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Abstract: In this manuscript, we characterize the bijective mapping A: 9% — ¥ between two von Neumann algebras
9 and ¥ with dim > 1. The mapping A is to satisfy the following condition on the mixed bi-skew Lie (Jordan) product
A([D,Ele09) = [AD), A(€)]eoA(9), for all D, &, G € U, where the bi-skew Lie (Jordan) product is defined as
(D, 8le =DE*—ED*,and D & = DPE*+ED™. Specifically, we elaborate on the properties of the mapping A, establishing
that it is additive, a *-somorphism, and linear.
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1. Brief historical development and motivation

The main objective of this research is to investigate maps that preserve the bi-skew Lie (Jordan) mixed product
on factor von Neumann algebras. More specifically, we aim to study maps between factor von Neumann algebras
that satisfy certain conditions related to the bi-skew Lie (Jordan) mixed product. These maps, known as bi-skew Lie
(Jordan) isomorphisms, provide a way to preserve the algebraic structure of factor von Neumann algebras under the bi-
skew Lie (Jordan) mixed product. These products plays a crucial role in the theory of factor von Neumann algebras,
x-algebras, operator algebra, C*-algebras, etc. Understanding the properties of this product is essential for developing
a deeper understanding of factor von Neumann algebras and their applications. The study of maps preserving the bi-
skew Lie(Jordan) product on factor von Neumann algebras is a relatively recent development in operator algebra, von
Neumann algebras, x-algebras, C*-algebras, etc. The bi-skew Lie (Jordan) product is considered a generalization of the
skew Lie (Jordan) product, which was originally studied by [1-5] in the context of von Neumann algebra, operator algebra,
C*-algebras, etc.

A map A: R — R’ preserves product or is multiplicative if A(28) = A(2) A(6), for every 9, & € R, where R and
R’ are rings. One of the most important fields of research is the study of non-linear maps. In [6], Martindale discussed
how multiplicative mapping turns to additive. This has prompted various researchers to focus on developing mappings
on rings or algebras that preserve the Jordan product. %9 o0& = @& + 69 (for instance, see [7-12]) or [2, §] = DE —ED
(for instance, see [13]). The foregoing observations demonstrate that the Jordan/Lie product combination is suitable for
determining the algebraic structure.
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In recent times, a great deal of effort has been put into investigating skew products, such as [9, 8] = DE* — ED*,
and 9 o8 = PE* + 8™, for all 9, & € R, where R is a x-ring (see, for example, [14-21]). An obvious objective is to
find out if the mapping that preserves the new products on rings or algebras is additive. Cui and Li studied the nonlinear
bijective mapping on factor von Neumann algebras in [22], preserving the existence of the skew Lie product [9, §]. =
DE —ED™. They proved that this mapping is in fact an isomorphism of the x-ring. The nonlinear bijective mapping that
preserves the skew Jordan product % <& = P& +E%D* was discussed by Li et al. in [16]. Indeed, they proved that the
previously described mapping on factor von Neumann algebras is also an isomorphism between *- rings. Furthermore,
they explicitly showed that is either a unitary isomorphism or a conjugate unitary isomorphism if type % factors exist for
the von Neumann algebras 9 and V. These investigations produced a plethora of distinct approaches to various algebraic
structures such as operator algebras, von Neumann algebras, Banach algebras, and so on, yielding a range of intriguing
conclusions about nonadditive mappings (see [6, 8, 9, 13, 15, 22-24]) and its references include a variety of significantly
different approaches for dealing with nonlinear maps. Motivated by prior works, the key objective of this article is to
elaborate the characteristics of the map A such as additivity, x-isomorphism, and linearity, where A satisfies A: U — ¥
A([D, Ele0G) =[A(D), A(E)]eoA(9G) forall D, &, %4 € 9. We shall present various constructive proofs for clarification
on the properties of the map A.

2. Key content and results

Just before providing the appropriate results, let’s keep in mind that a von Neumann algebra 9 on a Hilbert space
J€ containing the identity operator .¢, is a weakly closed, self-adjoint algebra of operators. The set %, = {9 € U |
BYP =9DPB for all 9 € A} is known for the center of 2. The intersection of all central projections ¢ such that 4% = U
represents the central carrier of 9, for 9 € % and mentioned by 9. We indicate the core of U as U = sup{F € %o, |
S =U*,U <9} for any self-adjoint operator 9D € AU. 4 is referred to as a core-free projection if 4 is a projection and
% = 0. One obviously has 9 — % > & > 0. Additionally, if ¥ € %o, and D — 9 > S > 0, then ¥ = 0. It is obvious that
4 is the greatest central projection < %, if 4 is a projection. In this case, ¥ — % stands for the central carrier of .¥ — 4,
and it is simple to demonstrate that 4 = 0 if and only if . — %9 =.9. The argument in support of our theorem necessitates
specific lemmas/facts, and we will regularly employ numerous essential characteristics of von Neumann algebra.

3. Additivity of mappings that preserve the bi-skew Lie (Jordan) product

The additivity property of maps has significant implications for the structure of von Neumann algebras. A bi-skew
Lie (Jordan) isomorphism, which preserves the bi-skew Lie (Jordan) product and is additive, establishes an isomorphism
between the original von Neumann algebra and another von Neumann algebra, preserving the bi-skew Lie (Jordan) product
and the additivity of maps.

Theorem 1 Let 9 and "V are two factor von Neumann algebras with dim > 1. If A: 9% — "V is an unital bijective
map satisfies

A(([D, E]e0b) = [A(D), Al8)]s o A(G), )

forall @, 8,4 €U, where (D, 6le =DE* —ED* and D © & = DE* +ED*, then A is additive.

For the establishment of the above theorem, we need to employ numerous lemmas.

Lemma 1 If A: U — "/ preserves the bi-skew products on % into *¥/, then A(0) = 0.

Proof. Since we have A([D, E]e©9) = [A(D), AE)]eoA(9Y), for all D, &, 4 € AU. Suppose D =& = lgy, then
we get A(0) = A([I, I]le©%9). Since A is unital, therefore we have A(0) = [I, I]e ©A(%4) = 0A(%)* + A(%)0 = 0. Hence
A(0) = 0. O
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Lemma 2 If A: 9% — " preserves the bi-skew products on %, "V and suppose A(T) = A(D) + A(8), for every
T,9,& €9, then

A(X1, T)e 0 X2) = A([X1, D]e 0 X2) + A([X1, E]e©Xp), forall X1, X, €U.
Proof. In view of (1) and for any X, Xo, T € 9U, we have
A(Xy, Tle 0 X2) = [A(X1), A(T)]s 0 A(X2).
By using A(T) = A(D) + A(8) in the above equation, we see that
[AX1), A(D)+AE)]e o A(X2) = [A(X1), A(D)]e oA(X2) + [A(X1), A(E)]e 0 A(X2).
Therefore, we get
A([X1, T]eoX2) = A([X1, D)o 0 X2) + A([X1, D)o 0 X2).

O

Suppose there is a nontrivial projection P; € U and P, = 1 — P;. Let Uy = BOUP, where k, [ € {1, 2}. Therefore,
2
we get an algebra U = Y, Uy We can write D = D1 + D12 + D1 + Doy for all @ € L. If we write Dy, it mean that

k I=1
Dis € Uy
Lemma 3 If A: U — "V preserves the bi-skew products on % into ¥/, then

A(@ll +812) = A(@n) +A($12)7 forall D11 € U1y, E12 € Uyp.
Proof. By the surjectivity of A, we find an element 7' = Ty + Tj2 + T»1 + T»2 such that
A(T) = A(D11) +A(E12) (2

We need to show T'= D1 + 8.
By using Lemma 2 on equation (2) for X; = P; and X, = P>, then

A([Pl, T]. <>P2) :A([Pl, @11]. <>P2) +A([P1, 812], <>P2).

So,

A([Pl, T+ T+ 1y +T22}. <>P2) = A((@Tl —@11)<>P2) —|—A(0<>P2).
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Thus,

A((Tl*l —|—T2*1 -1 — T21)<>P2) =0.

Hence, we get

ATy +T>1) =0.

Since A is an injective map, then we have

Tz*l + 71> =0.

We obtain 7>; = 0, by multiplying the previous equation from the left side by P».
Also, if we apply Lemma 2 on equation (2) for X; = P, and X, = P;, then we get

A([P2, T]eoP1) = A([P2, D11]eo P1) + A([Pa, E12]e o P1).

Thus, we have

ATy +Ti2) = A€, +E12).

Since A is an injective map, we get

Th+T=8,+81n.

Upon multiplying the previous equation by P; from the left side, we obtain 71, = &15.
Again, if we use Lemma 2 on equation (2) for X; = X, and X, = P, hence we get

A([Xlz, T]. <>P2) = A([Xlz, @11]. <>P2) +A([X12, 812]. <>P2).

Therefore, we get

A(X12T2*2 + T22X1*2) =0.

By the injectivity of A, then we have

X12T2*2 + T22X1*2 =0.
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Upon multiplying the previous equation by P; from the left side, we obtain X;> 75, = 0, for all X;» € % >. Since U
prime, so T, = 0.
Finally, if we use Lemma 2 on equation (2) X; = X»; and X; = P}, then we get

A([Xo1, TlaoP1) = A([X21, Di1]e o Pr) + A([X21, E12]e 0 P1).

Hence,

AX T + T Xs,) = AX Dy +9D11X5,)-

Since A is an injective map, then

X1 T{, + T X5, = X1 Dy + D11 X5,

Upon multiplying the previous equation by P> from the left side, we obtain X577} = X197, for all X51 € U»;. So,
we obtain 711 = 9. Therefore T = %11 +&12. O
Lemma 4 If A: U — "V preserves the bi-skew products on % into ¥/, then we have

AD11+812+%21) =A(Di1) +A(E12) + A(9),

for all 9, € %11, 81p € 62[12 and (g21 S 62121.
Proof. By the surjective map of A, we have T' = Ty + T12 + 121 + T»; such that

A(T) = A(D11) +A(€12) + A(Da1). 3)

We need to show T = %11 + 812+ A(921). By using Lemma 2 on equation (3) for X; = P; and X; = P», we have

A([Pl, T}. <>P2) = A([Pl, @11]. <>P2) +A([P1, 812], <>P2) —|—A([P1, %21]. <>P2).

We have

A(TZ*I + T21) = A(ngl +%21)~

Since A is an injective map, then we have

T+ Ta1 =95, + %21
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So we gat T>; = 0. Similarly, if we use Lemma 2 on equation (3) for X; = P, and X; = P, thus we get

ATy +Ti2) = A(Ef, +E12).

By the injective of A, we obtain

Ti5 + T = 61, + 1.

Upon multiplying the previous equation by Py from the left side, we obtain 71, = 65.
Also, if we use Lemma 2 on equation (3) for X; = X, and X, = P>, then we get

A([Xi2, T]e o Py) = A([Xi2, Di1]e 0 Po) + A([X12, E12]e o P2) + A([X12, G21]e 0 Pr).

So, we get

AX2 T, + T22X1*2) =0.

Since A is an injective map, then we find

X12T2*2 + T22X1*2 =0.

Upon multiplying the previous equation by P; from the left side, we obtain X1, 75, = 0, for all Xj» € %>. Since %
is prime. Then, we get 75, = 0.

Finally, by using Lemma 2 on equation (3) X; = X5 and X, = Py, as similar proof above shows 7} = %;;. So,
T=%11+812+%,. O

Lemma 5 If A: 9% — "V preserves the bi-skew products on % into "V, then we have

ADi1+E10+% 1+ D) =ADi) +A(612) + A(Y21) + A(D2),

forall D11 € U1, E12 € W12, Y21 € WUny and Dyy € Uyy.
Proof. Assume 7' = T + T12 + T>1 + Tx; such that

A(T) = AD11) +A(E12) + A(%21) + A(D22) 4)

By applying Lemma 2 on equation (4) for X; = P, and X, = P, and the similar proof as in Lemma 4, we obtain
T =0.

Similarly, if we use Lemma 2 on equation (4) for X; = P, and X, = P, thus we get T = 812. Now, if we apply
Lemma 2 on equation (4) for X; = X|, and X, = P, hence we have
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A([X12, Tle o P2) =A([X12, D11]e © P2) + A([X12, E12]e 0 P)
+A([X12, 921]e 0 P2) + A([X12, D22]e 0 P2).
Therefore, we have
AX 12Ty + Ta X)) = 0.
Since A is an injective map, then we find
X105 + T Xty = X129, + D X5

Upon multiplying the previous equation by P; from the left side, we obtain X175, = X1293,, for all X1, € 9U1,. Since
9 is prime, we get Top = D).

Also, if we apply Lemma 2 on equation (4) X; = X; and X, = Py, as similar proof above shows 711 = %1;. So,
T =911 +812+%21 +D2. l

Lemma 6 If A: 9 — "V preserves the bi-skew products on % into "/, then we have

AP +8u) = MDu) +AEu),

with 1 <k #1<2, forall Dy, &y € Uy.
Proof. Assume that 9y = aj; +ay and &y = by, + by, where ay;, by € Uy By using the following identities and
the previous Lemmas, we get

{pk +aly+ a, ‘2”} (P bjy bu) = D+ B+ 6D+ D
By applying A on the above identities, then we get
A < [Pk +ay +a, _211] o (Pr+biy + bkl)) = A Du + ) + M8 Du + Dibu)- ©)
Also, we have
—il

<>A(iPl + ibltl + ibkl) .
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C

Thus, we have

—il
A ( I:Pk +a;§1 +ak17 2:| 0(1})[ + lb/tl +lbkl))

— A+ M)+ Maw). A ()| 0GR+ AGBE -+ Al

il

= [A(Pk), A(;ﬂ)} . oA(iP) + {A(Pk), A (;)} .OA(ibkl)

Hence, we get

—il

A([kaLa}il—l—akl, 7

] o (iP+ ib]tl + ibkl)) =A (D) +A(En) +A(8;1@k1 +@;]8k1) . (6)
Then, by equations (5) and (6) we have

A Dy +Er) = A D) +A(Err), forall Dy, Exy € Uy
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Lemma 7 If A: 9% — "/ preserves the bi-skew products on % into "V, then we have

A D+ Eri) = A Dix) + A(Exre), withk € {I, 2}, for all Dyx, Exge € WUy

Proof. Since A is a surjective map, then we have T' = Ty + Ty + Tj + Ty where 1 < k # [ < 2 such that

A(T) = A D) + A(Exx)- (7

By applying Lemma 2 on equation (7) for X; = F; and X, = P, thus we have

A([Pe; Tle o P) = A([Pr, D)o 0 Pr) + A([Pe, Exic)e 0 Pr).

Then, we have

0.

ATy + Ti)

By the injective of A, we have

T+ T = 0.

Multiplying the previous equation by P; from the left side yields 73, = 0.
Also, by using Lemma 2 on equation (7) for X; = P, and X, = P, thus we have

A(]};; + T]d) =0.

Since A is an injective map, we obtain

T]j} “r‘Tkl =0.

By multiplying the previous equation on the left side by Py, we get T; = 0. Also, if we use Lemma 2 on equation (7)
for X; = Xj; and X, = P, then we have

A([Xu, T]y o P) = A([Xut, Diklo o Pr) + A([Xut; Exa]o 0 F1) -

Hence, we have

AXuTyj +TuXg) = 0.
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By the injective of A, thus we find
XuTy +TuXy =0.

Multiplying the preceding equation from the left side by P yields Xj;7;; = 0, where Xj; € 9Uy. Since % is prime,
we get T;; = 0. Hence, we have T = Tjy. Finally, by using Lemma 2 on equation (7) for X; = Xj; and X, = P, then we
have

A Xy T+ TuXy) = A XDy + DuXs) + A Xy + EuXiy,) -
By using Lemma 6, we find
A Xy T + Tu X)) = A(XuDiy + DXy + Xl + E X)) -
Since A is an injective, then
XiTig + Tu X = XD + DX + X e + Eae X

Then, Xix (T — D — €)= (— Tk + Die + i) X, for all Xy € Uy. Multiplying the preceding equation from the
left side by P, yields Xy (T} — 25, — €5) = 0, where Xy, € U, Hence by the properties of factor von Numann algebra
9 and the involution map, we get T = Dk + Ex- O

Proof of Theorem 1 Let %, & € % and write 9 = le =1 Dij, €= ):,27 =1 &;;. Then, by using Lemmas 5-7, we have
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Thus, A is additive.

4. Main results

Theorem 2 Let % and "/ be two factor von Neumann algebras with dim > 1. If A: % — "V is an unital bijective
map satisfies

A([D, E]e0bG) = [A(D), A(8)]e 0 A(G),

forall @, 8,4 €U, where (D, E]e = DE* —ED* and D & = DE* +ED™, then A is linear.

To prove the previously mentioned theorem, we have to employ several lemmas. We begin with isomorphisms and
then go on to linearity.

Lemma 8 Let A: U — "V be a bijective map that preserves the bi-skew product on a factor von Neumann algebras
9 into a factor von Neumann algebra /. Then we have

Proof. By Theorem 1, we have A is an additive, then

0=AD—D)=AD)+A(-D), forall D € %U.
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Hence, we get

A(=D)=—-AD)
O
Lemma 9 If A: U — "V preserves the bi-skew products on % into ¥ and @* = —9, then
AD) =—-AD), forallD € u.
Proof. Since we have
0=[9D,I]eol, forall® €U.
If we apply A on the above identities, then we get
0=A([D,llecD) =A((D—D") o) =A(D) =AD" )+ A(D)" — A(D™)".
Assume that 9 is an anti-self-adjoint (i.) 9* = —9%. Therefore, we get
AD)+AD)+AD) +A(D)" =0.
Thus, we have
AD) =—-A9D)
O

Lemma 10 If A: U — "V preserves the bi-skew products on U into ¥ and 9* = —9, then

AGD* = —A(il) and A(il)*> = —I, forall % €.

Proof. By Lemma 9, we can easy to see A(il)* = —A(il). Furthermore, since we have

[il, 1), oil =4l

Now, apply A in the above identity, one can see that
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AN(T) =[AGD), A(T)]e o A(T)
=AGDAGL* = AGT*AGI) + AGDAGT)* + AGDAGI).
Since we know that A(il)* = —A(il) and A is unital, so we get

A(il)? = —1.
Lemma 11 If A: U — "V preserves the bi-skew products on % into ¥ and 9* = 9, then A(D)* = A(D).

Proof. Suppose 2% =% € %. Then, we have

By applying A on the above identities, then we get

1= (9] (2

Now, taking involution from both sides, then we have
A (T AN CAYNTApps.
s A () aen (L) -a(2)a(4)am)
il w o (i\" iIN* [il\"
+A(2)A(@) A(2> —A(@)A<2> A<2)

Thus, we get A(D)* = A(D). O

Lemma 12 If A: U — "V preserves the bi-skew products on % into "¥/, then A(il) is a conjugate central.

Proof. By Lemma 11, we have A(2)* = A(9D) for any self adjoint @ € . We want to show A(il) € 2 ("), where
% (") is the center of "¥/. Since we have
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0=A([iI, 1}soD) = [A(I), I]s o A(D) = 2A()A(D) — 2A(D)A(il).

So, we get A(il)A(D) = A(D)A(I). Let A(%) = & is an arbitrary element. we can write any element & € ¥ as

& =81 +i8,, where §; = % and §; = % Thus, A(il)& = EA(il), for each & € V. Hence A(il) € (V). O
Lemma 13 If A: 9 — "V preserves the bi-skew products on % into ¥, then A(2*) = A(9D)*, forall @ € .
Proof. Since we have

A([D, il]soil) = [AD), A(iI)]s o A().

By using Lemma 8, 10 and 12 we get

—AQD +29") = —2A(D) —2A(D)*.

Since A is an additive map, then

—2A(D) —2A(D*) = —2A(D) —2A(D)*.

Therefore, A(9*) = A(D)*.
Lemma 14 If A: % — "V preserves the bi-skew products on % into ¥ and A(2)* = A(9D), then @* = 9.

Proof. Let & € ¥ be a self adjoint, i.e. £* = &. Since A is a surjective map, then there is %9 € U such that & = A(9D).
Thus,

O

2A(9D) =26 =A()E"A (g) —EAGI)*A <’21>
.I * 'I
+ A@DEA (l> — A(DA (l>g*
2 2
By using Lemmas 10 and 12, we get

QN(D) =26 =E6*+E = AD)* +A(D).

So, by using 13, then we get

2AD) =AD" )+ AD) =AD" +9D).
Since A is an injective and additive map, then we have ¥ = @*; D =, O

Co iporary Math tics 6508 | Mohd Arif Raza, et al.



Lemma 15 If A: U — "V preserves the bi-skew products on % into ¥, then

D+9P* D —-D*

AD+iD3) = A(D1) + A(NA(D2), where Dy = > 9Py = o

Proof. For any 9 = 9| +i%, € U, we suppose that A(D; +i%9,) = & +i6,, where §; = ‘g%‘g* and 8, = ‘(;Efs*.
Since we know 9 = 91, then A(%1)* = A(21). So, we have

A(4Dy) =A([il, D1 + D), o il)

=[AGI), AN(D| +iD)], o Al))

=4A (D)

—48,.

Now, we want to show A(i%,) = i6,. We see that

AAD2) =A (D1 + D, 1), o)

=[A(D1 +D2), 1], o A(il)

=[A(D1) +A(iD2), 1], o A(il))

=[A@1), 1], o AiD)) + [A(iD2), 1], o A(il)

=[AD1), 1], o AiD)) + [A(iD2), 1], o A(il)

= (A(i%92) — A(i%7))* o A(il).

By using Lemmas 9 and 12 so we get

A(4D5) = —4AGI)A(iD5).

If we multiple the above equation by A(il), then we get A(i%,) = A(il)A(%D2). Also, we have A(i%92) = A (@E@* ) .

Since A is an additive map, then we have
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Hence, we have

AD1+1D2) =A(D1) + A(i%2)

—A(D1) + A(DA(D,)

=81 +i8,.

Lemma 16 If A: 9% — "V preserves the bi-skew products on 9 into ¥/, then

AD19D72) = A(D1)A(%D,), forall Dy, P, € U.

Proof. First we want to show that A(i9) = A(i[)A(D). Let D = D + D, € AU, then we have

A(D) = A(iD) — D).

By using the additive of A and Lemma 8§, then

AGD) =A(iD1) — A( D)

=AGNA(D1) = A(D2)

=A(I) [A(D1) + A()A(D,)]

=AGD[A(D) +iD,)]

=A(D)AD).

Now, we need to prove A(%21%2) = A(D1)A(D,), for all D1, D, € %U. We have

A([L, D) 0iD1) = A D3D7) + A D297 ) + A(D192) + A(D1D5).

Also, we have
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A([il, D2)0i%1) =[A(il), A(D2)] o A(i%))

=A@2)*AD1)* +AD)AD))* + AD)AD2) + A(D1)A(D)".

So, we get

ADyDT) + MD2D7) + MD19D2) + A(D195)

=A(D2)"A(D1)" + A(D2)M(©D1)" + A(D1)A(D2) + A(D1)A(Z2)" ®)

Similarly, if we use the following identity, we get

AL, D2)oD1) = ND3DT) — A D2DB}) + A D1 D) — A(D1D3).

On the other hand,

A([L, D2]0D1) = A(D2)* AD1)* — A(D2)AD1)* +AD1)A(D2) — AD1)A (D).

Then, we get

AND5DT) — ND2D7T) + AN D1D2) — AND19D5)

=A(D2)"A(D1)" — MD2)A(D1)" +AND1)A(D2) — A(D1)A(D2)" ©)

Now, if we add equations (8) and (9), we get

ABZDT) + AD1D2) = A D2)* AD1)* + A(D1)A (D).

So, we get

A(D195 +D192) = (M D2)A(D1))" + A(D1)A(D2).

Let 9 and %, be a self-adjoint, then we get

AD19D2) = MD1)A(D2).
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Let A(91) =% and A(%,) = 9D are arbitrary elements. We can write any elements 4, % €V as § =4, +i%,, where
Y, = (g‘*z(g*, Y, = (g;g*, and 9 = 91 +i9,, where 9; = % and 9, = @Ei@*. Hence, A(9192) = A(D1)A(%D3),
for each 91, 9, € AU. O

From now on, the following Lemmas demonstrate that A is linear.

Lemma 17 If A: U — ¥ preserves the bi-skew products on % into ¥ and ¢ is a rational number, then A(gl) = ¢l,
for any g € Q.

Proof. Since g is a rational number, then there exist two integers ry, r, € Z, where r, # 0 such that g = % Since A

is an additive and unital, we get

Algl) = A (”1) = A (11) =2Am)="1.

rn rn rn r

O
Lemma 18 If A: 9 — "V preserves the bi-skew products on 9 into ¥/, then A preserves positive element.
Proof. Let 9 is a positive element in 9, then there exist unique self-adjoint element & such that 9 = &2. Here we
want to show A(§%) = A(&)?. Since we have

4N(D) = A(48%) = A([i€, D)o oil) = [A(iE), A(D)]e o A().
By using Lemmas 10, 12, and 16, we get
4N(D) = A(4E6%) = 4A(8)*.

Also, since we know A is a multiplicative, then it is clear that A(%) = A(68) = A(&)>. O

Lemma 19 If A: 9 — "V preserves the bi-skew products on % into ¥ and ¢ is a real number, then we have A(gl) = g,
for any g € R.

Proof. Let g € R by taking any two sequences a, and b, of rational numbers such that a,, < g < b, for every n. If
we taking the limit, then we get linm,_oa, = lim,_b, = q. Also we have

apnd < gl <byl.
By applying A on the above then we get
anl < A(gl) < b,l.

Also, if we taking the limit, then we get A(gl) = gl.

Thus in all, we conclude that A is R—linear. O

Example1 Let % = .#,(C) and ¥ = .#,(C), where .#,(C) denotes the algebra of n x n complex matrices. Define
the map A: % — ¥ by A(A) = A*, where A* denotes the conjugate transpose of the matrix A. Again, it can be verified
that A is an unital bijective map and satisfies the condition: A([2,&]ec9) =[A(D), A(€)]eoA(Y), forall 2, &, 9 € % .
Therefore, according to the theorem, the map A is linear.
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5. Conclusion

In this manuscript, we have characterized the bijective mapping A: U — "V between two von Neumann algebras
9 and "V with dim > 1. The mapping A is shown to satisfy the following condition on the mixed bi-skew Lie (Jordan)
product

A((D, E]e0b) = [A(D), A8)]s o A(9),

forall 9, €, € U, where the bi-skew Lie (Jordan) product is defined as [9, §]e = DE* —ED*, and D 0 & = DE* +ED™.
Specifically, we have elaborated on the properties of the mapping A, establishing that it is additive, a x-somorphism, and
linear. These results demonstrate the strong structural constraints imposed by the preservation of the mixed bi-skew Lie
(Jordan) product under the bijective map A.

The approach and results provided in this paper contribute to an enhanced awareness of the relationship between
the algebraic structure of von Neumann algebras and the characteristics of bijective maps with defined product identities.
This has consequences for the study of operator algebras, quantum mechanics, and other branches of mathematics.
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