(m"s <),
o] o3 L dr=ca

forevery 0 <¢<T
Proof. Let 0 <¢< T Consider four real constants £, F, G and H, which will be specified later. Multiplying (2) by

(38)

205, ,+ E@u, )’ + Fu, 0w, 4+ eG ou, ,— efH 0,0

tveﬁ’

we have
4 2
(28xug, st E(@xu& ﬂ) + FuF ﬁ U, ﬁ)ﬁtu; )
+(eG*ou_ ,— ePH00°u_ ;)0
& tus,/)’ & t xug,/f tua,/f
4 2
+ a(26xu£7ﬂ+E(8xu&ﬂ) +Fu8’ﬁ U, ﬂ)up 2O p

2 DA A2
+ a(eG 8tu€’ 5 efH a,axug, ﬁ)u& ﬁaxu& 5

+ a(26§u8’ st EQ@u, ﬂ)z + Fu )6 u,

g, /)’ U g,

+ a(stﬁtu& 5 eﬁHzataiu& ﬂ)éiu& )
4 2

+l82(2axus,/)’+E(axua,[f) +Fus ﬁ’ X s ﬂ)at xe, p

+BeG o, 5 — eBH 0 5, )OS, 4

4 2
= 8(28)(148’ st E(@xu& /,) + Fus ﬂ . ﬁ)ﬁxup 5
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+e(eG O, 5~ epH 000, o, 4. (39)
Since

4 2 2
J‘R(26xug’ﬁ + E(@xug’ﬂ) + Fug’ﬂéxug’ﬂ )6,ug,ﬂdx

2

d
Z Giu(g’ﬁ(t;)

2 2
2@ + EIR (8xu87ﬂ) 6,ug,ﬂdx + F‘[Rugﬁaxug,ﬁatug’ﬁdx,

2 2 2
[ (eGP0, 5~ ap?0,03u, 5 )atug, e

2

=66 Pt 0, + 81 [0 0

(®)’

a IR(zaqu’ 5+ E@u, )+ Fu, 5o, )ug, 5Osity g

= —Za_[]R (8xu87ﬂ)26iu8 - 2aJ‘]R u&ﬂ@iu&ﬂ@iu&ﬂdx+ a(E- F)jRug’ﬂ (axug,ﬁ)3 dx
= SaJ‘]Raxug’ﬂ(aiu&ﬁ)zdx+ a(E—F)JRug,ﬁ(éxugﬁfdx,

a jR(ngatug, 5~ eBH0,0%u, 4 )ug, 5Oty pix

= asG? J‘R ug,ﬂaxu&ﬂatugﬁdx - agﬂ]—]2 IRugaxuga,aiug,ﬂdx,
aLR (ZGiu&ﬁ + E(axug,ﬁ)2 + Fug,ﬂﬁ)zcug,ﬂ Piug,ﬁdx

- _O{ZE +§j jRug’ 5@, p) dx,

aLR (nga,ug,ﬁ - eﬁHzétﬁ)zcug’ﬁ )aiugyﬁdx

= caG? jR Ot g0, pdx—foH* jR 0,05u, pO3u, pdx

iz jR(zaiug, 5+ E@ 5 p)* + Fuy poug g )a,aj‘cug, prx

_2d
=5 dt

O3 (1)

2
2 2 3
2 B CELF) [0tz g0, 50,03, el

2 3 3
_ﬂ F.[Rug’ﬁéxug’ﬂ@axug,ﬂdx,

ﬂsz(nga,ug, 5~ eBH0,0%, 4 )a,aj‘cug, prx
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2
2 ~2 2 2 3
e Ha,axu&ﬁ(z,-)”ﬁ( L fPH “a By )”LZ(R)

4 2 2 2
= o[ (208, 5 + B @1, 5) + Futy 0%, g o, gl

2
3 2 2
3 g,ﬂ(t,-)“Lz(R)+6F.[Rug,ﬂ(8xug’ ),
e (stau —BH?0,0%u )62u dx
R t“e,p tYx%e,p Vx%e,p

B _1(5262 5 EPH | 2

xlUe.p (ts')"Lz (R) + )

dt\ 2

L2 (R) j

an integration on R of (39) gives

%( Ot p )“LZ(R)j

+E LR @1, ) 0,y pdx+ F LR Uy g0, g0, pex

s p )”LZ(R

d [ &2G? H?
+dt{g [ote )||L2(R> - ﬂ et )HLZ(R)J
2 2 2
+eG "afu‘g p(t: )||L2(R)+gﬂH Ha’axu‘g’ﬂ(l’.)uﬁ(ﬂk)

2,215 A2 2 3,205 A2 2
+€,B G ”ataxug,ﬂ(t")”LZ(R)+5ﬂ H “ataxug,ﬂ(ta')“Lz( +2¢|0 x gﬂ( )”

2 (®)
al 2 2 3
:(20{E+T—5aJJ.R8xu£’ﬂ(6xu5ﬁ) dx—a(E—F)J-Rug’ﬂ(@xug’ﬂ) dx
2 2 2
-asG J'Rug,ﬁaxug,ﬁatu&ﬁdx+aeﬂH J‘Rugéxugataxug’ﬂdx
-caG? IR Oy porug pdx—efoH* jR 0,05u, pOsu, pdx
+p%(2E + F)J'R 6xug,ﬂ6§ug’ﬁ6t6iug,ﬁdx+,BZFIRug,ﬂaiug’ﬂﬁtﬁiug’ﬁdx
2 2
+5FJ.Ru8,ﬂ(6xug’ﬁ) dx. (40)
Observe that
EI (0,1, 5)*0,u dx+FI Uy 502u, O, gdx
R\ x7ES the,p ROEBYxMe pY1%e, B

2
=(E —F)jR (Oyuz p) 8tu87ﬂdx—FJ‘Rug,ﬂaxug’ﬂatﬁxu&ﬁdx
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F
=(E=F) ], Outts p) 0t s == [ 1, 50, (@t ).

Consequently, by (40),

4
di

2 F 2
+(E=F) [, 0.5 p) 015, plv=— [ te.p00 (@suz ) )dx

2

+ﬂ2

Oy p(t, )”

ot 4 )”2
2(R) eI 2 )

&2 BH>
2

dt

2.2
i [%Hax”&ﬂ (t")”;(R) *

D) 2
VI .

2 2

+6G? o, 5(8,7) @)

2 2
+aBH? 0,03, 5 (t,-)HLZ(R)

2 2
+oB°G 0,0%, p ()|, +eBH 0,02, (0.0

(R) 2 (R)

2
+2&

3
ax”s,ﬂ (t’ .)“Lz (R)

= (ZaE+%—SaJIRaxug’ﬂ(aiug,ﬁ)zdx—a(E —F)IRug’ﬂ(ﬁxug,ﬁ)3dx

+asG? IR ug g0y g0, gdx + asBH? IR ugﬁxugﬁt@zcug,ﬂdx

—caG? jRa,ug’ O, g — epaH’ jRa,aiug, O3, gdx

~6aG? [ 0,uz pOsu, pdv—sBaH’ [ 0,03u, pous pdx

+ B2 (2E+F)[ 0,y g0t 0,0, px+ B2F [ ug g0 50,03, g

+eF [z p(Buz ) dx. (41)

We search E, F such that

E-F=-X 2a£+%F 54—,
2 2

(42)

Since

(E’F)z(S_“ &j

3a’ 3a

is the unique solution of (42), it follows from (41) that
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o g, )HLz(R)j

2
YUg g (t")“LZ(R) +p?

i[ 52
dt

561 Sa
—QJR (Oxtty )20yt pelx - [l 40,501 (@1 5Pl

2~2 2 2
+%[%”6X”Sﬁ (t")”iz(R) - /iH

Ot p ')Hiz (R) J

2
2 2
+aBH? 0,03, 5 (t,-)HLZ(R)

+eG ||atug (1, LZ(]R)

+£82G> “a O%u, 4, )” + e H? “a O, 4, )H

2(R) 2(R)

+2&

S p(t, )”

2 (R)
54° 3 2
= ngugﬁ (Oyug p) dx—aeG ‘[Rug’ﬂaxug’ﬂatug,ﬁdx

+asBH? LR 101, 50,05, gdx—e0.G jR Oty pOru; px

+efaH? jR 0,05u; posu, pdx—ea G jR Oty pOru, pelx

2
_gﬂaszRﬁtaiu&ﬂﬁiu&ﬂdx+ 20a 6 U ﬂﬁ ug g0y o3 YU, pdx

IOaﬂ J~ Oaé‘J‘

ﬂﬁ u ﬁa 5 u ﬁdx+ u(g’ﬂ(a)zcug,ﬂ)dea

that is
d
dt
d
+
a2

+6G? |, 51, )||

0% gﬂ( )”

Sa 2 2 (A4 2
2 @t p) s pie+ 52 e,ﬂ(”')“ﬁ(mj

2 (R)

2ﬁH

e, (1 )HLZ(]R)]

e p(t, )||Lz &

+efH Ha 2u, 1, )”

(R) 2 (R)

2
2~2 2 2 3
+e2G ”8,8xu€,ﬁ(t,~)”L2(R)+g,8 H “a S, )HLZ(R)+25 Sug 40, )“LZ(R)
5q° 3 2
:ijugﬁ(axu&ﬂ) dx—asG J‘Ru&ﬂaxu&ﬁatu&ﬁdx
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C 1

2 2 2 3
+asfH IIR g0y 005U, pdx —eaG I]R Osutg gOyU, pdx
+efaH? .[]R 8,6§u5’ﬁ6§cu5’ﬁdx - saG? -[R 8tu€7ﬂaiu€7ﬁdx

20ap

—&faH? jRa,aiu& pO,., pv+= j 0ty g0, 0,0, gex

10a,B _[ 10as

g pOsi, 50,00 epdi = j ug p(03u, ) d. 3

Since 0 <¢, f <1, due to (17), (18), (9) and the Young inequality,

j |01, g Pelx

j |”€ﬁ||a”8/”| dr <P ”‘ff’"L ©((0,7)xR) IR

2
<Co "axufﬁ ”t’o ((0.T)xR) "axufﬁ @ ')"LZ(R)

<G ||‘9x”a,ﬁ |L°° ((0.T)xR)

1 2
<Gy -l-E"axblf,ﬂnﬁO ((0,7)xR)

<Cy (1 + "ax“s,ﬁ "i‘” ((0,7)xR) )’

|faugﬁ8 ugﬁ“@ ”gﬂ|

4166° elte Ot |10t p 8 =266 [y 0= = R
S RO TS S
(3G R P )||L2(R) ||a,u5,; “ )"LZ(R)
<CG*+E ||a g p (0 )||L2(R)
|l aH [ | us0yty 10,00, | v = 2617 [ Ifauiaxughﬁta%’ﬁ%
g g3aiH2 [, 12 @y, e+ 2 Ha O, g, )H 2w
M—H"u [ 0.y [0, )||L2(R) gﬁ ¢ fo:d%ue gt LZ(R)
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2
<CoH? + 8'8 "

ot el

gaG

elalG J. Ot pOx “Sﬂd"<_"a g p (4 )||L2(R) 2

g p )“Lz(R)

oo H2 [ 10,0%, 5 || 0% 5 dx = gHZIR‘ﬂ@,@iu&ﬁuaaiu&ﬂ‘dx

N e I
0,0%u, 4(t =
ﬂ( )Lz(R) 2 xeﬂ( )LZ(R)
20ap° > 3
3 Rl 6x”g,ﬂax”g,ﬂ I at6xug,ﬁ | dx
‘ 1
20aB20,u, ﬂaﬁug B 3
= : LN B2JeHO,03u,, 4|dx
Jx 3aHNe ‘ﬂ Fxap
2004° B ) 3
< Ot @l e+ ”aa i )” )
2 g,b’ H?
_90_/2[-[2,5‘ x“e|l > 8( )“LZ(R) “a 6 Eﬂ(t )HLZ(R)
200a%D%c* gﬁ H . 3
< 207" 0 0
9a2H?e ‘9( )“LZ(R) ” Uz (4 )LZ(R)
200a%D%&3 2 ) 2 B H?
= 902 H? "a)‘”g ||L°°((0,T)XR) Ot (8> 2(R) T 2 stte.p (0 )HLZ(R)
200a%D?%¢ 2 & H2
< 20D 0ue 0
902 H2 | s ( )“LZ(]R) ” g5t )LZ(R)
1 3
10aﬂ S\3ap2u, yosu, g || B2 eHo,0%u, 4
j|u8ﬁ8u8ﬂ||88u8ﬂ|dx zj TN H 7 dx
5% ¢ 2 o3 o aﬁ H?
< PP 2 B ) de+ “aa «, )”
9o’ H?s '[R epTes A 1203
By gty +ZH o, g
T 9ulH%e &L (0,1)xR) A LZ(R) Uz.p I2(R)

Volume 1 Issue 5/2020| 383 Contemporary Mathematics



CoD?*s* | 5 2 5,8 H? 2
< Otz g (t")”LZ(R) “a Oyttt )HLZ(]R)
G D2 3 2
: s I g0
L (R) L7 (R)
COD & gﬁ SH? “
0,0%u H
L2<R> “ep N 2y
IOa
I |”£ﬁ|(a Ug ﬁ) dX< |” | (O.T)xR) |Ox eﬂ( )HLZ(]R)
<C t “
0¢ & ﬂ( ) LZ(R)
It follows from (43) that
d Sa 2 2 2
[ g g2, )“LZ(R) QJ‘R(axu(q,ﬂ) ug gdx+ f 2@
d [ £*G? £ ﬂH
+E[ > ||6xug,ﬁ(t,~)||L2(R) 2 O gﬁ( )HLZ(]R)
2
"8 “ LZ(R)JrgﬂH ”a Oxtte p (8 )HLZ(]R)
8,8 2G? “ 5 2 8/;’ H? 3
0,0%u, 4(t,- “a B, 4t “
e.8( LZ(R) ug p(t, )Lz(R)
2.2 2.2 2
a“G® a“H® CyD 2
{2_ 2 2 oyl ]g el (”')”L2<R)
<G (1+||a u || )+COGz+C0H2
SPNe (0.r)R)
200a’D%e 2 5 2
9a2 H> "ax“s"f"((O,T)xR) Ot (t")“Lz( +Cos gﬂ @ )”LZ(R)' (44)
We search G, H such that
2,2 2.2 2
) & G° a’H” GD S0
2 2 12 (45)
Choosing
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G?==
a? (46)
(45) reads
2772 2
CoD
1_0: A _ 02 > 0.
2 H

Therefore, we search H such that

a’H* -2H? +2C,D? <0. (47)
Thanks to (10), there exists 0 < H f <H 3, such that choosing

Hy<H’<H), (48)

(47) is verified.
Therefore, by (10), (44), (46), (47) and (48), we have

i[ 52
dt

2
stz p (s ')”LZ(R)

3aj (0,1, p) ug pdx+ B

(R) j

d &2 BH?
+E( "a ug g (¢, )||L2(R) ﬂz

g, p (0 )HLZ(R)J

||a up (02 +eBH 2o,0%us )H

*(R) 2(R)

g,B 2G?

+K3€

B H2‘ Sty 50

it s ot 0,

2 (]R) *(R) LZ(R)

=G (1+||6 He.p "L (0, T)xR)j Cos o5, p 0 LZ(R)
200a° D%
90:2H2

) 2
(iGN (0.7)xR) Oxttz p .)“Lz(R) ’ )

where Kg is an appropriate positive constant.
It follows from (5), (18) and an integration on (0, #) that

CTIICS L ORI Al R

2®R) 3¢ R I2(R)

€2G2 ZﬂHZ
& ﬁ( )"LZ(R) )

2 2
axué‘,ﬂ (t9 ')“Lz

(R)

j||a, g (s, )||L2 ds+gﬁH2I Haa ug (s, )” (R)

Volume 1 Issue 52020| 385 Contemporary Mathematics



2,2 2 2
L B°G (o o +gﬂ i o, ps. )“LZ(R)
2 (Y43 :

<C0+C0( Eﬂ”L (o, T)xR)j Cog Eﬂ( )“Lz(R)

2

e B
<c(r )( xte.p "L (0, T)xR)j
Consequently, by (17) and (18), we get
2.2 2 2
s, 5 (4 )“Lz(]R) e p )HLZ(R) TG"ax”gﬁ (t")"LZ(R)Jrg ’;H Lz(R)
2

I [0tz . )” s+ b H e p (5 )“Lz(R) 5,3 : Jo ”a 0%t p s )“LZ(R)

2
+5,3 H J’ “8 >u s 5 (s, )” ds+K38 gﬁ( )HLz(R)
<C (H"ax 8/3”L «0, T)xR)) I O u‘gﬂ) e, px

2
<C )(1 el 0.rym) j ‘ i)V |
2

(1 +[ostep "L (0, T)XR)j .61 ((0,T)xR) [oxte ')"LZ(IRH

<Cr )( Eﬂ"L *((0, T)XR)j (50)

We prove (37). Thanks to (16), (18) and (50),

(0,1, p(t,2))* <C(T )\/ 1+||a “8ﬂ||L («o, T)XR))

Hence, we have

(T )||a u, ﬂ|| ~C(T) <0,

"axu&ﬁ ||2°°((0,T)><]R) L°((0.T)xR)

which gives (37).
Finally, (37) and (50) give (38).
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Lemma 2.4 Fix 7> 0. There exists a constant C(7) > 0, independent on £ and &, such that

i 2 45 3 2
?Hataxus‘,ﬁ (, ~)||L2 (R) + ﬂ ”atax”g,ﬁ (, .)“Lz R) <C(T), (51)
forevery 0 <¢<T.
Proof. Let 0 <¢ < T. Multiplying (2) by —252 atéius’ 5> We have that
_2ﬂ28ta)2cue,ﬁat”e,ﬂ - 2ﬂ4ata§u8,ﬁataiu8,ﬁ
242 2
=23%0,0%u, pu, O, g —2 B> a0, 50,051, 5 — 2607 0%, 50,05, p. (52)

Observe that

2 2

2 2 4 2 3 2
~23%0,0%u, 30,u, gdx—2p IR 0,0%u, g0,03u, gdx =213 ||616xu8’ 2 (r,-)||L2(R)

128 ”ﬁtﬁiu& 5(t,7)

FR)’
2 2 2 2 2 2
28 jR 0,05u pus 50ty pdx =2 jR (0,115 5)°0,0,u, gdx—2f jR ug posu, 50,0, pdx,
2 4
2p%a jR Oy g0, 0%, pdx =28 ajR O3 50,0, pdx,

2 2 2 2 3
2¢8 jR O, p0,0%u, pdx = 28f jR O ity 50,03t px. (53)
Consequently, an integration on R of (52) gives

2

2ﬁ2 ||ataxu€,ﬂ (t, ')"LZ (R)

Yy “a Bu, 4t )”2
tYx%e, p\bs LQ(R)

242 IR (Ot ﬁ)Zataxu& pdx =2 iz .[R . ﬂaﬁug, 50,0, pdx
28% jR O3ug 50,0, pdx+26B IR 0ty 50,0 pdlx. (54)

Since 0 < ¢, f < 1, thanks to (11), (17), (18), (37), (38) and the Young inequality,

2
27 [ @ity p)* 100tz | dx < 2 [ @tz ) e 20,005,500 2

< ”ax“&ﬂ ||i°°((0,T)><R) "axu&ﬁ (t")"iz(R) +p "6, Oxlle,p (t")”iz([[{)

2
<C)+ B2 o005, 5 ()] 2, -
2ﬂ2 IR| ue,ﬁa)zcug,ﬁ [ azaxué‘,ﬁ |dx = ﬁZIR| 2”8,[7’6)2:”8,[7) I ataxu‘g’ﬂ |dx

2
(R)

2
<2 [ uf p(@Fus p) +ﬁ7||ataxug, 5(t,)
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<2’ "”&ﬂ "iw((O,T)xR) Oxttz p (t")HEZ(R) ||6 Oxtig p (1, )||L2(R)

2
TR .

0,;0,u
282 |a|j |03, 110,01, 5 | dx = 2ﬂj"faa4 _gﬂ

<3a ,B

e, p (0, )” 2@ " "6 Oyt p (1, )"Lz(R)

< C(T)+—||a 0,1, 4t )||L2(R)

2682 |0ty 110,03, | dv < 520,15, )|| LB “ataiugﬁ(t,-)“i

(R) L (R)

2
+ ﬂ4 “al‘aius,ﬂ (t’ )H 2

||a ugﬂ(t )" 12(R)

2(R)
4A A3 2
<Co+ 5|00 5 (t,~)HL2(R) .

It follows from (54) that

||a Oty gt

« 5o g, =c

L%R) 2(R)

which gives (51).

3. Proof of theorem 1.1

In this section, we prove Theorem 1.1. We begin by proving the following result.
Lemma 3.1 Fix 7> 0 and assume (6),

the sequence {u, ﬂ}g, £>0 is compact in L?OC ((0, ©) x R). (55)

Consequently, there exists a subsequence {ug, , g }ren Of {ug gte p-oand u € L ((0, ) x R) such that, for each

compact subset K of (0, ©) x R,

loc

Ug,.p,— uin Lz(K) and a.e., (56)

Moreover, u is a solution of (1) and (7) holds.
Proof. We begin by proving (55). To prove (55), we rely on the Aubin-Lions Lemma (see [27-30]). We recall that

1 2 -
H, (R) > o L, (R)H,.(R),
where the first inclusion is compact and the second is continuous. Owing to the Aubin-Lions Lemma [30], to prove (55), it

suffices to show that
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{1y, p} . p~ o is uniformly bounded in L’ (0, T; H }OC(R)), (57)
{Otg, g}, p o 1s uniformly bounded in L*(0,T;H ;OIL,(R). (58)

We prove (57). Thanks to (6) and Lemmas 2.1, 2.2 and 2.3,

Tz 5, )” (R) ().

"”&ﬁ (¢, ')"iﬂ(R) - "uf A ')"iz(R) - "axufS £ ')"iz(R)
Therefore,

{ug, g} p- o is uniformly bounded in L™ (0, T; H 2(R)),

which gives (57).
We prove (58). We begin by observing that, by (4),

6ugﬁ 6(——uﬁ aaugﬂ ﬂaau ﬂ+58ugﬁj

(59)

We have that
a2

uz p H[P ((0.T)xR) =c@). (60)
Thanks to (6) and Lemmas 2.1 and 2.2,

2
_.[ I u et < " e /""L ©((0.7)<R) J0 .[ I u; gt
<C(T) j j ug, pdtdx < C(T).

Observe that, since 0 < ¢ < 1, thanks to (6) and Lemmas 2.1, 2.3 and 2.41
& "8xu5ﬁ ||22((0,T)><]R) e (t")Hiz((o,T)xR) v ”at Oxits p H; ((0,T)<R) =@ 61)

Therefore, by (60) and (61),

{ax (_gu; 5 =00, 5~ B70,00u, 5+ 0, g j} is bounded in H'((0,T)x R).
&,p>0

Thanks to the Aubin-Lions Lemma, (55) and (56) hold.

Consequently, u is solution of (1) and (7) holds.

Following [32, Theorem 1.1], we prove Theorem 1.1.

Proof of Theorem 1.1 Lemma 3.1 gives the existence of a solution of (1) satisfying (7).
Let u, and u, be two solutions of (1), which verify (7), that is
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{@ul + a0,y + a@iul =0, t>0,xeR,

up (0,x) =1y o(x), xeR,
Oy + auy0 iy + a@iuz =0, t>0,xeR,
uy (0,x) =uy o(x), xeR.

Then, the function
w=u —u, (62)
is the solution of the following Cauchy problem:

0,0+ a(uy 0,y —u26xu2)+a6ia):0, t>0,xeR,
@(0,x) = uy o (x) —uy o (%), xeR. (63)

Observe that, thanks to (62)
w10 Uy —upy0 Uy = 0,1y — 110Uy +1y0 Uy — U0 Uy

=10, +0,uy 0, (64)
0,0 = —aulaxa)—aaxuza)—aﬁia). (65)
Multiplying (65) by 2w, an integration on R gives

d 2
E"w(t,')"Lz(R) = ZJR @0, dx
= —ZaIR 0 ,wdx — ZaJ‘]R 8xu2a)2dx - 2aIR w@iwdx

- ajR 0 uwdx—2a jR 0y dx+2a jR 0, w0 wdx

a0, ||L°°((0,T)><]R) ot ")"iz ®) +2|a |0, o ((0.T)xR) Jeotz. ) iz ®)
(66)
Fix 7> 0. Observe that, since u,, u, € H? (R), for every 0 <t < T, we have
0510 ||L°°((O,T)><IR)’ 10142 ||L°°((0,T)><]R) <C(@). (67)

Therefore, by (66) and (67),

2
*(R)

2

<C(T) ||a1(t,-)||L2(R) :

d

— | t’.
ot |
The Gronwall Lemma and (62) give (8).
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4. Conclusion

By proving several a priori estimates and using the Aubin-Lions Lemma, we show the convergence of the solution of (2)
converges to the unique one of (1) as the coefficient S goes to 0.
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