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Abstract: In this paper, we introduce the concept of a new Controlled S-Metric type Space (CSMS) by using a function
E:B XB XxB —[1, +oo) in the right hand side of the triangle inequality of S-metric space. The triangle inequality in the
new CSMS will have the form S(p?, 12, z) < E(p?, p?, w)S(p?, p°, w) +E(1°, 1%, w)S(1°, 1%, w) + E(z, z, w)S(z, 2, w).
Further, we provide some non-trivial examples, investigate (@, F')-contraction and prove several fixed point results in the
setting of new CSMS. Furthermore, we present some of its consequences to illustrate the significance of our results. At
the end, we provide an application to support the main result.
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1. Introduction

Fixed-point theory has a lot of attention because of its numerous applications in diverse branches of mathematics, such
as differential equations, nonlinear analysis, and graph theory, see [1-3]. Several researchers concentrated on establishing
new metric spaces and different contractions, see [4—10]. There are multiple findings that contribute to the advancement
of this theory. A b-metric space is a well-known generalization of a metric space presented by Bakhtin [11] in 1989 and
provided later by Czerwik [12] by introducing a new fixed-point theorem in this space.

The notion of the b-metric space has encouraged numerous scholars to examine fixed-point results under various
hypotheses, see [13—16]. Also, authors in [17-22] presented a number of generalizations of b-metric spaces. In 2017,
Kamran et al. [23] generalized the concept of the b-metric space by replacing the constant s > 1 with a function E(p?, 1°) in
the triangle inequality and obtained an extended b-metric space. Mlaiki et al. [24] provided one of the generalizations of b-
metric space. They introduced the concept of a controlled metric-type space by applying the control function = : 8 x 8 —
[1, 4-0) to the triangle inequality as:
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d(p°, 1) < B(p°, d(p”, 2) + (e, 1)z ).

Various generalizations of controlled metric-type spaces have also been defined [15—-18]. Notice that a controlled
metric space is not an extended b-metric space; see [24]. Sedghi et al. [25] introduced the notion of an S-metric space.
Recently, Yazici et al. [26] presented the notion of controlled S-metric-type space by utilizing the S-metric [25] and control
function. An extension of S-metric spaces was given in [27], where S,-metric spaces was introduced with a symmetry
condition. The notion of extended S-metric space of type (¢, ) is introduced in [28]. This extension is a generalization
of S-metric space, defined by employing two functions instead of considering a constant in the second condition of the
S-metric space definition. The concept of a new extended b-metric space was defined in [29], by extending the triangle
inequality to a functional triangular inequality.

In this study, we introduce a new CSMS, where the controlled function E is replaced by three variables. We establish
several fixed point results by using (a, F)-contractions in new CSMS. Moreover, we provide some consequences to
illustrate the significance of our results. At the end, we provide an application to show the validity of a main result.

2. Preliminaries

In this section, we provide some basic definitions from the existing literature for better understanding of readers.

Definition 1 [25] Let 8 be a nonempty set. A function S : B x B x B — [0, +oo) is called S-metric, if for each
p°, 1%, z, w € B, it satisfies:

(1) S(p?,1%,2) > 0;

(2) S(p?,1°,z) =0ifand only if p® =1° =z

(3)S(p?,17,2) <S(p?, P, w) + 51, 1%, w) +8(2, 2z, w).

The pair (B, S) is called S-metric space.

Example 1 [25] Let 8 = [—1, 1] and ||.|| be a norm on B, then S : B x B x B — [0, +0) defined by

S(p%17,2) = |17+ 2= 27|+ [ 2]

is S-metric on ‘B.

Definition 2 [24] Let B be a nonempty set and E : B x B — [1, +o0) be a function. A functiond : B x B — [0, +)
is called controlled metric on ‘B if for each p?, 1°, z € *B, it satisfies:

(1) d(p?, 1°) =0if and only if p? = 17;

(2)d(p?,1%) =d(1?, p?);

() d(p?,1?) < E(p? 2)d(p?, 2) + E(z, 19)d(z, 1°).

The pair (B, d) is called controlled metric-type space.

Example 2 [24] Let B = {0, 1, 2} and a function d : B x B — [0, +o0) be defined as
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0, if p?=1%

1, if p?=1,1°=0or p°=0,1"=1;

d(PO, l()) —
if p?=0,1°=2 or p°=2,1°=0;

if p=1,1°=2 or p°=2,1°=1.

(SN | =

Define a mapping E : B x B — [1, +o0) by

5 11
2(0.0)=E(1,1)=E(2,2)=E(0,2) =1, E(1,2) =, E(0, 1) = .

Then, (8, d) is controlled metric type space. In the below Figure 1, we added a heatmap of an Example 2.

Heatmap of the Metric d(p°, 1°)

0.9

0.8

0.7

10.6

10.5

Figure 1. Heatmap of the above example

Definition 3 [26] Let B be a nonempty set and E : B x B — [1, +0) be a function. A function §: B x B x B —

[0, 4-0) is called controlled S-metric, if for each p?, 1%, z, w € B, it satisfies:

(1) S(p°, 1%, 2) > 0;

(2) S(p?,1°,z) =0 ifand only if p° =1° = z;

(3) S(p?, 12,2) < E(p%, w)S(p, P, w) +E(12, W)S(%, 17, w) + (2, w)S(z, 2, W),

The pair (B, S) is called controlled S-metric-type space.

Example 3 [26] Let 98 be a non-empty set and (B, d) be a controlled metric-type space with a symmetric function
DB X B — [1, +oo). Define §: B x B x B — [0, +0) by

[x]
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S(p”, l(), Z) — d(p(), l()) +d(p(), Z)+d(l0, Z)

Then, S is controlled S-metric.

3. Main results

In this section, we introduce the concept of new CSMS and prove a Banach version of fixed point.

Definition 4 Let 8 be a nonempty set and E : B x B x B — [1, +0) be a function. A function §: B x B x B —
[0, 4-0) is called a new controlled S-metric, if for each p?, 12, z, w € B, it satisfies:

(S1) S(p°, 1°,2) > 0;

(82) S(p?, 1%, z) =0 ifand only if p® =1° = z;

(83) S(poa e, Z) < E(p07 P07 W)S<p07 P07 W) +E’(lov e, W)S(l”, v, W) +E’(Z7 2 W)S(Z7 ) W)'

The pair (B, S) is called a new controlled S-metric-type space.

Remark 1 If we take E(p?, p?, w) = E(p?, w), E(1°,1°,w) = E(1°, w) and E(z, z, w) = E(z, w), then new controlled
S-metric-type space becomes controlled S-metric-type space in [24].

Example 4 Let B = N and a function S : B x B x B — [0, +o0) be defined as

0, ifp’=1"=z
L ., . .

o’ if p? =1 is even and z is odd;
S(p(), l07 Z) —

1 . . .

—, if p?=1%is odd and z is even;

z

1, otherwise.

1, ifp?=1"=z;

2 o

P , if p®=1%1iseven and z is odd;

14 p°

E<p0’ l()’ Z) —

2+z e o o .

T2 if p? =1° is odd and z is even;
z

3

5 otherwise.

Conditions (S1) and (S2) are clearly satisfied. For condition (S3), consider the cases:
Casel. p?=1"=7z;

Case 2. p?, 17, z are all even;

Case 3. p? and 1 are even and z is odd;

Case 4. p? and 1 are even with p® =12 and z is odd;
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Case 5. p? and z are even and 19 is odd;

Case 6. p? is even, 1° and z are odd,;

Case 7. p? is odd, 1? and z are even;

Case 8. p? and z are odd and 1 is even;

Case 9. p? and 1° are odd and z is even;

Case 10. p? and 1° are odd with p° = 1° and z is even;

Case 11. p?, 1° and z are all odd.

Then, (p?, S) is a new controlled S-metric-type space. We plot the graph of this example in Figure 2.
Lemma 1 In a new CSMS, S(p?, p?, 1°) = S(1°, 12, p°).

3D plot of S(p°, °, 2)

° — 1
%
° 10.9
®e
10 1 .u los
9 - .
g | Ceo 10.7
7 \‘ .°o“
6 Ceg, 10.6
N ‘ ®oo g
5 X *tee, 0.5
4 - o, & “e
3 ooy, 0.4
‘ o ¢
2 - o, 03
1= ®¢¢
10 = °
9 8‘7\/\/ .... /\/7\10 0.2
. : T o
o 4 ?/\/ e /\/ \4 5
i 2 ?«1/ o 3 o 0

Figure 2. Depict the graphical behaviour of new CSMS in Example 4

Proof. By axiom ($3) of Definition 4, we have

S(I)()7 I)()7 l()) S :E(I)()7 I)()7 l)())kg<l)()7 ’)U7 p0)+3(p07 p()’ ‘)())S(I)U7 l)()7 p())+3(l()7 l07 p())S<la, l()7 p(l). (1)

Similarly,

S(l()7 l()7 p()) S E(l(), l(), l())s(l()7 l07 l0> +E(l(), l(), l())S(l(), l(), l()) +E(p0, p()) l())S(pU7 I)()7 l()). (2)

From equation (1) and (2), we get

S(p”, l)()7 l()) S E(l(), l(), I)())S(l()7 l()7 p())’ (3)

S, 17, p%) <E(p?, p% 1°)S(p%, p°, 1%). 4)
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As E(1%,1%, p°) > 1 and E(p?, p?, 1°) > 1, so by equation (3) and (4), we conclude that

S(po7 po7 lr)) :S(lo7 lo7 P()).

Theorem 1 Let (B, S) be a complete new controlled S-metric-type space and A : 8 — 9B satisfies:

S(Ap?, Ap?, A1?) <kS(p?, p°, 1°)

for all p?, 1° € B. For pj € B, take p,) = A"p;. Suppose that

= (A0 0 0
sup lim E(P1s PYits PLn)
m> i+ E(pioa P,-O, plg7+l)

_ 1
E(P21s Py Pm) < %
for 0 < k < 1. Moreover, assume that for each p° € B, we have

—

Jm E(p% pys pyiy) and lim Z(p%, py, Ap°)

exist and are finite. Then, A has a unique fixed point.

Proof. For p§ € ‘B, consider the sequence p;; = T"pg. For all n > 0, we have

S(ows i Puy1) = S(A"pg, A'pg, A"p7) < K'S(pg, pg, PT)-

For n < m, we have

S(pys Py P)

< E(Pys Prs Prr1)S(Pys Prs Prs1) +E(Prs Prs Prs1)S(Prs Prs Prs1) + E(Pms Pins Prs1)S(Pris P Prs1)-

=25(Py: Pr> Prs1)S(Pr> Prs Pris1) T EPoms Prs Py 1)S(Pi415 Prrits Pin)
< 2E(Py, Py Prs1)S(Pn s Prs Prs1) +E(Pms Pos Prs 1) [EPrs 15 Prsts Pri2)S(Pni1s Prsts Prsa)
+E(pg+la p)ll)+la Pg+2)S(P3+1a pnOJrla pn0+2) +E(p;l)+2? pr?JrZa pr(:z)S(pl(;Jer p}’(l7+27 p;:;)]

=25(Pp, Pr> Prs1)S(Prs Prs Pris1) + 2E(Pis Poms P 1) E (Pt Pris1s Prt2)S(Prtts Prists Pria)

+E(Pms P> P 1)E(Pns25 Prsas Pm)S(Pri2s Pri2s Por)
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<250y, Py Prs1)S(Pn s Prs Prs1) +2Z(0ms Pons P 1)E (P15 Prs1s Pr2)S(Pri1s Pry1s Prsa)

+E(Pm> Pins P 1)E(P 25 P2 P [2E(Py 25 Prryas Pi3)S(Pr 25 Pily2s Pry3)
+E(Pr+35 Pry3> Pin)S(P+35 Piy3, Pn)]
< 2E(Pys Py Py 1)S(P1s P Prst) +2E(0ms P P 1)EPr s 15 Pty Prs2)S(O41s Pyt Piy2)
2E(Pms P> Pt 1)E(Prs25 Prs2s Pm)E(Pni2s Prv2s Pr+3)S(Pni2s Prs2s Prt3)

FE(Pms P> Pr1)E(Pr125 Prsas Pr)E(Pn35 Pri3s Pm)S(Pr35 Prsss Pon)]

E(pnapnapn—H) (pr(z)apr(l)apr(l)+1 +2 Z { H

(P Prs p,)}E(p{Z P, pii)S(efs pYs Plit)
i=n+1 | j=n+1

i=n+1

m—1
+2{H E(pfs Py p&)}S(pzl, Pin1:Pi)

m—2 i
<2E(py, Py, e )K'S(PS, PG, PY)+2 Y { I E(pz,p,‘;,p,?)}i(pi”,pﬁ,p&l)k’S(pé’, Py, PY)
i=n+1  j=n+1

m—1
+2{ IT =, ot p,‘;)}k’"lS(pé’, PG, pY)

i=n+1

E(pnvpn’pn—H) nS(p(())a P(()), pl +2 Z { H

i=n+1 | j=n+1

(PG, P p,)}E(p{Z P!, PL K SRS, PS, PY)

i=n+1

m—1
+2{H E(p?’, Y, p&)}i(pzl, Pi1> )K" 'S (p5, P PT)

—1 i
< 2E(py, P> Pa1)K"S(PS, PG, pT) +2 Z { I E(p,i,p:;,p,?)}i(pi”,pf’,p&l)k’S(pé’, 0§, pY)
i=n+1 | j=n+1

Co iporary Math tics

7342 | Ioannis K. Argyros, ef al.



m—1 i .
<2E(py, py. PSS, pS, PT)+2 ) {Hi(pz,p,%vp?)}E(pf, P P K'S(PG, PG, PY)-
i=n+1 | j=0

Let

p i .
po=Y {Hz(p,i, P> p}’)} E(p7, p7s PPk

i—o [ j=0
Then
S(oys Py Pm) < 2E(py, Py Pry1)S(Ps P> P )K" +2(p5 1 — Py
= 2S(p87 p(()); pf)[knE(p,?’ p;;? p;l)+1) + (pl(;171 _p}(i))]

Using the given condition and by ratio test lirE p2 exists. Hence, {p?} is a Cauchy sequence. Since, B is complete
n——oo

so there exists p° € B such that {p/} — p°.
Now to prove p? is fixed point of 7', we have

S(Pnt1s Prt1s Pr) < 2Z(Pis1s Prtts Pr)S(Prsts Prsts Pr) +E(Pns Py PO)S(PYs P PO)-

Applying limn — o0, we get

lim S(p;. 1, Ppy1s Py) = 0.

n—+oo

Now,
S(Ap?, Ap?, p?) =S(p?, p°, Ap®)
<2E(p? p% Py 1)S(P%5 P75 P 1)+ EP 15 Py APY)S(Py 15 Pry1s AP)

<2E(p?% P, P 1)S(P?s Ps Pi1) T E(Pr1s Prs1: APO)KS (g, prs PO)

by taking limn — +oo, we have S(Ap?, Ap?, p®) = 0. Which implies Ap? = p°. Now to show uniqueness, let us consider
another fixed point 1 such that A1° = 1° and p? # 1°.
Now,
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S(p()7 po7 l())

S(Apo, Apo’ Al()) < ks(po7 PO, lo)’
which is a contradiction. Thus, we have S(p?, p?, 1°) = 0 that is p? = 1°.

Example 5 Let B = [0, 1] and define S : B x B x B — [0, +o) by

S(p®,1%,2) =d(p?, 2) +d(1°, 2),
complete CSMS. Define a mapping A : 8 — B by

where d(p?, 1°) = [p° —1°|*. Define & : B x B x B — [1, 4o0) by E(p?, 1%, z) = 1 +p° +1°2 +2°. Then, (B, §) is a

A(p°) =

pO

==

Then, all the conditions of Theorem 1 are satisfied and O is a unique fixed point of A. Below Figure 3 shows that the
left hand side of the contraction is less than the right hand side of the contraction. Figure 4 shows that 0 is a unique fixed
point of A.

space.

Next, we will introduce a family of functions to investigate some fixed point results on a new controlled S-metric-type
following conditions:

Let 9t be a family of all continuous functions .# such that .Z : ]R§r — R.. For some k € [0, 1), we consider the

(1) Forall p°,1°, z € Ry, if 1° < .4 (p°, p°, 0, z, 1°) with z < 2p° +1°, then 1° < kp®.
(@) Forall 1° € R, if 1° < .#(1°, 0, 1°, 1°, 0), then 1° = 0.

IS,
[ RHS.
0.8

),
)
7

\
\

i
Z )
i
i

\
\

_
=

7
.
i

\
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W

\
\
\
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i\\\i\
\

\
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N

Figure 3. Depicts the graphical behaviour of an Example 5, which shows that contraction mapping in Theorem 1 is satisfied
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Figure 4. Depicts that 0 is a unique fixed point of T in Example 5
Theorem 2 Let (B, S) be a new controlled S-metric-type space and A : B — B satisfies
S(Ap?, Ap?, A1) < . (S(p°, p°, 17), S(Ap?, Ap?, p°), S(Ap°, Ap®, 1?), S(A1°, A1°, p?), S(A1?, A1°, 19)),
for all p?, 1°, z € Sand .# € 9. For pj € B, take p; = A"p{. Suppose that

[ [ o o
sup lim E(PY1s Py PE2)
m>t1i—+e E(p?, p7y Py)

_ 1
:’(piUJrh pr(:n pr(;)1) < %7
for 0 < k < 1. Moreover, assume that for each p? € B we have

lim E(p®, py/, pyis1) and lim E(p?, pyy, Ap”)

n—y—+oo

exist and are finite. Then, we have the following:
(i) If A satisfies condition (1), then A has a fixed point.
(if) If . satisfies condition (2) and A has a fixed point. Then, this fixed point is unique.
Proof. For pj € B, consider the sequence p,; = A"pj. By using equation (6) and Lemma 1, we have

S(pr(;Jrl ) p1(17+l ) p1(1)+2)
= S(Apy. Apy, Apyy)

S A(S(Py, Py Prit)s S(APy, Apy, py), S(APy, APy, Pt )

(6)
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S(AP 1, APt PR )y S(APY 1, APy, Pryt)

= (S(Py: P> Prr1)> S(Prs1s Prts Py S(PRs15 Pyt Prrt)s
S(Prs2s Pi2s P )s S(Pry2s Prvas Prs1)

=M (S(py, Py Prr1)s S(Prv1s Pry1s Pr)s 0,
S(P> P+ Pis2)s SOy 15 Py s Piy2))-

From the Definition of new controlled S-type-metric space, we have

S(Pys Prs Prya) < 2E(0s Prs Pr1)S(Pns P> Pri1) FE(On12s Prvas Prr1)S(Prs2s Pri2s Prt1)-

As ./ satisfies condition (1), we get

S(PZe1s Pov1s Pova) S KS(pL, pe, povt) < K'S(p, P, PY), (7

for k € (0, 1). By using the same procedure as Theorem 1, we get a Cauchy sequence {p?}. Since B is complete so there
exists B € 9B such that {x,} — x.
(/) Now we prove that p° is a fixed point of A.

S(Pns1s Pir1, AP?) = S(Apy, Apy, Ap?)
< A (S(pys Py P)s S(APY, APy, ), S(Apy, Apy, p?), S(Ap®, Ap?, py),
S(Ap?, Ap?, p?))
= (S(py, P> P?)s S 15 Pi1s P )s S(PR 1 Pryts PO), S(AP?, Ap?, py),
S(Ap?, Ap?, p?)).
Since .# € M. Using Lemma 1 and by taking limit as n — o0, we get
S(p%, p%, Ap®) <. #(0,0,0,5(p% p®, Ap°), S(p?, p°, AP7)).

Since ./ satisfies (1), S(p?, p?, Ap?) <0, that is Ap? = p°.
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(if) For uniqueness, let 1° be another fixed point of A. By using Lemma 1 and equation (6), we have
S(p°, p°,1%) = S(8p°, Ap”, Ar°)
<A (S(p°, p°,17), S(AP?, Ap?, p°), S(Ap?, Ap?®, 1?), S(A1°, A1?, p?), S(A1°, A1°, 17))
= (S(p% p°1%), 8(p% p? p°), S(P?, p°, 1), S(1%, 1%, p?), S(1%, 1%, 1%))
= A (S(p°, p°,1°), 0, 8(p% p?, 1%), S(p, %, 1%), 0).

As . satisfies condition (2), we have 1° = S(p?, p?, 1?) =0, that is p° = 1°. O
Corollary 1 In Theorem 2, if we take .# (p°, 19, z, s, t) = Lp?, then we obtain Theorem 1.

4. (a, F)-contractions

In the setting of complete metric spaces, Samet et al. [25] established the concept of a-admissible mappings and
demonstrated several associated fixed point results. In the context of complete metric spaces, Wardowski [11] recently
developed a novel kind of contractions known as F-contractions and established several new related fixed point theorems.

Let F : Rt — R be a function fulfilling:

(F1) F is strictly increasing, that is, for all p¢, p§ € R™ such that p{ < p§ implies that F(p¢) < F(p5).

(F2) For every sequence p? of positive real numbers, ngrfmpg =0 and ngrEmF (p9) = —oo are equivalent.

(F3) There is h € (0, 1) so that lim p°"F(p®) = 0.

po—0+

Let F be the set of above functions F satisfying (F'1)-(F3).
A self mapping A : B — ‘B on a metric ‘B is said to be an F-contraction if there is a function F' satisfying (F1)-(F3)
and a constant 7 > 0 so that for all p°, 1° € B

d(Ap°, A1°) > 0 = ©+ F(d(Ap®, AT?)) < F(d(p°, 1%)).

Definition 5 [28] Let B be a nonempty set and o : B X B — [0, +o0) be a given function. A self mapping A on B
is called a-admissible if for all p?, 1° € p°

a(p®,1?) > 1= a(Ap?, A1°) > 1.

Definition 6 A self mapping A : B — B on a controlled metric B is said to be an (@, F')-contraction if there is a
map o : B x B — [0, +o0), F € F and a constant 7 > 0 so that

THa(p® 1)F(d(Ap?, Ar%)) < F(d(p?,17))

for all p?, 1° € B with d(Ap?, A1°) > 0.
Now, we first define (a, F)-contraction for new controlled S-metric-type space.
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Definition 7 Let (B, S) be a new controlled S-metric-type space. A self mapping A : B — B on ‘B is said to be an
(o, F)-contraction if there is a map o : B x B — [0, +o0), F € F and a constant 7 > 0 so that

T+a(p? 1°)F(S(Ap?, A1°, Az)) < F(S(p®, 1%, 2)) ®)

for all p?, 12, z € B with S(Ap?, A1°, Az) > 0.

Theorem 3 Let (B, S) be a complete new controlled S-metric-type space. Let A : B — 9B be an (o, F)-contraction
so that

(1) Ais a-admissible,

(2) there exists an pJ € B such that a(pf, Apg) > 1,

(3) for pg € B, define a Picard sequence {p;, = A"p{ } such that

L=} [ o o
sup lim E(PY1s Py PE2)
lei_H"x’ E(plov p[07 pioJrl)

EPii1> P> Pi) < 1.
Moreover, assume that for each p° € ‘B, we have

lim Z(p°, py, pys1) and lim E(p%, py, Ap°)

n—-+oo

exist and are finite. Then, A has a unique fixed point.

Proof. Let p§ € ‘B be such that a(pg, Apg) > 1. We define a sequence {p;} € B by py. | = Apy for all n € N.
Clearly, if there is ng so that p;; ., = p;, then there is nothing to prove. So, assume that p;’, | = p; for each n € N. By
using (1) and (2), we have

a(pg, Apg) > 1. ©)
Now, by using the definition of (a, F')-contraction
THE(S(Pn, Prs Pav1)) = T+F(S(Ap_1, Apy_1, Apy))
< tHalpy, P ) E(S(AP-1, Apy_1, Apy))
S F(S(pr?flv pr?flv pr(L)))
which implies
F(S(pys Pis Po1)

< F(S(pr(:fh pr?fh p;L))) -1
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S F(S(P,(,)_Za pr(l)—Za pr(l)—l)) —27

< F(S(Py-3, Pp—3> Pn—2)) — 37

< F(S(pga p87 pf)) —nt.

Taking n — +oo, we have,

lim F(S(py, Py, Pri1)) = —oo

n—r+oo

By (F2), we get

lim S(py, py/, Pry1) =0.

n—y—+oo

Now, by (F3), there is & € (0, 1) so that

lim [S(py. Py, Prt)/"F(S(py. P Prs1)) = O

n——+oo

Using equation (8), we obtain

1S(pg, S, Po )" F(S(pS, P2, pest)) — SRS, PL. Po))"F(S(PS, S, Pos1))
<-—n1[S(pg, pg, ppiy))" <0.
Taking n — 40, we have
Limn(S(py, py, pi1))" =0,

Equivalently,

. 0 40 O
limn# (S(py, py, pn+1)) =0

n—ro

there exists n; € N such that
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1
nh(S(pys Pas Prs1)) <1V nzny.

Thus, we have

(S(pys Py Pry1)) <

S
:\—‘ o

For n < m, we have

S(pys Py Pm)

< &Py Py Py 1)S(P s P Pry1) +E(P s Py Py 1)S(PRs P Priy1)
+E(Pm> P> Py 1)S(Poms Pons P11

=2E(0y, Py Puy )01 P Py 1) +EPms Pins P 1)S(Pr 15 P15 Pon)

< 2E(Pys Py P 1)S(Os Py Prst) T E(Oms Pins P ) [E(Prs1s Pyt Pry2)
S(Pni1> Prsr1s Pri2) T EPni1> Prt1s Pri2)S(Prs1s Prtt1s Pri2)
+E(Pri2, Pri2s Pm)S(Pr2s Prvas Pl

=2E(0y, Py Puy1)S(O P Py 1) +2E(Prs Pons P 1)E(PR 115 Priy1s Pry2)
S(Pir1s Prsts Prs2) HEPm, Py P 1)E(Pr42, Prt2s P)
S(Pns2s Pii2s Pim)

< 2E(Pys Py Prs1)S(P1s Prs Prst) +2E(Pps Pons P 1)E (P15 Prigts Pry2)
S(Prs15 Pty Prsa) T E(Oms Pins P 1) EPr 425 P2 P [2E(P142, Pryas Piys)
S(P 425 Pi2s Pre3) T E(O 135 Pre3s P)S(P113: Pry3s P

S 2E(Pys P Prs1)S(Prs P Prs1) + 2Z(Poms P> Pr1)E(Prs1s Prsts Prsa)
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S(Pnt15 Prsts Prsa) +2Z(Pms Pims Prs1)E(Pri2s Prsas Prm)E(Pi2s Prtas Prt3)
S(Prt2> Prs2s Prts) +E(Pms Pros Pt 1) E(Pi25 Pras Pm) E(Pri3s Prsss Pom)

S(Pyi3> Priss Po)

m—2 i
<2E(pY, Py P 1)S(PY, P Prst) T2 Y { 11 Ees, p,?,,pj‘)}E(pf’, p?. pL)

i=n+1 | j=n+1

m—1

S(p?, pis pf+1)+2{ IT 27, et p,‘:l)}S(pZ_l, P15 Prm)

i=n+1

i=n+1 | j=n+1

E(pnv prw pn+1) (pr(z)’ pr{l)v p;:—s—l +2 Z { H pm7 pm? pj)}E(pl()’ pi()a pﬁ}—l)

S(p?s p7s Pii1)

m—1 i
(A0 A0 O 0 O A0 T (A0 A0 A0 - 1
< 2:’(pn7 P> pn+l)S(pnv P> pn+1)+2 Z { H ‘:‘(pma P> pj)}:’(pz ’ P, ’ pz+l)?

i=n+1 | j=n+1

Let

| =

}\—‘

i

Z {HE pm’ pm,Pj }E(P, ) Pi 7pl+1)

then

S(pis P Pm) < 2Z(3 035 Pa1) SR> P75 Py1) +2(Pi1 — P1))-
Using the given condition and by ratio test hm pn exists. Hence {p?} is a Cauchy sequence. Since B is complete

so there exists p® € 9B such that {p?} — p°. Thus LIT S(pg, p2, pa) =0. We claim that Ap® = p°. Since {p?} — p°
it

as n — +oo and T is continuous, we have Ap? — Ap? as n — +oo. Thus, we have

Volume 6 Issue 5[2025| 7351 Contemporary Mathematics



S(p% P Ap%) = lim S(piii1, Priv1 AP°)

= lim S(Apy, Apy, Ap?)

n——+oo
=0.

Hence, Ap? = p°. Thus p? is a fixed point of A.
For uniqueness, let us consider another fixed point 1° such that A1° =1 and p? # 1°.

T+F(S(p?, p?, 1%) =T+ F(S(Ap?, Ap?, T17))
< t+a(p? 1°)F(S(Ap?, Ap?, A1)
< F(S(p? p°,1%)),

which is a contradiction. Thus p? is the unique fixed point of A. O
Corollary 2 Let (B, S) be a new controlled S-metric-type space. A self mapping A : 8 — B be continuous so that

T+a(p?, 1°)F(S(Ap®, A%, Az)) < F(S(p%; 1%, 2))
for all p?, 12, z € B. For p§ € ‘B, define a picard sequence {p; = A"p{} such that

- E(Pfy1s PEr PL)
sup‘hm Hz+l7 i+1 Fi42

= (A0 [N
:‘(pi+l’ P> pm) <L
m>1i—rte :‘(pl‘()a pl'()v p,(il,-l)

Moreover, assume that for each p° € B, we have

lim E(pov p;l)7 p;:—&—l) and nETmE(pU’ p;l)7 Ap”)

n—+-oo

exist and are finite. Then, A has a unique fixed point.
Proof. Taking o : B x B — [0, +o0) by a(p?, 1°) =1 for all p?, 1° € B in Theorem 3. O
Corollary 3 Let (8, d) be a complete metric space and A : 8 — B be a continuous, o-admissible and (o, F)-
contraction so that there is p§ € B in order that ot(pg, Apg) > 1. Then, A has a unique fixed point.
Proof. Taking E : B X B X B — [0, +) by E(p?, 1%, z) = 1, for all p°, 1° € B in Theorem 3. O
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5. An application to Riemann-Liouville fractional integrals

In this section, we examine the existence and uniqueness of a solution of Riemann-Liouville fractional integral
equation by using our main result. Let X be the set of all continuous functions from [0, 1] onto R. We can write the
Riemann-Liouville fractional integral equation as follows:

1 P
RLpyo _ m/ A1) (p® — 1) dr; T(v) >0, (10)

where v e R, A(p°) € Band x,r € [0, 1]. WedefineaZE: B xB x B — [1, +o0) by E(p?, 1°,z7) =14+ p°+1°+zand
S:BXBXB — [0, +oo) by

S(A. B,C) = A(p") —C(p*) +|B(p*) —C(p")*
forall A(p?), B(p?), C(p?) € B and p° € [0, 1]. Then, it is clear that S is a new CSMS. Consider

L (=0 (p? — )
2po+1)  [(po—v) 1|

<L, where L€ (0, 1) and p® #t.

Now, by using the above condition, we examine the existence and uniqueness of a solution of equation (10). An
operator T : ‘B — ‘B defined by

0 po 0 v—1
M(p) = s [ wA@(p7 —1)d. (11)

Observe that the unique solution of the fractional integral (10) is same as the integral operator (11) has a unique fixed
point. Assume that

S(AA, AA, AB)

= |AA — AB|? + |AA — AB|?

=2|AA—AB|?
—2|p [ -0 s [ -0 a

gz(r(lv) / ":;<p"—r>v1dr)2A<r>—B<r>|2
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2

<2 (a6l a0 - 500

_ 1 (po_t)V71) Py o_ -1 ? . 2
2y B ([ el = ar) -0

N N (-t L A (.t M7 SN
= 2r2(v)|(po_t)v1|< v |a> |A(#) — B(1)|

L (=0 ((p°—a))? a2
_2r‘2(v)|(p0_t)v1( > |A(#) — B(1)]

1 (p"—t)v‘l)(pofa)zv B 5
forD) (o1 A0-B0)

<2L|A(r) - B()P
=LS(A, A, B).

Observe that all conditions of Theorem 1 are satisfied and equation (10) has a unique solution.

6. Conclusions and future works

In this study, we presented the notion of a new CSMS by using a function E : B x B X B — [1, +) in the right-
hand side of the triangle inequality of S-metric space. Further, we proved the Banach contraction principle and fixed
point result by using a family 9 of all continuous functions .# such that .# : Ri — R in the setting of new CSMS.
Furthermore, we proved several fixed point results for (o, F)-contraction in the setting of new CSMS. At the end, we
provided an application to Riemann-Liouville fractional integrals to show the validity of a main result. As future work,
researchers should have a new approach toward this space. Furthermore, the fixed point result used in this paper for
Riemann-Liouville Fractional Integrals can be applied to other differential and integral equations.
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