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Abstract: The goal of this research is to describe the structure of Jordan (o, p)-n-derivations on a prime ring. By (o, p)-
n-derivations, we mean n-additive maps S : R* — R satisfying the following property in each n-slot:

3(pqa oy, -, wnfl) :S(pv o, -, wflfl)o(q)+p(p)3(q’ oy, -, (D-nfl),

for every p, ¢, @y, -+, @,—1 € R. We find the conditions under which every Jordan (o, p)-n-derivation becomes a
(o, p)-n-derivation. Moreover, the concept of *-n-centralizers on x-ring has given. The *-ring is also used for examining
some outcomes, where left and right *x-n-centralizers are significant.
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1. Introduction

In the present study, R denotes an associative ring that has a nonzero center Z(R). A ring R is called a p-torsion free
ring, if pr = 0 entails » = 0 for every r € R, and p > 1 is any fixed integer. A ring R is called a prime in case r|Rr, = {0}
implies that either r| = 0 or r, = 0, and a semiprime ring if 7Rr = {0} yields r = 0.

A map d is known as a Jordan derivation if d(r*) = d(r)r+rd(r), for all € R. An additive map  is said to be (o, p)-
derivation on R if 0 satisfy the condition d(qr) = 0(q) o (r)+p(q)d(r), for every g, r € R. Itis clear that (o, p)-derivation
is the natural generalization of derivation for ¢ and p being identity maps on R.

Numerous findings on biderivations and associated mappings of prime and semi-prime rings, as well as specific
algebras, have been discovered (see [ 1-3] and its references). In addition to biderivations many studies were conducted on
3-derivations, n-derivations and Jordan n-derivations on prime and semiprime rings (Look in [4—6] and references therein).
In particular, for symmetric n-derivations of rings, Park [7] derived findings comparable to the previous citations. The
author in [7], proved that: letn > 2 be a fixed positive integer and let R be a noncommutative n!-torsion free semiprime ring.
Suppose that there exists a symmetric n-derivation A : R* — R such that the trace (A(k, k, ---, k)) of A is centralizing

——

n—times
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on R, then the trace is commuting on R. If R is a n!-torsion free prime ring and A # 0 under the same condition, then
R is commutative. The purpose of this research is to investigate the characterization of Jordan (o, p)-n-derivations on
prime rings. First, we shall define the following terminology and discuss some fundamental concepts that we shall use
throughout:

Definition 1 Let R be aring and “o, p” be automorphisms on R. An n-additive map 3 (additive in all n slots) is said
to be a (0, p)-n-derivation if 3 satisfies the following property in each n-slots:

S(P‘]a o, -, wfl*l):S(p7 oy, -, wﬂ*l)o-(Q)+p(p)S(q7 o, -, a)'n,]),

for every p, q, @y, ---, B,—1 €ER.
Definition 2 Let R be a ring and “o, p” be automorphisms on R. An n-additive map 3 (additive in all n slots) is said
to be a Jordan-(o, p)-n-derivation if S satisfy the following property in each n-slots:

S(PZ» wla ) a)-n—l) :S(pa 017 Tty wn—1>6(p>+p(p)s(pa a)-h Tty a).n—1>7

for every p, @y, ---, @,—1 €R.

The above definitions become n-derivation and Jordan n-derivation in case ¢ and p are identity mappings on R.

The role of the automorphisms and some other mappings is crucial to developing the algebraic structure of the domain
of the underlying mapping. Many algebraists have studied the correlation between certain unique kinds of mappings on a
ring R and the commutativity of R. Divinsky’s proof that an automorphism of an Artinian ring R must also be commutative
if it is nontrivial, and commutative facilitated the first accomplishment in this field. Divinsky’s case was expanded to
prime rings by Luh. Mayne discovered that it needs to be a commutative ring if a prime ring has a non-identity and
centralizing automorphism. We have now extended these findings to other algebraic structures. Posner affirmed that the
commutative structure of the prime ring must exist once a derivation occurs on a centralizing and nonzero prime ring.
Numerous researchers, such as Bresar, Luh, Johnson, Mayne, etc., have altered and enhanced their findings in different
ways throughout the past few decades.

In [2], the author established that every Jordan derivation on a 2-torsion free prime ring is a derivation. Bresar [4]
extended the last result on semiprime ring and obtained: Let R be a 2-torsion free semiprime ring, and let T be a Jordan
derivation on R. In this case, T will be a derivation on R. Recently, an extension of this idea is established in [8] on
generalized Jordan n-derivations.

Motivated by these interpretations, we shall show that every Jordan-(c, p)-n-derivation onaring R willbea (o, p)-n-
derivation on R in Section 2. The third section of the paper opens up with an involution ring. Left and right x-n-centralizers
play a crucial part in the investigation of certain outcomes using a *-ring. We also required the following lemmas:

Lemma 1 [6] Let R be a non-commutative prime ring and 7 : R> — R be a bi-additive map. If z(p, ¢q)[p, q] =0
for all p, g € R, then 7 = 0.

Lemma 2 [9] Let ¢ be a nontrivial automorphism on a prime ring R. If [o(¢), t] =0, for every ¢ € R, then R will be
a commutative ring.

2. Main theorems

These lemmas are required in order to demonstrate the main theorems.
Lemma 3 Let the mappings ¢, p be automorphisms on a prime ring R with char # 2 and 3 be a symmetric Jordan-

(0, p)-n-derivation on R. Then S(pq+qp, @y, -+, By—1) =3(p, @y, -+, By—1)0(q) +p(p)3(g, By, -+, Bp—1) +
s(qa oy, -, wnfl)o(p)_*_p(q)s(pa o, -, wn*l)v foreVerYPa q, @1, -+, By—1 €R.
Proof. [6] Consider the below term for each p, ¢, ©, ---, ©,—1 €R
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S((p+a9) @1, -, Ba1) =S((p+9)(p+4), B, -+, Byi)
=3((p+4q), @1, -, Bp-1)0(p+q) M
+p(p+49)3(p+4q, @y, -, Bpi)
Simplify the right hand side of (1) by using the additivity of p, and &
S((p+9)?* @1, -, By1) =S(p, @1, -+, By1)0(p) +3(p, @1, -+, By-1)0(q)
+3(q, @1, -+, By1)o(q) +3(q, @1, -+, By—1)0(p)
)
+p(P)3(p; @1, -+, Bu1)+p(P)3(g, B, -, By
+p(@)3(p, @1, -+, Bu-1) +p(q)3(q, By, -+, Bya)
forall p, g, @y, ---, @,—1 € R. Next, evaluate the left hand side of (1) for every p, g, @y, -+, ©®,—1 €R
S((p+9) @1, -, Bot) =S((P*+pg+ap+4*, @1, -, Byi)
=3(p?, @y, -+, By_1)
+3(pg+aqp, @y, -+, By1)
+3(¢, @, -, @)
=3(p, @1, -+, Wp-1)0(p) €)
+p(P)S(p, @1, -+, Wyi)
+3(q, @1, -+, Bu-1)0(q)
+p(@)3(q, By, -+, By)
+3(pg+ap, @y, -+, Byoi).

Comparing (1) and (2), we find
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S(pq+qpa o, -, wnfl):s(pﬂ oy, -, wnfl)o(q)

+p(p)3(q, @, -+, B—)

4)
+3(q, @, -+, @,_1)0(p)

+p(q)3(p7 oy, -, wﬂ—l)v

forall p, g, @y, ---, @,—1 € R. This completes the proof of the lemma.

Lemma 4 Let the mappings o, p be automorphisms on a prime ring R with char # 2 and 3 be a symmetric Jordan-
(0, p)-n-derivationon R. Then S(pgp, @, -+, y-1)=3(p, @1, -, By-1)0(q)0 () +p(P)P()S(p, D1, -+, By1)+
p(p)S(q, @1, -+, @,—1)0(p), forevery p, g, @y, -+, Bp—1 ER.

Proof. We will take a quick start by replacing g by pg+ gp in (4) and observe that

S(p(pg+aqp)+(pg+aqp)p. @1, -+, By1) =S(p, @1, -+, By1)0(pqg+qp)
+S(pq+qp7 wla Ty wnfl)g(p)

)
+p(pg+4qp)3(p, 1; -+, Bpi)
+p(P)3(pg+qp; @i, -+, Byi),

forall p, q, @y, ---, @,—1 € R. Explore the right side of (5) making use of Lemma 3 to obtain
:3(171 oy, -, mn71>c(p)c(Q)+3(pv oy, -, wnfl)o-(q)c(p)
+3(p, @y, -+, By-1)0(q)0(p)+3(q, By, -+, Bu1)0(p)o(p)
+p(q)3(p7 wl» Ty wn—l)a(p)—i_p(p)s(qv wla Ty wn—l)c(p)
(6)
+p(p)p(Q)S(pa o, -, wﬂ*1)+p(Q)p(p)S(p7 oy, -, a’n*l)
+p(p)3(p, @1, -+, By1)0(q) +p(P)3(g, @1, -+, Bu1)0(p)

+p(q)p(p)3(pa wla ) mnfl)—}—p(p)p(CI)S(qv ml, T 67”71),

forall p, ¢q, @y, ---, @,—1 € R. Next, Simplify (5) in light of (4) from left to find
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S(p(pq+ap)+(pg+ap)p, @, -+, Bu1) =3(p*q+2pgp
+qp*, @y, -, Bpoy)
=3(p*q, s1, -, Sn_1)
+23(pgp, s, -y Sn—1)

+S(qp27 STy - Snf])

:S(pv oy, -, wnfl)O'(P)G(Q)
(7
+p(P)3(p, @1, -+, By—1)0(q)
+p(P)p(P)3(q. @y, -+, By1)
+3(q, @1, -+, Bp-1)o(p)o(p)
+p(q)3(p’ o, -, wnfl)G(p)
+p(Q)p(p)S(p7 oy, -, a)-n,])
+23(P6]Pa o, -, mnfl)v
forall p, g, @y, ---, @,—1 € R. Confront the two equation (6) and (7) and apply characteristic condition to get
3(pgp, @, -+, By1) =3(p, By, -+, Bp—1)0(q)0(p)
+p(P)P(q)3(p, @1, -+, @,1) (8)
+p(p)8(q7 wla ) wn,l)cr(p),
fora11p7 q, @y, -+, Oy—1 ER.
Lemma 5 Let the mappings ¢, p be automorphisms on a prime ring R with char # 2 and 3 be a symmetric Jordan-
(67 p)—n-derivationonR. ThenS(Pthftqpa oy, -, wnfl) :S(p7 oy, -, wn*])o(q)c(t)+p(p)s(q7 oy, -, wnfl)
o(t)+3(t, @1, -, By-1)0(q)0(p)+p(1)3(q, B, -+, Bu—1)0(p) +p(1)p(@)S(p, B1, -+, Bu1)+p(P)p(0)S (1, Dy,
T wl’l*1>7 foreveryp, q,t, @y, -+, Wp—1 ER.

Proof. By considering the given hypothesis, let us substitute p +¢ for p in (8) to find
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S((p+t)q(p+1), @y, -

o, W) =S(p+t, @y, -+, Wy—1)0(q)0

+p(p+1)p(q)3(p+t, @y, -

(p+1)

©y Wy) ©

+p(p+t)3<Q7 wla T ('D'n_l)()-(p-i-l)’

forall p, q, @y, ---, @,—1 € R. Simplify the above equation from left to obtain

S((p+t)g(p+1), @y, -+, @1) =S(pgp + pqt +tqp+tqt, @y, -

=3(pqp, s1; - Sn—1)

+3(pgt +tqp, s1, .., sp-1)

+3(tqt, s1, -y Sn—1)

=3(p, s1, -, Su—1))0(q)0(p)

+p(p)p(Q)s(pa 815 ooy Snfl)

) (15,171)

(10)

+p(p)3(q, @, -+, By_1)0(p)

+S(pqt+tqp7 wh Tty wn—l)

+3(t, @y, -, By1)0(q)(1)

+p(1)p(q)S(t, @y, -+, Ty1)

+p(®)3(q, @y, -+, T—1)0(2),

forall p, g, @y, ---, @,—1 € R. Next, solving (9) from right in such a way for every p, ¢, ¢, @y, ---, W,—1 €R,
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3((p+t)q(p+[)a oy, -, mnfl) :S(p7 oy, -, w,,,l)cr(q)c(p)

(1n
+p(P)p(q)3(t, @y, -+, Wp-1)
+p(1)p(q)3(t, @, -+, By)
+p(p)S(q, @1, -+, By1)0(p)
+p(1)3(q, @, -+, By—1)o(p)
+p(p)S(q, @1, -+, By1)0 (1)
+p()3(g, @, -, By1)o(1)
Evaluate the last two equations (10) and (11) to get
3(pgt +1qp, @y, -+, By—1) =3(p, @y, -+, By—1)0(q)0(1)
+p(p)3(q, @1, -+, By—1)0(1)
+3(t, @y, -+, By-1)0(q)0(p)
(12)
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for every p, ¢q, t, @1, ---, @,—1 € R. This completes the proof.

Theorem 1 Let the maps 6, p be automorphisms on a prime ring R with char # 2 and 3 be a symmetric Jordan-(o, p)-
n-derivation on R that satisfy the properties in Lemma 3, 4 and 5. Then either any symmetric Jordan-(o, p)-n-derivation
is symmetric (o, p)-n-derivation on R, or R is commutative.

Proof. Assumes the hypothesis of Lemma 5 and begin with (12) by putting pq in place of ¢, we find
S(papq+paqp, @1, -+, @y—1) =3(pg, @1, -+, By—1)0(q)0(p)
+p(pq)S(Q7 wla Tty m.}1—1)(F(p)
+3(p7 (Dl, T wn—l)G(Q)(y(Pq)
(13)
+p(pg)p(q)S(p, @y, -+, By1)
+p(p)p(q)3(pq7 wh Y (D'n,1>
+p(p)3(q, @1, -+, By1)0(pg),
forall p, ¢q, @, ---, @,—1 € R. Simplifying the above to observe the right side as follows
S(pgpq+pagp, @, -+, ®y—1) =3(pq, @1, -+, By—1)0(q)0(p)
+p(p)p(Q)S(q7 wly Tt G)'n,l)c(p)
+S(p7 wl? Ty mnfl)o-(q)o-(p)o(q)
(14)
+p(p)p(@)p ()3 (p, @1, -+, By)

+p(p)p(q)3(pg, @1, -, Bp_1)

+p(p)3(g, @y, -+, By—1)0(p)o(q),

forall p, g, @y, ---, @,—1 € R. Next, reword the equation (13) as below
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3(pgpq+pagp. B, -, @uo1) =S((pq)* + pg*p, 1, -+, By_1)

forall p, g, @y, ---, @,—1 € R. This implies that

3((pq)*+pq’p, @, -

forall p, ¢, @, --

Co iporary Math tics

:S((pq>27 wla T wnfl)

+S(pq2p7 wla Y G;n—l)

=3(pgq, @1, -+, @y—1)0(p)o(q)

(15)
+p(p)p(@)S(pg, @1, -+, Tp1)
+3(p, @1, -+, B_1)0(q)0(q)0(p)

+p(p)p(9)p(q)3(p, @1, -+, By-1)

+p(p)3(¢% @1, -+, Byo1)o(p),

’ (;Jn,]) :5((1%1)27 017 ) mn71)+3(17q2p7 wl? T G)-n,])

S(pg, @1, -+, Wy—1)0(p)o(q)

+p(p)p(9)3(pg, @y, -+, Ty—1)

+3(p, @1, -+, By—1)0(q)0(q)0(p) (16)

+P(p)P(q)5(q, oy, -, (D-nfl)o(p)v

-, @,—1 € R. Confronting the equation (16) and (14), we have
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3(p, @1, -+, Bp1)o(q)o(p)olq) +p(p)3(g, @1, -+, Bp-1)0(p)o(q)

+3(pq, @1, -+, By1)0(q)0(p)
=3(p, @1, -+, Bp—1)0(q)0(q)0(P) 17)
+p(p)3(g, @1, -+, Bu1)0(9)0(p)
+S(pq7 oy, -, wﬂ*l)o(p)c(q)a
forall p, q, @y, ---, @,—1 € R. Equate the two expression to conclude
3(p, @y, -+, @p-1)0(q)[o(p), 6(q)]+p(P)3(g, @, -+, Bu1)[0(p), 0(q)]
(18)
_S(pqa a)-h Tt wn_1>[6(p), G(q)] :0’
forall p, ¢, @y, ---, @,—1 € R. A usual manipulation in (18) yields that
{8, @1, -+, @-1)o(q) +p(P)3(g, By, -+, By
(19)
_S(pQ7 oy, -, wn—l)}R[G(p)7 O-(q)] = Oa
forall p, g, @y, -+, @,—1 € R. In view of primeness of R and (19), we have either {3(p, @), ---, B,—1)o(q)+p(p)
S(‘L oy, -, wﬂ—l) _S(pqv oy, -, wﬂ—l)} =0or [G(p)7 G(Q)] 207 for allpa q, O, -+, Wp—1 ER. COHSidering the
last case that [6(p), o(q)] =0, for all p, ¢ € R. Replace g by 6~ '(g) to find [o(p), ] =0, for all p, g € R. Hence R is
commutativebyLemma 2. Next 1f{3(p’ oy, -, wn*l)c(q)+p(p)s(qa oy, -, (D'”,])*S(pq, oy, -, mnfl)} =0,
forallp, q, Oy, -+, Wy—1 ER? then we arrive atS(pC], oy, -, a)-nfl) :3(]7» oy, -, wnfl)G(CI)‘FP(P)S(% oy, -
©,—). forall p, g, @), -+, @,—; € R. That is nothing but the definition of (¢, p)-n-derivation. This is the desired

conclusion.
Example 1 Consider a field /, automorphisms o, p. The set

S(tH

is a ring with matrix operations. Define a map ; : R — A such that
G v oo\ 60) plomo)
"1\ o 0 0 0 ’
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and &, : R — R such that

& K Vo0 Wy >] _ ( o(v) 0 )
0 0 0 0

In this setting &}, {, are automorphisms on R. Define a map S : R” — R such that

ij O 0y )]_(0 O_(V)P(a)hwzy'“,wnl))
0 0 ) 0 '

This is (&, §)-n-derivation on fA.

3. *-n-multipliers on *-rings

A x-algebra (*-ring) or algebra with involution is an algebra (ring) that has an involution attached to it (ring with
involution). A %*-algebra # with the additional norm constraint ||a*a|| = ||a||?, is a Banach *-algebra for each a € .
With thorough study of *-mapping and its propertiesone refers the reader to [10—12].

Inspired by the concepts presented in [13], the notion of *-n-multipliers are now introduced in the following manner:
A symmetric left *-n-multiplier (or symmetric right *-n-multiplier) is defined as a symmetric n-additive mapping < :
R" — Rif

‘I(pQ7 wla Tty (D.n—l) = rz(p7 wl) Tty wn—l)q*
(Or(z(pqv a).]a Tty wﬂ*]) :p*‘I(Qa w]a Ty wnfl))
holds for all p, g, @y, ---, @,—1 € R. ¥ will be called *-n-multiplier if it’s both left as well as right x-n-multiplier.

A prime *-ring R is commutative if and only if it allows a *-derivation (or, alternatively, a reverse x-derivation).
This was shown by Bresar and Vukman in [11]. AdditionallyAshraf and Ali [10], expanded the semiprime *-ring finding
previously discussed.

This section’s primary objective is to demonstrate the following theorem for left x-n-multiplier. In further detail, the
outcomes will be demonstrated as follows:

Theorem 2 Let a semiprime *-ring R and ¥ : R" — R be a symmetric left x-n-multiplier on R. Then ¥ maps R" into
Z(R).
Proof. Based on the defined criteria of x-n-multiplier, for every p, ¢, @y, ---, @, € R, we have

‘I(pq7 651, Tty wn—l) :‘I(pa (D.la Ty a)-n—l)q*' (20)

Substitute gV for ¢ and use the property (pg)* = ¢*p* in (20) to obtain

‘I(p(qV), wla Ty (Dn—l) :‘I(pa ajh Tty a).n—1>V*q*7 (21)
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for every p, q, v, @, -+, @,—1 € R. Another way to expand the equation (21) is as

T((pq)v, @1, -+, Bp1) =Z(p, B1, -+, Bp1)q" V", (22)
for every p, ¢, v, @1, ---, @,—1 € R. On subtraction of (21) and (22), we get
T(p, @y, -+, By—1)[g", V] =0, for every p, ¢, VO, -+, ®—1 ER. (23)
This implies that
%(p, @Oy, -+, ®y—1)[g, V] =0, for every p, q, v, @y, -+, ®p—1 €R. (24)
Reword the above equation by putting ¢%(p, @, ---, @,—1) for g in (24), we find
T(p, @y, -+, ©y—1)q9[%(p, @1, -+, By—1), V] =0, for every p, q, v, @y, -+, By—1 €R. (25)

With an additional alteration to the equation above, we may attain the form

[S(p, oy, -, wﬂfl)a V]Q[‘z(pv oy, -, wn*1)7 V] = 07 (26)
for every p, ¢, v, @y, -+, ®,—1 € R. Semiprimeness of R reveals that [Z(p, @, ---, @,—1), V] =0, for every
D, q,V, @y, -, B,—| €R. Hence T maps R" into Z(R). This is the intended result.

Theorem 3 Let a semiprime *-ring R and ¥ : R” — R be a symmetric right x-n-multiplier on R. Then ¥ maps R”

into Z(R).
Proof. The proof is parallel as the above theorem.

4. Conclusion

The present research explores some of results on the structure of Jordan (o, p)-n-derivations satisfying particular
conditions on a prime ring. In third section, we extend the results on *-rings utilizing the structure of left and right
x-n-multiplier. The future research scope in the context of presented research is to obtain the continuity theorems on
additional algebraic structures, such as Banach algebra, semi-simple Banach algebra, Lie algebra, C* algebra etc. It would
be fascinating to explore the present idea in light of [12] using the tools of algebra of linear operators (transformations).
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