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Abstract: This paper investigates the idea of the n-approximated technique for converting the nonlinear and nonconvex
multiobjective fractional variational dual problems (MFP) and (MFD) with inequality constraints to the linear and convex
counterparts of the problems, namely, (MFP),, and (MFD),,, respectively. Weak, strong, and converse duality theorems
are obtained for the original as well as the n-approximated dual pair under invexity for weak Pareto as well as Pareto
solutions. Furthermore, the connection between the original and modified problems has also been established. A suitable
numerical example is constructed to bolster the research paper.
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1. Introduction

A wide range of mathematical theories that have developed via the study of variational principles, optimum control,
and linear and nonlinear systems with the goal of minimizing the function are reflected in variational analysis. Utilizing the
concepts of variational calculus, vector-valued variational programming seeks to determine the minimum or maximum of
a vector-valued function that arises in optimization problems. Applications of variational calculus in optimization include
aeronautical design and space management structures [ 1, 2], optimization in orbit transfer [3], engineering [4], economics
[5], and so on. A great deal of effort has been made by several researchers to establish the foundation for optimality-that
is, results that are both necessary and sufficient. Assuming the function to be convex, Mond and Hanson [6] worked
on the dual model of variational problems and derived various duality results. After that, Mond et al. [7] demonstrated
the duality theorems by extending the findings of Mond and Hanson [6] by employing an invex function rather than a
convex one. Making use of a generalized invex function, Mond and Husain [8] developed the KKT-sufficiency criterion
to identify optimality and duality relations for optimization problems. In addition to establishing the relationship between
variational and multiobjective programming problems under the convexity assumption, Bector and Husain [9] constructed
dual models for multiobjective variational programs and derived duality theorems. By creating a multiobjective variational
problem, Nahak and Nanda [10] widened the work of Bector and Husain [9] from convex to invex function and obtained
duality results. The duality and optimality conditions for variational problems under p-(1, 8)-B-type-1 and the generalized

Copyright ©2024 Purusotham Singamsetty, et al.

DOI: https://doi.org/10.37256/cm.542024503 1

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

C

iporary Math tics 5178 | Purusotham Singamsetty, et al.


http://ojs.wiserpub.com/index.php/CM/
http://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0002-1183-0507
https://orcid.org/0000-0001-5796-006X
https://doi.org/10.37256/cm.5420245031
https://creativecommons.org/licenses/by/4.0/

p-(n, 6)-B-type-1 functions were examined by Nahak and Behera [11]. For the vector variational problem, Khazafi and
Rueda [12] proposed the mixed dual model, derived optimality criteria, and several dual results. Assuming the function
to be (B, p)-type I, Khazafi et al. [13] focused on the optimality as well as duality conditions for vector optimization
formulations. Using a parametric approach, Stancu-Minasian and Mititelu [14] developed a dual model for the fractional
problem and discussed the necessary conditions. Appropriate duality results under the (p, b)-quasiinvex function are
derived based on the dual model.

In the course of the aforementioned research, Antczak developed a novel strategy known as the n-approximated
method for determining the optimal answer. The relation between the original vector problem and the modified problem
under generalized invexity was described by Antczak in [15]. He also came up with an n-approximated approach to
solve the differentiable vector-valued problem. Additionally, Antczak [16] worked on the dual model by using the 7-
approximation approach to transform the problem and dual. From this, they were able to establish many duality relations
for the n-approximated problem and dual pair. Subsequently, Antczak [17] enlarged on the findings of [16] by investigating
the relationship between the optimal solution of the original optimization problem and the related n-approximated problem,
making use of the concept of r-invexity as a tool. After that, Antczak and Michalak [18] worked on the n-approximated
technique for nonconvex vector variational formulations and developed a relationship for the Pareto solution between
the problem generated with the n-approximated method and the vector variational problem. The optimality and saddle-
point criteria for a nonconvex variational optimization problem were examined by Jayswal et al. [19]. Additionally, they
demonstrated the relationship between the saddle point of the modified variational problem and the optimal solution to the
variational programming problem by modifying the objective function using an n-approximated technique. Jha et al. [20]
just proposed a n-approximated approach for using the (p, r)-invex function to solve nonconvex variational problems, and
they demonstrated multiple duality results under the Mond-Weir dual model. Jha et al. [21] subsequently employed the
n-approximation approach to frame the multi-time vector variational formulations and obtained the equivalency results
based on the multi-time problem in conjunction with the n-approximation problem.

Motivated by the aforementioned studies, we have investigated multiobjective fractional variational problems
through the n-approximated method. This article’s development is summarized as follows: Basic notations that are
utilized throughout the article’s sequel are provided in Section 2. Further, we construct a multiobjective fractional
variational problem and recall the optimality criteria. In Section 3, we construct the Mond-Weir dual model, introduce
the n-approximated method, and formulate the modified variational problem and modified dual problem by modifying
both the objective function and constraints using the p-approximated approach. Further, we derive several (weak, strong,
and converse) duality theorems. Additionally, we formulate a numerical example of a nonlinear nonconvex fractional
variational problem with its dual, and using the n-approximation method, we construct the modified problem with its dual
pair, through which we can validate that using the n-approximation method, the nonlinear nonconvex fractional problem
may be reduced to linear, convex, and nonfractional problems. Finally, Section 4 summarizes the accomplished work in
the form of conclusions.

2. Preliminaries

The following equalities and inequalities are set out in this section and will be used throughout the article. For any

wt = (g, wd, o wh), k2= (3, %3, ..., x2) inR", we have
(i)}t1=%2 (:)%}:%1.2, Vi=1,...,n
(ii)h’l > %2 (:>%}>%l.2, Vi=1,...,m
(iii)xlng@%}g%?, Vi=1,...,n;

(iv) %! > %% @ nl =52 1t £ 5>

In the sequel to the paper, consider .# = 11, 72] as a closed interval, and suppose X represents the space of
continuously differentiable functions ¢: .# — R having the norm ||¢|| = ||$]| + || D¢ |l- Let the differential operator D
be specified as
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2]
5= D¢ o ¢(6) = c(r) + / 8(s)ds,

71

where ¢(71) is boundary value. Therefore, D = die excludes points where the functions are not continuous.
Let the multiobjective fractional variational problem be constructed as:

[o1(6.56), ¢0)d6 [ 06, (6), (6))db
(MFP) min ¢(s)=|= =
[016,66), 6O)d0 [ w6, (0), $(6))d

>

subjectto  h(0, ¢(0),¢5(0)) <0, 6 7,

s(r)=a, ¢(12)=p,

where
(i) the functions ¢: .# X R* xR" — RX y: .# xR" xR" — R¥ and h: .# x R" x R" — R™ possess continuous
differentiability;
72 72
(i) [ ¢i(6, 5(0), (0))d6 20, [y;(0,5(0),5(0)d0>0, it ={1,..., k}.

T1 71
Further, the set of feasible solutions is represented by

Y:={¢eX:¢(t1)=a, ¢(r2)=Pand h(0,¢,¢)£0, 6 € .7}.

For ¢: .# = R", ¢(0) denotes the derivative of ¢ with regard to 8. Moreover, ¢, and ¢ denote k X n Jacobian
representations of first-order partial derivatives of ¢(6, ¢(0), ¢(9)) with regard to ¢ and ¢ respectively, i.e., ¢i¢, ..., Pk¢
and @1¢, ..., Pre With

0617 02" T O¢n

T T
i, = % % 6901) and i§=(a¢l % a‘P; , Vie X,

0617 0627 dg

where the superscript T represents the transpose operator. Similarly, ¢, i and ¢, h¢ denote k X n and m X n Jacobian
representation of first-order partial derivatives of the function ¢ (6, ¢(6), ¢(0)) and h(8, ¢(8), ¢(6)) with regard to ¢ and
¢ respectively.

Special cases

(1) If we consider the nonfractional single objective function instead of the multiobjective fractional problem (MFP),
then it reduces to the problem discussed in Jha et al. [20].

(i1) Additionally, in (i), if we consider the static case, then we get the problem discussed in Antczak [22].

Definition 1 A point & € Y is known as a Pareto solution (efficient solution) to (MFP) provided there is no point
¢ € Y satisfying
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[ 66,50, @)do [ ¢i(0,5(0), 5(6))d6

71

/Zwi(e, s(6). (0))do /2%(9, 5(6). 5(0))do

71

s Viex,

with at least one strict inequality.
Definition 2 A point ¢ € Y is known as a weak Pareto solution (weak efficient solution) to MFP, provided there is
no point ¢ € Y satisfying

[ 06, 0). (0))do [ (0. 5(0). E(0))do

= <4 s Vie X
[vi(0.5(0). ¢(0)do [ vi(6,5(0). 5(0))do

As for convenience, we write ¢; (6, ¢(6), ¢(8)) shortly by ¢;(6, ¢, ¢)(i € £'). Moreover, let us consider n: % X
X x X — R" as a multi-valued differentiable function with the condition n(6, ¢, ¢) =0, for all ¢(6) € X.

Next, let us generalize the definition of invexity given by Jayswal et al. [19] from scalar-valued to vector-valued
functions. .

Definition 3 A vector-valued function f h(0, s, ¢)d0 is said to be invex (strictly invex) at a point ¢ € X in connection
with 5 provided 1

T2 72

/h(e, S, g)de—/h(e, g, o)do

T1 T1
T2 d T

> (>)/{n(9, s. 9 he(o, E,E)+(@n(9, S, @) he(6, E,E)}d(?; VgeX.
T1

Consequently, we work out the optimality criteria for (MFP), which can be seen in Antczak [15], Stancu-Minasian
and Mititelu [14].

Theorem 1 Let the feasible point & € Y be a (weak) Pareto solution to (MFP) and satisfies the Slater’s constraint
qualification. Then a vector 6 € R¥ and a smooth piecewise function p: .# — R exist and satisfy the following conditions:

61' [xi(a%; (97 g:’ @ - (Di(E)Wi; (9’ E7 a] + (p(@))Thg(Q’ E’ E)

k
i=1

d (& _ . '
:%(Zél [Nl(awlg (9’ E’ E) _q)i(ad’is; (0, E, E)] +(p(9))Th§(9, ;:, a s (1)

i=1
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(p(0)"h(8.5.5) =0, )

k
§>0, p)20(0€.7), > 6i=1, 3)

i=1

where ®@;(5) stands for the numerator and X; (§) for the denominator of the i-th component of the objective function ¢(s).

3. Dual formulation

This section outlines the formulation of the Mond-Weir dual model of (MFP) and discusses duality relations by
modifying the original problem (MFP) and its dual model with the p-approximated method.
The dual model of the problem (MFP) is constructed as

[01(0.5(6),56)d6 [ wi(6,5(6), 5(6))d6
(MFD) max ¢(d)=| = :
[016,56),50))d0 [ (6, 5(6), 5(6))do

subjectto 8(71) =a, O(12)=48, 4)

k
5i[Ni(8) i, (6, 8, 8) — @i (8)yi, (6,8, 8)] + (p(6)) he (6, B, )
=1

L

d (& . . .
:E( i [Ri ()i, (0,8, 8) — @; (B, (0,8, 8)]+(p(0) he (6, 8,8)), Q)
i=1
[ @ ne.s. a0z 0 ©)
k
§>0, p(0)20(te.9), Zdizl. )
i=1

The set containing all feasible solutions to (MFD) is labelled as Q. Therefore, for any (8, 6, p(6)) € Q, let us
construct the modified problem and its dual model using the -approximated method as follows:
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72

(MFP), min / {x1(8)<p1(9,8,8)—@1(8)%(9,8,8)}d9

71

72

«f {nw, 6. 8) {N1B)¢1, (6.5.8) - @1 B, (6.5.5)}

71

+ (%n(& G 8)) [Ni®)¢1,(6.5.5) - @1 B)w1, (6.5.9)| }de

T2

. / {xk(8)¢k(9, 3,3) - D (3)wi (6,3, ’8)} o

71
72

«f {nw, 6. 8) (M@, (6.5.5) - 0c By, (6.5.5)

T1

+ (%n(ﬁ, G 8)) [Ne@)¢r, (6.5.5) - 0 (Bun, (0.5, }de

subjectto  ¢(11)=a, ¢(m2)=4, (8)
/ p(0)Th(0.3.5)do+ / {nw, 6. 8)p(0) he(6,5,9)
+ (%n(é, s, g))p(G)Th¢(9, 3, 8)}d9 <0, re.7. )

(MFD),, max / [81®)01(6.8,8) - ©1 @16, 5,5)} do

71

72

+ / {nw, 5,8) {N1®)¢1,(6.8,8) - 01 B)w1,(0.5,9)}

71

+ (%n(a 5, 8)) N1 ®)¢1,(6.5.5) - @1 B, (6.5.9) }de
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2

,...,/{Nk(g)(,pk(&8,8)—(I>k(8)(ﬁk(9,8, 8)}d9

71

72

«f {nw, 5.3) {NcB)pr, (6.8.8) - 0B, (6.5.5)]

71

PN

+ (%n(a, 5, 8)) M@ i (6.5.5) - 0 Bu, (6.5.9) }de

subjectto  d(1)) =a, O(12) =4, (10)

5:[N: B¢, (6,3, 8) - B)s_ (6,5, 0)] + (p(0)) he (6, 3, )

k
i=1

k . ~ . .
:E(;&' [8:(B)¢i, (6, 8, 8) -0 )i, (6,3, )]+ (p(6)"h (6,8, 9) ), (11)
/p(o)Th(o, 3, *)de+/ {n(a, 5,3)p(0)The(6,3,3)
+(%n(9, 5, 8))p(9)Th¢(9, 3, 8)}519 >0, (12)
k
§>0, p(0)20(0e.9), > 5i=1. (13)

i=1

Remark 1 The set containing all feasible solutions to (MFP),, and (MFD),, is the same as the original problem

(MFP) and its dual model (MFD).

Example1 Let X and ¢: .# — .7, .7 = [0, 1] be the sets of continuously differentiable functions. The pair of primal

and dual models for the multiobjective variational problem are characterized by:

C

iporary Math

(MFP1) min ¢(¢) = :

1

f1(9g2(6’)+sing‘(9)—1)d9 f(GgQ(G)—Qcosg(9)+1)d€
0 0

1 1
[(s@+s@0)+1)do [ (s2(@) +5(6)+1)do
0 0

tics 5184 | Purusotham Singamsetty, et al.




subjectto h(6, ¢, ¢) =¢2(0) —¢(0) £ 0,
c(0)=¢(1)=0.

Let Y:={¢ceX:¢(0)=¢(1)=0, and 0 £ ¢(0) £ 1, where 6 € .7} stands for the set of feasible solutions. The
function n: .# X X x X — R is specified by

n(0, s, 6)=¢(0)+c(0). (14

Let p(6) = %, 61 = %, b2 = % and consider ¢ = 0.
Now the dual of (MFP1) is constructed by utilizing the expression given in (4)-(7).
The dual model:

[1(062(0)+sin6(9)—1)d0 f1(962(0)—20056(0)+1)d0
0

(MFD1) max ¢(3) = 2

)

1 1
f(64(0)+6(9)+1)d0 /(62(0)+6(6)+1)d6
0 0

subjectto 8(0) =08(1) =0,
(5%(6) +5(6) +1)(2t5(8) +cosd(8)) — (#5%(8) +sind(6) — 1) (45> () +1)
+(5%(6) +8(0) +1) (265(6) +25ind(6)) — (63 (0) —2cosd(6) +1)(25(6) +1)

+2p(8)(25(6) - 1) =0,

1
/ p(6) (8%(6) ~5(8)) 2 0,
0

0T 20, te.s.

Next, let us construct the modified problem and its dual pairs for the feasible point (g, 61, 02, p(0)) = (0, %, %, %)
as follows:
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1

1
(MFP1), min ( / 2¢(6)de, / g(e)de)
0

0

subjectto ¢(0) = ¢(1) =0,

1
/ —s(0)p(0)Tds < 0.
0

1 1
(MFDI),, max ( / 25(0)d6, / 6(9)d9)

0 0
subjectto 8(0) = 8(1) =0,

3-2p(0) =0,

1
/ -5(0)p(0)7do = 0.
0
p(6") z 0.

Clearly, ¢(9) = 0 and (8, 51, 62, p(O)T) = (0, %, %, %) are feasible solutions to the modified problem and its dual,
respectively.

Note: In Example 1, the objective functions of the primal and its dual are nonconvex and nonlinear, which can
be easily verified. Moreover, we observe that after modifying the considered problem and its dual pair using the 7-
approximated method, the objective function reduces to convex as well as linear. Also, the fractional problem simplifies
to nonfractional ones. Hence, one can conclude that in some cases, the modified fractional variational problem is simpler
than the original fractional variational problem.

Next, let us derive the duality theorems for the original problem (MFP) and the modified problem (MFP),, with the
help of its dual models (MFD) and (MFD),,, respectively.

Proposition 1 (Weak duality for modified problems under the weak Pareto solution) Let ¢ be the feasible solution
to the problem (MFP),, and (3, ¢, p(8)) be the feasible solution to the dual (MFD),,. Then the following cannot hold:

/T z{xi(g)soi(e, 3.8) - 0:(3)i(6.5.9)| a0

71
72

«f {n(e, 5. 8) {Ni®)gi, (0.5.9) - &1 ()1, 0.5, 9)|

71

Co iporary Math tics 5186 | Purusotham Singamsetty, et al.




+ (%n(e, s, 8)) (8@ (60.5.9) - @i B, (6.5.9) }‘w

2

< [ {5®16:0.5.8) - @:®wi(0.5.5)| a0
+f Q{n(e, 5.8) {N: B)ei, (6. 5.5) - @i B)wi, (6.5.5)

+ (%U(ﬁ, 5, 5)) {Ni ®)gi, (6.3, 5) - ; B)s, (6. D, 3)} }da, Vie .

Proof. Let us assume the opposite of the result that the above inequality holds. Hence, we get

/ 2{71(0, 5.9 [Ni®)p:, 6.5.5) -0 Bwi, (6.5.5))

< [ {n0.5.5 s @ 0.5

71

PN

)= @B, (6,5.9)]

+ (%U(Q, 5, 8)) {Ni (g)gaig. (6,3, 8) - @; (g)zpl-g, 6,3, 8)} }dg, Vie .

Multiplying both sides of the above inequality with the Lagrange multiplier § > 0 and summing up fromi={1,..., k},

we obtain

T2 k . R .
/ {nw, , 8){2 5:[Ni (@i, (6, 5, 8) — ; D)y, (6.3, )J}
o i=1

d (& N o _ -
+ (%0(9, . 6)){ 5,18 (31, (6.5, 3)— ®: B (0,5, 6)]}}d9
i=1

4
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72

</{n(9, 6,8){.

k
71 i=1

5:[8i (®)pi, (6.8.3) - i B, (6.5, 8)]}

d (& ~ o _ -
+ (%n(& 3, 6)){;@ [N:(3)¢:, (6,3, 3) - @ (D). (6,3, )J}}de. (15)

On the other hand, since (¢) and (3, &, p(6)) are feasible solutions to (MFP)r and (MFD)n, respectively. Therefore,
one can have

72 T2

/p(e)Th(e, 3. ’8)d0+/{n(9, ¢, 0)p(0) he(6,3,)

71 71

+ (%n(& 3 8>)p<0>7h¢(0, 3, 8>}d9 <0, (16)

and

72 T2

/p(e)Th(e, 3, 8)d9+/{n(9, 5.3)p(6)The (8,3, 3)

+(%n(e, 5, 8)),0(0)Th¢(9, 3, '8)}de > (). (17)

By combining the inequality (16) with the inequality (17), one can obtain

T2

/ {nw, 6. D)p(0) he(0.5.9)+ (%nw, N 8>)p(e)Thg-<9, 3. *>}de

71

T2

g/ {n(e, 5,3)p(0)The (8,3, 8)+(%n(e, 5, 8))p(0)Th¢(6, 3, 8)}d9. (18)

71
Further, multiplying both sides of equation (11) with 1(8, 9, 8) and integrating within the limit 7; to 72, we get

T2 k . R A
5:[8;(3)¢i_(6,3,3) - @; (D) (6,3, 0)]
=1

/n(a, 5, 8){_

T1 t
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+(p(6) g (8.3, 8)}d9

+(p(8) he (6,8, ’8))}de

With the help of integration by parts in the above equation, we get

T2

k ) _ .
/ n(6.3, 8){261 [8: B¢, (6,3, 3) - i B)yi, (6,3, 3)]
i=1

+(p(0)"he (6,3, 8>}de

P

k .
=[n<e, 3, 8){261 [8:(®) i (6. 8. 8) — i (B)yi (6.5, 5)]
i=1

+(0(6)) he (0.3, 8)}]

71

T2

-~

+(p(0)The (6,3, 8>}de

Equation (19) together with (10) and 7(6, 3, 8) =0 gives

72

k
[ 110553611561, (6.5.5) - 0, 0.5.9)
1

T1 =

() (0.5.5)fas

Volume 5 Issue 4]2024| 5189

~(d(& ~ ~ = - ~ =
- [00.5.5] 5 Y otnre, @.5.5) -0, 0.5.5)
i=1

k
-/ (—n(é’ 0.9)){ 276018 B (0.5.8) - @1 Gy, (0.5,
i=1

(19)
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C

72

k
=_/ (—n(e 5, 6)){26, [N B)¢i, (6,3, 3) - ;i (B)wi, (6, 3, 3)]
i=1

71

+(p(8)The (8,3, 8)}d9. (20)

The equation (20) can be rephrased as

T2

k
/ {nw, 0.8 01180, 0.5.5) - 0, (0.5.9)|
i=1

71

d (& ~ o N e
. (%0(9, 5, 6)){;]& (8:@)¢r. (6.5, 8) -0, B, (6.5, 6)1}}d9

T2

- / {n(e, 5,8)(0(6)) o (6.3, 5)

71

+ (%n(e, 5, 5))(/0(9))Thg.(9, 3, 8)}de. o

Similarily, for the feasible point (g, 8, p(68)) in (MFD),,, one can have

T2

k
i {n(e, o B X018, B)er, 0.5.5)- @i, .55
i=1

71

d R k
+(En(9, G, 6)){;61 [8:(3)¢r, (8,3, 5) - D; By, (6,3, 6)1}}

72

=- / {nw, 6, 3)(p(0) he(6,3,3)

71

d - ~ =
+ (ﬁn(é’, , 6))(p<e)>Th¢(e, 3, 6>}d9. (22)

Inequality (18) together with the equations (21) and (22) gives
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T2

k
/ {n(e, o 8] X018 B)er, 0.5.5)- @i, 0.5.9)

71 i=1

d N\ & ~ ~ = ~ ~ =
(@ 9| 201, (0.5.5) -0 B, (0.5, 6)1}}de

i=1

72

k
2 [ {nw, 5, 8){26, N B, (6.8.) &, B, (0.5, 6)]}

1 i=1

k
(—77(9 5, 6)){26, [N:(B) i, (6.5, 3) - @; B)uss, (6.5, 6)1}}

i=1

which opposes the inequality (15). Thus, the proof is complete.
Proposition 2 (Weak duality for modified problems under the Pareto solution) Let ¢ be the feasible solution to the
problem (MFP),, and (8, 6, p(6)) be the feasible solution to the dual (MFD),,. Then the following cannot hold:

] 2{&(’6)%(9, 8.8)-0:(3)0i(6.3.9)| a6

71

+f {nw, 5.9 {Ni®)gi, (0.5.8) - 0, B, (0.5, 9)}

T1

P

+ (%’7(9, S, 8)) {Ni (®)¢i, (8,8, 8) - @i (B, (6,3, 8)} }dg

< / 2{&(’6‘)%(9, 8.8) - 0:(3)0i(6.3.9)| a6

+f {n(a 5,8) {Ni(®)¢, (6.8, 8) - ;8w (6.5.9)]

71

PN

+(%n(0, 3, 5)){81'(8)90,;(9, 3,8) —®;(®)i, (0,0 )}}dg Vie ¥,

with at least one strict inequality.
Proof. The proof of this proposition follows from Proposition 1.
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Theorem 2 (Weak duality for original problems under the weak Pareto solution) Let ¢ be the feasible solution to the

problem (MFP) and (3, 6, p(6)) be the feasible solution to the dual (MFD). Further, suppose that f {Ri(¢)pi(0, s, ¢)—

71
T2 Py
D, () (0, s, ¢)}dO (i € &) and fﬁ(@)Th(H, ¢, ¢)df are invex functions at a feasible point 8 on X with regard to .

71
Then the following inequality cannot hold:

T2 . T2 PN
[¢i(6,5,9)do [ ¢i(6,8,8)d6
T1 71

,Vie X .

T2 ] T2 A
[wi(0.5.9)d6 [ i(6.0,8)do
71 71

Proof. Let us assume the contrary of the result that

T2 . T2 o
[¢i(6.5.9)d6 [ ¢:(6,3,8)d6
= O ,Vie

72 . 72 N
[wi(6.5.5)do [ (6.3,3)do
71 T1

holds. That is,

/ {Ri()¢i(0, 5, $) - 2i(Syi(60, 5, )} do

< / {x,-(g)gp,-(a, 3,3) — ®; (3)u: (6, B, 8)}de, Vie . 23)

T1

On the other hand, we will show that ¢ and (8, s, p(0)) are the sets of feasible solutions to (MFP),, and (MFD),,,
respectively. Since ¢ is a feasible solution to (MFP). Hence, we have

h(6, ¢, &) £0.

Using the condition p(#)7 = 0 in the above inequality, we get
T2

/ﬁ(e)Th(e, §.9)do<0. (24)

71

T2 -
Since the function f p(NTh(6, ¢, ¢)db is invex at a point 3 on X with regard to ;7. So,

71
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/ pOTh(, T, $)do 2 / 5(0)Th(6,3,3)d6
r =~ X\~ on\T ol d ~ =\~ T —~ =
+/{n(0, 5. 0)p(6) he(6,0, 6)+(En(0, S, 6))p(6) he (6,0, 6)}d0. 25)

T1
According to inequality (24), the inequality (25) reduces to

/E(H)Th(e, 3. ’8)d9+/{n(9, & 0)5(6) he(6,3,)

71 ™1
d =\ ~ =
+ (%U(G, S, 6))p(6’) he(0, 0, 6)}(19 £0,

which confirms that ¢ is a feasible solution to (MFP),,. Moreover, since (8, 5, p(0)) is a feasible solution to the dual
(MFD). Therefore, from inequality (6), one can obtain

/(p(e))Th(e, 3,3)d6 2 0.

Using the condition 1 (6, 8, 8) =0, the above inequality can be written as

/ 5(0)Th(6,3,3)d6o + / {n(e, 3, 0)5(6) he(6,3,)

+ (%n(f), 3, 8)),5(0)Th§-(9, 3. 8)}d9 >0,

which is equivalent to (12). Hence, (8, 6, p(6)) is a feasible solution to the dual (MFD),,. The function f {Ni()i(0,6,¢)—

71

D, ()i (0, s, ¢)}dO (i € ) is invex at a point 3 on X with redard to n yields
72

/ R(Di(0. . 8) - (D (0. § 5)}do

71
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> / (8:(3)1(8. 8, 8) — 0, (8w (6. 5. 5)}do

72

+ / {n(a G 3 {(N:(B)gi_ (6,3, 8) - &; B)w;_ (6,3, )}

71

d — —~ —_— — —_~
+ (%”(9’ 3 6)){xi(a)¢i¢(e, 5,3) - ®; ()i, (6,3, 6)}}d6, Vie X

The above inequality, together with Proposition 1, gives

72

/ 81 (60, 5, &) -0, (Dui(0, & )b

71

> / {xi(8)¢i(9, 3,3) — ®; (3)ui (6, 3, ’8)}d9, Viex,

71

which opposes the inequality (23). Thus, the proof is finalized.

Theorem 3 (Weak duality for original problems under the Pareto solution) Let ¢ be the feasible solution to the

problem (MFP) and (0, 6, p(6)) be the feasible solution to the dual (MFD). Further, suppose that f {Ni()i(0, ¢, ¢)—

T1
T2 Y
D, ()i (0, s, ¢)}rdO (i € X) is strictly invex, and f (T h(8, ¢, ¢)db is an invex function at a feasible point d on X

T1
with regard to 7. Then the following inequality cannot hold:

T2 . T2 PSS
[¢i(6,.5.5)d0 [ ¢i(6,8,8)do

T1 71
<

T2 . = 12 .
[wi(6.5,9d0 [ 4;(6.8,3)do
T1 T1

,Vie

with at least one strict inequality.

Proof. The proof of this theorem follows from Theorem 2.

Theorem 4 If the feasible point ¢ is a weak Pareto solution to (MFP), then it is also a weak Pareto solution to
(MFP),,.

Proof. Since the feasible point ¢ is a weak Pareto solution to (MFP). Therefore, from Theorem 1, one can conclude
that a vector § > 0 and p(0): .# — R™ exist and satisfy
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6i[Ni (D)9 (6,5, O -0 (i (0,5 D] +p(0)The (6, 5, O

k
i=1

k
%(Z@ [Ni(©)¢i, (6. §. &) = @i (i, (6. 5. D +p(0) he (6. 5. 5) ). 26)
i=1
p(O)Th(6. 5,8 =0, @7)
k
§>0, p()20 (0 e.9), Za,-=1. (28)
i=1

Let us suppose that ¢ is not a weak Pareto solution to (MFP),,. Then ¢ € Y exists, so that

/ IN:(Di(8. 5. &) - 0 (Dui(6. 5. )} do

71

+ / {nw, 5 ORI (6,5 8) - D:i(S)wi (6,5, 9}

+ (%U(Q, S, E)) {&(5)9% ) —®; ()i, (6, G, E)} }d&

< / 1N:(D0:(6, 5, 8) - D (Dwi(0. 5, 5} db

71

72

+f {nw, 6O N (6.6 -0, Dui (6.5, )

+ (%n(e, g, E)) {Ri(9)¢:.(6, 5, §) - i(Dwi. (6,5, )} }de, Viet

Applying the condition r(8, &, $) =0, in the above inequality, we get

Volume 5 Issue 4]2024| 5195 Contemporary Mathematics



T2

/ {nw, 5O N (6.6 O -0 (Dui (6.5, )

71

* (%’7(9’ 3 5‘7) {Ri(9)¢:.(6, 5, §) - i(Dwi. (6,5, )} }de <0, Vie X

Multiplying both sides of the above inequality by ¢ > 0 and then suming up from i =1, ..., k with at least one strict
inequality, we get

72

k
/ {nw, g a{zfsi[&-<a¢i¢ (6,5, 8) - D (D, (0, 5, ;':)]}
i=1

k
+ (%7’](9, ;:s 6)) {;61 [Nt(g:)‘plc (03 E» E) _(Di(g;)l//i; (9’ g:’ f)]}}de

<0. (29)

Since ¢ is a feasible solution to the modified problem (MFP),,. Therefore, one can have

/ p(6) h(6, . 5)do+ / {nw, 5 9pO) he(6.5.9)

+ (%0(9, S, E))p(@”z;(@, g g)}dg <o.

Equation (27), together with the above inequality, yields

T2

/ {n(e, 5. 9pO) he (6,5, 9)+ (%n(é’, g, a)p(e)Th¢(0, g, é)}de <0. (30)

71
On the flip side, multiplying the equation (26) with (8, <, <) and integrating within the limits 7; and 7o, we get

6i IR ()i (6,5, ) - ;i (D) (6, T, 9]

/TQ{H(H, S, f)( :

T1 t
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+p(0) he (0,3, é))}de

T2 k

- [ne.5of o Yatn@e 0.5 0 -0, 050

71 i=1

+p(0) he (6. a)}de

Integrating by parts and using the condition (6, ¢, §) = 0 in the above equation, we get

T2 k

[ 050y i@, 0500w, 6.5.0)

1 i=1

+p(0) he (6, 5, a}de

72

k
:_/(_n(a s @){251 [Ni(©¢is (0, 5, §) =P ()i, (6, 5. 5]
i=1

T1

+p(0) he (6, S, E)}de

which can be rephrased as
72

k
/ {n<e,a§>{26, [N ()i, (6. 5. )~ 0D, (6, 5. O] }

71 i=1

d k . .
(g0 50)| Yonio0, 0.5 50w, 0.5 a]}}de

-/ {nw, 5 PO he (0. S a+( . g,a)pw)Thq(e g,a}

71

Using inequality (30), the above inequality reduces to
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72

k
/ {TI(Q, S, 5){251'[&'(5)%’; (6.5, 8) - @i (6, . f)]}
71 i=1
d k . :
(e 5.9 )| Loisi@en 0.6 - @@, 0.5 a]}}da 20,
=1

4

which contradicts (29). Thus, the proof is finalized.

Theorem 5 If the feasible point ¢ is a Pareto solution to (MFP), then it is also a Pareto solution to (MFP),,.

Proof. The proof of this theorem follows from Theorem 4.

Proposition 3 (Strong duality for modified problems under the weak Pareto solution) Let the feasible point & be a
weak Pareto solution to (MFP),,. Then the Lagrange multiplier & > 0 and a smooth piecewise function p: .# — R exist,
so that (, 6, p) is a weak Pareto solution to the modified dual problem (MFD),,.

Proof. Since the feasible point ¢ is a weak Pareto solution to (MFP),,. Therefore, there exists the Lagrange multiplier
& > 0 and a smooth piecewise function p: .# — R satisfying (26)-(28). Using equations (26) and (27), along with the
condition (0, §, ¢) =0, we obtain

k
3\i [Ni(a%‘g (9’ E? S,:) - q)i(awig (Ha E’ E)] +ﬁ(9)Thg‘(9’ E? g:)
=1

14

d (& _ . |
2@( 5:[Ri ()i (6, 5, §) =Pty (6, 5, )] +p(6) he (6,5, 5) |,
=1

4

T2 T2
/ 5O h(6, S, &)do+ / n(6. 5. 95©0) he(6.5.5)
T1 T1

d ,
+ (@n(é), S, §))p(9)Th¢(9, S, 6)do=0,

which validates the feasibility of (g, 5, p) to (MFD),,. Now, let us assume to the contrary that (g, 5, p) is not a weak
Pareto solution to (MFD),,. Then (8, 5, p) € Q exists and satisfying

/ {Ri(D¢i(0, 5, O) - 2i(S)yi(6, 5, O} do

2

+/ {)7(9’ 87 S,:) {Ni(E)‘Pig (97 Ea a _(Di(g:)lﬁig (9’ E? S,:)}

71
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[ 50060.5.9 ) (8010, 5. - @@, (0. 5}

T2

> / IN:(D i (6. 5.5~ 0, (Dui(6. 5. D)) db

71
72

+f {nw, & DN @0 (0.5 O -0 (D (0.5 O)

71

* (%TI(G, E’ E)) {xl(a‘pls (9’ E’ E) _(DI(E)wlg(g’ E’ a} }d@, Vi e %

With the help of the condition n(6, &, §) =0, the inequality mentioned above becomes

72

/ {77(9’ Ss E) {Nz(a%g (0’ E’ a - (I)i(awi¢ (09 E’ E)}

+(%n<9,&a){x (D61, (6, 5,8 - ®:i(Dwi, (6, a}}de>o, Vie .

Multiplying both sides with 5> 0and adding fromi=1, ..., k, we get

T2

k
/ {nw, 3, a{za[xi(awig(e, 5.9~ 0D, (6.5, é)]}

7 i=1

=~

(—n(9 3, a){z i[Ni(D)¢ie (6, 5, §) =i (i (6, 5, a]}}de

i=1

>0. €2))

As (S, 5, p) is a feasible point to (MFD),,, therefore, using (11) we get

k
D iR ()¢ (0,5, 8) =i, (0, 5, ] +5(0) h (6,5, 5)

i=1
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d (& , . ‘
=E(Z‘Sf [Ri(D¢i. (0, 5 &) =D ()i (0, 5 D +P(0) he (6,5 9)).

i=1
Multiplying the above equation with (6, 3, ) and integrating within limits 7 and 75, we get
T2

/U(G, 3, E){

71

Ni(Dei (6,5, ) -0 (6,5, 9]

|M»

+0(6)" he (6, G, a}de

T2 k

- d - . .
=/ 77(09 67 Q{E(Zé‘l [Nl(a‘plg (0’ E, a —‘Di(f)'ﬁig- (9, E’ E)]

71 i=1

+0(0)" he (0,3, 6)}d9

Using integration by parts and the condition (6, <, §) = 0, the above equation gives

72

/ 77(0’ 8’ E){ Zgl [NI(E)QD!S (0’ E’ a - q)i(awi(; (0’ g:’ E)]

i=1

bl

T1

+p(0) hg (0,3, E)}de

T2 k

=‘/ (_’7(9 o @){Z N1, (60,5, ) =0 (i, (6,6, )]

71 i=1

+0(6) he (6, 5, é)}de

which can be rephrased as

T2

k
/ {n(e, 5.9 Y5 O, (0,59 -0, 0.5 D))

71 i=1
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d ~ ko . .
(e 39)| LA @p 0.5 5 -e@w 05 a]}}de

72

- . d ~ _ .
=- / {n(e, 0.5)p(0) he (8. S, a+(@n(9, 3, a)p(e)Thg-(e, s, a}de.
71
With the help of inequality (31), the above inequality reduces to
72

- . d e )
/ {nw, 5. PO he(0.5.5)+ (@n(& 5, Q)E(H)Thg-(@, : a}de <0. (32)

71

As (S, 8, p) is a feasible point to (MFD),,, therefore, using (12) we get

/ 5O h(6, 5. 5)do+ / {n(e, 8. 950 he(6.5.9)

Implementing equation (27) to the above inequality, we obtain

T2

/ {n(a 8. 950) he(6.5.0)+ (%nw, s, a)ﬁw)Th;(e, g a}de > 0,

71

which contradicts the inequality (32). Hence, the feasible point (8 5, p) is a weak Pareto solution to (MFD),,.

Proposition 4 (Strong duality for modified problems under the Pareto solution) Let the feasible point ¢ be a Pareto
solution to (MFP),,. Then the Lagrange multiplier 8 > 0 and a smooth piecewise function p: & — R exist, so that
(S, 8, p) is a Pareto solution to the modified dual problem (MFD),,.

Proof. The proof of this proposition follows from Proposition 3.

Theorem 6 (Strong duality for original problems under the weak Pareto solution) Let the feasible point ¢ be a weak
Pareto solution to (MFP) and satisfy all the assumptions of Theorem 2. Then the feasible point (g, 5, p) will become a
weak Pareto solution to (MFD) and the extremal value will be the same.

Proof. Since the feasible point < is a weak Pareto solution to (MFP). Therefore, by Theorem 4, < is a weak Pareto
solution to (MFP),,. Moreover, using Theorem 3, one can conclude that (g, 5, p) is a weak Pareto solution to (MFD),,
satisfying
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4

k
6:[8i(9)¢i (8,5, ) =D (D) (6,5, )] +p(0) he (6,5, 5)
=1

d (& , ' '
=d—9( 6:[Ri($)¢i (6,5, ) — @i (0,5, )] +p(0) he (0,5, 5) |,
i=1
/E(G)Th(e, g §)d9+/n(9, 5. 9PO) he(6,5.8)

d .
§>0, p(0)20, He .7,

which validates that (<, 5, p) is a feasible solution to (MFD) and also satisfies all the assumptions of Theorem 2. Hence,
(s, s, p) becomes a weak Pareto solution to (MFD) and gives the same extremal values as (MFP).

Theorem 7 (Strong duality for original problems under the Pareto solution) Let the feasible point ¢ be a Pareto
solution to (MFP) and satisfy all the assumptions of Theorem 3. Then the feasible point (&, 5, p) will become a Pareto
solution to (MFD) and the extremal value will be the same.

Proof. The proof of this theorem follows from Theorem 6.

Proposition 5 (Converse duality for modified problems under weak Pareto solution) If (8, 5, p) is a weak Pareto
solution to the modified dual (MFD),,. Then 8 is a weak Pareto solution to (MFP),,.

Proof. Let us assume that the feasible point 3 is not a weak Pareto solution to (MFP),,. Then, there exists ¢ € Y
satisfying

] Q{Ni(%s‘)wi(e, 8.8) -0, (B)wi(6.8.3) a0

T1
T2

«f {n(e, 6. 8) [N @)¢i, (6.5.5) -0, B)yi, (6.5.5)}

71

+ (%n(& G 8)) 8@ (6.5.9) -0 Bwi, (6.5.9)| }de

< [ {8 ®16:(0.5.8) - 0 ®wi(0.5.8) a0

71
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+f {nw, 8.9 {Ni®)¢i, (0.5.9) - @i @)y, (6,5.5)|

+ (%n(e, 3, 8)) {5 ®)¢i,(0.8.8) - ©: @i, (0.5.9)] }de, Vie X

Using the condition 7(6, 8, 8) =0, the above relation can be written as
T2
/ {n(e, 5.9 {Ni @i, (6.5.8) - 0, B, (6,5, 9)]

71

Py

+ (%n(a, s, 8)) {8:®)¢:,(0.8.8) - ©: )i, 6.5,9)} }de <0, Vie X

Multiplying with 6 >0and summing up, we get
72

k . .
/ {nw, 6.8) ) 5 {Ni @)1, (6.5.9) - 0, (B, (0.5, 3)}
i=1

71

k . _ .
(—n(9 5. 6)) > 5 {Ni @i, (6.5.9) - @i Bhwi, (6.5.5)] }de

i=1

<0. (33)

Since (8, 5, p) is a feasible solution to (MFD),,, therefore from (12), we obtain

/ 5(0)Th(6,3,3)do + / {n(e, 3. 0)5(6) he(6,3,)

T1 T1
d . ~=\- -
+(251(6.8.8)) 5(6) he (6.5,9) 16 2 0.

Using the condition 1(6, 3, 8) =0, the inequality mentioned above simplifies to

Volume 5 Issue 4]2024| 5203 Contemporary Mathematics



C

72

/ 5(0)Th(6,3,3)d6 2 0.

71

As 3 is a feasible solution to (MFP),;, one can have

/ 5(0)Th(6, 3, 3)d6 + / {n(e, ¢, 0)p(6) he(6,3,)

(—77(9 S, 6));0(0)Th§(9 )}dg <0.

Using inequality (34), the above relation reduces to

72

/ {nw, 6. D)P(O) he(6.5.9)+ (%n(é’, G 8))5(6>Th¢<9, 3, 8>}de <0

T1
Adding the inequalities (33) and (35), we get

72

k . .
J {0 e.39( 25 5o, 0.5.5) -0 B, 0.5.5)

71 i=1

+5(0)The (6,3, 8))

k . _ .
[ 5510.5.9) [ 25 {5 B, (0.5.9) - @B, 0.5.9)

i=1
+5(0)The (6,3, '8))}de
<0.

As (8, s, p) is a feasible solution to (MFD),,, so,

(34

(35)

(36)
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5:[Ni @), (6,3, 3) - ; (B)yi_ (6,5, 0)] +5(0) h (6,5, D)

R

Il
—

k
dQ(Z INi(B) i, (6.5, 8) ~ @i, (8. 5,8)] +5(6) e (6.8, 9)).
i=1

Multiplying the above equation with n(6, ¢, 8) and integrating within limits 7; and 12, we get

T2

[ 106.6.9{ Y5801, 0.5.9) - @G, (0.5.9)

i=1

~

T1
+5(0) he (6,3, 8)}d9

T2 k

= / no. <. 8){ (Z [X: )i, (6.5, 3) ~ (D), (6.5, 9)]

T1 i=1

=~

+5(0)The (6,0, 6))}d0.

Using integration by parts and the condition (8, 3, 8) =0, the above equation gives

T2 k . R .
[ 1066 9{ Y5180, 0.5.9) - @G, (0.5.5)

71 i=1

+5(8)The (6,3, 8);510

T2 k

= / (—n(a G, 6)){2 5:[%:(3)¢i. (6,3, 8) - &, B)wsi, (6,3, 9)]

T1 i=1

+5(0)The (6,3, 8)}519

which can be written as
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T2

[ 106.6.9{ Y5801, 0.5.9) - @G, 0.5.9)

i=1

>~

T1
+5(0) he (6,3, 8)}019

T2 k

+ / (—n(9 , 6)){2 5i[N: B¢, (8. 5,8) @, B)wss, (6, 8. 9)]

- i=1

+5(0) he (6,3, ’S)}de
:0’

which contradicts (36). Hence, the feasible point 3 becomes a weak Pareto solution to (MFD),,.
Proposition 6 (Converse duality for modified problems under Pareto solution) If (3,5, p) is a Pareto solution to the
modified dual (MFD),,. Then 3 is a Pareto solution to (MFP),,.
Proof. The proof of this proposition follows from Proposition 5.
Theorem 8 (Converse duality for original problems under the weak Pareto solution) Let the feasible point (3,9, p) be
72

a weak Pareto solution to the dual (MFD) and satisfy the condition 4(6, 3, 8) =0. Moreover, suppose / {Ni()pi(0,¢,¢)—

T1
T2 - -
D; ()i (0, s, ¢)}do, Vie ¥ and fﬁ(@)h(@, §, ¢)d0 are invex functions at a point 8 on X with regard to 5. Then d is a

T1

weak Pareto solution to (MFP).
Proof. First of all, we need to verify that the feasible point (g, 5, p) is a weak Pareto solution to (MFD),,. Let us
assume to the contrary that (3, 8, p) is not a weak Pareto solution to (MFD),,, then (3, J, p) € Q exist and satisfy

] 2{&@%(6, 3.8) - 0:(3)0i(6.5.9)| a6

71
72

+/{n( ){N ®)ei, (0.8.8) - @i (B, (0.3, 6)}

T1

[ 55710.5.9)) @, (0.5.8) - @1 G, (0.5.5) fao

< / 2{&- (®)¢:(6.5.5) - ®:(B)wi(6.5.5)} do

71
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+f {nw, 5.8) {Ni B)ei, (6. 5.9) - ©: B)ws, (6.5.5)}

+ (%n(e, 5, 8)) {5 ®)¢i,(0.8.8) - ©: @i, (0.5.9)] }de, Vie X

Using (6, 8, 8) =0, the above relation reduces to
T2
/ {n(a 5.8) {Xi®)ei, (6, 5.9) - ®: B)ws, (6.5.5)}

71

Py

+ (%n(e, 5, 8)) {8 ®ei, (0.8,8) - &: )i, 0.5, 9)} }do >0, Vie X

Multiplying with § > 0 and summing up, we get
T2

k . .
/ {nw, 5.8) )" 6 {Ni®)wi, (6.8, 8) - &: B, (6.5.9)|
i=1

71

k ) .
+ (%n(e, 5, 8)) 5i {Ni (®)¢i, (6,3,3) —®;(®)i, (6,0, 8)} }d@
=1

>0. 37)

As (8, 6, p) is a feasible solution to (MFD),,. Therefore, we have

4

k . . .
5:[8: (D) i, (0,3,8) — ®;B)yi,(6,5,0)] +5(0) he(6,3,)
=1

d{& . . .
=@(;6i [Ni ()i, (6,8, 8) = Dityi, (0,8, 8)]+p(0) he (6, 8,0)|.

Multiplying the above equation with (6, 9, 8) and integrating within limits 7; and 12, we get
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T2

/ n(6, s, 8){2&- [N:®)g1, (6, 8,8) - @: ()i, (6,5, 9)]

i=1

>~

T1
+5()The (6,3, 8)}019

7~ (d(& . -
= / n(o, 3, 6)@(26,- [Ni(®)¢i, (6, 3, 8) - D ()i, (6,3, 9)]

71 i=1

+5(0)The (6,3, 8))}(19.

Using integration by parts and the condition (8, 3, 8) =0, the above equation gives

T2

k . _ .
/ n(6.s, 8){2& [8: B¢, (6,3, 3) - 2:(B)yi, (6,3, 3)]

1 i=1

+5(0)The (8,3, ’8)}d9

T2 k

= / (—n(e 3, 6)){2 J[N:(3) i, (6,3, 8) — i (), (6, 3, )]

71 i=1

+5(0)The (8,3, 8)}d9
which can be expressed as

T2 k . R .
/ {nw, 3, 8){2& [8: ®)¢i, (6,5, 8) - i B)ysi, (6, 5, 5)]
71 i=1

d (&K - - ~ =
+ (@n(e, 5, 6)){2&- [N:(B)¢r. (6, 3, 3) — ©; D), (6, D, 6)1}}d9

i=1
T2

—/ {n(e, 5,3)p(0)The (8,3, 8)+(d%n(e, 5, 8))p(9)Th¢(0, 3. 8)}519

71
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which, along with the inequality (37) yields

T2

P

/{n(e, 5,8)5(0) he (6.3, 8)+(%n(9, 5, 8))p(9)Th§-(9, 3, )}de <0.

71

P

Implementing the condition /(6, 3, ) = 0 in the above inequality, we get

72 72

/{p(Q)Th(Q,g,g)}d0+/{n(9, 5,3)p(0)The(6,3,3)

T1 T1
d —~ - —~ =
- (Enw, 5, 6))p<e> he (6.3, 6)}de <0,

which opposes that (3, &, p) is a feasible solution to (MFD),,. Hence (8, 5, p) is a weak Pareto solution to (MFD),,, and
by Theorem 5, 8 is a weak Pareto solution to (MFP),,. Now, our aim is to show 8 is a weak Pareto solution to (MFP). On
the contrary, suppose that & is not a weak Pareto solution to (MFP), thus 8 € Y exists, such that

/ (R:(8)0:(0. 8, 8) — B (D) (0, 5, 8)}do

71
72

< / {Ni(g)t,oi(ﬁ, 3,3) - D; (3)u: (6, 5, 8)}d9, Vie . (38)

71

T2 Y
Due to invexity off{Ni(g)t,o,-(é), ¢, ¢)—Di ()i (0, ¢, ¢)}dO, Vie J atd, we have

71

/ (8:(3)¢1(6, 5, 8) — D (B) (6, 5, )} do

> / (8:B):(6. 8. 8) — 0, (8w, (6. 5. 5)}do

+ / {nw, 5, 8){Ni(®)g:, (6,3, 3) - ; (B)yr_ (6,5, 0)}

71
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d ~ —~ ~ X —~ ~ X
+ (En(e, 9, 6)){85(6)§0,~§. (0,0,8) - @;(d)y;. (6,0, 6)}}d0, VieX.

Using (38), the above inequality reduces to
72

/ {n(e, 5, ) {Ni(®)¢s (6,3, 3) - D (B)yr_ (6,5, 0)}

71

-~ PN

+(%n(9, 5, 8)){&-(3)<pi¢ (6,3, 8) - (D)1, (6, 3, )}}d@ <0, Viex.

Also, fTZQ {ﬁ(@))Th(G, S, g")}de is invex at 9, thus we get

-~

/T2 {5()T (6,3, é)}d@—/m {5(6))"h(6,3,0)}do

T1 71
72 —~ ~ X d —~ —~ X
2 [ {000,053 hs(0.5.9)+ 000,55 300) 51059 fao.
T1
As 3 €Y is a feasible solution, so the above expression reduces to be

/2{5(9))Th(9,8,8)}d9+/ 2:n(e,é,g)(ﬁ(H)Thg(H,g,g)

d ~ -
+ (ﬁnw, 3, 6))(5(9))%(0, 5, 6>}de <0,

(39

which validates that 8 is a feasible solution to (MFP),,. Also, since 3 is a weak Pareto solution to (MFP),; and (6, 3, 8) =0,

thus, one can obtain

/ i {n(e, 5, 0){R:B)¢i_ (6, 3, 8) - &; B)y;_ (6,3, 9)}

P PN

+ (%n(e, 5, g)){xi(g)%; (6,8, ) - ®;(d)y:,(6,, )}}d@ >0, Vie A,

which contradicts (39). Hence, the feasible point 3 is a weak Pareto solution to (MFP).
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Theorem 9 (Converse duality for original problems under the Pareto solution) Let the feasible point (8 5, p)bea
—~ = T2
Pareto solution to the dual (MFD) and satisfying the condition 4(8, 8, 8) = 0. Moreover, suppose / {Ri(¢)ei(0, s, ¢)—

71

T2 Iy
D, ()i (0, s, ¢)}dO, Vi€ 7 is invex and f p(O)h(6, g, ¢)d0 is a strictly invex function at a point & on X with regard

71
to 1. Then 3 is a Pareto solution to (MFP).

Proof. The proof of this theorem follows from Theorem 8.

4. Conclusions

This paper employed the n-approximation method to study the nonlinear nonconvex multiobjective fractional
variational problem with inequality constraints. Initially, the objective function and constraints of the original problem
(MFP) and its dual (MFD) have been modified to generate the modified n-approximated problem (MFP),, and its dual
(MFD),,. Weak, strong, and converse duality theorems are established for both the original and modified problems.
Furthermore, an appropriate example was envisioned, demonstrating that the nonlinear nonconvex problem could possibly
be transformed into a linear and convex optimization problem by employing the r-approximated method.
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