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Abstract: In this paper, we assume that G is a domain bounded by Γ Dini-smooth curve and R > 1 is the largest number
such that a function f is analytic inside the level curve ΓR in the exterior of Γ. By taking the function f in the Morrey-
Smirnov classes with variable exponents E p(·), α(·)(GR), we obtain a rate of maximal convergence of the nth partial sums
of the Faber series of the function f in the uniform norm on the closure of G. Here the rate of maximal convergence
depends on the best approximation number E p(·), α(·)

n ( f , GR).
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1. Introduction
The Lebesgue spaces with variable exponents are used in the solving of different problems in mechanic, especially

in fluid dynamic, and also in the study of image processing. Many authors have obtained analogues of classical results
in Lebesgue spaces with variable exponents motivated by their applications [1–7]. The Morrey spaces with variable
exponents are natural generalizations of the variable exponent Lebesgue spaces. These spaces were introduced in [8] in
the case of an open set Ω ⊂ Rn. For information about classical Morrey spaces and variable exponent Morrey spaces,
you can see [8–16]. It is known that Smirnov classes are special classes of analytic functions. In this paper we consider
the Morrey-Smirnov classes with variable exponents. These classes are natural generalizations of Smirnov classes with
variable exponents. In [4, 17–21] the results on approximation to the function of Smirnov classes with variable exponents
were obtained. There are the results on approximation to the functions of classical Morrey-Smirnov classes in [22–25].
Only a few studies on Morrey-Smirnov classes with variable exponents are available in the literature so far (see [26, 27]).
While the standard definition of the norm of the class in the proofs of these studies is used, equivalent but more intriguing
definition of the norm is used in the proofs of this paper, with the help of Lemma 5 in [8], and also [22, 23]. For given a
domain G bounded by Γ, by considering that R > 1 is the largest number such that f is analytic inside the level curve ΓR

in the exterior of Γ, we obtain a rate of maximal convergence of the nth partial sums of the Faber series of the function
f in the Morrey-Smirnov classes with variable exponents in the uniform norm on the closure of G. In the problems of
maximal convergence, the rate of maximal convergence depends on the number R > 1 and the best approximation number
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to the function, defined in the given space. There are some results related to maximal convergence in literature. Firstly,
Bernstein andWalsh studied on the maximal convergence of polynomials. They also obtained direct and inverse theorems
when the function f is analytic on canonical domain GR, R > 1 (see [28] and also [29]). Many results about maximal
convergence of Faber series were proved by P. K. Suetin in [28]. Suetin obtained some results on maximal convergence
of Faber series of the function f in the case which is analytic on the canonical domain GR, continuous on GR and in the
case which belongs to Smirnov class E p(GR), p ≥ 1. Suetin assumed the case the boundary of the domain G belongs to
the class of Al’per curves. He also proved some results on the maximal convergence for the case a continuum K. The
maximal convergence by Faber series was investigated in Smirnov-Orlicz classes in [30] in the case of continuum and in
[31] in the case of the domain bounded by a special smooth curve. When f is a function in the Smirnov class with variable
exponents, maximal convergence of Faber series in the case of continuum was studied in [19]. If f is a function in the
weighted Smirnov class with variable exponents, maximal convergence of Faber series in the case of domain bounded by
a special smooth curve was studied by us in [32].

2. Preliminaries
Let G be a simply connected domain bounded by a rectifiable curve Γ in the complex plane C, and let also the

complement of the closed domain G is a simply connected domain G′ containing the point of infinity z = ∞. By the
Riemann conformal mapping theorem there exists a unique function w = φ(z)meromorphic in G′ which maps the domain
G′ conformally and univalently onto the exterior of the unit circle T and satisfies the conditions

φ(∞) = ∞, φ ′(∞) = γ > 0,

where γ is the capacity of G. Let ψ be the inverse to φ and let ψ0 be the mapping which maps unit disk onto the domain
G under the conditions ψ0(0) = 0 and ψ ′

0(0)> 0. Let Γr be the image of the circle |w|= r, 0 < r < 1, under the mapping
ψ0. If a function f (z), analytic on a domain G, satisfies the inequality

∫
Γr

| f (z)|p |dz| ≤ M, p > 0

for any r such that 0 < r < 1, then f belongs to the Smirnov class E p(G). In this definition one can replace the set of the
images of the circles {Γr} by an arbitrary sequence of rectifiable curves {Γn}, which converge from inside the domain G
to the curve Γ (see [28]). If f ∈ E p(G), then it has a nontangential limit almost everywhere on Γ and the boundary function
belongs to Lp(Γ) [33]. Let J denote the interval I0 := [0, 2π] or the Jordan rectifiable curve Γ ⊂C and let p(·) : J → [0, ∞)

be a Lebesgue measurable function such that

1 < p− := essin f
z∈J

p(z)≤ esssup
z∈J

p(z) =: p+ < ∞ (1)

Let |J| is the Lebesgue measure of J. We say that p(·) ∈ Plog(J), if p(.) satisfies the condition

|p(z1)− p(z2)| ln
(

|J|
|z1 − z2|

)
≤ c, ∀z1, z2 ∈ J,
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with a positive constant c independent of z1 and z2. We note that the condition above is usually called the log-Hölder
continuity or the Dini-Lipschitz condition.

Definition 1 Let f : Γ → R be a Lebesgue measurable function. For a given p(·) ∈ Plog(Γ), if the condition

∫
Γ
| f (z)|p(z) |dz|< ∞.

holds, the set of Lebesgue measurable functions f is defined the Lebesgue class Lp(·)(Γ) with variable exponents.
If p(·) : Γ → [1, ∞), Lp(·)(Γ) becomes a Banach spaces with the norm

∥ f∥Lp(·)(Γ) : = in f

{
λ > 0 :

∫
Γ

∣∣∣∣ f (z)
λ

∣∣∣∣p(z)

|dz| ≤ 1

}

If p(·) := constant, then Lp(·)(Γ) coincides with the Lebesgue space Lp(Γ).
Definition 2 Let f be an analytic function in G. For p(·) : Γ → [1, ∞), the set

E p(·)(G) : =
{

f ∈ E1(G) : f ∈ Lp(·)(Γ)
}

is called Smirnov class with variable exponent p(·).
E p(·)(G) becomes a Banach space equipping with the norm

∥ f∥E p(·)(G) : = ∥ f∥Lp(·)(Γ) .

We define the classical Morrey space Lp, α(Γ) such that p ≥ 1 and 0 ≤ α ≤ 2. For the definition you can see for
example [23]. For z ∈ Γ and r > 0, we denote

B : = B(z, r) : = {ξ ∈ C : |ξ − z|< r}.

Definition 3 Lp, α(Γ) is defined as the set of all the functions f ∈ Lp
loc(Γ) such that

∥ f∥Lp, α (Γ) : =

{
s
B
up

1

|B∩Γ|1−
α
2

∫
B∩Γ

| f (z)|p |dz|
} 1

p

< ∞

where the supremum is taken over all disks B centered on Γ.
Lp, α(Γ) becomes a Banach space; for α = 2 coincides with Lp(Γ) and for α = 0 with L∞(Γ). Moreover Lp, α1(Γ)⊂

Lp, α2(Γ) for 0 ≤ α1 ≤ α2 ≤ 2. If f ∈ Lp, α(Γ) then f ∈ Lp(Γ) and hence f ∈ L1(Γ). One could prefer to write the
denominator of the fraction in front of the integral in the norm Lp, α(Γ) with respect to r. But we prefer to write it based
on |B∩Γ|. Because we can write

Volume 6 Issue 1|2025| 1363 Contemporary Mathematics



diam{B∩Γ} ≤ c |B∩Γ|

since {B∩Γ} is a quasi-circle. This makes the fraction in front of the integral in the definition of the norm smaller.
Definition 4 Let f be an analytic function in G. For p ≥ 1 and 0 ≤ α ≤ 2, the set

E p, α(G) : =
{

f ∈ E1(G) : f ∈ Lp, α(Γ)
}

is called Morrey-Smirnov class [23].
E p, α(G) becomes a Banach space equipping with the norm

∥ f∥E p, α (G) : = ∥ f∥Lp, α (Γ) .

For α = 2, E p, α(G) coincides with E p(G) and for α = 0 with E∞(G). Moreover E p, α1(G) ⊂ E p, α2(G) for 0 ≤
α1 ≤ α2 ≤ 2. If f ∈ E p, α(G) then f ∈ E p(G) and hence f ∈ E1(G).

We now define the Morrey space Lp(·), α(·)(Γ) with variable exponents as the following.
Definition 5 Let p(·) : Γ → [1, ∞) be a measurable function satisfying (1) and let α(·) : Γ → [0, 2] be a measurable

function. The set of Lebesgue measurable functions f such that

Ip(·), α(·)( f ) : = s
B
up

1

|B∩Γ|1−
α(·)

2

∫
B∩Γ

| f (z)|p(z) dz < ∞ (2)

is defined as the Morrey space Lp(·), α(·)(Γ) with variable exponents.
For the definition you can see [8, 14]. The norm in the space Lp(·), α(·)(Γ) is defined by

∥ f∥Lp(·), α(·)(Γ) : = ∥ f∥1 = in f
{

η > 0 : Ip(·), α(·)(
f
η
)< 1

}
. (3)

It is known that Lp(·), α(·)(Γ) is Banach space. If α(·) = 2 then Lp(·), α(·)(Γ) coincides with the variable exponent
Lebesgue space Lp(·)(Γ). In the cases α(·) = const and p(·) = const, the variable exponent Morrey space coincides with
the classical Morrey space.

There is more intriguing definition of the norm: We may define the Morrey norm with variable exponents by:

∥ f∥1∗ : = s
B
up

∥∥∥∥∥∥ 1

|B∩Γ|(1−
α(·)

2 ) 1
p(·)

f χB∩Γ

∥∥∥∥∥∥
Lp(·)(Γ)

. (4)

Let α(·) be of the class Plog(Γ). In this case, there is no difference in taking the parameter α depending on which

variables (see [8]). By taking 1− α(·)
2

instead of λ (·) in Lemma 5 in [8], we can deduce the following lemma which

show the equivalence of the norms ∥ f∥1 and ∥ f∥1∗ in Lp(·), α(·)(Γ).
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Lemma 1 If α(·) ∈ Plog(Γ), for every f ∈ Lp(·), α(·)(Γ),

∥ f∥Lp(·), α(·)(Γ) = ∥ f∥1 = ∥ f∥1∗ .

Definition 6 The variable exponent Morrey-Smirnov class E p(·), α(·)(G) is defined as

E p(·), α(·)(G) : =
{

f ∈ E1(G) : f ∈ Lp(·), α(·)(Γ)
}
.

Note that E p(·), α(·)(G) is a Banach space with respect to the norm

∥ f∥E p(·), α(·)(G) : = ∥ f∥Lp(·), α(·)(Γ)

E p(·), α(·)(G) coincides with the class E p(·)(G) for α(·) = 2.
We define the best approximation to the function f ∈ E p(·), α(·)(G) as:

E p(·), α(·)
n ( f , G) : = in f ∥ f − pn∥Lp(·), α(·)(Γ) (5)

where inf is taken over the polynomials pn of degree at most n.
The best approximation number E p(·), α(·)

n ( f , G) exists and is unique in the case of p(·) ∈ Plog(Γ) (see [6]). Let
p(·) : T→ [1, ∞) and α(·) : T→ [0, 2] be measurable functions such that

0 < α− : = essin f
z∈T

α(z)≤ esssup
z∈T

α(z) =: α+ ≤ 2.

We also assume p(·) ∈ Plog(T). For f ∈ Lp(·), α(·)(T) we define the operator

(vh f )(w) : =
1
h

∫ h

0
f (weit)dt, w ∈ T 0 < h < π.

It is clear that the operator vh is a bounded linear operator on Lp(·), α(·)(T) [14]:

∥vh( f )∥Lp(·)(T) ≤ c∥ f∥Lp(·)(T) .

The function

Ω( f , δ )p(·), α(·) : = sup
0<h≤δ

∥ f (·)− vh(·)∥Lp(·), α(·)(T) , δ > 0

is called the modulus of smoothness of f ∈ Lp(·), α(·)(T). It can easily be shown that Ω( f , δ )p(·), α(·) is a continuous,
non-negative and non-decreasing function satisfying the conditions
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lim
δ→0

Ω( f , δ )p(·), α(·) = 0,

Ω( f +g, δ )p(·), α(·) ≤ Ω( f , δ )p(·), α(·)+Ω(g, δ )p(·), α(·), δ > 0,

for f (·), g(·) ∈ Lp(·), α(·)(T). Let h(t) be a continuous function on [0, 2π]. Its modulus of continuity is defined by

ω(h, δ ) : = sup
δ1, δ2∈[0, 2π], |δ1−δ2|<δ

|h(δ1)−h(δ2)| , δ ≥ 0.

Definition 7A smooth Jordan curve Γ will be called Dini-smooth, if the function θ(s), the angle between the tangent
line and the positive real axis expressed as a function of arclength s, has modulus of continuity ω(θ , s) satisfying the Dini
condition

∫ π

0

ω(θ , s)
s

ds < ∞.

Here the number π could be replaced by any positive constant [34]. If Γ is Dini-smooth, then the condition

0 < c1 ≤
∣∣ψ ′(w)

∣∣≤ c2 < ∞, |w| ≥ 1 (6)

holds for some positive constants c1 and c2 [28]. This inequality is also valid for |φ ′(ζ )| for some positive constants c3

and c4 in ζ ∈ G′. Hence, for any disk B ⊂ C with sufficiently small radius, there exists a disc B0 ⊂ C such that

|B∩Γ| ≤ c5 |B0 ∩T| ≤ c6 |B∩Γ| . (7)

Indeed, let B is a disc such that the set B∩Γ is not empty. If we denote γz :=B∩Γ on Γ, there exists an arc γw :=φ(γz)

on T. Let be B0 a disc containing γw, with sufficiently small radius. Hence we have
∫

γw
|dw|= |B0 ∩T| and therefore

|B∩Γ|=
∫

γz

|dz|=
∫

γw

∣∣∣ψ ′
(w)

∣∣∣ |dw| ≤ c7

∫
γw

|dw|= c8 |B0 ∩T|

= c8

∫
γz

∣∣∣φ ′
(z)

∣∣∣ |dz| ≤ c9

∫
γz

|dz|= c9 |B∩Γ| . (8)

holds. For construction of the approximation aggregates in E p(·), α(·)(G), we use the Faber polynomials φk, k = 0, 1, 2, ....
This is the polynomial part of the Laurent expansion at ∞ of φ(z)k, and hence φk is of degree k, with leading coefficient γk.
For the sum of the terms containing negative powers of z in the expansion of φ(z)k, we use the notation −Ek(z). Hence
the identity
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φk(z) = φk(z)+Ek(z), z ∈ G′ (9)

holds in the sense of convergence. Now we denote the level curve by

ΓR : = {ζ ∈ extΓ; |φ(ζ )|= R, R > 1} , GR : = intΓR,

and

TR : = {t ∈ ext(|w|= 1); |t|= R, R > 1} .

Faber polynomials have the following integral representation

φk(z) =
1

2πi

∫
ΓR

φk(ς)
ς − z

dς , z ∈ GR

If a function f is analytic in the canonical domain GR, then the expansion holds

f (z) =
∞

∑
k=0

akφk(z), z ∈ GR, R > 1 (10)

and the series converge absolutely and uniformly on GR, where

ak : =
1

2πi

∫
|t|=R

f (ψ(t))
tk+1 dt, k = 0, 1, 2, . . . (11)

Now we use the value

Rn(z, f ) : = f (z)−
n

∑
k=0

akφk(z) =
∞

∑
k=n+1

akφk(z) (12)

which is called remaining term.

3. Auxiliary results
The formulas (11) and (12) represent that,

Rn(z, f ) =
1

2πi

∫
|t|=R

f (ψ(t))

[
∞

∑
k=n+1

φk(z)
tk+1

]
dt. (13)
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From (9), we can write

∞

∑
k=n+1

φk(z)
tk+1 =

∞

∑
k=n+1

φk(z)
tk+1 +

∞

∑
k=n+1

Ek(z)
tk+1 , z = ψ(w) (14)

It is seen from [35] and [28] that Ek(ψ(w)) is defined as the following

Ek(ψ(w)) =
1

2πi

∫
|τ|=1

τkF(τ, w)dτ, |w| ≥ 1, (15)

where

F(τ, w) :=
ψ ′(τ)

ψ(τ)−ψ(w)
− 1

τ −w
, |τ| ≥ 1, |w| ≥ 1. (16)

It is very important to notice that if one wants to estimate remaining term Rn(z, f ), it is necessary to show that the
integral

∫
|τ|=1

|F(τ, ω)| |dτ| (17)

is finite for all |w| ≥ 1, according to the geometric properties of the boundary of the domain G. Hence if Γ is Dini-smooth,
by (15) and Lemma 2, it can be written

∞

∑
k=n+1

Ek(ψ(w))
tk+1 =

1
2πi

∫
|τ|=1

F(τ, w)
∞

∑
k=n+1

τk

tk+1 dτ (18)

for |w|= 1 and |t|= R (see [28] for Al’per curves).
By applying the similar methods of the proofs of Theorem 2 in [28] and Theorem 3 in [28] for Dini-smooth curves,

we prove the following lemma.
Lemma 2 If G is a domain bounded by a Dini-smooth curve Γ, then there exists a constant c > 0 such that for all

|w| ≥ 1 the following inequality occurs

∫
|τ|=1

|F(τ, w)| |dτ|=
∫
|τ|=1

∣∣∣∣ ψ ′(τ)
ψ(τ)−ψ(w)

− 1
τ −w

∣∣∣∣ |dτ| ≤ c < ∞

and this integral converges uniformly with respect to |w| ≥ 1.
Proof. F(τ, w) can be written in the following way:

F(τ, w) =
[

ψ ′(τ)(τ −w)−ψ(τ)+ψ(w)
(τ −w)2

]
:
[

ψ(τ)−ψ(w)
τ −w

]
.
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By (6), the inequality

[
ψ(τ)−ψ(w)

τ −w

]
≥ c11 > 0, |τ| ≥ 1, |w| ≥ 1

holds. We estimate the integral

I(w) : =
∫
|τ|=1

∣∣∣∣ψ ′(τ)(τ −w)−ψ(τ)+ψ(w)
(τ −w)2

∣∣∣∣ |dτ|

with the similar prosedure as that in [28] as the following:

I(w) =
∫
|τ|=1

∣∣∣∣ 1
(τ −w)2

∫ τ

w
[ψ ′(τ)−ψ ′(t)]dt

∣∣∣∣ |dτ|

≤
∫
|τ|=1

1
(τ −w)2

∫ τ

w
ω(ψ ′, |τ −w|) |dt| |dτ|

≤
∫
|τ|=1

ω(ψ ′, |τ −w|)
|τ −w|

|dτ| (19)

Since Γ is smooth, from the equality (3) in [34], we write that

argψ ′(w) = θ(s)−argw− π
2
, w = eit .

By this equality, the inequality

∣∣∣argψ ′(ei(t+h))−argψ ′(eit)
∣∣∣≤ |θ(s+h)−θ(s)|+ |h|

and hence the inequality

ω(argψ ′, δ )≤ c1ω(θ , δ )+δ . (20)

holds. It is known that

lnψ ′(w) = ln
∣∣ψ ′(w)

∣∣+ iargψ ′(w)

for |w|= 1. From this formula, it is written that
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∣∣∣lnψ ′(ei(t+h))− lnψ ′(eit)
∣∣∣≤ ∣∣∣ln | ψ ′(ei(t+h)) | −ln | ψ ′(eit) |

∣∣∣
+
∣∣∣argψ ′(ei(t+h))−argψ ′(eit)

∣∣∣ . (21)

On the other hand, the following inequality

∣∣∣ψ ′(ei(t+h))−ψ ′(eit)
∣∣∣≤ c5

∣∣∣lnψ ′(ei(t+h))− lnψ ′(eit)
∣∣∣ (22)

holds (see [28]). By (6), we have that

∣∣∣ln | ψ ′(ei(t+h)) | −ln | ψ ′(eit) |
∣∣∣≤ lnc2 + lnc3 = c4 (23)

Hence, it implies that

∣∣∣ψ ′(ei(t+h))−ψ ′(eit)
∣∣∣≤ c6

∣∣∣argψ ′(ei(t+h))−argψ ′(eit)
∣∣∣

From this we have that

ω(ψ ′, δ )≤ c6ω(argψ ′, δ ) (24)

Hence from (20) and (24)

ω(ψ ′, δ )≤ c6ω(argψ ′, δ )≤ c1ω(θ , δ )+δ , w = eit (25)

If a function λ (w) is analytic in the domain |w| > 1 and continuous in the closed domain |w| ≥ 1, then its modulus
of continuity ω(λ , δ ) is connected in |w| ≥ 1 with the modulus of continuity ω(λ1, δ ) of the function λ1(t) = λ (eit) by
the inequality (see [28]),

cω(λ , δ )≤ ω(λ1, δ )≤ cω(λ , δ ). (26)

Hence the inequality (26) holds for |w| ≥ 1. Now we divide by δ both side of the inequality (26), and then, by taking
|τ −w| instead of δ , integrate to the |τ|= 1, hence we can write that
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I(w)≤
∫
|τ|=1

ω(ψ ′, |τ −w|)
|τ −w|

|dτ|

≤ c
∫
|τ|=1

ω(argψ ′, |τ −w|)
|τ −w|

|dτ|

≤ c
∫
|τ|=1

ω(θ , |τ −w|)
|τ −w|

|dτ| (27)

Since Γ is a Dini-smooth, the last integral is finite. It means that

∫
|τ|=1

|F(τ, w)| |dτ| ≤ c < ∞.

Hence the proof is completed.
The following theorem characterizes Hölder’s inequality in the variable exponent Lebesgue spaces (see [2] and [6]).
Theorem 1 Let p(·) : Γ→ [1, ∞] be a measurable function. If f ∈ Lp(·)(Γ) and g∈ Lq(·)(Γ), such that

1
p(·)

+
1

q(·)
= 1,

then f g ∈ L1(Γ) and the inequality

∫
Γ
| f (z)g(z)|dz ≤ c(p)∥ f∥Lp(·)(Γ) ∥g∥Lq(·)(Γ)

holds for some positive constant c(p) dependent on the function p(·).
Let f0(w) : = f [ψ(w)] for f (·) ∈ Lp(·), α(·)(Γ) and p0(w) : = p(ψ(w)). It can be shown that f0(·) ∈ Lp0(·), α(·)(T) by

using (6). Let λ (·) : Γ → [0, 1], λ− : = essin f
z∈Γ

λ (z) and λ+ : = esssup
z∈Γ

λ (z). The following theorem is used for Corollary

1 by taking 1− α(·)
2

instead of λ (·) and ΓR instead of Γ.
Theorem 2 [26] Let Γ be a Dini-smooth curve. Let p(·) : Γ → [1, ∞] and λ (·) : Γ → [0, 1] be measurable functions

such that p(·) ∈ Plog(Γ) and 0 ≤ λ− ≤ λ+ < 1. If f (z) ∈ E p(·), α(·)(G), then for every natural n the inequality

∥∥∥∥∥ f (z)−
n

∑
k=0

akφk(z)

∥∥∥∥∥
Lp(·), λ (·)(Γ)

≤CΩ( f0,
1
n
)p0(·), λ (·)

holds with a constant C > 0 independent of n.

4. New results and proofs
Our new results and their proofs are as the following.
Theorem 3 Let G be a domain bounded by Γ Dini-smooth curve, R > 1 is the largest number such that a function f

is analytic inside the level curve ΓR in the exterior of Γ and GR = intΓR. If f belongs to the class E p(·), α(·)(GR) where
p(·) : ΓR → [1, ∞), 1 < p− ≤ p+ < ∞, p(·) ∈ Plog(ΓR) and α(·) : ΓR → [0, 2], α(·) ∈ Plog(ΓR), then the value Rn(z, f )
satisfies the inequality
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|Rn(z, f )| ≤ c(p)

2π sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

E p(·), α(·)
n ( f , GR), z ∈ G

with some constant c(p) > 0 independent of n. Here E p(·), α(·)
n ( f , GR) is the best approximation number to the function

f ∈ E p(·), α(·)(GR).
Theorem 3 characterises the maximal convergence of the nth partial sums of Faber series of the functions belong to

the Morrey-Smirnov class with variable exponents in the case of domains bounded by Dini-smooth curves. In the case of
α(·) = 2, we obtained a rate of convergence when f belongs to the weighted Smirnov class with variable exponents for a
domain bounded by a special smooth curve in [32]. We note that the main result in [32] could also be obtained for the case
of the domains bounded by Dini-smooth curves. Hence Theorem 3 becomes a generalization of the main result in [32]
when the weight function ω(·) = 1. On the other hand, if we compare Theorem 3 with the main result in [19] in the case
of α(·) = 2, we see that Theorem 3 gives a better approximation error because of the Dini-smoothness property of the
boundary of the domain G in this paper. Let f is analytic on GR, R > 1. Let f0(w) := f (ψ(Rw)) and p0(w) := p(ψ(Rw)).
Taking into account these conditions and applying Theorem 2 for ΓR, we can estimate Rn(z, f ) by modulus of smoothness

Ω( f0,
1
n
)p0(·), α(·) from above in the uniform norm on G as the following.

Corollary 1 Let G be a domain bounded by Γ Dini-smooth curve, R > 1 is the largest number such that a function
f is analytic inside the level curve ΓR in the exterior of Γ and GR = intΓR. If f belongs to the class E p(·), α(·)(GR) where
p(·) : ΓR → [1, ∞), 1 < p− ≤ p+ < ∞, p(·) ∈ Plog(ΓR) and α(·) : ΓR → [0, 2], 0 < α− ≤ α+ ≤ 2, α(·) ∈ Plog(ΓR), then
the value Rn(z, f ) satisfies the inequality

|Rn(z, f )| ≤ c(p)

2π sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

Ω( f0,
1
n
)p0(·), α(·), z ∈ G

with some constant c(p)> 0 independent of n.

4.1 Proof of Theorem 3

Let Γ is Dini-smooth curve, z ∈ Γ and ζ ∈ ΓR, R > 1. We assume that f is a function which belongs to the class
E p(·), α(·)(GR) such that p(·) : ΓR → [1, ∞), 1 < p− ≤ p+ < ∞, p(·) ∈ Plog(ΓR) and α(·) : ΓR → [0, 2], α(·) ∈ Plog(ΓR).
Let Pn be the best approximation polynomial to the function f ∈ E p(·), α(·)(GR). The formula (13) implies that

Rn(z, f ) =
1

2πi

∫
|t|=R

{ f (ψ(t))−Pn(ψ(t))}
∞

∑
k=n+1

φk(z)
tk+1 dt (28)

From the relations (14), we write
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|Rn(z, f )| ≤ 1
2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ ∞

∑
k=n+1

wk

tk+1

∣∣∣∣∣ |dt|

+
1

2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ ∞

∑
k=n+1

Ek(ψ(w))
tk+1

∣∣∣∣∣ |dt|

where w = φ(z) and t = φ(ζ ).
Let’s denote

I1 : =
1

2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ ∞

∑
k=n+1

wk

tk+1

∣∣∣∣∣ |dt|

and

I2 : =
1

2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ ∞

∑
k=n+1

Ek(ψ(w))
tk+1

∣∣∣∣∣ |dt|

Since the level curves ΓR are sufficiently smooth, we consider them as Dini-smooth curves in this paper. For this
reason, we can use the inequalities (6) and hence (7) in the proof.

First we estimate I1. If we change variables for t = φ(ζ ) in I1 and use (6), we have

I1 =
1

2π

∫
ΓR

| f (ζ )−Pn(ζ )|

∣∣∣∣∣ ∞

∑
k=n+1

[φ(z)]k

[φ(ζ )]k+1

∣∣∣∣∣ ∣∣φ ′(ζ )
∣∣ |dζ |

≤ c1

2π

∫
ΓR

| f (ζ )−Pn(ζ )|
|φ(z)|n+1

|φ(ζ )|n+1 |φ(ζ )−φ(z)|
|dζ |

≤ c1

2πRn+1(R−1)

∫
ΓR

| f (ζ )−Pn(ζ )| |dζ | (29)

When B is a disc with centered any point ζ on ΓR and the radius r > 0, it can be written that ΓR = (B∩ΓR)∪(B
′ ∩ΓR).

According to this

I1 ≤
c1

2πRn+1(R−1)

(∫
B∩ΓR

| f (ζ )−Pn(ζ )| |dζ |+
∫

B′∩ΓR

| f (ζ )−Pn(ζ )| |dζ |
)

Let’s denote
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J1 : =
∫

B∩ΓR

| f (ζ )−Pn(ζ )| |dζ |

J2 : =
∫

B′∩ΓR

| f (ζ )−Pn(ζ )| |dζ | (30)

We first estimate J1 by the following.

J1 =
∫

ΓR

 1

|B∩ΓR|
(1− α(·)

2 ) 1
p(·)

| f (ζ )−Pn(ζ )|χB∩ΓR(ζ )

 |B∩ΓR|
(1− α(·)

2 ) 1
p(·) |dζ |

Using Hölder’s inequality for
1

p(·)
+

1
q(·)

= 1, we have

J1 ≤ c2(p)

∥∥∥∥∥∥ 1

|B∩ΓR|
(1− α(·)

2 ) 1
p(·)

( f (ζ )−Pn(ζ ))χB∩ΓR(ζ )

∥∥∥∥∥∥
Lp(·)(ΓR)

∥∥∥∥|B∩ΓR|
(1− α(·)

2 ) 1
p(·)

∥∥∥∥
Lq(·)(ΓR)

If we take the supremum for all over B with centered on ΓR and radius r > 0, and infimum for all Pn, which degree
at most n, on the right hand side of the last inequality, respectively, by (4), (5) and (7), we have

J1 ≤ c2(p)E p(·)α(·)
n ( f , GR) |B∩ΓR|

(1− α(·)
2 ) 1

p(·) ∥1∥Lq(·)(ΓR)

≤ c3(p) |B0 ∩TR|
(1− α(·)

2 ) 1
p(·) E p(·)α(·)

n ( f , GR)∥1∥Lq(·)(ΓR)

≤ c4(p)R(1− α(·)
2 ) 1

p(·) E p(·)α(·)
n ( f , GR) (31)

where B0 is a disc with centered t on TR and radius r0 > 0. We also estimate ∥1∥Lq(·)(ΓR)
by a constant positive in the last

inequality. Now we estimate J2. It can be written that

χB′∩ΓR
=

∞

∑
k=0

2−2kχ(2k+1B\2kB)∩ΓR
.

For this equality, you can see [23]. Hence
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J2 =
∫

ΓR

| f (ζ )−Pn(ζ )|χB′∩ΓR
(ζ ) |dζ |

=
∫

ΓR

| f (ζ )−Pn(ζ )|
∞

∑
k=0

2−2kχ(2k+1B\2kB)∩ΓR
(ζ ) |dζ |

=
∞

∑
k=0

2−2k
∫
(2k+1B\2kB)∩ΓR

| f (ζ )−Pn(ζ )| |dζ |

≤
∞

∑
k=0

2−2k
∫

2k+1B∩ΓR

| f (ζ )−Pn(ζ )| |dζ |

=
∞

∑
k=0

2−2k2k+1
∫

B∩ΓR

| f (ζ )−Pn(ζ )| |dζ |

=
∞

∑
k=0

2−k+1J1

≤ c5(p)R(1− α(·)
2 ) 1

p(·) E p(·)α(·)
n ( f , GR) (32)

holds, where ∑∞
k=0 2−k+1 < ∞.

Hence by combining the estimations for J1 and J2, we find that

I1 ≤
c6(p)R(1− α(·)

2 ) 1
p(·)

2πRn+1(R−1)
E p(·), α(·)

n ( f , GR)

and hence

I1 ≤
c6(p)

2π sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

E p(·), α(·)
n ( f , GR)

holds. Now we estimate

I2 =
1

2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ ∞

∑
k=n+1

Ek(ψ(w))
tk+1

∣∣∣∣∣ |dt|

Using (18), Lemma 2 and changing variables for t = φ(ζ ), we have
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I2 =
1

2π

∫
|t|=R

| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣∣ 1
2πi

∫
|τ|=1

{
∞

∑
k=n+1

τk

tk+1

}
F(τ, w)dτ

∣∣∣∣∣ |dt|

≤ 1
4π2

∫
|τ|=1

|F(τ, w)|
{∫

|t|=R
| f (ψ(t))−Pn(ψ(t))|

∣∣∣∣ τn+1

tn+1(t − τ)

∣∣∣∣ |dt|
}
|dτ|

≤ 1
4π2Rn+1(R−1)

∫
|τ|=1

|F(τ, w)| |dτ|
{∫

|t|=R
| f (ψ(t))−Pn(ψ(t))| |dt|

}

≤ c7

4π2Rn+1(R−1)

∫
ΓR

| f (ζ )−Pn(ζ )|
∣∣φ ′(ζ )

∣∣ |dζ |

≤ c8

4π2Rn+1(R−1)

∫
ΓR

| f (ζ )−Pn(ζ )| |dζ |

By using the estimations for J1 and J2 in the last integral, we have

I2 ≤
c9(p)R(1− α(·)

2 ) 1
p(·)

4π2Rn+1(R−1)
E p(·), α(·)

n ( f , GR)

≤ c9(p)

4π2 sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

E p(·), α(·)
n ( f , GR) (33)

By the estimations obtained for I1 and I2, we finally conclude that

|Rn(z, f )| ≤ c10(p)

2π sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

E p(·), α(·)
n ( f , GR), z ∈ Γ.

with some constant c10(p)> 0 independent of n. This estimation is valid also for z ∈ G, by using the maximum modulus
principle. The approximation error for α(·) = 2 is better than for α(·) = 0.

By taking 1− α(·)
2

instead of λ (·) in Theorem 2, we have the following Corollary.

4.2 Proof of Corollary 1

If Pn is the best approximation polynomial to f ∈ E p(·), α(·)( f , GR). We write

∥ f (z)−Pn(z)∥Lp(·), α(·)(ΓR)
≤

∥∥∥∥∥ f (z)−
n

∑
k=0

akφk(z)

∥∥∥∥∥
Lp(·), α(·)(ΓR)
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Applying Theorem 2 for ΓR we have

E p(·), α(·)
n ( f , GR)≤ c11Ω( f0,

1
n
)p0(·), α(·)

By Theorem 3 we conclude

|Rn(z, f )| ≤ c12(p)

2π sup
ζ∈ΓR

Rn+1+ α(ζ )−2
2p(ζ ) (R−1)

Ω( f0,
1
n
)p0(·), α(·), z ∈ G

with some constant c12(p)> 0 independent of n.

5. Discussion
Only a few studies on Morrey-Smirnov classes with variable exponents are available in the literature so far (see

[26, 27]). While the standard definition of the norm of the class in the proofs of these studies is used, equivalent but
the more intriguing definition of the norm is used in the proofs of this paper, with the help of Lemma 5 in [8], and also
[22, 23]. Moreover, the results in this paper give a point of view to the studies related to approximation of the functions in
the classes of Smirnov type, since the function is accepted as analytic inside the level curve GR in the exterior of G such
that R is the largest number. The problem of maximal convergence can be investigated in the Smirnov type classes aside
from Morrey-Smirnov classes with variable exponents and by the series aside from Faber series in the future studies.

6. Conclusion
In this work, for given a domain G bounded by Γ, by considering that R > 1 is the largest number such that f is

analytic inside the level curve ΓR in the exterior of Γ, we estimated the remaining term Rn(z, f ) with respect to the best
approximation number E p(·), α(·)

n ( f , GR). Hence, we obtained a rate of maximal convergence of the nth partial sums
of Faber series of the function f ∈ E p(·), α(·)( f , GR) where p(·) : Γ → [1, ∞), p(·) ∈ Plog(Γ), 1 < p− ≤ p+ < ∞ and
α(·) : Γ → [0, 2], α(·) ∈ Plog(Γ), in the uniform norm on the closure of G. We also give a corollary according to the

modulus of smoothness Ω( f0,
1
n
)p0(·), α(·) if 0 < α− ≤ α+ ≤ 2.
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