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Abstract: In this paper, we assume that G is a domain bounded by I" Dini-smooth curve and R > 1 is the largest number

such that a function f is analytic inside the level curve ['g in the exterior of I'. By taking the function f in the Morrey-

Smirnov classes with variable exponents EP()> #(") (Gg), we obtain a rate of maximal convergence of the nth partial sums

of the Faber series of the function f in the uniform norm on the closure of G. Here the rate of maximal convergence
, O

depends on the best approximation number EJ; (), &) (f, Gg).
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1. Introduction

The Lebesgue spaces with variable exponents are used in the solving of different problems in mechanic, especially
in fluid dynamic, and also in the study of image processing. Many authors have obtained analogues of classical results
in Lebesgue spaces with variable exponents motivated by their applications [1-7]. The Morrey spaces with variable
exponents are natural generalizations of the variable exponent Lebesgue spaces. These spaces were introduced in [8] in
the case of an open set Q C R”. For information about classical Morrey spaces and variable exponent Morrey spaces,
you can see [§—16]. It is known that Smirnov classes are special classes of analytic functions. In this paper we consider
the Morrey-Smirnov classes with variable exponents. These classes are natural generalizations of Smirnov classes with
variable exponents. In [4, 17-21] the results on approximation to the function of Smirnov classes with variable exponents
were obtained. There are the results on approximation to the functions of classical Morrey-Smirnov classes in [22-25].
Only a few studies on Morrey-Smirnov classes with variable exponents are available in the literature so far (see [26, 27]).
While the standard definition of the norm of the class in the proofs of these studies is used, equivalent but more intriguing
definition of the norm is used in the proofs of this paper, with the help of Lemma 5 in [8], and also [22, 23]. For given a
domain G bounded by I, by considering that R > 1 is the largest number such that f is analytic inside the level curve I'g
in the exterior of I', we obtain a rate of maximal convergence of the nth partial sums of the Faber series of the function
f in the Morrey-Smirnov classes with variable exponents in the uniform norm on the closure of G. In the problems of
maximal convergence, the rate of maximal convergence depends on the number R > 1 and the best approximation number
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to the function, defined in the given space. There are some results related to maximal convergence in literature. Firstly,
Bernstein and Walsh studied on the maximal convergence of polynomials. They also obtained direct and inverse theorems
when the function f is analytic on canonical domain Gg, R > 1 (see [28] and also [29]). Many results about maximal
convergence of Faber series were proved by P. K. Suetin in [28]. Suetin obtained some results on maximal convergence
of Faber series of the function f in the case which is analytic on the canonical domain Gg, continuous on Gr and in the
case which belongs to Smirnov class E”(Gg), p > 1. Suetin assumed the case the boundary of the domain G belongs to
the class of Al’per curves. He also proved some results on the maximal convergence for the case a continuum K. The
maximal convergence by Faber series was investigated in Smirnov-Orlicz classes in [30] in the case of continuum and in
[31] in the case of the domain bounded by a special smooth curve. When f is a function in the Smirnov class with variable
exponents, maximal convergence of Faber series in the case of continuum was studied in [19]. If f is a function in the
weighted Smirnov class with variable exponents, maximal convergence of Faber series in the case of domain bounded by
a special smooth curve was studied by us in [32].

2. Preliminaries

Let G be a simply connected domain bounded by a rectifiable curve I' in the complex plane C, and let also the
complement of the closed domain G is a simply connected domain G’ containing the point of infinity z = . By the
Riemann conformal mapping theorem there exists a unique function w = ¢(z) meromorphic in G’ which maps the domain
G’ conformally and univalently onto the exterior of the unit circle T and satisfies the conditions

@(o0) =00, @(00) =7 >0,

where 7 is the capacity of G. Let y be the inverse to ¢ and let Yy be the mapping which maps unit disk onto the domain
G under the conditions yp(0) = 0 and y,(0) > 0. Let I'» be the image of the circle [w| =r, 0 < r < 1, under the mapping
Y. If a function f(z), analytic on a domain G, satisfies the inequality

[ 1@l <M, p>0

for any  such that 0 < r < 1, then f belongs to the Smirnov class E”(G). In this definition one can replace the set of the
images of the circles {I',} by an arbitrary sequence of rectifiable curves {I’,}, which converge from inside the domain G
to the curve I (see [28]). If f € EP(G), then it has a nontangential limit almost everywhere on I" and the boundary function
belongs to L” (") [33]. LetJ denote the interval Iy := [0, 27| or the Jordan rectifiable curve I' C C and let p(+) : J — [0, o)
be a Lebesgue measurable function such that

1 < p_:=essinfp(z) < esssupp(z) =: p4 < oo €))
zeJ zeJ

Let |/ is the Lebesgue measure of J. We say that p(-) € P/¢(J), if p(.) satisfies the condition

]

|z1 — 22|

P(Zl)—P(Zz)U"( ) <c, Vz1, 2 €J,
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with a positive constant ¢ independent of z; and z;. We note that the condition above is usually called the log-Hdolder
continuity or the Dini-Lipschitz condition.

Definition 1 Let f : " — R be a Lebesgue measurable function. For a given p(-) € P/¢(T), if the condition

JIr@re izl <o
r

holds, the set of Lebesgue measurable functions f is defined the Lebesgue class LP() (T") with variable exponents.
If p(-) : T — [1, o), LP)(I') becomes a Banach spaces with the norm

p(2)
ldz| <1

If p(-) := constant, then LP()(I") coincides with the Lebesgue space L?(T).
Definition 2 Let f be an analytic function in G. For p(-) : T’ — [1, ), the set

11l zptry : :inf{)t >0: /F‘fgf)

EPV(G): = {f cE'G): f eLP<'>(r)}

is called Smirnov class with variable exponent p(-).
EP) (G) becomes a Banach space equipping with the norm

”f”Ep(-)(G) L= ”fHLp(')(r)-

We define the classical Morrey space L *(I") such that p > 1 and 0 < o < 2. For the definition you can see for
example [23]. For z € I" and r > 0, we denote

B:=B(z,r):={£€C: |-z <r}.

Definition 3 L %(T') is defined as the set of all the functions f € L7 (T') such that

1
1 p
- P oo
|f||w<r>.{gup|mr|l_g sl |dz|} <

where the supremum is taken over all disks B centered on I'.
LP» *(I") becomes a Banach space; for o = 2 coincides with L”(I") and for & = 0 with L*(I"). Moreover L “(I") C
L 2(T) for 0 < oy < op <2. If f € LP %) then f € LP(T) and hence f € L'(I"). One could prefer to write the

denominator of the fraction in front of the integral in the norm L?: *(I") with respect to r. But we prefer to write it based
on |BNT. Because we can write
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diam{BNT'} <c¢|BNTI|

since {BNT} is a quasi-circle. This makes the fraction in front of the integral in the definition of the norm smaller.
Definition 4 Let f be an analytic function in G. For p > 1 and 0 < a < 2, the set

EP*(G):={f€E"(G): feLl”*()}

is called Morrey-Smirnov class [23].
EP» *(G) becomes a Banach space equipping with the norm

£l 2. aG) - = 11 2p. «“r)-

For o = 2, EP» *(G) coincides with EP(G) and for o = 0 with E*(G). Moreover EP» *1(G) C EP> 2 (G) for 0 <
a <ap <2.If f € EP %(G) then f € EP(G) and hence f € E!(G).

We now define the Morrey space LP(): %) (I") with variable exponents as the following.

Definition 5 Let p(-) : I' — [1, o) be a measurable function satisfying (1) and let &¢(-) : " — [0, 2] be a measurable
function. The set of Lebesgue measurable functions f such that

1

Ly an(f): = sup—— P g7 < 0o 2
(), () (f) gup‘erllfw erIf(Z)I z 2

is defined as the Morrey space LP()> #()(T") with variable exponents.
For the definition you can see [8, 14]. The norm in the space L”(): *()(T") is defined by

s oy = Ul =inf {02 Dy (B <1} G)

It is known that LP()> *()(T") is Banach space. If o(-) = 2 then LP()> ()(I") coincides with the variable exponent
Lebesgue space LP()(I). In the cases o(-) = const and p(-) = const, the variable exponent Morrey space coincides with
the classical Morrey space.

There is more intriguing definition of the norm: We may define the Morrey norm with variable exponents by:

1
104 = sup Wf%mr . “4)

\BﬂF|(lfT p() U,(A)(F)
Let a(-) be of the class P/°¢(T"). In this case, there is no difference in taking the parameter & depending on which

variables (see [8]). By taking 1 — # instead of A(-) in Lemma 5 in [8], we can deduce the following lemma which

show the equivalence of the norms || ||, and || f|| . in LP¢)> “C)(T").
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Lemma 1 If a(-) € P'8(T"), for every f € LP(): “0)(T),

1A, @y oy = 1Al = 1 F 1L -

Definition 6 The variable exponent Morrey-Smirnov class EP()> () (G) is defined as
Er0-e0(G): ={feE'(G): ferrt) 0‘<'>(r)} .
Note that EP()> ()(G) is a Banach space with respect to the norm
1A gy, ar Gy 2 = W1l 2o0). @ty

EP0): @()(G) coincides with the class EP0)(G) for a(-) = 2.
We define the best approximation to the function f € EP(): ®()(G) as:

EF20(f, G) = inf (|f = pall o o gy )

where inf is taken over the polynomials p, of degree at most n.
The best approximation number Ej 0, a(')( f, G) exists and is unique in the case of p(-) € P°8(T) (see [6]). Let
p(-): T —[1, ) and a(-) : T — [0, 2] be measurable functions such that

0<o_:=essinfa(z) <esssupa(z) =:op <2.
zeT zeT

We also assume p(-) € P/¢(T). For f € LP1): ®()(T) we define the operator
1 rh .
(v f)(w) : = %/ F(we)dt, weTO<h< .
0
It is clear that the operator v;, is a bounded linear operator on LP(): #()(T) [14]:

||Vh(f)||u7(-)(1r) <c HfHLI’(')(’]]‘) .

The function

Qf, 6)p(), a(): = SMP3||f(‘) =va()llpro). atyys 6>0

0<h<

is called the modulus of smoothness of f € LP(): ®)(T). It can easily be shown that Q(f, 0)p(.), a(-) 1s @ continuous,
non-negative and non-decreasing function satisfying the conditions
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éiirz)ﬂ(ﬁ 8)p(), a() =0,
Q(f+8, 0)p(), a() SR, 0)p(), a() + (& 8)p(), at)s 6 >0,
for £(-), g(-) € LPL): ®C)(T). Let h(r) be a continuous function on [0, 27]. Its modulus of continuity is defined by

o(h, 5): = sup 1 (81) —h(8)], & > 0.
81, 6,€[0, 27|, |6, —6,|<8

Definition 7 A smooth Jordan curve I will be called Dini-smooth, if the function 8 (s), the angle between the tangent
line and the positive real axis expressed as a function of arclength s, has modulus of continuity @(8, s) satisfying the Dini
condition

/ﬂwds<oo
0 s ’

Here the number 7 could be replaced by any positive constant [34]. If I is Dini-smooth, then the condition

0<ci <|W(w)|<er<oo, W >1 (6)

holds for some positive constants ¢; and ¢, [28]. This inequality is also valid for |@’({)| for some positive constants c3
and ¢4 in { € G'. Hence, for any disk B C C with sufficiently small radius, there exists a disc By C C such that

|BﬁF|§C§|BQﬁT|§C6|BﬂF‘. N

Indeed, let B is a disc such that the set BN T is not empty. If we denote ¥, : = BNI on T, there exists an arc ¥, : = ¢(¥;)
on T. Let be By a disc containing 7,,, with sufficiently small radius. Hence we have ij |dw| = |BoNT| and therefore

|er|:/ |dz|=/
Y Y

:CS/ ‘(P/(Z)‘Idz\ SC9/ |dz| = ¢y |BNT|. (8)

v )| lawl < ¢ [ Jaw] = s BonT)|
Yw

holds. For construction of the approximation aggregates in EP("): ®() (G), we use the Faber polynomials ¢, k=0, 1, 2, ....
This is the polynomial part of the Laurent expansion at o of ¢(z), and hence ¢y is of degree k, with leading coefficient ¥*.
For the sum of the terms containing negative powers of z in the expansion of ¢(z)¥, we use the notation —E;(z). Hence
the identity
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o(2) = 9" (2) + Ex(2), z€ G ©)
holds in the sense of convergence. Now we denote the level curve by
I[r:={ cexl; |@({)|=R, R> 1}, Gg: = intTk,
and
Tp:={r€ext(lw|=1); t| =R, R > 1}.
Faber polynomials have the following integral representation

R S
(Pk(z) - 27,[1 FR g_z dga Ze GR

If a function f is analytic in the canonical domain G, then the expansion holds
f@) =Y arpi(z), z€ Gr, R> 1 (10)
k=0
and the series converge absolutely and uniformly on Gg, where

I fy())
= — dt, k=0,1,2, ... 11
ag 2Ti ‘t|:R thrl ) y Ly 4y ( )

Now we use the value

=

Ru(z, f):=f(2) - iak(Pk(Z) = Y apz) (12)
k=0

k=n+1

which is called remaining term.

3. Auxiliary results

The formulas (11) and (12) represent that,

R )= 5 =Rf(w(t))[ 3 ‘f,’:i?]dr. (13)

k=n+1
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From (9), we can write

oo

-y

k=n+1

tk+1 + Z

k=n+1

y ?

B =y (14)
k=n+1

lk+1 -

It is seen from [35] and [28] that Ej(y(w)) is defined as the following

1
E(y(w) = 5 /M:1 HF(z, wde, W] > 1, (15)
where
F(t, w):= vie ] T > 1, jwl > 1. (16)
vt -ylw) t-w -

It is very important to notice that if one wants to estimate remaining term R,(z, f), it is necessary to show that the
integral

[, JF o)l (17

is finite for all |w| > 1, according to the geometric properties of the boundary of the domain G. Hence if T is Dini-smooth,
by (15) and Lemma 2, it can be written

w Ex(y(w) _ 1 o T
y Bt :Tm/m:]F(T’ W) :Z dt (18)

k=n+1

for [w| =1 and |¢t| = R (see [28] for Al’per curves).

By applying the similar methods of the proofs of Theorem 2 in [28] and Theorem 3 in [28] for Dini-smooth curves,
we prove the following lemma.

Lemma 2 If G is a domain bounded by a Dini-smooth curve I, then there exists a constant ¢ > 0 such that for all
|[w| > 1 the following inequality occurs

/m:1 IF(z, w)||dz| = /m:l

and this integral converges uniformly with respect to |w| > 1.
Proof. F(7, w) can be written in the following way:

V(1)
v(z) — wiw)

1
- ’|dl’|§c<°°
T—w

F(t,w)=

[w’(f)(f —w)—y(7)+ w(w)} : {w(f — w(w)} .

(T—w)?
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By (6), the inequality

[V’(T)_W(W)] >cn >0, ]t >1, |w>1
T—w

holds. We estimate the integral

V' (7)(T—w) —y(T)+ y(w)
(e wp "‘”'

I(w): = /\r|:1

with the similar prosedure as that in [28] as the following:

I(w) = /\r\:l

n 1 .T
< /m:l o / o(y, |t —w|)[dr||dt]

7|

w

o [ WOy

/ J—
< / o', |t —w|) dt] (19)
lt=1  |T—Ww|

Since I' is smooth, from the equality (3) in [34], we write that
argy’ (w) = 0(s) —argw — g, w=e".
By this equality, the inequality
largw’ (¢ ) —argy (¢")| < |8(s+h) — 6(s)|+ |1
and hence the inequality
o(argy’, §) <ci0(0, §)+4. (20)
holds. It is known that

Iy (w) = In |y (w) |+ iargy’ (w)

for |w| = 1. From this formula, it is written that
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lnl[ll(ei(l+h)) _ lnl///(eit)

<[ | /(@) |~y (") |

+[argy (14— argy/ (). 1)
On the other hand, the following inequality
’W/(emm) — ' (e")| < s |Iny! () — ny () (22)
holds (see [28]). By (6), we have that
0| W) | ~in | g (") |j < Incy+Incs = ¢4 (23)
Hence, it implies that
W () — /()| < o |argy/ (1) — argy/ (")
From this we have that
o(y', 8) < cew(argy’, 3) (24)
Hence from (20) and (24)
oy, 8) <csw(argy’, §) < ciw(0, §)+38, w=¢" (25)

If a function A (w) is analytic in the domain |w| > 1 and continuous in the closed domain |w| > 1, then its modulus
of continuity (A, &) is connected in |w| > 1 with the modulus of continuity @(4;, §) of the function A, (¢) = A (") by
the inequality (see [28]),

co(l, 8) <w(A, 8) <cw(h, J). (26)

Hence the inequality (26) holds for |w| > 1. Now we divide by & both side of the inequality (26), and then, by taking
|t —w| instead of &, integrate to the || = 1, hence we can write that
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0] "ot —
cof olsyilovh,
t=1 [T —w|

< c/ (8, [r—w|) |d7| (27)
f=1 |T—w|

Since I' is a Dini-smooth, the last integral is finite. It means that
/ IF (7, w)||dt] < c < oo.
J|t|=1

Hence the proof is completed.

The following theorem characterizes Holder’s inequality in the variable exponent Lebesgue spaces (see [2] and [6]).
1 1
Theorem 1 Let p(-) : T — [1, o] be a measurable function. If f € LP()(T') and g € L90)(T), such that 20 + 20 =1,
pt q\
then fg € L!(I") and the inequality

1@z < o)1l sl

holds for some positive constant ¢(p) dependent on the function p(-).
Let fo(w) : = flw(w)] for f(-) € LPO):- 2)(T) and po(w) : = p(y(w)). It can be shown that fy(-) € LPo0): () (T) by

using (6). Let A(+) : T — [0, 1], A_: =essinfA(z) and A; : = esssupA(z). The following theorem is used for Corollary
zel zel
o)

1 by taking 1 — " instead of A(-) and I'g instead of T.

Theorem 2 [26] Let I be a Dini-smooth curve. Let p(:) : I’ — [1, o] and A(-) : T — [0, 1] be measurable functions
such that p(-) € P¢(T) and 0 < A_ < A, < 1. If f(z) € EP1)> ®0)(G), then for every natural n the inequality

holds with a constant C > 0 independent of n.

1
< CQfo, —)po(), 20)

(), l(-)(r)

f(z) - i axex(2)
k=0

4. New results and proofs

Our new results and their proofs are as the following.

Theorem 3 Let G be a domain bounded by I" Dini-smooth curve, R > 1 is the largest number such that a function f
is analytic inside the level curve I'g in the exterior of I and Gg = intI'g. If f belongs to the class EPC), “(‘)(GR) where
p(-): Tr—=[1, ), 1< p_ < py <oo, p(-) € Pl%(Tg)and a(-) : Tg — [0, 2], a(-) € P'¢(Tg), then the value R,(z, f)
satisfies the inequality
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c(p)

(C) 2
27tsupR++2P (R—1)
{elg

Ra(z, f)| < EIY O (F Gp), 1€ G

(), &) (f, Gg) is the best approximation number to the function

with some constant ¢(p) > 0 independent of n. Here Ej;
f e EPO:- 20)(Gy).

Theorem 3 characterises the maximal convergence of the nth partial sums of Faber series of the functions belong to
the Morrey-Smirnov class with variable exponents in the case of domains bounded by Dini-smooth curves. In the case of
a(-) =2, we obtained a rate of convergence when f belongs to the weighted Smirnov class with variable exponents for a
domain bounded by a special smooth curve in [32]. We note that the main result in [32] could also be obtained for the case
of the domains bounded by Dini-smooth curves. Hence Theorem 3 becomes a generalization of the main result in [32]
when the weight function @(-) = 1. On the other hand, if we compare Theorem 3 with the main result in [19] in the case
of o(-) =2, we see that Theorem 3 gives a better approximation error because of the Dini-smoothness property of the
boundary of the domain G in this paper. Let f is analytic on Gg, R > 1. Let fo(w) := f(y(Rw)) and po(w) := p(y(Rw)).
Taking into account these conditions and applying Theorem 2 for 'z, we can estimate R, (z, ) by modulus of smoothness

Q(fo, ) po(), a(-) from above in the uniform norm on G as the following.

Corollary 1 Let G be a domain bounded by I' Dini-smooth curve, R > 1 is the largest number such that a function
f is analytic inside the level curve 'y in the exterior of I" and Gg = intI'. If f belongs to the class EP(): () (Gg) where
p(:):Tr—[1, ), 1 < p_ < py <oo, p(-) € P°(Tg) and a(-) : Tg — [0, 2], 0 < or— < &y <2, a(-) € P%8(Tg), then
the value R,(z, f) satisfies the inequality

¢ 1 _
] Yl)g Q(fo, ;)p0(4)7 a(), 2€G
27 sup R" 20 (R—1)

CeTg

|Rn(Z, f)l <

with some constant ¢(p) > 0 independent of 7.

4.1 Proof of Theorem 3

Let I' is Dini-smooth curve, z € ' and { € T'g, R > 1. We assume that f is a function which belongs to the class
EPL): @) (Gg) such that p(-) : T — [1, ), 1 < p_ < pi < oo, p(-) € P¢(T'g) and a(-) : T — [0, 2], &t(-) € P18(Tg).
Let P, be the best approximation polynomial to the function f € EP()> #() (Gg). The formula (13) implies that

Y IR IETITON S

k=n+1

i (8)

From the relations (14), we write
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1 > wk
Rle D) Sz [, L) =B Y o lan
1 o Ex(y(w))
tor ‘t‘:R|f(‘If(f))*Pn(‘I’(t))\ k:%]T |dt|

where w = ¢(z) and 1 = ¢({).
Let’s denote

= 35 [ ) ~E(v0) k;,kﬂ i
and
Be= g [ o) - nwo)| © S

Since the level curves I'g are sufficiently smooth, we consider them as Dini-smooth curves in this paper. For this
reason, we can use the inequalities (6) and hence (7) in the proof.
First we estimate ;. If we change variables for z = ¢({) in I; and use (6), we have

oo Jk
h= 27r/ 76 :Z (’E §k+1 19" (O)]1d¢]
eI
< 20 o 1O~ PO T o5
< s ) o 11O - ROl 1ac] 09)

When B is a disc with centered any point { on I'g and the radius r > 0, it can be written that T = (BNT'z) U (B NT).
According to this

b < semsees b Q=N+ [, 176~ P11t

Let’s denote

Volume 6 Issue 1]2025| 1373 Contemporary Mathematics



ni= [ 1@ -R@ag]

Ji= [, 1)~ PO)l1dE] (30)
B Tk

We first estimate J; by the following.

= (O - PAO) 1§ | IBOTR 57 g
I'r

_al)
|BOFR‘(1 2 >p.)

1 1
Using Hoélder’s inequality for — + —— = 1, we have

p()  al)
! (=) 56
N1 < ea(p) a7 (&) = Pul§) 2mry () BN Tg| 7
[BATE|! 270 LP0O(Ty) How

If we take the supremum for all over B with centered on I'f and radius » > 0, and infimum for all P,, which degree
at most 7, on the right hand side of the last inequality, respectively, by (4), (5) and (7), we have

Mo _al)y 1
I < ea(p)ER O, Gr) 1BOTR" 50 11001y
IO
< e3(p) BN Tl 770 EFVYO (£, Gr) 11000 1y

<cy(p)R" T EZON) (1) Gp) (31)

where By is a disc with centered ¢ on T and radius ry > 0. We also estimate ||1|| 140)(r) DY @ constant positive in the last
inequality. Now we estimate J;. It can be written that

_ —2k
XB/er - Z 2 X(2k+1B\2kB)g "
k=0

For this equality, you can see [23]. Hence
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J= /|f

= [ 17 =B L 2 *tmataer, ()]
R k=0

Ol 2o, (1]

(2K+H1B\2%B)NT,

—yo¥ 1)~ ROl g
k=0 R

<Y2¥ [ ©-ROl
k=0

2k+lBQFR

=Y 2 ¥ [0 - ROl
k=0

BNI'p

holds, where ¥ ;2 %*! < oo,
Hence by combining the estimations for J; and J,, we find that

(-5 5

cs(p)R 0 p(),
I —En )
1= 2”R11+1( 1) (f GR)
and hence
06(17)
Il S 14 a(l)—2 Ep( (f7 GR)
2w sup R 20 (R—1)
fely
holds. Now we estimate
1 o E(y(w))
L=— —P, S |dr
2= 27 [ VO Bl ¥ SEEEE

Using (18), Lemma 2 and changing variables for t = ¢ (), we have
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1

L =—
2 21

v @)~ Bty @)

i/ i T—k F(z, w)dt
270 Jigj=1 | (ot 1R ’

k=n+

1

< [ JFE W) { [ vt = 2w LA \ |dr|} 1]

ln+l

1
< =y o FE s { [ 17w - powjan}

< = o O Bl ()] ag

< R RT) o, ()~ P&

By using the estimations for J; and J, in the last integral, we have

(1__512)44,

co(p)R "0 ),
<OV T
127 47T2Rn+1( I)E (fa GR)
< N B0, Gy (33)
4m2 supR" GRS TI(3 (R—1)
felg

By the estimations obtained for /; and I, we finally conclude that

Rulz, )| < ¢10(p) 2 ELV @0)(f, Gg), z €T

(Q
2 sup R T ) (R—1)
felg

with some constant c¢jo(p) > 0 independent of n. This estimation is valid also for z € G, by using the maximum modulus
principle. The approximation error for a(-) = 2 is better than for a(-) = 0.

By taking 1 — %.) instead of A () in Theorem 2, we have the following Corollary.

4.2 Proof of Corollary 1

If P, is the best approximation polynomial to f € EP(") ( f, Ggr). We write

1F(2) = Pa (@)l 1o, @t gy < Hf(Z) - ki)ak@k(Z)

LP() D!(') (FR)
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Applying Theorem 2 for I'z we have

EPO-@ (ﬁcm<q@m»ﬁm><>

By Theorem 3 we conclude

ci2(p 1
Ra(z, )] < +f%2 o, D), a2
2rsup R 2O (R—1)
felg

with some constant c¢2(p) > 0 independent of 7.

5. Discussion

Only a few studies on Morrey-Smirnov classes with variable exponents are available in the literature so far (see
[26, 27]). While the standard definition of the norm of the class in the proofs of these studies is used, equivalent but
the more intriguing definition of the norm is used in the proofs of this paper, with the help of Lemma 5 in [8], and also
[22,23]. Moreover, the results in this paper give a point of view to the studies related to approximation of the functions in
the classes of Smirnov type, since the function is accepted as analytic inside the level curve G in the exterior of G such
that R is the largest number. The problem of maximal convergence can be investigated in the Smirnov type classes aside
from Morrey-Smirnov classes with variable exponents and by the series aside from Faber series in the future studies.

6. Conclusion

In this work, for given a domain G bounded by I', by considering that R > 1 is the largest number such that f is
analytic inside the level curve FR in the exterior of I', we estimated the remaining term R, (z, f) with respect to the best
approximation number Ep ( f, GR) Hence we obtained a rate of maximal convergence of the nth partial sums
of Faber series of the function f € EP() “C)(f, Gg) where p(-) : T — [1, o), p(-) € P%(I'), 1 < p_ < p, < o and

a(-):T =0, 2], a(-) € P'(T), in the uniform norm on the closure of G. We also give a corollary according to the

1 .
modulus of smoothness Q(fo, ;)po(.), a)if0<o- <ap <2.
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