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Abstract: The Prabhakar fractional operator is commonly acclaimed as the queen model of fractional calculus. The
distinction between univalent and multivalent functions became more formalized as part of the broader field of geometric
function theory. This area of mathematics focuses on the study of analytic functions with specific geometric properties,
such as injectivity, and their applications in various domains, including conformal mapping and potential theory. This
paper’s goal is to discover new results of the harmonic multivalent functions f = k + [ defined in the open unit disc
U ={z |z| < 1}. Letus present v*(p, €, v, v, ¥) C w*(p, €, v, v, V), the class of multivalent harmonic functions of the
form f = k -+ in the open unit disc. Analyzing convolution with prabhahar fractional differential operator ’]K;’ "‘}9 with
multivalent harmonic function to be in the class to*(p, €, v, v, ¥). The coefficient inequality, growth rates, distortion
properties, closure characteristics, neighborhood behaviors, and extreme points, all pertinent to this class w*(p, €, v, v, 9¥)
were explored.

Keywords: harmonic function, multivalent function, open unit disc, convolution, Prabhakar fractional operator
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1. Introduction

Recent mathematical research has emphasized complex fractional differential operators, notably the Prabhakar
operator within the open unit disc. These operators are pivotal in formulating advanced differential equations and have
broad applications in fields such as mathematical physics and engineering. Geometric function theory is integral to these
studies, focusing on the geometric properties of analytic and harmonic functions within complex domains like the open unit
disc. Through geometric function theory, researchers aim to uncover the nuanced behaviors and structural characteristics
of these fractional differential operators, enriching both theoretical insights and practical applications. Central to this
study is the integral operator ’JMé) ’f} associated with the fractional differential operator, highlighted in reference [1] for
its detailed series expansion and foundational role in further analysis. Researchers investigate its spectral properties,
functional spaces, and diverse applications across disciplines. Integrating geometric function theory enhances our grasp of
these operators’ principles and broadens avenues for future research. This approach aims to advance mathematical analysis
and its interdisciplinary applications by bridging theoretical constructs with practical implications. Let v*(p, €, v, v, ¥)
be the class of multivalent harmonic functions of the form f = k41

Copyright ©2024 K. Thilagavathi, et al.

DOI: https://doi.org/10.37256/cm.5420245227

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Co iporary Math tics 5434 | K. Thilagavathi, et al.



http://ojs.wiserpub.com/index.php/CM/
http://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0002-1860-828X
https://doi.org/10.37256/cm.5420245227
https://creativecommons.org/licenses/by/4.0/

k(Z) = Zp+ Z al{IerZerpa (W7 JAS N)7 (1)
y=2

and

1(z) =) byp¥™.

<
l

“which are analytic and multivalent in the unit disc”

U={zeC:|z| < 1}. )

Let 0*(p) denotes the subclass of v*(p, €, v, v, ¥) containing functions of the form

FR)=2"+ Y ayp2 T+ ) by p?', (ay >0, y, pEN).
y=2 y=I

The function as a whole was introduced in 1971 by Tilak R. Prabhakar [2]. The Prabhakar function T};! y(z) [3,4],is
also known as the three-parameter Mittag-Leffler function. The generalised Mittag-Leffler function is described in [5, 6].

v - (D)ll/ ZW
o)=Y — v I 3
o7 l,,g’o Dlqy+7) y!' )

where Re(v) > 0;if g, ¥, v € C, (v)y is the pochammer symbol, which is defined above the equation
(V)y = “)
v(v+1)(v+2)...(v+y—1),yeN;peC.

The generalised hypergeometric function 5Gy, is derived as follows.

> (&)me--(€5)m 27
Z TN (o) a9 GH(El,...Sg;V],...Vg;Z). (5)

= V) (Vs)m W!
In order to keep things simple, we’ll suppose that the variable z is the numerator parameters €i, ..., £ and the
denominator parameters vy, ..., Vs, both of which can have complex values as long as v and § are positive integers or

zero (interpreting their product as one). Equation (4) refers to the special case sG,, of (Gauss) hypergeometric series.
Geometrically studying the class of complex fractional operators (differential and integral), Srivastava et al. [7]
extended their discoveries for fractional operators in two dimensions. Ibrahim’s criteria pertain to a collection of analytical
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functions situated within the open unit’s disc [3]. Our group employs equations [8, 9] to represent a variety of complex
differential equations and analytical functions, dubbed ulam stability and differential variables with fractional algebras,
utilizing the fractions of these operators [10].

The investigation continues in the field of complex fractional differential operators. This investigation uses the well-
known Prabhakar fractional differential operator as the foundation for formulating the fractional differential operator in the
open unit disc. As a consequence, let use geometric function theory to analyse the classes. The notation ’jKé’ ’Vﬁ represent

the normalised complex Prabhakar operator in the open unit disc. Given that ’jM;) ‘vﬂ €v*(p, €, v, v, ¥), we can examine

it via the lens of geometric function theory.
The integral operator corresponding to the fractional differential operator; ;’ ’f} €v*(p, €, v, v, V¥) is explained in

[3]:

i > Y [y S -V 57F
j PP flz) =2+ [ Y e, (97) }Zv/ﬂaJr [ y - Y5, (92°)

= = FARE (6)
v v+ DY 5 (92) vt T+ DY, (929)

It is a given that

(ke < MEY) £(2) = (M2 < K2 £(2) = £ ().

The operators ’J ;’ ’\}9 and; ;) ’f} € v*(p, €, v, v, ¥) are combined to from a linear convex combination:
i AU, 0 i U, U i Aq0, %
.lj:{.s.'v = €lee,v f@)+(1- €)ljjue, v f(2),

¢ within the interval [0, 1]. Obviously ’j%g\? € v*(p, €, v, v, ¥). Let consider that Equation (1) specifies the
function f(z), Equation (6) shows us that

i > oYY (9 o0 HYZY (97
P A E I by L SAUCORN AT b . 0 SR
y=2 F(W+1)Ys, 14/-&-1—v(19Z ) wzlr(l[/—ﬁ-l)YS’ lV_H_v(ﬂz )

|G

The above format is used to the full document for the boldness.

oo

i 0,V -,
j :.,v fl@)=2"+ [ Z [Q]g,liyilfv, va} Zw+pa‘l/+17+ [

-V, ZY+p
[Q]e, l/f+17V727v}Z b‘I/+P'
y=2

1

bl aak

The statement & is subordinate to / is expressed as follows: k(z) < /(z) for two analytic functions &, / € w. This
occurs when there is a Schwarz function w(z), which is by definition analytic in U with w(0) = 0 and |w(z)| < 1 for every
z€ U such that k(z) =I(w(z)),z € U.

Likewise, the function /(z) is multivalent in U, let get the following equivalency: k(U) C [(U), k(z) < I(z) +> k(0) =
1(0).

Definition 1 A function of the form (1) is said to be in the class tv*(p, €, v, v, ¥); if satisfies the following condition:
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Zz<§'<é’,'ff'<z>3"t,zgi¥n)><;z<2’$’f<z>>/ .
JE Vv 4
<r, g
PURVIQIHREVIQ) | ) - (®)
KV fG)

Where 1 <7<1,{>1,p=1,2,3, ..and (0 <0< 1,0 +€+V>0, 0>V, v>0).

Some other authors (Ibrahim [11], Aouf[12], AL-khafaji and Atshan [13—15], Raina and Srivastava [16] and Atshan
and Kulkarni [17], see also [18, 19]) were studies different classes of meromorphic multivalent functions with other
operators.

In this paper, let’s study and discuss the new class v*(p, €, v, v, ¥) of harmonic multivalent functions defined
by fractional calculus operator in the unit disc U. The coefficient inequality, growth rates, distortion properties, closure
characteristics, neighborhood behaviors, and extreme points, are all pertinent to the class to*(p, €, v, v, ¥).

2. Main results
2.1 Coefficient property

This section aims to establish precise criteria for the function f defined in equation (1) within the framework of the
class o*(p, €, v, v, ¥). The primary objective is to define sufficient conditions that ensure f belongs to this specific
class of functions. The class w*(p, €, v, v, ¥) is characterized by certain properties and parameters: p, €, v, v, and 9.
These parameters play crucial roles in determining the nature and behavior of functions within this class, often relating to
their growth, decay, or specific functional forms.

In summary, this section is dedicated to formulating and validating the necessary specifications that govern the
function f, thereby establishing its membership in the class o*(p, €, v, v, ¥) and emphasizing the critical role of these
specifications for functions within this class.

Theorem 1 If f = k+[ with where k and [ are given by (1) and f(z) € w*(p, €, v, v, ¥), then

=)

101551 vy (W) (1 =0) + p(y+p) + (1= 70)) (W + play,
y=2

T il[@;l;ilv, o (WP (1—T) 4 (1—20)) (W4 Py
Y=

<t(p*+§)-2p". ©)

Proof.
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2K f(2)"+2(p+ 1D CKEY F(2)) + K2 f(2)
2K F(@) + 2K @) + GRS f(2)

<7,0<7t< 1.

P2+ 02+ | (01551 v2y (V4202 +3py) + 1 ay 2?7

y=2
+ [ Z] [Q];?,}ilfvﬁz,v(wz +2P2 +3py) + 1} bl//+pZW+p
Vj:
(P47 + [ L 100551 w2y (WP 202 +2py) 4 ¢ aypc? 7

y=2
+ [201;:1 (O] ;v&/ilfv, 2y (WP 27 +2py) + C} by pz¥™P

where,

o8 S (L Ci)
g y+l-v,2-v F(W+1>Y;Brz+l—v(ﬁzg).

oo

(2P2+1)Zp+[ [Q};%}%—v,z_v(wz+2p2+3p‘lf)+l}awpzwp
y=2

=

L L1051 v oy (WP 4297 +3py) + 1] by ¥
y=I

oo

<t((P+ 02+ | L1001y oy (W2 207 +20W) + ¢ ay 2V
y=2

=

| LIy 2 (WP 20 +209) + £ by V7)),
y=1
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oo

2p*+1) zP+[Z AT v(ll/2+2p2+3pl//)+l}aw+pzl’/+p
y=2

F[ L1005 v (0242074 3py) 4 1]y
y=1

oo

o+ 0 [ L 01 2oy (0 42074 20W) 4 g2
l‘/:

[ Z €, y/+1 v,2— V(W2+2p2+2pll/)+§} bw+pZW+p)

<l1.

Since f(z) is analytic for |z| = 1, let assume |z| = r, for a suitable small r value with 0 < r < 1, and the inequality
produces

agki

(@r2+ 1) =P+ O+ [ T (0255 o (W 2) + p(w o+ )+ 1) = T((w )+ O)Jay ¥

2

L4

L I0L a (Wp4py )4 1) Tt P+ )y P <1

[ Z 0wy 47 0 ) £ )= (24 Oy

+ [ ZI[Q];IL}il_V,z_V((Wp)Z+p(w+p)+ 1) —f((w+p>2+é)}bw+p <= 2P+ 1) +1(p*+8).
Y105 (W) (1 =1) + p(y+p) + (1 = T)) (W + playp

+ 2101 v 2y (W )P (1= 0) + (1= T0)) (W + p)bysy < T(p* +C) —
[I/:
In order to preserve brevity in this piece of work, let will assume,

By-p = 101e 551y, 2y (W )2 (1=7) + p(w+p) + (1 - 70)).
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Theorem 2 Let f(z) = k(z) + (z) by theorem (1) f is harmonic, sense-preserving univalent functions in U and
f(z) ew*(p, €, v, v, ¥), then

T(p*+{)—2p°

< —2 — y>2 10

Ay+p > (w+p)ww+[) y W22, ( )
©(p*+4)-2p?

b < > 1. 11

y+p = (W+p)ww+p YV =2 ( )

For the function f(z) € v*(p, €, v, v, ¥) given by, the outcome is given above,

o 2 oo 2
f@)=z+ W) -2 AALED ) Wb -2 IAGES (12)
y=2 (W+p)ww+p v=1 W+p)ww+p

Proof. If f(z) € v*(p, €, v, v, B¥), then let have for each (y + p),

(W +p) Oy paysp < (W4 p) By pbyrp < Z V+p) By paysp < Z Y+ p) By pbyip < T(p*+§) —
y=2 y=1

Hence,
o0 2
T(p~+6)—
ayip< Y TP+ 6) =2
y=2 (W+P)ww+p
- T(r°+¢)
byip <
Vi 1,;1 (‘I/+P)wv/+p
Therefore

oo 2 o 2
fQ =t ¥, LA ey 3 K2y,
=) (II/JFP)wwﬂv v=1 (y+p) Oy +p

accomphshes the spemﬁcatlons of Theorem 1, f(z) € w*(p, €, v, v, ¥) and for this function, equality is achieved.

Where Z lay4p| + Z |by+p| = 1 Demonstrate the sharpness of the coefficient bound provided by (9). The functions

of the form (12) are in v*(p) because
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=

Zl g, y/+1 v,2— v((l[/+p)2(lfT)+p(l[/+p)+(lfTC))(l//er)(aWer +bw+[,)
y=

22+ 0) 22 layinl+ X oy ipl) = TP+ 0)—
y=2 y=1

Theorem 3 Let f(z) = k(z) +1(z) be given in (1), then f(z) € w*(p, €, v, v, ®) if and only if

i Ol i1 v (WP (1=0) +p(y+p)+ (1 =1) (W +p)(ay+p +byip)
y=1

=)

=t(p*+ &) —2p*( Y layp|+ i lbysp|) = T(p* + &) —2p%,
y=2 y=1

Wherea; =1, <t<1,{>1.

(13)

Proof. The ‘if part’ follows from Theorem (1) upon noting that the functions k(z) and /(z) in f(z) € r0*(p, €, v, v, ®)
are of the form (1), then f(z) € w*(p, €, v, v, B¥). For the only if part, show that if f(z) € w*(p, €, v, v, ¥) then the
condition (13) holds. Take note that an essential and sufficient requirement for f(z) = k(z) +(z) given by (1) be in

w*(p, €, v, v, V) is that

2/i 0, O
Re(z (leevf
2(

)" +2(p+ 1KY f(2)) +,
z 4

(2) € Ké),’vﬂf(z)) >
LK £(2))" + 2K £(2)) + )

1
iV, O
st/v flz

or equivalently

Y100 i v o (W p) (1= 1)+ p(y+p) + (1= 8)) (Y + playp2¥ 7 + z PRI

y=2
(4> (1 =1) + (1 =TO)) (Y + p)byspz¥ P = (1(p? + ) —2p%)2"

If let assume that z is real and that z — 17,

i Ol it v v (W+p)P (1= +p(y+p)+(1—=1) (W +play:, + Z le wilv.a v

y=2
(v +p>*(1=7) + (1 =T0)) (Y + )by = (1(p* + ) —2p7).

this is precisely the assertion of if part result.
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2.2 Distortion bounds

Theorem 4 Let f(z) € w*(p, €, v, v, ¥), we obtain

P T(p2+§)_2p2rp+ly (p +C) 2p —p+]4/ < |f( )|
(V+p)Byp (V+p)Byp

<rf +
(Y +p)Byp (Y +Dp)Byp

(14)
The outcome is accurate for

WP+ =2 oy  TWPHE) 207y

flz)=72"+
@ (V+p)Oyp (V+p)By+p
_ T(p*+§)—2p* {)—2p?
Proof. If f(z) =z + 2 TP By p+V’+W21WZP+V’, we get
< (PP +E) =207 Ly © —2p%_ . .
f(z <7+ TV P‘!’<rp+r17‘l/ a +rPW b
| ()| q/gz (W+P)6W+P 1,;1 W+P)ww+p 1;2 ver .,; ver

Then,

o T(pP+8) —2p?
ayp < ¥, PO -2
v (W Dp)Byp

(PP +8) -

y=1 (WJFp)wllfﬂv .
This contributed to us to,

T(p* + ) —2p? s (p*+8) - 2p27p+1l/

p
If@<rP+ (1//+p)(1)'w+p (W+p)ww+l7

similarly

@) 20— SO 2 ey TR0 220,
- (V/er)wvﬂrp (W+p)ww+p

The outcome is accurate for
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f(Z) =4 T(pz + C) — 2p2 Zp+1[/ T(pz + C) — 2p22p+1[/.
(V+Pp)Byp (V+p)Oyp

Exectly like this theorem proof also applicable for the following:
Theorem 5 Let f(z) € w*(p, €, v, v, ¥), there exists

2 -2 2 2 ) 2
prp—lir(p +8)=2p"  yip1 TP HE)—2p PP < ()]

(Y +p)Byp (Y +p)Dyyp
<prp_1+f(p2+é)—2p2 rw+p_1+f(p2+C)—2p2 - (15)
B (V+p)Byp (V+Dp)Byp

The outcome is accurate for

f(z)zzlq_w y+p M?wp_
' (W +Pp)Oysp (WD) Bysp

2.3 Convolution and convex combination

In this section, we demonstrate the invariance of the class &(z) € w*(p, €, v, v, ¥) under convolution and convex
combination. Let multivalent harmonic functions f have the structure

fle)=2"+ Z |ay i plz2¥ 7 + Z by p|2¥77,
y=2 y=1

F2)=2"+ Y [Ayipl2" 7+ Y [Byip2¥*7.
y=2 y=1

The definition of the convolution of f(z) and F(z) is

oo =)

(F+F)(@) = f@)+F @) = ¥ layspllAysplz?™ + Y byspllByplz? ™" (16)
y=2 y=1

Theorem 6 If 0 < g < 1, Let wv*(p) and f € w*(g) when the convolution
(f*F) € w’(p) Cw’(q). (17

Proof. Assume that (17) provides the convolution (f *F). Let deduce to demonstrate that, for ro*(g), the coefficients
(f*F) of fulfil the necessary condition stated in Theorem (6). Let observe that |Ay.,| < 1and |By,| < 1. At this point,
let get the convolution function (f * F).
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C

Wiz[Q];i}ilfv,zfv ((‘I/er)z(l —T)+p(y+p)+(1— TC)) _

( (p?+¢)—2p° > W;zlawIIAwI

W)Zl[Q];l‘)l}il—v,Z—v (v+p)*1—-1)+(1-10))\

' ( t(p*+ &) —2p? ) ‘El|b‘l/+p|‘3w+p|

iz[Q];l:l;j—l—v,Z—v ((W+P)2(1 - T) +p(l[/—‘rp) + (1 — TC)) o0
- B ? —2p? Z laypl
t(p2+8)—2p L,
él[Q]?iv’iw,H (W +p2(1-1)+(1-10)\
! ( t(p?+&)—2p? ) W; |by4pl-

Therefore,

WZZ[Q];ll)l}il—v,2—v((V’+P)2(1 ) +p(y+p)+(1—-10)\ .
(( T(p2+ ) —2p? > wgz laypl

WEI[Q];?/}ilfv,27v<(‘I’+P)2(1—r)+(1 N
+< 1(p*+8) =2p? ) )3 |bw+p|> <1

y=1

Then0 < p<g<l,and F € w*(q), (f*F) € w*(p, &, v, v, %) Cw*(q, &, Vv, v, D).
Theorem 7 In the instance of a convex linear combination, class to*(gq, €, v, v, ©¥) is closed.
Proof. Let k=1, 2, ..., assume that f; € w*(q, €, v, v, V)

fl@) =2+ Y lagp) w2+ Y bayp) 2V
y=2 =

Wiz[Q];?l}ilfv,va((ll/‘Fp)z(l ) +p(y+p)+(1-10)\ _
<< t(p2+ ) —2p2 )l;z|aw+p),k|
Wil[Q];?ﬁ-l—v,Z—v((W+P)2(1 —)+(1-10)\ .
! ( T(p*+ ) —2p? ) W; |b<w+,,>,k> <1.
iporary Math tics
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Let assume that ), % =1, 0 < % < 1, the convex combination of f;, which can be expressed as
y=1

Y Thi(@) ="+ Y, Tlagp). el + Y Telbiyp) a2
y=1

y=2 =
IO o (w2 =0+ plytp)+ (1= 70
P +8)-2p? wgl ud(y+p) k
él[Q];z}il—mz—v((llf-%p)z(l —0)+(1-18))
" T(p?+¢) —2p? wgl Tkb(y1p), k>
oo Wiz[Q]e_ﬁ/}ilfv,2—v((W+P>2(1 — 1)+ p(y+p)+(1—18))
:V;] S (P21 ) —2p2 Alyip)
wil[Q];?l}ilfv,27v<(‘l’+p)2(1 —7)+(1-18))
' T(p?+§)—2p? biyip) k| <1

Y %=1, Therefore Y %y, fi(z) €w*(q, €, v, v, B).
y=1 y=1

Theorem 8 Assume that the function f;, (j = 1, 2, ...) is defined in the class *(p, €, v, v, ¥) by itself.

k() =2"+ Y (ag+p), e 0 + 1), 22T (19)
y=2

belong to the class *(p, €, v, v, ¥),

2
(P +8) -2 (WEZ[Q];:;%V,“ (y+p)2(1 =)+ p(w+p)) (1 - fC))

+ < E"Z[Q]&iit}ilv,sz(W+P)> 2(T(p2+g) _2p2)2
p<1-— V=

= : (20)
WEZ[Q];ii,}ilfv, 2y (P(W+p)2(T(P2+8) —2p2)°

Proof. Figuring out the maximum ¢ value is necessary to ensure
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=

[0l v v 2 v (W+p) (1 =) +p(y+p)+(1-18))

)y

y=2

Then

—v,€

T(p?+ ) —2p?

(W+p?(1=17)+p(y+p)+(1-18))

<WZZ[Q]8, y+1-v, 2—v

-0, €
72[Q]£, y+1-v,2—v

y
=

t(p?+ ) —2p?

(y+p?(1=17)+p(w+p)+(1-18))

2
) s p). el

(

and

=

y=2

t(p?+ ) —2p?

Y (01 iy (W2 (1=7) + p(y+p) + (1 - 18))

2
lacy-+p), &, 1>|> <1,

(

=

=2
<‘l/

T(p?+ ) —2p?

Y (055 v 2 (W4 p)P (1 =)+ p(y+p)+(1—10))

2
) layp). k2|

(

therefore, by adding these inequality,

138

y=2

t(p?+ ) —2p?

01 Vv oy (W+p)*(1=7) + p(w+p) + (1 -7C))

2
laty+p), (&, 2>|> <L

| =

(

t(p?+§) —2p?

[0l v i 1-v v (W) (1= 1)+ p(y +p) +(1-00))

(p*+¢)

This will satisfy the inequality if

3
lllf

=2

-V, €
[Q]s, y+1-v,2—v

—2p?

latysp). 0> Flagysp), k)

(w+p)*(1—1)+p(w+p)+(1—0L))

Co iporary Math tics
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2
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<w§ (01,55 1y 2y (W P21 =) 4 p(y+ p)) + (1 - 7))

=2
= 2P 1) 29

such that

s

2(2(p* + ) =20°)? Y 101e 51 v 2y (WP (1= 1)+ p(y +p) + (1= 90))

2

v

oo

<t(p*+8) = 2p%( ZZ[Q];l;;ilvafv(W"i_p)z(l —0)+p(y+p)+(1-70)>%
v

Then obtain Equation (20):

2
(0 +8) —2p? (éz[Q];;;il_v,z_v (y+p)*(1 =)+ p(w+p)) (1 - r«:))

i < i [Q];lt);;il—v. 2_vP(llf+p)> 2(t(p*+¢) —2p2)2
o<1

V,iz[Q];ll)l;il—v. s v (P(W+p)2(z(p?+8) - 2p2)2

Theorem 9 Assume that the function f;, (j =1, 2, ...) is defined in the class w*(p, €, v, v, ¥).

=

1(2)=2"+ Y (Ibysp). k. 01>+ 1Pysp), 2|V (1)
y=1

belong to the class w*(p, €, v, v, ¥),

2
©(p*+¢)—2p? ( [0 21—y, (W) (1= 1) + p(y+p)) (1~ TC))

<
1t

38

' <w1[Q]&l‘)l}i‘V72vp("’+P)> 2((p* +§) —2p%)?
o <1-

IO oy (4 202 )~ 2922

Similarly let derived to get same result previous theorem (8).

Corollary 10 Convex linear combinations result in the class to*(p, €, v, v, ¥) is closed.

Proof. If w*(p, €, v, v, V) be the class that contains the functions f;(z)(k =1, 2, ...) described by (18). After that
is finished, the function s(z) defined by
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5(2) = 0fi(2) + (1-0)fi(z), 0 <O < 1. (22)

be in the class o*(p).
The following theorem explained the neighbourhood result for the class o™ (p, €, v, v, ¥)

2.4 Neighbourhood for the class " (p, & v, v, 3)

The decision to include all of the neighborhoods related to the inclusion relation (m, p) occurs next using
Ruschewayh’s approach. Our explanation of functions (m, p) neighborhood f(z) € w*(p, €, v, v, ¥) as per earlier
research on the neighbors of analytic functions by Goodman [20], which Ruscheweyh [21] generalized and other authors,
such as Atshan [22] and Atshan and Kulkarni [23], investigated:

Theorem 11 If

Al |
Y 0l i vy (WH+p)2(1=7)+ p(y+p) + (1 -70))

P
+< ] (P +0) - >>§1_ @3)
B0z (P = ) ply )+ (1= 20)
therefore 10° (p, €, v, U, ©) € Ny (e).
Proof. Let f € w*(p, €, v, v, ¥), then
X (1005w (2051 ) (1= )W Py +
X (@ 1w oy PO 5 0 9) (= O PDbyi) < 507 6) -
Hence
X (03w 2P 4y )+ (1 =20)) B (04 iy

i ( Ole vy, o (WHp)* (1= 1)+ p(y +p) + (1 - 10)) )i (W+p)bysp <T(P*+§)—
y=1 y=I

and which gives
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-V, €

+
I g,wV,zv<<w+p>2<1—r>+p<w+p>+<1—rc>>)>

iaw+ibw<<( _ (P +8)—
V=2 e 0]

(P’ +8) - ))
(190w ol P2 = 1)+ ply +p) + (1= 70)))

p.

2.5 Extreme points

After that, applying the expression clco w*(p, €, v, v, &), let derive the extreme points of the closed convex hulls
of w*(p, €, v, v, V).

Theorem 12 Mention f to be established using (1). Then f € w*(p, €, v, v, ¥) if and only if

)= ¥ [8yk(@) + 4L,
v=1

(24)
Where,

2 _
(2) = 2 k(o) = ——— P tE) Y (=23, )
WEZ[Q]S) v, ziv((l[/—i-p)z(l = 1) +p(y+p)+(1-18))
I(z) = = rl) - VP (w=1,2,..)

WEZ[Q];I:/}iI7v,27v((w+p)2(1 —7)+p(y+p)+(1-18))
The extreme points of v*(p, €, v, v, ©¥) are especially k, and ..
Proof. Let have the following form f functions with form (24)

[9yke(2) + Ty ()],
1//=1
kZ(Z) T(p2+C) — ZVH_‘D,
L0 S v oy (Wt PP =) p(y o+ p) + (1= 7))
I(z) = T(pz—i—g) - VP,
E 10 v (v PP =2) 5 ply )+ (1-70)
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Let get

wi [Q];It)/;il—v.z—v((llf-FP)z(l —T)+p(y+p)+(1—-10))
( T(p?+ ) —2p? >

©(p*+¢) - 2p?
é [0l v v 2 v (W+p)2(1 =) +p(y+p)+(1-18))

Ny+

(wi [Q]sﬁ’,}ilv,zv((w+p)2(1—f)+p(w+p)+(1—rg))>

T(p*+¢) —2p?

7(p? + ) —2p?
é 0155 v 2 (W4 p)?(1=7)+p(y+p)+(1-70))

Iy

E (01 %5 vy (W+p)?(1=2) + p(w+p)+(1-20))

T(p?+ ) —2p?

‘aw+p|70§ﬁyl§ 13 y/:2, 3a

wi [Q];lt)/;il—v,z—v((‘If‘FP)z(l -0+ plv+p)+(1—-10))

Ty = P02 byipl, 0<Ty <1, y=1,2, ...

and 5 =1, ¥ Hy+ ¥ Ty >0 notice that, according to £ > 0.
y=2 y=1

[9yk:(z) + Tyl (z)] as needed.
1

As a result, we acquire f(z) =

ﬁMx

3. Examples of functions for class

+1

Example 1 Let f(z) =27 + % for simplicity. Then, the fractional operator applied to f(z) is:
L(p+1) p—a 1 I'(p+2) pl-a

D“f(z)zr(p+1_a>z ST ITp 2 )

This function has the geometric property of being starlike if:
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_ _ p+l—o
Re(AP=®) , (pH1-a) > 0.
p—o (p—a)zr=@

indicating that the fractional operator has transformed the function into one that retains the multivalent nature with adjusted
geometric properties.
Example 2 Mention f to be established using (1). Then f € to*(p, €, v, v, ¥) if and only if

=)

f(2) =Y Dyk (@) +Tyl(9(x)*],

y=1
Where,
2 5.2
(00 =2 k(0 () = bl Her; PPV (y=2.3,.)
B0 2 (P = ) ply )+ (1= 70)
LOWH) = 5 e o BV, (y=1,2, )
WY:Z[Q]S.w’+1_v,z_v((w+p)2(l—f)+p<w+p>+(l—fé>)

mMm=1 % ~VJV/+ Y 31,/20,.61,/20,71,/20-
y=2 y=1

The extreme points of o*(p, €, v, v, ¥) are especially k, and I.

4. Applications and implications

Complex Dynamics:

» Geometric Dynamics: The geometric dynamics of multivalent functions, such as their iterative behavior and fractal
patterns, can be explored using fractional operators. This leads to a better understanding of complex systems and chaos
theory.

* Physical Applications: [24] In physics and engineering, the geometric features of multivalent functions pertaining
to fractional operators are applied in modeling phenomena like viscoelasticity, anomalous diffusion, and signal processing.

Mathematical and Computational Methods:

* Numerical Techniques: Numerical methods for fractional calculus, including discretization techniques and
algorithmic implementations, leverage geometric principles to solve problems involving multivalent functions.

* Geometric Algorithms: Algorithms that incorporate geometric features of multivalent functions enhance the
accuracy and efficiency of computations in various applications.

5. Conclusion

This study investigates harmonic multivalent functions f = k+/ in the open unit disc U = {z: |z| < 1}, employing
the Prabhakar fractional operator as a central model in fractional calculus. Let’s introduce v*(p, €, v, v, ¥) C
w*(p, €, v, v, ¥), focusing on this subset as the class of interest. Our primary goal is to analyze the impact of convolutions
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with the Prabhakar fractional differential operator on multivalent harmonic functions within w*(p, €, v, v, ¥). Our
investigation has revealed significant insights into the properties of multivalent harmonic functions within the class
w*(p, €, v, v, ¥). Let’s have explore coefficient inequality, growth rates, distortion properties, closure characteristics,
neighborhood behaviors, and extreme points, all pertinent to this class. These findings underscore the intricate relationship
between these functions and the Prabhakar fractional operator, enriching our understanding of their analytical properties
in complex analysis. This study not only advances theoretical knowledge but also carries practical implications across
disciplines like mathematical physics and engineering.

Conflict of interest

The authors declare no competing financial interest.

References

[1] Srivastava HM, Darus M, Ibrahim RW. Classes of analytic functions with fractional powers defined by means of a
certain linear operator. Integral Transforms and Special Functions. 2011; 22(1): 17-28.

[2] Prabhakar TR. A singular integral equation with a generalized Mittag-Leffler function in the kernel. Bulletin of
Yokohama City University, Department D, Mathematics. 1971; 19(1): 7-15.

[3] Alarifi NM, Ibrahim RW. A new class of analytic normalized functions structured by a fractional differential operator.
Journal of Function Spaces. 2021; 2021(1): 6270711.

[4] Gorenflo R, Kilbas AA, Mainardi F, Rogosin SV. Mittag-Leffler functions, related topics and applications. Berlin:
Springer; 2020.

[5] Salim TO. Some properties relating to the generalized Mittag-Leffler function. Advances in Applied Mathematics
and Analysis. 2009; 4(1): 21-30.

[6] Salim TO, Faraj AW. A generalization of Mittag-Leffler function and integral operator associated with fractional
calculus. Journal of Fractional Calculus and Applications. 2012; 3(5): 1-3.

[7] Srivastava HM. Univalent functions, fractional calculus, and their applications. Ellis Horwood Halsted Press; 1989.

[8] Atshan WG, Kulkarni SR, Raina RK. A class of multivalent harmonic functions involving a generalized Ruscheweyh
type operator. Mathematical Journal. 2008; 60(233): 207-213.

[9] Ibrahim RW. Generalized Ulam-Hyers stability for fractional differential equations. [International Journal of
Mathematics. 2012; 23(5): 1250056.

[10] Ibrahim RW. On generalized Srivastava-Owa fractional operators in the unit disk. Advances in Difference Equations.
2011;2011: 1-10.

[11] Ibrahim RW. Ulam stability for fractional differential equation in complex domain. In: Abstract and Applied Analysis.
vol. 2012. Hindawi Publishing Corporation; 2012. p.649517.

[12] Aouf MK. A family of meromorphically P-valent functions with positive coefficient. General Mathematics. 2012;
20(1): 25-37.

[13] AL-khafaji AK, Atshan WG, Abed SS. On the generalization of a class of harmonic univalent functions defined by
differential operator. Mathematics. 2018; 6(12): 312.

[14] AL-khafaji AK, Atshan WG, Abed SS. On a differential subordination of a certain subclass of univalent functions.
Journal of Kufa for Mathematics and Computer. 2018; 5(3): 11-16.

[15] AL-khafaji AK, Atshan WG, Abed SS. Some properties of a class of harmonic multivalent functions defined by an
integral operator. Journal of University of Babylon for Pure and Applied Sciences. 2019; 27(2): 261-268.

[16] Raina RK, Srivastava HM. A new class of meromorphically multivalent functions with applications to generalized
hypergeometric functions. Mathematical and Computer Modelling. 2006; 43(3-4): 350-356.

[17] Atshan WG, Kulkarni SR. Some applications of generalized Ruscheweyh derivatives involving a general fractional
derivative operator to a class of analytic functions with negative coefficients II. General Mathematics. 2020; 28(1):
85-103.

Co iporary Math tics 5452 | K. Thilagavathi, et al.




[18] AL-khafaji AK, Al-Haytham I, Atshan WG, Abed SS. Some interesting properties of a novel subclass of multivalent
function with positive coefficients. Journal of Kufa for Mathematics and Computer. 2019; 6(1): 13-20.

[19] AL-khafaji AK, Atshan WG, Abed SS. Neighborhoods and partial sums of a new class of meromorphic multivalent
functions defined by fractional calculus. Karbala International Journal of Modern Science. 2019; 5(2): 3.

[20] Goodman AW. Univalent functions and nonanalytic curves. Proceedings of the American Mathematical Society.
1957; 8(3): 598-601.

[21] Rusheweyh S. Neighborhoods of univalent functions. Proceedings of the American Mathematical Society. 1981;
81(4): 521-527.

[22] Atshan WG. Subclass of meromorphic functions with positive coefficients defined by Ruscheweyh derivative II.
Surveys in Mathematics and Its Applications. 2008; 3: 67-77.

[23] Atshan WG, Kulkarni SR. Neighborhoods and partial sums of subclass of k-uniformly convex functions and related
class of k-starlike functions with negative coefficients based on integral operator. Southeast Asian Bulletin of
Mathematics. 2009; 33(4): 623-637.

[24] Pandey V. Physical and geometrical interpretation of fractional derivatives in viscoelasticity and transport
phenomena. Reprosentralen, University of Oslo; 2016.

Volume 5 Issue 4|2024| 5453 Contemporary Mathematics



	Introduction
	Main results
	Coefficient property
	Distortion bounds
	Convolution and convex combination
	Neighbourhood for the class w* (p, ε, ν, υ, ϑ)
	Extreme points

	Examples of functions for class
	Applications and implications
	Conclusion

