
Contemporary Mathematics
http://ojs.wiserpub.com/index.php/CM/

Research Article

Stable Truncated Trigonometric Moment Problems

Luminita Lemnete Ninulescu

Department of Mathematics, Universitatea Nationala de Stiinta si Tehnologie Politehnica, Bucuresti, Romania
E-mail: lemnete.ni@gmail.com

Received: 5 June 2024; Revised: 15 July 2024; Accepted: 23 July 2024

Abstract: Let γ = {γk}−2n≤k≤2n, γk = γ−k be an one dimensional complex sequence of degree at most 2n. In the
present paper we give a necessary condition such that γ admits on zz = 1 an atomic representing measure with a finite
number of atoms. The necessary condition is expressed in terms of “stability” of the Riesz linear non-negative functional,
(zk +(1− zz)∩C2n[z, z])→ γk, associated to the given sequence. We also give a necessary and sufficient condition such
that the extended sequence γ̂ = {γ̂ j} j∈Z , γ̂ j = γ̂− j, γ̂k = γk, −2n≤ k ≤ 2n to admit on zz= 1 an unique atomic representing
measure with a finite number of atoms. The “stability” condition of the introduced Riesz functional is an adaption of the
concept ”dimension stability” by Vasilescu introduced for solving Hamburger moment problems in [5]. In section 3 of the
present paper, we apply the main existence theorem for determining representing measures with 1, 2, 3 atoms, according to
the rank of the moment matrix. The representing measures of the data of the quadratic moment problem have the support
in the unit circle.
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1. Introduction
The moment problem is one of the most interesting subject in mathematics. It appears as a distinct problem in

functional analysis; it gives information about the continuous medium using discrete data, the moment sequence. The
information are given by setting a duality between the space of moments and spaces of functions belonging to different
domains of science. The duality keeps the “positivity” of both associated terms. The advantage is that the discrete
data are sampled and are input in applications of modeling and simulation, in science and engineering with relevant
applied mathematics and computational approaches.Domains in which the moment sequence is associated with functions
representing wave signals are of great interests. For example seismology, transmissions, to quote only few of them, e.g.
[1].

Remarkable papers on truncated or full real or complex moment problems are those: by Curto and Fialkow [2], by
Putinar [1, 3], by Vasilescu [5]. Complex truncated moment problems are also found in [4]. The problem of finding
atomic representing measures for truncated real Hamburger and Stieltjes moment problems are solved in [2]. The finite
moment sequence γ ⊂ R is associated with the matrix Mn(γ) (the moment matrix). The condition on the existence of the
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representing measure for γ is expressed in terms of positivity and extension property of Mn(γ) to Mn+1(γ), Mn+1(γ) with
the same rank asMn(γ), “(flat extension)”. By an operator approach, the problem of finding representing atomic measures
for Hamburger truncated moments, in conditions of stability of the Riesz functional induced by the assignment tk → γk,
associated with the given moment sequence γ ⊂ R, in [5] is solved.

Given a finite multi-sequence, γ = {γi j}i, j∈Nd , |i|+| j|≤2n ⊂C, subject on γ00 > 0, γi j = γ ji, the truncated d dimensional
complex moment problem for γ entails determining necessary and sufficient conditions for the existing of a positive Borel
measure µ onCd such that:

γi j =
∫

Cd
ziz jdµ(z, z), 0 ≤ |i|+ | j| ≤ 2n. (1)

The measure µ is called a representing measure for γ .
In the present paper, whenever n≥ 1, given a finite complex sequence γ = {γk}−2n≤k≤2n ⊂C, subject on γk = γ−k, we

prove that if γ is non-negative definite and satisfies a “stability condition”, γ has an unique positive atomic representing
measure with support in the unit circle. The finite data γ are the values of a linear non-negative functional introduced by

the assignment
Cn[z, z]

(1− zz)∩Cn[z, z]
∋ ẑα zβ → γα−β ∈C, (a kind of Riesz functional). The stability condition of the data γ

expressed as a stability condition of the associated Riesz functional (Definition 2.1), in the present paper, is an adaption
of the concept “dimensionally stable” by Vasilescu introduced in [5], (Definition 2.2). Such a non-negative functional
is always completely defined by the moments ẑk → γk, −2n ≤ k ≤ 2n. The spaces on which the Riesz functional acts
represents one of the novelty of the present paper. This technical essence assures the representing measure of the given
data, in case of existence, to have the support in the unit circle.

The present paper presents also a full trigonometric moment problem. Given a non-negative sequence γ =

{γk}k∈Z , γk = γ−k, γ admits an unique atomic representing measure on the unit circle if and only if the unique extension

of the Riesz functional
C[z, z]
(1− zz)

∋ ẑk → γk ∈ C, (a kind of classical Riesz functional) is “stable”. In both cases of the

truncated and full moment problem solved in this paper, the construction of the spaces on which the Riesz functional

acts,
Cn[z, z]

(1− zz)∩Cn[z, z]
, respectively

C[z, z]
(1− zz)

, together with the standard form of the moment matrix M(γ) make results

in Proposition 3.1 in [2] to be obvious.
In section 3 of the present paper the main theorem in section 2 is applied for the data γ of the quadratic moment

problem. By applying the given theorem to find representing measures with 1, 2, 3 atoms for the quadratic moment
data, another direct proof of the same result in [2] is obtained. As a novelty of the paper, the study of the existence of
representing measures on zz = 1 for γ proves that: the introduced invariants “rank of the moment matrices” in [2] and
“stable dimension of the Hilbert spaces constructed with help of the moment data” in [5] are the same.

The conclusions of the study of the quadratic moment problem in 3 are stated in the equivalent assertions of theorem
3.1. One of the equivalences is the common value of the main invariants in [2], respectively in [5].

The structure of the present paper is:
Section 1. Introduction.
Sub-section 1.1. Preliminary Notions.

Section 2. Stability of the L2n functional. The unique extension of L2n to a functional on
C[z, z]
(1− zz)

.

Section 3. Application. The quadratic moment problem on zz = 1.
Section 4. Conclusions.

1.1 Preliminary notions
Let n ≥ 1 and d = 1 be fixed. We denote withC1

n [z, z] : =Cn[z, z] the space of polynomials with complex coefficients
in the indeterminates z, z ∈ C with total degree at most n. For i, j ∈ N, zi = z · ... · z (i-times), z j = z · ... · z (j-times),
the total degree of ziz j is i+ j. We have: Cn[z, z] = {ziz j, i+ j ≤ n, i, j ∈ N}. Let I : = (1− zz) be the ideal generated
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by (1− zz) in C[z, z], the algebra of polynomials in indeterminates z, z, of any total degree. For k ∈ {1, ..., n} let also
Ik = (1−zz)∩Ck[z, z] be a subspace inCk[z, z]. We consider the quotients spacesCk[z, z]/Ik, 0 ≤ k ≤ n; when k = 0, 1, let
Ik =Ck[z, z]∩(1−zz)= {0}, and the quotientsCk[z, z]/Ik =Ck[z, z]. For the same integers n, d, let L2·n : C2·n[z, z]/I2·n →C
be a linear functional satisfying the conditions:

L2·n( f̂ ) = L2·n( f̂ ), ∀ f̂ ∈C2·n[z, z]/I2n. (2)

L2·n(|̂ f |
2
)≥ 0, ∀ f̂ ∈Cn[z, z]/In. (3)

L2·n(1̂) = 1. (4)

If L2·n( f̂ ) = L2·n( f̂ ), f̂ ∈ C2·n[z, z]/I2·n, we have L2·n(ẑiz j) = L2·n(
̂|zi|2z j−i) = L2·n( ̂|zi|2z j−i). Consequently,

L2·n(ẑ j−i) = L2·n(ẑ j−i) with −2n ≤ j − i ≤ 2n. Such a functional is uniquely determined by the complex moments
L2·n(ẑp), p ∈ {−2n, ..., 2n}.With aid of L2·n we introduced on Ck[z, z]/Ik the pre-Hilbert space product:

< f̂ , ĝ >= L2·n( f̂ g), f̂ , ĝ ∈Ck[z, z]/Ik, k ∈ {0, 1, ..., n}. (5)

From (5) and L′
2·ns properties, the following assertions are true:

(i) <α1 f̂1 +α2 f̂2, ĝ >= α1 < f̂1, ĝ >+α2 < f̂2, ĝ >, f̂1, f̂2, ĝ ∈Ck[z, z]/Ik.

(ii) < f̂ , ĝ >=< ĝ, f̂ >, f̂ , ĝ ∈Ck[z, z]/Ik.

(iii) < f̂ , f̂ >≥ 0, ∀ f̂ ∈Ck[z, z]/Ik, k ∈ {0, 1, ..., n}.
If the introduced pre-Hilbert space product has (iii), the Cauchy-Schwarz inequality holds:

|< f̂ , ĝ > | ≤< f̂ , f̂ >
1
2 < ĝ, ĝ >

1
2 , ∀ f̂ , ĝ ∈Ck[z, z]/Ik, k ∈ {0, 1, ..., n}. (6)

Remark 1.1 If, in place of the functional L2·n : C2·n[z, z]/I2·n →C with (2-4), we give its values L2·n(ẑk) = γk, k ∈
{−2n, ..., 2n},γk = γ−k, we ask for a representing measure of γk, i.e.

γk =
∫

z,|(zz=1)
zkdµ(z),−2n ≤ k ≤ 2n. (7)

We obtain, in this way, an authentic truncated trigonometric moment problem.

2. Stability of the L2n functional. The unique extension of L2n to a functional on
C[z, z]/(1 − zz)

In this section, we present an extension theorem of a linear stable functional with given properties, L2·n on
C2·n[z, z]/I2·n, n ≥ 1, to a linear functional with given properties L on C[z, z]/(1− zz) and give some applications of
it in solving truncated and full trigonometric moment problems on T1.
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If 0 ≤ k ≤ l ≤ n, we have Ck[z, z]⊆Cl [z, z], the subspaces Ik ⊆ Il ⊆ In and the quotients Ck[z, z]/Ik ⊆Cl [z, z]/Il ⊆
Cn[z, z]/In are vector subspaces inCn[z, z]/In.

Let<, > be the pre-Hilbert product in (5). When 0 ≤ k ≤ n, if we take Tk = { f̂ ∈Ck[z, z]/Ik, < f̂ , f̂ >= L2n(|̂ f |
2
) =

0}, fromCauchy-Schwarz inequality Tk ⊂Ck[z, z]/Ik, are all vector subspaces in thementioned vector spaces. IfCk[z, z]/Ik

are finite dimensional, the quotients Hk =
Ck[z, z]/Ik

Tk
, 0 ≤ k ≤ n, are all finite dimensional Hilbert spaces with the scalar

product given by:

< f̂ +Tk, ĝ+Tk >k=< f̂ , ĝ >= L2n( f̂ g), f̂ , ĝ ∈Ck[z, z/Ik, 0 ≤ k ≤ n. (8)

Now, if l is another integer, with, 0 ≤ k ≤ l ≤ n, since Ck[z, z]/Ik ⊂ Cl [z, z]/Il , and Tk ⊂ Tl , we have natural maps
Jk, l : Hk → Hl , Jk, l( f̂ + Tk) = ( f̂ + Tl). If

∥∥∥ f̂ +Tk

∥∥∥
k
=< f̂ + Tk, f̂ + Tk >

1
2
k =< f̂ + Tl , f̂ + Tl >

1
2
l = L2n( f̂ f )

1
2 =∥∥∥Jk, l( f̂ +Tk)

∥∥∥
l
;
∥∥∥( f̂ +T1)

∥∥∥
1
=< f̂ + T1, f̂ + T1 >

1
2
1 =

∥∥∥J0, 1( f̂ +T0)
∥∥∥

1
=

∥∥∥( f̂ +T0)
∥∥∥

0
,
∥∥∥( f̂ +Tk)

∥∥∥
k
=< f̂ + Tk, f̂ +

Tk >
1
2
k = L2n( f̂ f )

1
2 =

∥∥∥J j, k( f̂ +Tj)
∥∥∥

k
=

∥∥∥( f̂ +Tj)
∥∥∥

j
, j = 0, 1 all Jk, l , J j, k with j ≤ k are isometries. We have

Jk, k, J1, 1, J0, 0 the identity maps of Hk, H1, respectively H0.

For a given linear functional L2·n : C2·n[z, z]/I2n → C, with properties (2-4), the Hilbert spaces {Hk}n
k=0 will be

referred as the Hilbert spaces built via L2·n, the maps Jk, l : Hk → Hl , 0 ≤ k ≤ l ≤ n, as the associated isometries. When
l = k+1, 0 ≤ k ≤ (n−1), we write Jk instead Jk, k+1.

Definition 2.1 Let L2·n : C2·n[z, z]/I2·n, →C, n ≥ 1, be a linear functional with properties (2-4), {Hk}n
k=0, the Hilbert

spaces built via L2·n, <, >k, k ∈ {0, ..., n} the scalar products in Hk, Jk : Hk → Hk+1, 0 ≤ k ≤ n− 1, the associated
isometries. If for some k ∈ {0, ..., n−1} one has Jk(Hk) = Hk+1 we say that L2n is dimensionally stable at k.

Remark 2.2 i) It is immediate that the functional L2·n is stable at (n−1) if and only ifCn[z, z]/In =Cn−1[z, z]/In−1+

Tn, n ≥ 1.
Let L : C[z, z]/(1 − zz) be a linear, functional with properties (2-4). Similar constructions may be done for the

functional L. Thus, let {H j}∞
j=0 be the Hilbert spaces constructed via L, for all k, l ∈ N, Jk, l , 0 ≤ k < l be the associated

isometries.
We say that L is dimensionally stable at k if there exists integers k, l with 0 ≤ k < l, such that L|C2·l [z, z]/I2·l is stable

at k. The number s = sd(L) = dimHk = dimHk+1 is called the stable dimension of L.
The same constructions and same invariant “stable dimension” was primary introduced in [5] (Remark 2.1, Definition

2.2).
We consider the operators Mz, Mz : Cn−1[z, z]/In−1 →Cn[z, z]/In, defined by Mz( f̂ ) = ẑ f , Mz( f̂ ) = (ẑ f ).
Remark 2.3 i) The operators Mz, Mz : Cn−1[z,z]/In−1 →Cn[z, z]/In are correctly defined.
Indeed, if z f ∈ In = I ∩Cn[z, z], we have z f ∈ Cn[z, z], z f ∈ I. Consequently f ∈ Cn−1[z, z], f ∈ I. That is f̂ ∈

Cn−1[z, z]/In−1, implying thatMz : Cn−1[z, z]/In−1 →Cn[z, z]/In is correctly defined. The same forMz : Cn−1[z, z]/In−1 →
Cn[z, z]/In.

Remark 2.4 Let <, > the pre-Hilbert space product onCn[z, z]/In,Cn−1[z, z]/In−1, as in (5), we have:
1.10 < Mz f̂ , Mz f̂ >=< f̂ , f̂ >, < Mz f̂ , Mz f̂ >=< f̂ , f̂ >= Ln(|̂ f |2), for all f̂ ∈Cn−1[z, z]/In−1.
1.20 < Mz f̂ , q̂ >=< f̂ , Mzq̂ >, < Mz f̂ , q̂ >=< f̂ , Mzq̂ >, f̂ , q̂ ∈Cn−1[z, z]/In−1.

Proposition 2.5 Let <, > be the pre-Hilbert product onCn−1[z, z]/In−1, respectively onCn[z, z]/In as in (5) and let
{H j}n

j=0 be the Hilbert spaces built via L2·n. The linear operators Mz : Hn−1 → Hn, Mz : Hn−1 → Hn, Mz( f̂ +Tn−1) =

z f̂ +Tn, Mz( f̂ +Tn−1) = z f̂ +Tn, are correctly defined, injective and ∥Mz∥= 1, ∥Mz∥= 1 whenever f̂ +Tn−1 ∈ Hn−1.
Proof. If f̂ ∈ Tn−1, it follows from remark 2.4 that < Mz( f̂ +Tn−1), Mz( f̂ +Tn−1)>n=< f̂ , f̂ >(n−1)= 0; the same

< Mz( f̂ +Tn−1), Mz( f̂ +Tn−1)>n=< f̂ , f̂ >(n−1)= 0, implying Mz : Hn−1 → Hn, Mz : Hn−1 → Hn are correctly defined.
If 0 =< Mz( f̂ +Tn−1), Mz( f̂ +Tn−1)>n=< Mz( f̂ +Tn−1), Mz( f̂ +Tn−1)>n=< f̂ , f̂ >(n−1), it implies f̂ ∈ Tn−1. That is:

Mz and Mz are injective. Whenever ∥Mz(ĝ+Tn−1)∥n =< Mz(ĝ+Tn−1), Mz(ĝ+Tn−1)>
1
2
n =< ĝ+Tn−1, ĝ+Tn−1 >

1
2
n−1=
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∥ĝ+Tn−1∥(n−1), we have ∥|Mz∥ = 1. The same, ∥Mz(g+Tn−1)∥n =< Mz(ĝ+Tn−1), Mz(ĝ+Tn−1 >
1
2
n =< ĝ+Tn−1, ĝ+

Tn−1)>
1
2
n−1= ∥ĝ+Tn−1∥n−1. That is ∥Mz∥= 1.

Lemma 2.6 Let L2·n : C2·n[z, z]/I2·n →C be a linear functional with properties (2-4), stable at (n−1), <, > be the
pre-Hilbert product introduced with help of L2·n. We have MzTn ∩ (Cn[z, z]/In)⊂ Tn, MzTn ∩ (Cn[z, z]/In)⊂ Tn.

Proof. Let be Mz f̂ , Mz f̂ ∈Cn[z, z]/In and f̂ ∈ Tn. If L2·n is stable at (n−1), there exists r̂, q̂ ∈Cn−1[z, z]/In−1 such
that (Mz f̂ − q̂) ∈ Tn, (Mz f̂ − r̂) ∈ Tn.

Using remark 2.4 and proposition 2.5, we have<Mz f̂ , Mz f̂ >n=<Mz f̂ , Mz f̂ − q̂>n +<Mz f̂ , q̂>n=<Mz f̂ , Mz f̂ −
q̂ >n + < f̂ , Mzq̂ >n= 0. Moreover, < Mz f̂ , Mz f̂ >n=< Mz f̂ , Mz f̂ − r̂ >n + < Mz f̂ , r̂ >n=< Mz f̂ , Mz f̂ − r̂ >n + <

f̂ , Mzr̂ >n= 0.
Therefore, when f̂ ∈ Tn we have also Mz f̂ ∈ Tn and Mz f̂ ∈ Tn, implying MzTn ∩ (Cn[z, z]/In) ⊂ Tn and MzTn ∩

(Cn[z, z]/In)⊂ Tn.

Remark 2.7 Let L2·n : C2·n[z, z]/I2·n → C be a linear functional with properties (2-4), stable at (n− 1), <, >n the
scalar product constructed via it as in (8) and Jn−1, n : Hn−1 → Hn the associated isometry. The operatorsMz : Hn−1 → Hn,
Mz : Hn−1 → Hn, defined by: Mz( f̂ +Tn−1) = ẑ f +Tn, Mz( f̂ +Tn−1) = ẑ f +Tn, are bijective.

Proof. Indeed, if L2·n is stable at n−1, dimHn−1 = dimHn, consequently the injective operators Mz, Mz are surjective
and bijective too. Setting J : = Jn−1, n we may consider on the Hilbert space Hn, the linear operators A = MzJ−1, B =

MzJ−1, A, B : Hn → Hn. Note that, in condition of stability of <, >n at n−1, A, B are correctly defined, bounded and
bijective.

Proposition 2.8 The linear operators A : Hn → Hn, A = MzJ−1, B : Hn → Hn, B = MzJ−1 are unitary.
Proof. As in Remark 2.7, A, B : Hn → Hn, A = MzJ−1, B = MzJ−1 are correctly defined, linear, bounded, bijective

operators on Hn. Let us prove that A, B are unitary ones. Indeed, if J is a bijective isometry, Mz as in Proposition
2.5, we have

∥∥∥A( f̂ +Tn)
∥∥∥

n
=

∥∥∥Mz(J−1( f̂ +Tn))
∥∥∥

n
=

∥∥∥J−1( f̂ +Tn)
∥∥∥

n−1
=

∥∥∥ f̂ +Tn

∥∥∥
n
for all ( f̂ + Tn) ∈ Hn. With∥∥∥A( f̂ +Tn)

∥∥∥2

n
=< A( f̂ +Tn), A( f̂ +Tn)>n=< A∗A( f̂ +Tn), ( f̂ +Tn)>n=< ( f̂ +Tn), ( f̂ +Tn)>n for all ( f̂ +Tn) ∈ Hn;

using the polarization relation for < A∗A(x+Tn), (y+Tn)>n, we obtain A∗A( f̂ +Tn) = f̂ +Tn for all ( f̂ +Tn) ∈ Hn, that
is A∗A = IdHn . Consequently we have A∗ = A∗ ◦ IdHn = A∗ ◦ (A◦A−1) = (A∗A)◦A−1 = A−1; thus A is unitary. The same
happens for B.

Proposition 2.9 Let L2n : C2n[z, z]/I2n →C be a linear functional with properties (2-4), stable at (n−1), <, >n, the
scalar product constructed via it in (8), {Hl}l=n

l=0 be the Hilbert spaces built via L2n and A,B be the unitary operator in 2.8 .
We have A = B−1.

Proof. Whenever A = MzJ−1, B = MzJ−1 are the linear, bounded, bijective operators in remark 2.7, for f̂ +Tn ∈ Hn,
we have A−1( f̂ +Tn) = JM−1

z ( f̂ +Tn) = J(ĝ+Tn−1), with property (zĝ− f̂ ) ∈ Tn. We have also B( f̂ +Tn) = MzJ−1( f̂ +
Tn) = Mz(ĥ+Tn−1) = zĥ+Tn with property ( f̂ − ĥ) ∈ Tn. Applying lemma 2.6 for both (ẑg− f̂ ),( f̂ − ĥ) ∈ Tn, we obtain:

(zzĝ− z f̂ ) ∈ Tn. (9)

Respectively,

(z f̂ − zĥ) ∈ Tn. (10)

From (9), (10) and that Tn is a vector space, we get (ĝ− z f̂ + z f̂ − zĥ) = (ĝ− zĥ) ∈ Tn with result: A−1 = B on Hn.

Proposition 2.10 Let n ≥ 1, L2·n : C2·n[z, z]/I2·n →C a linear functional with properties (2-4), stable at (n−1), A, B
the operator in proposition 2.8. We have:

(i) Ak(1+Tn) = ẑk +Tn when 0 ≤ k ≤ n.

(ii) A−k(1+Tn) = ẑk +Tn = Bk(1+Tn), for all 0 ≤ k ≤ n.
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(iii) AiA− j(1+Tn) = ẑiẑ j +Tn = AiB j(1+Tn), for all 0 ≤ i, j, i+ j ≤ n.
Proof. We prove by induction, that for all , k ∈ {0, 1, ..., n}, we have Ak(1+Tn) = ẑk +Tn. For k = 0, A0(1+Tn) =

IdHn(1+ Tn) = 1+ Tn = z0 + Tn. Assume the assertion is true for some l ∈ {0, ..., n− 1} and let us get it for (l + 1).
We have Al+1(1+Tn) = A ◦Al(1+Tn) = A(ẑl +Tn) = MzJ−1(ẑl +Tn). Because 0 ≤ l ≤ (n− 1), ẑl +Tn−1 ∈ Hn−1 and
J−1(ẑl +Tn) = ẑl +Tn−1, A(ẑl +Tn) = Mz(ẑl +Tn−1) = ẑ(l+1)+Tn. These prove (i) whenever 0 ≤ k ≤ n.

In case −n ≤ k < 0, we have Ak(1+ Tn) = (A−1)−k(1+ Tn) = B−k(1+ Tn). As above, by induction, for all l ∈
{0, ..., n}, we have Bl(1+Tn) = ẑl +Tn = A−l(1+Tn). Consequently, we have (i), (ii) for all k,with −n ≤ k ≤ n.

(iii) Let us prove that AiA− j(1+Tn) = ẑiz j for all 0 ≤ i, j, i+ j ≤ n. The assertion is true for 0 ≤ i, j, i+ j ≤ n−1

and prove it for 0 ≤ i, j, i+ j + 1 ≤ n. We have Ai+1A− j = A(AiA− j(1+ Tn)) = A(ẑiz j + Tn) = MzJ−1(ẑiz j + Tn) =

Mz(ẑiz j +Tn−1) = ẑi+1z j +Tn. Thus, we have (iii) for all 0 ≤ i, j, i+ j ≤ n.
The next result is a substitute of Theorem 2.6 from [5].
Theorem 2.11 Let L2·n : C2·n[z, z]/I2·n → C be a linear functional with properties (2-4), stable at (n− 1). There

exists an unique extension L : C[z, z]/I →C of L2·n which is a linear functional with properties (2-4).
Proof. Let L2·n : C2·n[z, z]/I2·n → C be a linear functional with properties (2-4) stable at n− 1), <, > be the pre-

Hilbert product associated with it, as in (5), A be the unitary operator in 2.7, {Hl}n
l=0 be the Hilbert spaces built via L2·n,

f̂ ∈ C[z, z]/(1− zz) arbitrary, f̂ (z, z) = ∑i, j ai j ẑiz j : = ∑k: =i− j∈J⊂Z f (k)ẑk; when ai j : = f (k). We consider the linear
operator f (A) = ∑k f (k)Ak and define L : C[z, z]/(1− zz) → C as L( f ) =< f (A)(1+ Tn), (1+ Tn) >n, with f (A) the
functional calculus of A. The functional L is correctly defined as (1−AA∗) = 0, linear and satisfies (2-4).

Indeed, the functional calculus and the scalar product are linear, L(1̂) =< IdHn(1+Tn), (1+Tn)>n= ∥(1+Tn)∥2
n =

1, L( f̂ ) =< f (A)(1+ Tn), (1+ Tn) >n=< ∑k f (k)(A∗)k(1+ Tn), (1+ Tn) >n=< (1+ Tn), (∑k f (k)Ak)(1+ Tn) >n=

< (∑k f (k)Ak)(1+Tn), (1+Tn)>n = L( f̂ ). If f̂ ∈ C[z, z]/(1− zz), f ≥ 0, from Riesz Fejer lemma, f = |q|2. That is
L( f̂ ) = L(|̂q|2) =< qq(A)(1+Tn), (1+Tn)>n=< q(A)(1+Tn), q(A)(1+Tn)>n= ∥q(A)(1+Tn)∥2

n ≥ 0.
Let us prove that L is an extension of L2·n, extension with properties (2-4) Let p̂ ∈ C2·n[z, z]/I2·n, p̂(z, z) =

∑i, j, i+ j≤2n ai j ẑiz j be arbitrary and consider a representation of p̂ of the form p̂(z, z) = ∑αi+βi≤n, γ j+δ j≤n ai j [̂zαizβi ][̂zγ j zδ j ].
From L′s definition and Proposition 2.10, we have:

L(p̂) =< p(A)(1+Tn), (1+Tn)>n=< ∑
αi+βi, γ j+δ j

ai jAαi−βiAγ j−δ j(1+Tn), (1+Tn)>n

=< ∑
αi+βi, γ j+δ j

ai j ẑαi−βi(1+Tn), (ẑδ j−γ j(1+Tn)>n= ∑
αi+βi, γ j+δ j

ai jL2·n(
̂zαi−βizδ j−γ j) =

= L2·n( ∑
αi+βi, γ j+δ j

ai j
̂zαi+γ j zβi+δ j) = L2·n(p̂).

Consequently, L|C2·n[z, z]/I2ṅ = L2·n|C2·n[z, z]/I2·n . Let us prove that the extension L with properties (2-4) is unique. Let
L1, L2 : C[z, z]/(1−zz) be extensions of L2·n with properties (2-4), {H1

k }∞
k=0 = {Ck[z, z]/Ik

T 1
k

}∞
k=0, {H2

k }∞
k=0 = {Ck[z, z]/Ik

T 2
k

}∞
k=0

the Hilbert spaces built via L1, respectively L2, T 1
k , T 2

k the null spaces at step k of L1 respectively L2. We prove
that for every ẑα zβ ∈ C[z, z]/(1− zz), α + β = n+ k ≥ (n− 1), k arbitrary, there exists p̂(n−1) ∈ C(n−1)[z, z]/I(n−1)

such that (̂zα zβ − p̂(n−1)) ∈ T 1
n+k ∩ T 2

n+k. When k = 0, from L1|C2·n[z, z]/I2·n = L2|C2·n[z, z]/I2·n = L2·n|C2·n[z, z]/I2·n and from
L2·n|C2·n[z, z]/I2·n stability at (n − 1), the assertion is true. Suppose the statement is true for (n + k) and prove it for

(n+ k+ 1). If α ′
+β ′

= n+ k+ 1, ̂
zα ′−1zβ ′

or and ̂
zα ′

zβ ′−1 ∈ Cn+k[z, z]/T 1
n+k ∩T 2

n+k from induction hypothesis, there
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exists q̂n−1, q̂′
n−1 ∈Cn−1[z, z]/In−1 such that (

̂
zα ′−1zβ ′

− q̂n−1) ∈ T 1
n+k ∩T 2

n+k and or (
̂

zα ′
zβ ′−1 − q̂′

n−1) ∈ T 1
n+k ∩T 2

n+k. If

zz = 1 and Li(|̂ f |
2
) = 0, from lemma 2.6, we have also Li(|z f̂ |2) = Li(|z f̂ |2) = 0, i = 1, 2; with result

̂
zα ′

zβ ′
− zqn−1 ∈ T 1

n+k+1 ∩T 2
n+k+1 or

̂
zα ′

zβ ′
− zq′

n−1 ∈ T 1
n+k+1 ∩T 2

n+k+1. (11)

If L is stable at n, there exists p̂n−1, p̂′
n−1 ∈Cn−1[z,z]/In−1 such that

(ẑqn−1 − p̂n−1) or (ẑq′
n−1 − p̂′

n−1) ∈ Tn. (12)

From (11) and (12) it results ẑα zβ − p̂′
n−1 ∈ T 1

n+k+1 ∩T 2
n+k+1 +Tn or ẑα zβ − p̂n−1 ∈ T 1

n+k+1 ∩T 2
n+k+1 +Tn. Thus, for

all α, β ∈ N, there exists pn−1, p
′
n−1 ∈Cn−1[z, z]/In−1 with property (ẑα zβ − p̂n−1) ∈ T 1

n+k ∩T 2
n+k and, (ẑα zβ − p̂′

n−1) ∈
T 1

n+k ∩ T 2
n+k. Consequently, L1(ẑα zβ ) = L2(ẑα zβ ) = L1(p̂n−1) = L2(p̂n−1) = L2·n(p̂n−1). Extending (11) and (12) by

linearity to arbitrary functions f̂ ∈C[z, z]/(1− zz), we have L1 = L2 = Lext ; the extension is unique.
Let L2·n : C2n[z, z]/I2·n → C be a linear functional with properties (2-4), stable at (n− 1). The unique extension of

L2·n to L : C[z, z]/(1− zz)→C like a linear functional with properties (2-4) is called the stable extension of L2·n.
Remark 2.12 Let L : C[z, z]/(1− zz) → C be a linear functional with properties (2-4), the stable extension of the

functional L2·n, stable at (n−1). Then L is stable at any (n+ k)≥ (n−1), k ≥ 0.
Proof. Let {Hl}∞

l=0 the Hilbert spaces built via L, the stable extension of L2·n, Jl : Hl →Hl+1 the associated isometries.
We prove by induction that Jl(Hl) =Hl+1, for all l ≥ (n−1). The assertion is true for l = n−1.Assume the assertion is true
for some l and let us get it for (l+1). We fix an element ẑα zβ ∈Cl+2[z, z]/Il+2,α+β = (l+2).We have ẑα zβ = ̂z · zα−1zβ

or ẑα zβ = ̂zzα zβ−1, α +β −1 = (l+1). From induction hypothesis, for ẑα−1zβ or ẑα zβ−1 ∈Cl+1[z, z1]/Il+1 there exists
f̂ , ĝ ∈ Cl [z, z]/Il such that (ẑα zβ−1 − ĝ), ̂(zα−1zβ − f̂ ) ∈ Tl+1. If L(|(ẑα zβ−1 − ĝ)|2) = 0 = L(|(ẑα−1zβ − f̂ )|2), we
have also L(|z ̂(zα zβ−1 − ĝ)|2) = 0 = L(|z(ẑα−1zβ − f̂ )|2. From above, we have Jl+1(Hl+1) = Hl+2. By the recurrence
hypothesis, we get Jl(Hl) = Hl+1 for all l ≥ n−1.

Remark from remark 2.12 it results: the number sd(L) is unambiguously defined.
Remark 2.13 Let L : C[z, z]/I → C be a linear functional with properties (2-4) extension of the functional L2·n,

stable at (n−1). Let also {Hl}∞
l=0 the Hilbert spaces built via L and let Jl, m : Hl → Hm, m ≥ l the associated isometries,

Jl, l+1 := Jl . If L is stable at all l ≥ (n− 1), we may construct for all l ≥ n the unitary operators Al : Hl → Hl , Al =

Mzl J
−1
l , Bl = Mzl J

−1
l . As in propositions 2.8, 2.9, we have A−1

l = Bl , l ≥ n.
Whenever f̂ + Tl−1 ∈ Hl−1 arbitrary, we have Mzl Jl−1( f̂ + Tl−1) = JlMz(l−1)( f̂ + Tl−1) = z f̂ + Tl+1. Therefore,

Mzl Jl−1 = JlMz(l−1) .Using these equalities, we obtainMzl Mz(l−1)( f̂ +T(l−1)) = z2 f̂ +T(l+1).Moreover, we infer Al ◦Al( f̂ +

Tl) = Mz(l−1)J
−1
(l−1)Mz(l−1)J

−1
(l−1)( f̂ +Tl) = J−1

l Mzl Mz(l−1)J
−1
(l−1)( f̂ +Tl) = J−1

l Mzl J
−1
l Mzl ( f̂ +Tl) = J−1

l J−1
(l+1)Mz(l+1)Mzl ( f̂ +

Tl) = J−1
l,(l+2)(z

2 f̂ +Tl+2). A recurrence argument leads to the formula:

Ak
l ( f̂ +Tl) = J−1

l,l+k(z
k f̂ +Tl+k) for all l ≥ n, k ≥ 0, f̂ ∈Cn[z, z]/In. (13)

The same:

A−k
l ( f̂ +Tl) = J−1

l, l+k(z
k f̂ +Tl+k) when l ≥ n, k ≥ 0, f̂ ∈Cn[z, z]/In. (14)
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Remark 2.14 Let L2·n : C2·n[z, z]/I2·n →C, be a linear functional with properties (2-4), stable at (n−1), l ≥ n, A the
operator in remark 2.7. The assertions are true.

i) For all f̂ , q̂ ∈Cl [z, z]/Il , f (A)(q̂+Tl) = J−1
l, 2l( f̂ q+T2l) with f̂ q the usual product inC[z, z]/(1− zz) algebra.

ii) If f̂ ∈ Tn, q̂ ∈Cn[z, z]/In arbitrary, we have f (A)(q̂+Tn) = 0Hn , for all q̂+Tn. Consequently f (A) = 0L(Hn).

Proof. If l ≥ n, from (13), Ak
l ( f̂ +Tl) = J−1

l, l+k(z
k f̂ +Tl+k), k ≥ 0, f̂ ∈Cl [z, z]/Il .As result, f (A)(q̂+Tl) = J−1

l, 2l( f̂ q+

T2l), q̂, f̂ ∈Cl [z, z]/Il arbitrary.
ii) From (i), when f̂ ∈ Tn, q̂ ∈Cn[z, z]/In arbitrary, the following occur: f (A)(q̂+Tn) = J−1

n, 2n( f̂ q+T2n). Let us prove

that f̂ q ∈ T2n. Indeed, we have f̂ q ∈ T2n, equivalently with L(|̂ f q|
2
) = 0. If 0 ≤ L(|̂ f q|2) =< ( f̂ q f q)(A)(1+Tn), (1+

Tn) >n=< f (A)(1+Tn), q∗(A) f (A)q(A)(1+Tn) >n≤ ∥ f (A)(1+Tn)∥n ∥q∗(A) f (A)q(A)(1+Tn)∥n = 0, if when f̂ ∈ Tn,
we have f (A) = 0L(Hn) (from (i)). This imply f̂ q ∈ T2n.

The next result is a substitute for Theorem 2.10 from [5].
Theorem 2.15Let L2·n :C2n[z, z]/I2n →C a linear functional with (2-4), stable at (n−1).Endowedwith an equivalent

norm, Hn has a structure of a unital commutingC∗ algebra.
Proof. Let L : C[z, z]/(1− zz)→C be the stable extension of L2·n, {Hk}∞

k=0, the Hilbert spaces built via it, Jk, l , n ≤
k < l the associated isometries, A the operator in remark 2.7. Let X = { f (A), f ∈C[z, z]/I arbitrary} be a commutativeC∗

sub-algebra in theC∗ algebra L(Hn) of the linear operators onHn.We consider themap π : Hn →X , defined by the equation
π( f̂ +Tn) = f (A), and check the correctness of the definition. Indeed, if f̂ ∈ Tn, for all q̂ ∈Cn[z, z]/In, from remark 2.14,
f (A)(q̂+Tn) = J−1

n, 2n( f̂ q+T2n) = 0Hn , implying f̂ q ∈ T2n, that is f (A) = 0L(Hn). The map π is linear and injective since
π( f̂ +Tn) = f (A) = 0L(Hn) implies f (A)(1+Tn) = J−1

n, 2n( f̂ +T2n) = f̂ +Tn = 0Hn , with consequence f̂ ∈ Tn. Let us prove
that the map π is surjective too. In case l ≥ n, from stability of L|C2n[z, z]/I2n = L2·n at (n−1), we can find r ∈Cn−1[z, z]/In−1

such that f̂ − r ∈ Tl . Therefore, f (A)(q̂+ Tn) = J−1
n, n+l( f̂ q+ Tn+l) = J−1

n, n+l(r̂q+ Tn+l) = r(A)(q̂+ Tn), q̂ ∈ Cn[z, z]/In

arbitrary; that is π is surjective. The map π is an isomorphism of vector spaces, implying dim(Hn) = dim(X) = s.
Moreover, we prove that the map π is an isometry too. Indeed,

∥∥π
(

f̂ +Tn
)∥∥

L(Hn)
= f (A)L(Hn) = sup∥q̂+Tn∥≤1

∥∥∥J−1
n,2n

(
f̂ q+T2n

)∥∥∥
Hn

= sup∥q̂+Tn∥≤1

∥∥∥( f̂ q+T2n

)∥∥∥
H2n

≥
∥∥ f̂ +Tn

∥∥
Hn
. (15)

Moreover,

∥∥π
(

f̂ +Tn
)∥∥

L(Hn)
= sup∥q̂+Tn∥≤1

∥∥∥J−1
n,2n

(
f̂ q+T2n

)∥∥∥
Hn

= sup∥q̂+Tn∥≤1

(
L
(∣∣∣ f̂ q

∣∣∣2)) 1
2
≤ sup∥q̂+Tn∥≤1 ∥ f (A)(1+Tn)∥

1
2
Hn

∥q∗(A) f (A)q(A)(1+Tn)∥
1
2
Hn

≤
∥∥( f̂ +Tn

)∥∥ 1
2
Hn

sup∥q̂+Tn∥≤1 ∥q∗(A)q(A)∥
1
2
X

∥∥ f̂ +Tn
∥∥ 1

2
Hn

≤
∥∥ f̂ +Tn

∥∥
Hn

(16)

If ∥q(A)∥X ≤ 1 when ∥q̂+Tn∥Hn
≤ 1, from (15) and (16), it results

∥∥∥π( f̂ +Tn)
∥∥∥

L(Hn)
=

∥∥∥ f̂ +Tn

∥∥∥
Hn

when f̂ ∈

Cn[z, z]/In. If π : Hn → X is a linear isomorphism and an isometry too, it identifies X with Hn obtaining a structure
of commuting C∗ algebra on Hn.
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The next result is a substitute for Theorem 2.11 in [5].
Theorem 2.16 Let L2·n : C2n[z, z]/I2n → C, n ≥ 1 be a linear functional with (2-4), stable at (n− 1) {Hk}n

k=0 the
Hilbert spaces associated with it. There exists an s-atomic measure µ on T1, where s=dimHn, such that

L2·n(ẑk) =
∫

σA

zkdµ(z), for all k ∈ Z, |k| ≤ 2n.

Proof. Whenever L2·n is stable at (n − 1), from remark 2.7, respectively theorem 2.11, there exists the unitary
operator A on Hn, and the unique extension of it, L : C[z, z]/(1− zz)→C such that L2·n(ẑiz j) = L(ẑiz j) =< Ai(A∗) j(1+
Tn), (1+Tn)>Hn , 0 ≤ i+ j ≤ 2n, zz = 1. If E is the spectral measure of A, concentrated on the spectrum σA ⊂ T1, with
µ(∗) =< E(∗)(1+Tn), (1+Tn)>Hn we have

L2·n(ẑpzq) = L(ẑpzq) =< Ap(A∗)q(1+Tn), (1+Tn)>Hn=
∫

σA

zp−qdµ(z), 0 ≤ p, q ≤ (p+q)≤ 2n.

Let us prove that σA has s = dimHn points. Indeed, if X = { f (A), f ∈C[z, z]/(1− zz)} is a commutative unital C∗

sub-algebra in L(Hn) and, from theorem 2.15, Hn ∼= X (are isomorphic), we have dimHn = dimX, consequently X has
s generators, consequently s characters, say {Φ1, ..., Φs}. We have σA = {(Φ1(A), ..., Φs(A))} ⊂ T1. Thus, µ(∗) is
an s-atomic positive measure with supportµ ⊂ σA. Finally we prove that suppµ is exactly σA. Indeed, if ξ ∈ σA is an
arbitrary point of σA, and χξ is the characteristic function of ξ related to σA, we may construct the spectral projection
χξ (A), built via the functional calculus of A. We have then, < χξ (A)(1+Tn), (1+Tn)>Hn=

∫
σA

χξ (z)dµ(z) = µ({ξ}).
Assuming that µ({ξ}) = 0, we have χξ (A)( f̂ +Tn) = χ2

ξ (A)( f̂ +Tn) = χξ (A) f (A)(1+Tn) = 0, for all f ∈ Cn[z, z]/In

Consequently, χξ (A) = 0L(Hn) which is a contradiction; it follows suppµ = σA.

The next result is an assertion in the spirit of Theorem 2.12 of [5].
Theorem 2.17 Let L : C[z, z]/(1−zz)→C be a linear functional with properties (2-4), {Hk}∞

k=0 be the Hilbert spaces
constructed via L. There exists an s-atomic, positive representing measure µ on T1 for L, if and only if L is dimensionally
stable at (n−1)≥ 0 with s = sd(L) = dimHn.

Proof. Whenever L is stable, with s = sd(L), there exists n ≥ 1 such that L|C2n[z, z]/I2n is stable at l, 0 ≤ l < n. Via
theorem 2.16, there exists an s-atomic representing measure with s = dimHl = dimHn = sd(L) such that

L(ẑk) =
∫

T1

zkdµ(z), k ∈ {−2n, ..., 2n}.

Let be L
′
(ẑk) =

∫
T1

zkdµ(z), ∀k ∈ Z. We infer L
′ is a linear functional on C[z, z]/(1− zz), with properties (2-4) and

L
′ |C2·n[z, z]/I2·n = L|C2·n[z, z]/I2·n . Indeed, L

′
( f̂ ) =

∫
T1

f (z)dµ(z) =
∫

T1
f (z)dµ(z) = L′

( f̂ ), L
′
(1̂) = 1 and L

′
(| f̂ |2) ≥ 0. If the

integral is linear, L
′ is the same. Consequently L

′ is a linear functional with properties (2-4), extension of L|C2·n[z, z]/I2·n
to C[z, z]/(1− zz). If such an extension is unique, it results L = L

′ , implying L admits on C[z, z]/(1− zz) a representing
measure.

Conversely, we assume that an s-atomic represent1ing measure µ exists such that L(ẑk) =
∫

T1
zkdµ(z),k ∈ Z. We

prove that L is stable at (n−1) with s = dimHn.

If s = 1,
∫

T1
zkdµ(z) = ξ k

1 µ({ξ1}), with result Tn = { f̂ = ∑n
k=0 bk ẑk, zz = 1, L(|̂ f |2) = 0} = { f̂ = ∑n

k=0 bk ẑk ∈
Cn[z, z]/In, |∑n

k=0 bkξ k
1 |2 = 0}.Because if n≥ 1 arbitrary, dimTn =dim((Cn[z, z]/In)−1)⇔ dimHn = 1, n≥ 1. Therefore,

L is stable at n = 1 and sdL=dimHn = s = 1.
Let be the case s ≥ 2 and τ = {ξ1, ..., ξs} ⊂ T1, such that the representing s-atomic measure is concentrated on

τ. Let {Hm}∞
m=0 = {Cm[z, z]/Im

Tm
}∞

m=0 be the Hilbert spaces built via L. We have Tm = { f̂ ∈ Cm[z, z]/Im, L(|̂ f |2) = 0} =
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{ f̂ ∈Cm[z, z]/Im, |
∫

T1
| f |2dµ(z) = 0}. Let us prove that in case s ≥ 2, we have for all l ≥ (s−1), dimHl = s.Whenever

τ = {ξ1, ..., ξs}= supp(µ), |ξk|= 1, 1 ≤ k ≤ s, we consider for all k the Lagrange interpolation polynomial

Ξ̂k(z) = (
j=s

∏
j=1, j ̸=k

∥∥ẑ−ξ j
∥∥2
)(

j=s

∏
j=1, j ̸=k

∥∥ξk −ξ j
∥∥2
)−1.

Clearly, for l ≥ s− 1 we have {Ξ̂k}k=s
k=1 ⊂ C2s[z, z]

I2s
⊂ L2(µ), with main property Ξ̂k(ξ j) = δk j, k, j ∈ {1, ..., s}.

Since f ∈ L2(µ) can be written on τ as f = ∑ j=s
j=1 f (ξ j)Ξ̂ j, {Ξ̂ j} j=s

j=1 is an orthogonal basis in L2(µ). Consequently, for all
l ≥ (s−1), for f̂ ∈Cl [z, z]/Il , | f̂ (z)−∑ j=s

j=1 f (ξ j)χ̂ j(z)|2 = 0 on τ.Moreover,

0 =
∫

τ
| f (z)−

j=s

∑
j=1

f (ξ j)χ̂ j(z)|2dµ(z)

=
∫

τ
| f (z)|2dµ(z)−

∫
τ

f (z)(
j=s

∑
j=1

f (ξ j)χ̂ j(z))dµ(z)−
∫

τ
f (z)(

j=s

∑
j=1

f (ξ j)χ̂ j(z))dµ(z)+
j=s

∑
j=1

| f (ξ j|2.

It follows, for every l ≥ s−1, we have: Tl = { f̂ ∈Cl [z, z]/Il ,
∫

τ | f (z)|2dµ(z) = 0}= { f̂ ∈Cl [z, z]/Il , with f̂ |τ = 0}.
Thus, for all l ≥ s−1, {ξ̂k +Tl}k=s

k=1 is an orthogonal basis in Hl and, for all l ≥ s−1, dimHl = dimL2(µ) = s. That is L
is stable and sd(L) = s.

3. Application: The quadratic moment problem on {z,zz = 1}
The data of the problem are: γ : = {γ0 : = γ0, 0 = γ1, 1 : = γ1−1, γ−1 : = γ1, 0 : = γ0−1, γ1, 0 = γ0, 1 : = γ1, γ−2 : =

γ2,0 : = γ0−2, γ2, 0 = γ0, 2 = γ2}.
Let L2·1 : = L2, C2·1[z, z]/I2 : =C2[z, z]/I2, L2 : C2[z, z]/I2 →C, be a linear functional, with properties (2-4) such

that L2(1) = L2(ẑz) = L2(ẑ2z2) = γ0, 0 = γ1, 1 = γ2, 2, L2(ẑ) = L2(̂z) = γ0, 1 = γ1, 0; L2(ẑ2) = L2(ẑ2) = γ0, 2 = γ2, 0 ≥ 0.
The positivity of L2 ≥ 0 is a necessary condition for the existence of a representing measure for γ . Thus, we assume
L2 ≥ 0. If I = (1− zz), Ik = I ∩Ck[z, z], k = 0, 1, 2, we have I0 = {0}, I1 = {0}, I2 = {α(1− zz), α ∈C}. The Hilbert
spaces built via L2 are: {Hk}k=1

k=0, T0 = { f̂ ∈ C0[z, z], L2(| f̂ |2 = 0} = {0}, T1 = { f ∈ C1[z, z], L2(| f̂ |2) = 0} = {0},

H0 =
C0[z, z]/I0

T0
=C0[z, z], dimH0=1. H1 =

C1[z, z]/I1

T1
=C1[z, z].

Case 1 L2 is given. If dimH1 = 1, case in which ẑ, ẑ are linear dependent of 1, we have dimH0 = 1 = dimH1,
consequently L2 is stable at (n−1) = 0, we find a representing measure for γ with s = 1 = sd(L2) atoms (theorem 2.16).

Case 2 L2 is given. Let be dimH1 = 2. In this case, L2 is unstable at (n− 1) = 0. We look for the existence of a
functional L2·2 : = L4, C2·2[z, z]/I4 : = C4[z, z]/I4; L4 : C4[z, z]/I4 → C, such that L4(1) = γ0, 0 = γ1, 1 = 1, L4( f̂ ) =

L4( f̂ ), ∀ f̂ ∈ C4[z, z]/I4, L4(|̂ f |2) ≥ 0, ∀ f̂ ∈ C2[z, z]/I2, (respectively properties (2-4) of L4). We have than: L4(1) =

L4(ẑz) = 1 = γ0, 0 = γ1, 1. If L4( f̂ ) = L4( f̂ ), ∀ f̂ ∈ C4[z, z]/I4, we have: L4(̂z) = L4(ẑ), equivalently with γ1, 0 = γ0, 1;
moreoverL4(ẑ2)= L4(ẑ2)≥ 0, equivalentlywith γ2, 0 = γ0, 2 ≥ 0; moreover L4(ẑ3)= L4(ẑ3), equivalentlywith γ3, 0 = γ0, 3;

moreover L4(ẑz2) = L4(ẑz2) = L4(ẑ), equivalently with γ1, 2 = γ2, 1 = γ0, 1 = γ1, 0. We have also L4(ẑ4) = L4(ẑ4) ≥ 0,

equivalently γ4, 0 = γ0, 4 ≥ 0, L4(ẑ3z) = L4(ẑ3z) = L4(ẑ2) = L4(ẑ2)≥ 0, equivalently with γ3, 1 = γ1, 3 = γ2, 0 = γ0, 2 ≥ 0.
A linear functional, with (2-4) always exists.
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Let L4 : C4/I4 →C be a linear functional with properties (2-4). The Hilbert spaces built via L4 are: {Hk}k=2
k=0. In this

case, I0 = C0[z, z]∩ (1− zz) = {0}, C0[z, z]/I0 = C0[z, z]; T0 = { f̂ ∈ C0[z, z]|L4(| f̂ 2| = 0} = {0}; H0 =
C0[z, z]/I0

T0
=

C0[z, z]. I1 = C1[z, z]∩ (1− zz) = {0}, T1 = { f̂ ∈ C1[z, z]/I1, L4(| f̂ |2) = 0} = {0}, H1 =
C1[z, z]/I1

T1
= C1[z, z]; I2 =

C2[z, z]∩ (1− zz) = α(1− zz), α ∈C, T2 = { f̂ ∈C2[z, z]/α(1− zz), |L4(| f̂ |2) = 0}, H2 =
C2[z, z]/α(1− zz)

T2
.

As previous, the positivity L4 ≥ 0 is a necessary condition for the existence of a representing measure for γ . Thus,
we assume L4 ≥ 0. We suppose L4 ≥ 0 on C4[z, z]/I4 equivalently with L4( f̂ ) ≥ 0 if f̂ ∈ C4[z, z]/I4, f̂ ≥ 0 (that is
f ≥ 0, zz = 1). From Riesz-Fejer lemma, f̂ ≥ 0, f̂ = |̂q|

2
. Consequently L4(|̂q|

2
)≥ 0 if q̂ = ∑i=2

i=0 aiẑi, equivalently with

∑i, j aia jL4(ẑiz j)≥ 0. From this, L4(∑i, j aia j ẑiz j) = L4(∑i, j aia j ẑiẑ j) = L4(∑i, j aia j ẑiz j). That is L4(ẑiz j) = L4(ẑiz j) for
all i, j ∈ {0, 1, 2, i+ j ≤ 4}. The functional L4 is completely determined by the moments L4(ẑk), k ∈ {−2, ..., 2}. If on

T1, z = z−1, L4(ẑiz j) = L4(ẑiz− j) = γ j, i : = γi− j and L4(ẑiz j) = γi− j = L22(ẑiz j) = γ j−i. The matrix associated with L4 on

H1 is: A1 =

 γ0, 0 γ0, 1 γ1, 0

γ1, 0 γ1, 1 γ2, 0

γ0, 1 γ0, 2 γ1, 1

≥ 0.

We divide the proof according to the values of s = dimH1 ≤ 3.
Case I dimH1=1 It implies there exists α ∈C,α ̸= 0 such that ẑ = α ·1, that is: L4(|ẑ−α1|2) = 0 = (∥(ẑ−α)∥1)

2.
We have also ẑ = α · 1, and zz = 1. From the construction of the Hilbert spaces associated with of L4, we have
dimH0 = 1 = dimH1 = 1 = s, implying L4 is stable at (n− 1) = 0. Moreover, if H1 ∼= X , the C∗ algebra X = { f (A), f ∈
C1[z, z]/I1} has s = dimH0 = dimH1 = 1 characters. From theorem 2.17, there exists an 1-atomic representing measure
µ(∗) =< EA(∗)(1 + T2), (1 + T2) >≥ 0, µ(∗) = ρδw such that L4(ẑk) =

∫
T1

zkdµ(z), k ∈ {−2, −1, 0, 1, 2}. If
µ(w) = ρ > 0, µ is a representing measure for γ . From theorem 2.11 there exists an unique non-negative extension
Lext : C[z, z]/(1− zz) of L4. Thus, we have for Lext an unique representing measure on the compact T1. Consequently,
the representing measure for L4 is unique. In the same time, the rank of A1 is in this case r = 1 (the second and the
third column in A1 are linear combinations of the first one). Moreover, from theorem 2.11 and remark 2.12, we have also
dimH0 = dimH1 = dimH2 = s = 1.

Case II dimH1 = 2 = s. The data that will be interpolated are: γ : γ0 : = γ0, 0 = γ1, 1 : = γ1−1, γ1 : =

γ0, 1, γ2 : = γ0, 2, γ1 = γ−1, γ2 = γ−2. If dimH1 = 2, we have α, β ∈ C, (α · β ) ̸= 0 such that ẑ = α · 1 + β · ẑ,
{1, ẑ} are linear independent in H1. That is L4((α · 1 + β · ẑ)(α ·1+β · ẑ)) = 0 if and only if α = β = 0. Implying
|α|2 + |β |2 + 2Re(αβ · γ0, 1) = 0 if and only if α = β = 0. Suppose |γ0, 1| = |γ1, 0| = 1. We have 0 = L4((α ·
1 + β · ẑ)(α ·1+β · ẑ)) = |α|2 + |β |2 + 2Re(αβ · γ0, 1) ≥ |α|2|γ0, 1|2 + |β |2 − 2|α||γ0, 1||β | = (|α||γ0, 1| − |β |)2 ≥ 0.
Consequently, |α||γ0, 1| = |β |. If α, β ̸= 0 we have a contradiction. If L4 ≥ 0, {1, ẑ} are linear independent in H1

if and only if |γ0, 1| < 1. The matrix A0 =

[
γ0, 0 γ0, 1

γ1, 0 γ1, 1

]
is invertible and detA0 = δ > 0. To find α,β ∈ C we

take in H1 two equation with two unknown, respectively ẑ = α · 1+ β ẑ and ẑ2 = (α · 1+ β ẑ)̂z = (α2 + β ) · 1+αβ ẑ;

consequently

{
γ1, 0 = αγ0, 0 +βγ0, 1 and

γ2, 0 = αβ · γ1, 0 +(α2 +β )γ0, 0 = αγ1, 0 +βγ0, 0
. IfA0 is invertible, we haveα =

∣∣∣∣∣∣ γ1, 0 γ0, 1

γ2, 0 γ0, 0

∣∣∣∣∣∣
(γ2

0, 0−|γ2
0, 1|)

,β =∣∣∣∣∣∣ γ0, 0 γ1, 0

γ1, 0 γ2, 0

∣∣∣∣∣∣
(γ2

0, 0−|γ2
0, 1|)

. If {1, ẑ} are linear independent in H1, they are linear independent in H2 too. We have ẑ = α · 1+β · ẑ

implying ẑ2 = (α · 1+β · ẑ)̂z = (α2 +β ) · 1+β · ẑ and ẑ2 = ẑ(α · 1+β · ẑ) = α ẑ+β · 1, zz = 1. The above equalities
are equivalent with L4(|ẑ2 − [(α2 + β ) + αβ ẑ]|2) = 0, L4(|ẑ2 − [(α ẑ + β ]|2) = 0; equalities that are true. Indeed,
0 ≤< ẑ2 − [(α2 +β )+αβ ẑ], ẑ2 − [(α2 +β )+αβ ẑ)] >≤< ẑ2 − ẑ(α +β ẑ), ẑ2 − [(α2 +β )+αβ ẑ > + < ẑ(α +β ẑ)−
[(α2 +β )+αβ ẑ], ẑ2 − [(α2 +β )+αβ ẑ]>=< ẑ(̂z− (α +β ẑ)), ẑ2 − [(α2 +β )+αβ ẑ]>+< α (̂z−β ẑ−α, ẑ2 − [(α2 +
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β )+αβ ẑ]>≤ 0. The same< ẑ2−(α ẑ+β ), ẑ2−(α ẑ+β )>=< ẑ2− ẑ(α +β ẑ), ẑ2−(α ẑ+β )>+< ẑ(α ẑ+β ẑ)−(α ẑ+

β )), ẑ2−(α ẑ+β )>=< ẑ(ẑ−(α+β ẑ)), ẑ2−(α ẑ+β )>≤
∥∥∥ẑ(ẑ− (α +β ẑ)

∥∥∥∥∥∥ẑ2 − (α ẑ+β )
∥∥∥+∥0∥

∥∥∥ẑ2 − (α ẑ+β
∥∥∥≤ 0.

Consequently, dimH2 = 2 =dimH1 and L4 is stable at (n − 1) = 1. From theorem 2.15 the commutative C∗ algebra
X = { f (A), f ∈ C[z, z]/I} is isomorphic with H2 with result X has two characters and the scalar measure µ(∗) =<

EA(∗)(1+T2), (1+T2)>≥ 0 has two atoms. From theorem 2.16, L4(ẑk) =
∫

T1
zkdµ(z), k ∈ {−2, −1, 0, 1, 2}. That is

µ(∗) is a representing measure for γ respectively µ(∗) = ρ0δw0 +ρ1δw1 . If µ(wi)≥ 0, the weights ρi ≥ 0, i ∈ {0, 1}. In
the same time, if A0 is invertible and the third column in A1 is linear dependent of the first two, the rank of A1 is r = 2.

Case III dimH1=s=3. We have {1, ẑ, ẑ} are linear independent in H1 equivalently L4((a · 1 + b · ẑ + c ·

ẑ)(a ·1+b · ẑ+ c · ẑ))= 0 if and only if a= b= c= 0.The associatedmatrix ofL4 ≥ 0 onH1 is: A1 =

 γ0, 0 γ0, 1 γ1, 0

γ1, 0 γ1, 1 γ2, 0

γ0, 1 γ0, 2 γ1, 1


γi j := γi− j = L4(ziz j), 0 ≤ i, j ≤ 1. If L4 ≥, we have A1 ≥ 0. If we suppose rankA1 = 2, it follows that there exists

a, b ∈ C, such that we have the system:


γ1, 0 = aγ0, 0 +bγ0, 1

γ2, 0 = aγ1, 0 +bγ1, 1

γ1, 1 = aγ0, 1 +bγ0, 2

. The first equation in the above system is equivalent

with: L4(̂z−a ·1−b · ẑ) = 0=< (̂z−a ·1−bẑ),1> .Consequently, from second and third equation of the system, we have
also L4(ẑ(̂z−a ·1−b · ẑ)) = 0, L4(̂z(̂z−a ·1−b · ẑ)) = 0. If L4 is linear, we have L4(̂z−a ·1−b · ẑ)(̂z−a ·1−b · ẑ)) = 0
for c = 1, a ·b · c ̸= 0. That is a contradiction with {1, ẑ, ẑ} are linear independent in H1.

We suppose rankA1 = 1, for example we have 1) γ0, 1 = aγ0, 0, 2) γ1, 1 = aγ1, 0 3) γ0, 2 = aγ0, 1, a ∈ C∗. Also for
b ∈C∗, 1

′
) γ1, 0 = bγ0, 0, 2

′
) γ2, 0 = bγ1, 0 3

′
) γ1, 1 = bγ0, 1. From 1) and 1

′
) we have L4(1−a

′ · ẑ−b
′
ẑ) = 0; from 2) and

2
′
) we have L4(̂z(1−a

′ · ẑ−b
′
ẑ)) = 0; from 3) and 3

′
) we have L4(ẑ(1−a

′ · ẑ−b
′
ẑ)) = 0. Consequently, L4((1−a

′ · ẑ−
b
′ · ẑ)(1−a′ · ẑ−b′ · ẑ)) = 0, a

′ ·b′ ̸= 0; that is a contradiction with {1, ẑ, ẑ} are linear independent in H1.

We have rankA1 = 3; A1 is invertible. Let ẑ2 = a ·1+b · ẑ+c · ẑ that is 4) L4(ẑ2−(a ·1+b · ẑ+c · ẑ)) = 0, 5) L4(ẑ(ẑ2−
(a ·1+b · ẑ+c · ẑ)) = 0 and 6) L4(̂z(ẑ2−(a ·1+b · ẑ+c · ẑ)) = 0. If A1 is invertible, we find the unique solution a, b, c ∈C,
of the system 4), 5), 6) with a, b, c not simultaneous 0. In the same way we find α, β , δ ∈C, α, β , δ not simultaneous
0, such that ẑ2 = α · 1+β · ẑ+ δ · ẑ. If zz = 1, we have dimH2 = dimH1 = 3, consequently L4 is stable at (n− 1) = 1.
When the C∗ commuting algebra X is isomorphic with H2, X has three characters, the scalar, positive measure µ(∗) =<

EA(∗)(1+ T2), (1+ T2) >≥ 0 has three atoms, respectively µ(∗) = ρ0δw0 + ρ1δw1 + ρ2δw2 . If µ(wi) ≥ 0, the weights
ρi ≥ 0, i ∈ {0, 1, 2}, µ(∗) is a representing atomic measure for γ with three atoms.

We have proved the following:
Theorem 3.1 Let L4 : C4[z, z]/I4 → C be a linear functional with properties (2-4), {Hk}k=2

k=0 the Hilbert spaces
associated with it, A1 the matrix associated with it on H1. For the quadratic moment problem on T1 are equivalent:

i) γ has an s = r atomic representing measure with s = sd(L4) =dimH1, the stable dimension of L4 and r = rankA1.

ii) γ has a representing measure.
iii) The non-negative functional L4 is stable at (n−1) = 1. If dimH1 = si = ri = rankA1, the representing measure

has si = ri, i ∈ {1, 2, 3} atoms.

4. Conclusions
The present paper presents a truncated and a full trigonometric moment problem. It gives in the main theorems

conditions such that a finite complex sequence and a full complex sequence to admit integral representations as moments
with respect to an atomic, positive defined measures on the unit circle.

The conditions that allow the sequences to be moments of an atomic positive measure on the unit circle are: 1) the
positivity of the given sequences and 2) the stability of the assignment “Riesz functional”. The technical construction of
the spaces on which the Riesz functional acts assures the representing measure to have the support on the unit circle.
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