
Contemporary Mathematics
http://ojs.wiserpub.com/index.php/CM/

Research Article

Indecomposable Modules, Relative Projectivity and Radical Subgroups
in Finite Groups

Zwelethemba Mpono

Department of Mathematical Sciences, University of South Africa, P.O. Box 392, Unisa 0003, Pretoria, South Africa
E-mail: mponoze@unisa.ac.za

Received: 11 July 2024; Revised: 16 August 2024; Accepted: 21 August 2024

Abstract: In the various blocks of a finite group G, irreducible characters sit with the indecomposable modules which
afford them and such indecomposable modules in those blocks have got vertices and sources and in fact, every p-subgroup
of G is a vertex of some indecomposable FG-module. For any finite group G and a field F of characteristic p, where p is
a prime that divides the order |G| of G, every indecomposable FG-module possesses a vertex and a source. Furthermore
for a finite group G, kernels of the irreducible FG-modules, vertices of the irreducible FG-modules and defect groups of
blocks of G all contain Op(G). Furthermore, the kernels of blocks of G are normal p′-subgroups of G which are contained
in Op′(G), where Op′(G) is the kernel of the principal block of G. The kernels of blocks of G are related to the kernels
of the indecomposable FG-modules in those blocks. The object in this paper is to study characteristics and/or properties
of vertices of indecomposable FG-modules in relation to irreducible ordinary characters that they afford and sit with in
blocks of G and furthermore study characteristics and/or properties that exist between kernels of irreducible FG-modules,
vertices of irreducible FG-modules and defect groups of blocks of G and even establish as to when and how any and/or
all of these would (if at all possible) coincide.
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1. Introduction
Let G be a finite group, H a subgroup of G and M an indecomposable FG-module such that M is H-projective. If

B(G) is a block of G, then there exists an irreducible FG-module N ∈ B(G) such that a defect group of B(G) is a vertex
of N. According to [1], if G is p-solvable and M ∈ B(G) is an irreducible module, then a vertex of M contains up to
conjugation the center of a defect group of B(G).

According to [2, Lemma 1], for a block B(G), if either a defect group of B(G) is abelian or every irreducible character
χ ∈ Irr(B(G)) has height h(χ) = 0, then B(G) is a large vertex block (l. v. block). Knorr in [3] asserts that if M is an
FG-module with vertex V affording χ ∈ Irr(G) and B(G) is a block of G for which χ ∈ Irr(B(G)), then there exists
D ∈ δ (B(G)) such that V≤ D.
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By [4, Lemma 65.1], for H a normal subgroup of G, an FG-module V ∈ B0(G) will satisfy that VH ∈ B0(H), where
B0(G) and B0(H) are the principal blocks of G and H respectively. Thus for H a normal subgroup of G, we have that
B0(G) covers B0(H). By [5, Theorem 65.11] for an indecomposable FG-module M, there exists a subgroup K ≤ G of G
such that

1. M is K-projective,
2. if M is H-projective, then the subgroup H of G contains a conjugate of K in G.
For G a finite group with a block B(G) whose defect group is D, any indecomposable module M ∈ B(G) is D-

projective. Moreover by [6] a defect group of a block of G is always the intersection of two Sylow p-subgroups of G and
by [7] defect groups of blocks are to be found among the radical p-subgroups of G.

According to [8] citing [5, Theorem 64.1], the group algebra FG of a finite group G over a field F of characteristic
p ̸= 0 has a finite number of isomorphism classes of indecomposable modules if and only if a Sylow p-subgroup of G is
cyclic. Equally [8] contends that a block of FG has a finite number of isomorphism classes of indecomposable modules
if and only if its defect group is cyclic.

By [9, Theorem III.2.13(i)], 0p(G) is contained in the kernel of every irreducible FG-module and by [9, Theorem
III.4.12, Corollary III.4.13], 0p(G) is contained in a vertex of every irreducible FG-module. Any p-group which is
contained in the kernel of an indecomposable module, by [9, Theorem III.4.12] that p-group is also contained in a vertex of
that same module. By [9, Theorem III.2.13(ii)], 0p(G) is the intersection of the kernels of all the irreducible FG-modules.

If a finite group G contains a unique character of defect 1, then G will not possess a block of defect 1 as such a
character will belong to a block with other characters of higher defect. In fact when G possesses a block of defect 1, then
all the characters in that block have defect 1 themselves and by [4, Corollary 62.4], [9, Theorem IV.4.18] citing [10] all
such characters have height 0.

Moreover every indecomposable module in a block of defect 1, will have as its vertex a cyclic group of prime order
and a defect group of such a block will be a cyclic group of prime order as well. Thus by [2], such a block of defect 1 will
be a large vertex block.

The object in this paper is to study characteristics and/or properties of vertices of indecomposable FG-modules in
relation to irreducible ordinary characters that they afford and sit with in blocks of G and furthermore study characteristics
and/or properties that exist between kernels of irreducible FG-modules, vertices of irreducible FG-modules and defect
groups of blocks of G and even establish as to when and how any and/or all of these would (if at all possible) coincide.

In §2 we give preliminaries where we define relative projectivity, a vertex and a source of a module, the kernel of a
module and radical p-subgroups. In §3 we discuss indecomposable modules and we prove that vertices of indecomposable
FG-modules are always p-subgroups of G, an irreducible module in a block has vertex a defect group of the block if and
only if it affords a character of the block defect etc.

In §4 we discuss kernels, vertices and radical subgroups wherein we prove that every p-subgroup of G is contained
in a radical p-subgroup of G and that every normal p-subgroup of G is contained in all radical p-subgroups of G. In §5
we give concluding remarks which give some highlights of the study and in §6 we give a declaration of interest where the
author declares that there is no clash of interest.

Throughout, all our groups are finite unless otherwise specified to the contrary and F will denote a field of
characteristic p, where p is a prime that divides the order |G| of G. By Bl(G) we shall denote the set of all blocks of
G, B0(G) will denote the principal block of G, B(G) will generally denote a block of G and δ (B(G)) will denote the set
of all defect groups of B(G). By 1G ∈ G we shall denote the identity element of the finite group G.

2. Preliminaries
According to [9, Lemma IV.4.11], ifB(G) is a block ofGwithH = ker(B(G)), thenH is a p′-groupwhich is contained

in the kernel of every module in B(G). By [9, Corollary III.2.13(ii)], the intersection of the kernels of all the irreducible
FG-modules is Op(G). However by [11, Theorem 2.2, Lemma 2.3], for D ∈ δ (B(G)) a defect group of B(G), all modules
in B(G) are D-projective and there exists a simple module M ∈ B(G) whose vertex is D.
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Feit mentions in [9] that any ordinary/Brauer character is in a block B(G) of G if it is afforded by a module in B(G).
By [9] any indecomposable module in a block of defect zero has the trivial vertex.

Definition 1 [3, 5, 7, 9, 12–16]
Let G be a group, H a subgroup of G and M an FG-module for which there exists an FH-module N such that M is

a component of NG. Then M is said to be H-projective. If M is an indecomposable FG-module with K a subgroup of G
such that M is K-projective and M is H-projective only for H a subgroup of G which contains a conjugate of K, then we
call the subgroup K of G a vertex of M, which according to [16] is denote by vx(M).

LetV be an indecomposable FG-module with vertex P. Then there exists an indecomposable FP-module L such that
(i) V is a component of LG,
(ii) L is a component of VP,
(iii) L has vertex P,

and the indecomposable FP-module L is called a source of V , which according to [16] is denoted by s(V ).
Let V be an FG-module. Define

ker(V ) = {g ∈ G | gv = v for all v ∈V}

and call ker(V ) the kernel of V , where V is said to be faithful if ker(V ) is trivial.
For B(G) a block of G, the kernel of B(G) denoted by ker(B(G)) is the intersection of the kernels of all the irreducible

ordinary characters in B(G).
A p-subgroup P of a group G such that P = Op(NG(P)) is called a radical p-subgroup of G.
Invariably, the kernel of an indecomposable FG-module V is the kernel of the representation/character afforded by

V . By [16] for G a group, H a subgroup of G and V an indecomposable FG-module, V is H-projective if and only if a
vertex of V is conjugate in G to a subgroup of H.

By [16, Theorem 4.2.5], if ([G: H], p) = 1, then every FG-module becomes H-projective and in particular for P
a Sylow p-subgroup of G, every FG-module becomes P-projective. By [9, Lemma II.2.12], ker(V ) is always a normal
subgroup of G and for B(G) a block of G, the kernel ker(B(G)) of B(G) is a normal subgroup of G as well.

Lemma 1 Blocks with conjugate defect groups have the same defect.
Proof. Conjugate groups have the same order and so the result follows immediately.
Lemma 2 A module is faithful if and only if it affords a faithful character.
Proof. The kernel of a module coincides with the kernel of the character it affords and the result follows immediately.

By [17, Exercise 19.1], a finite p-group P contains a faithful irreducible complex character if and only if Z(P) is
cyclic.

3. Indecomposable modules
Every p-subgroup of G is a vertex of some indecomposable FG-module. By [16, Theorem 4.3.3, Lemma 4.3.5], [18,

Theorem III.9.4], [19, Lemma 2] we have that every indecomposable module always possesses a vertex and a source. By
[9, Corollary III.4.7], if H is a subgroup of G and W an indecomposable FH-module, then W G has an indecomposable
component V such that V and W have a vertex and a source in common.

Lemma 3 For G a group, vertices of indecomposable FG-modules are always p-subgroups of G.
Proof. Every indecomposable FG-module sits in a block of G which has a p-subgroup of G as its defect group.

Moreover the result follows immediately by [3], [4, Corollary 53.4], [9, Lemma III.4.4], [13, 14].
If M has vertex K, then any conjugate of K is also a vertex of M. Hence a vertex of an indecomposable module is

uniquely determined up to conjugation in G. By [6, Corollary 4.18], [7, 1.2], [12], [16, Exercise 5.2.17], defect groups of
blocks of any group G are to be found among the radical p-subgroups of G.
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Moreover by [13], a vertex and a source will be trivial if p does not divide the order |G| of G and so every
indecomposable FG-module is thus {1G}-projective, where {1G} is the trivial subgroup of G.

Proposition 1 Let M be H-projective with M being a component of LG. If L is K-projective for some K a subgroup
of H, then M is also K-projective.

Proof. There exists an FK-module T such that L is a component of T H so that M becomes a component of T G.
Furthermore this is [5, Lemma 65.5], [13, Fact 2.9].

Proposition 2 If G has a normal Sylow p-subgroup P, then every indecomposable FG-module becomes P-projective.
Proof. The result follows immediately by [13, Theorem 2], [16, Theorem 4.2.5], [18, Theorem III. 9.4].
In fact for P ∈ Sylp(G), every indecomposable FG-module becomes P-projective. By [8, Lemma 2.2], P ∈ Sylp(G)

being normal with U an indecomposable FP-module with vertex P, renders P to be the vertex of every indecomposable
component of UG.

Theorem 1 If G is a group and H is a subgroup of G that contains a Sylow p-subgroup of G, then every
indecomposable FG-module becomes H-projective.

Proof. This is [18, Theorem III. 9.2].
Proposition 3 Any indecomposable modules having a common source also have a common vertex.
Proof. By [15] every indecomposable module shares a vertex with its source. Moreover indecomposable modules

with a common source are components of the same induced module. Hence the result follows immediately.
Let M, M′ be irreducible FG-modules havingV≤G as a common vertex and having sources L, L′ respectively. Then

by [4, Lemma 53.5], [5, Theorem 65.14], [9, Lemma III. 4.5], [13, Theorem 5], the sources L, L′ of M, M′ respectively
are related as FV-modules by L′ ∼= x

⊗
L for some x ∈ NG(V).

Proposition 4 The trivial module always has a Sylow subgroup as its vertex.
Proof. The trivial module always affords the principal character which always has full defect and actually sits inside

of the principal block whose defect group is always a Sylow subgroup. Moreover this is [13, Corollary 1]. Hence the
result follows immediately completing the proof.

Corollary 1Any indecomposable FG-module affording a linear character always has a Sylow subgroup as its vertex.
Proof. Any linear character χ ∈ Irr(G) is such that (χ(1G), p) = 1 making χ ∈ Irr(G) to have full defect by [16,

Exercise 6.14]. Thus χ ∈ Irr(G) always sits in a block of full defect having a Sylow subgroup as its defect group. Hence
the result follows immediately and the proof is complete.

Corollary 2 Any indecomposable FG-module of dimension 1 always has a Sylow subgroup as its vertex.
Proof. The result follows by [13, Theorem 9, Corollary 1].
Proposition 5 Conjugate modules sit in the same block.
Proof. We have by [9] that a character or Brauer character is in a block B(G) if it is afforded by a module in B(G)

and according to [5, 16], conjugate characters sit in the same block. By [5, Corollary 30.14] conjugate modules afford the
same character. Hence the result follows completing the proof.

Proposition 6 An irreducible module in a block has vertex a defect group of the block if and only if it affords a
character of the block defect.

Proof. Suppose that an irreducible module in a block has vertex a defect group of the block. The result follows in
principal blocks, nonprincipal blocks containing linear characters and blocks of defect zero. The existence of such an
irreducible module in a block, is guaranteed by [11, Theorem 2.2, Lemma 2.3]. By [3, Corollary 4.6, Remark 4.7(ii)],
the result follows immediately. Conversely suppose that an irreducible module in a block affords a character of the block
defect. The character of the block defect thus has height 0 and so the result follows by [3, Corollary 4.6, Remark 4.7(ii)],
[15, Theorem 12.3.4], [16, Theorem 5.1.11(iv)].

Corollary 3 For G an abelian group, any indecomposable FG-module has the unique Sylow subgroup of G as its
vertex.

Proof. The result follows immediately by [3, Corollary 3.7].
Proposition 7 An irreducible module with a trivial vertex cannot sit in a block of positive defect.
Proof. The result follows by [3, Corollary 3.7] generalizing [1, Theorem 3.2].
Corollary 4 If Op(G) ̸= {1G}, then all the irreducible FG-modules have nontrivial vertices.
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Proof. G will have no blocks of defect zero and hence the result follows by Proposition 7 above.
An indecomposable module cannot afford characters of different defects as such a module would sit in different

blocks, which is impossible. Moreover a representation and the character it affords always share a degree. Irreducible
characters of height zero in blocks which thus give blocks their defects, are afforded by indecomposable FG-modules
whose vertices are the defect groups of those blocks.

If G is an abelian group, then every indecomposable FG-module has the unique Sylow subgroup of G as its vertex
and thus by [2] every block of G is a large vertex block.

4. Kernels, vertices and radical subgroups
According to [4, Theorm 65.4], [19, Theorm 1.4], the p-regular core Op′(G) of a group G is the intersection of

the kernels of all the irreducible ordinary characters in the principal block of G. Generally, the kernel of a block is the
intersection of the kernels of all the irreducible ordinary characters in that particular block.

Hence the p-regular core Op′(G) of a group G is the kernel of the principal block of G. Since a finite simple group G
has only the principal character as a linear character, all the other characters will be nonlinear and thus have trivial kernels.
In this regard therefore, all the blocks of a finite simple group G will have trivial kernels.

Lemma 4 If B0(G) contains an irreducible faithful module, then Op′(G) is trivial.
Proof. The kernels of all modules in B0(G) contain Op′(G) and hence the result follows.
Lemma 5 Any block of G containing an irreducible faithful module has a trivial kernel.
Proof. Such a block would contain an irreducible faithful ordinary character and hence the result follows.
Lemma 6 If θ is an irreducible representation of G, then Op(G)⊆ ker(θ).
Proof. This is [6, Lemma 2.32].
Proposition 8 Let G be a group and M an irreducible FG-module.
(i) If the vertex of M is a normal subgroup of G, then vx(M) = Op(G).
(ii) If the kernel of M is a p-subgroup of G, then ker(M) = Op(G).
Proof. The result follows immediately by [9, Theorem III.2.13(i), Theorem III.4.12, Corollary III.4.13].
Proposition 9 Let G be a group.
(i) If G is an abelian p-group, B(G) a block of G and M an irreducible FG-module in B(G), then ker(M) = vx(M) =

D ∈ δ (B(G)).
(ii) For the trivial FG-module M, we have that vx(M)⊆ ker(M).
Proof. (i) G will be of deficiency class 0 and all ker(M), vx(M), D ∈ δ (B(G)) contain Op(G). By [3, Corollary

3.7(i)], Proposition 8 above, the desired result follows immediately.
(ii) We have that ker(M) = G and so by Proposition 7 above, the result follows.
Proposition 10 Every p-subgroup of G is contained in a radical p-subgroup of G.
Proof. By [7, Lemma 1.3], any p-subgroup normalized by the normalizer of a radical p-subgroup is contained in that

radical p-subgroup. According to Green deducing from [9, Corollary III.4.7], [13, Theorem 7] every p-subgroup of G
is a vertex of some indecomposable FG-module. However indecomposable FG-modules sit in blocks which have defect
groups. By [18, Theorem IV.13.5], we have that a vertex of any indecomposable FG-module in a block is contained in a
defect group of that block and defect groups being radical subgroups of G by [18, Theorem IV.13.6(3)], the desired result
follows.

Moreover every p-subgroup of G is contained in a Sylow p-subgroup of G and Sylow p-subgroups of G are radical
by [7, 1.1].

Corollary 5 Every normal p-subgroup of G is contained in all radical p-subgroups of G.
Proof. By [20, Problem 5.1] we have that every normal p-subgroup ofG is contained inOp(G) and by [7, Proposition

1.4] we have that Op(G) is contained in all radical p-subgroups of G. Hence the result follows immediately completing
the proof.
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We have that every normal p-subgroup of G is contained in all Sylow p-subgroups of G which are radical by [7, 1.1].
By [18, Theorem IV.13.6(2)] every normal p-subgroup of G is contained in defect groups of all the blocks of G and by
[6, Corollary 4.18], [7, 1.2], [16, Exercise 5.2.17], [21, Theorem 5], defect groups of blocks of G are maximal normal
p-subgroups of their normalizers in G and are thus radical.

Furthermore by [21, Theorem 5], a defect group of a block of G is a Sylow p-subgroup of its normalizer in G.
According to [4, Theorem 53.9(ii)] a normal p-subgroup of G is contained in the kernel of every irreducible module and
also in a vertex of every irreducible module. Thus kernels of irreducible FG-modules, vertices of irreducible FG-modules
and defect groups of blocks of G all contain Op(G).

Proposition 11 Let G be a group.
(i) If G is abelian, then G has a unique radical p-subgroup.
(ii) If G is a p-group, then G has a unique radical p-subgroup.
(iii) If G has a block with a normal defect group D, then D = Op(G).
Proof. (i) G abelian has a unique Sylow subgroup S such that by [7, Corollary 1.5] we have S = Op(G) and by [7,

Theorem 1.4] Op(G) is the unique minimal radical p-subgroup of G.
(ii) G a p-group gives that Op(G) = G.
(iii) D a defect group of a block of G makes D a radical p-subgroup of G by [6, Corollary 4.18], [7, 1.2], [9, Theorem

III.8.15], [16, Exercise 5.2.17] and its normality renders D = Op(G) by [7, Corollary 1.5].
Proposition 11(ii) above asserts that a p-group is actually radical in itself. We have by [6, Corollary 4.18], [7, 1.2], [9,

Theorem III.8.15], [16, Exercise 5.2.17] that a p-subgroup P of G which is a defect group of some block of G, is actually
radical.

By Proposition 10 above, P is contained in a radical p-subgroup of G and moreover P is a vertex of some
indecomposable module that sits in some block of G such that P is contained in a defect group D of that block. We
also have that Z(D)⊆ P ⊆ D.

Proposition 12An irreducible FG-module whose vertex is a radical p-subgroup of G, affords a character of the block
defect.

Proof. The radical p-subgroup of G which is a vertex of an irreducible FG-module is actually a defect group of the
block of G which contains that irreducible FG-module. Hence the result follows immediately by Proposition 6 above and
the proof is complete.

Proposition 13 If Op(G) ̸= {1G}, then there is no faithful irreducible FG-module.
Proof. Since Op(G) is the intersection of the kernels of all the irreducible FG-modules, the result follows.
By [6, Theorem 6.10], [16, Theorem 8.1], [22, Proposition 3B] we have for any χ ∈ Irr(B(G)) that

ker(B(G)) = Op′(ker(χ)) = ker(χ)∩Op′(G)

and in particular we have that ker(B0(G)) = Op′(G).

5. Concluding remarks
In finite groups, p-subgroups play a very important role in their study e.g. every p-subgroup of a finite group G is a

vertex of some indecomposable FG-module, for P∈ Sylp(G) every indecomposable FG-module becomes P-projective etc.
Every normal p-subgroup of G is contained in all Sylow p-subgroups of G, is contained in defect groups of all the blocks
of G, is contained in the kernel of every irreducible FG-module, is contained in a vertex of every irreducible FG-module,
is contained in all radical p-subgroups of G. Thus kernels of irreducible FG-modules, vertices of irreducible FG-modules,
defect groups of blocks of G, Sylow p-subgroups of G, radical p-subgroups of G, all contain Op(G).
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