Contemporary Mathematics

http://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Pre-Compact Sets in the Generalized Morrey Spaces in Terms of the
Averaging Function

Talgat Akhazhanov!~, Mendybay Turgumbayev?~, Dauren Matin!"", Gulmira Kenzhebekova! ",

1

Akpeiil Imanbetova! *, Altynay Bozhayeva!

"Faculty of Mechanics and Mathematics, L. N. Gumilyov Eurasian National University, Astana, 010000, Kazakhstan
2Faculty of Mathematics and Information Technology, Buketov Karaganda University, Karaganda, 100028, Kazakhstan
E-mail: d.matin@mail kz

Received: 8 August 2024; Revised: 29 November 2024; Accepted: 24 January 2025

Abstract: In this paper, sufficient conditions for compactness of sets in generalized Morrey spaces are given in terms of
an averaging function. This result is analogous to the well-known Fréchet-Kolmogorov theorem for the pre-compacting
of sets in Lebesgue spaces. Our main result consisted of four conditions on the behavior of the function norm and the norm
of its averages in generalised Morrey spaces that are sufficient for a set to be pre-compact in these spaces. An example is
provided to demonstrate that not all conditions obtained in the main result are necessary for a set to be pre-compacted in
generalised Morrey spaces.
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1. Introduction

) The conditions for pre-

This article addresses the issue of pre-compacted sets in generalised Morrey spaces M ;,V
compacted sets were obtained with regard to the averaging function. The need for having pre-compact conditions provided
in the generalised Morrey spaces is also discussed. The criteria for pre-compacting sets in Lebesgue spaces regarding
equicontinuity and functional averaging are well-known.

The article further considers the conditions for the pre-compactness of sets in generalised Morrey spaces. An
analogue of the Fréchet-Kolmogorov theorem for Morrey spaces concerning equicontinuity was obtained in [1, 2]. There
are also applications of this result to prove the compactness of the commutator for the Riesz potential and Calderon-
Zygmund singular integral in Morrey spaces, respectively considered in [1, 3]. An analogue of the Fréchet-Kolmogorov
theorem for generalised Morrey spaces regarding the equicontinuity and compactness of the commutator of the Riesz
potential in generalised Morrey spaces was considered in [4]. The pre-compact of sets in variable-exponent Morrey
spaces. were studied by [5]. Pre-compacts of sets and the characterisations of commutators in the ball-Banach function
space were obtained by [6]. The pre-compacts of the sets in Orlicz spaces are shown in [7]. Spanne et al. [8], Adams [9],
Mizuhara [10], Nakai [11], and Guliyev extended Adams’ results and provided sufficient conditions for the boundedness
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of Iy in generalised Morrey spaces. The boundedness of the commutator for the Riesz potential in both Morrey and
generalised Morrey spaces was studied in [12, 13]. Compact commutators for the Riesz potential on Morrey spaces and
Morrey spaces with non-doubling measures were considered in [1, 14]. The compactness of the commutator for the Riesz
potential [b, I] in local Morrey-type spaces M;,V(r) is discussed in terms of uniform equity in [15].

The remainder of this paper is organised as follows: Section 2 presents the notation and preliminaries. Section 3
presents the results for the pre-compaction of a set in terms of the uniform equi-continuity averaging function n generalised
Morrey spaces. Several theorems are also revisited, and auxiliary lemmas are established. Section 4 concludes the study.

We introduce our conventional notation. Throughout, this study uses C to denote a positive constant that is
independent of the main parameters involved, although its value may vary from line to line. Constants with subscripts
such as ¢, depend on the subscript p. From the difference A \ B between the two sets A and B (in that order) denotes the
set of elements in A, which do not belong to B, C(R) denotes the set of all continuously bounded functions on R with a
uniform norm.

This study’s main goal was to determine the conditions for the pre-compacts of sets in generalised Morrey spaces
M,V,V(r) based on the averaging function. Function averaging and the properties of averaging were actively used in this
study. To prove the main theorem on the pre-compactness of sets in generalised Morrey spaces, we first show that the set
of function averages is completely bounded in a certain ring of sets. Subsequently, the total boundedness of the considered
sets in the generalised Morrey spaces was established.

2. Preliminaries

In this section, we recall some definitions of various functional spaces, as well as their properties.
For a Lebesgue measurable set E C R" and 0 < p < oo, L,,(E) is the standard Lebesgue space for all functions f. on
E for which

1
. P .
(]If(y)lpdy> <o, if 1< p<oo,
E
A1z, &) =

esssup|f(y)| <eo, if p=co.

Definition 1 (See [16, p.7]) (L}j’c(R”)). We assume that 1 < p < e, The space L}?C (R") collects all f € Lo(R") such
that f € L,(K) for each compact set K, where Lo(R") denotes the set of all Lebesgue measurable functions.

Charles Morrey introduced Morrey spaces in 1938 (see [17]) for application in elliptic partial differential equations.

Definition 2 For 0 < A < n, 0 < p < « the Morrey spaces MI); = MI% (R™) are defined as the set of all functions
fe Lﬁfc (R™), for which

gy = sup (7 WAl o) <=

x€R™, r>0

where B(x, r) is the open ball in R” with a centre at point x € R" and a radius r > 0.

When A = 0 and A = n the Morrey spaces MS(R”) and M} (IR") respectively coincide (with equality of norms) with
the spaces L,(R") and L..(R") (see [18, page 13-14]).

Recent times have seen an increasing interest in applying Morrey spaces to diverse areas of analysis such as the
partial differential equations, potential theory, and harmonic analysis [16, 19, 20]. Later, Morrey spaces were found to
have numerous important applications, including the Navier-Stokes equations (see [21, 22]), Schrodinger equations in
[23, 24], and potential theory [25, 26].
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Generalised Morrey spaces M;V(r) were first considered by Mizuhara [10], Nakai [11], and Guliyev.
Definition 3 Let 1 < p < oo and w be a Lebesgue measurable non-negative function on (0, o) that is not equivalent to
zero. Generalised Morrey space M;V(r) = M;V(r) (R") is defined as the set of all functions f € LI?“(R") with || f i) < o,
P

where

o = sup (w0 10y ) -

x€R™ r>0

Space M;V(r) coincides with Morrey space Mé ifw(r)= r~*, where 0 < A < n. . denotes the set of all positive
functions w(r), measurable on (0, o) such that for some 7 > 0,

n
[w(r)re .0, < oo

and

W Lz, o0) < o0

If condition ||w(r)|1, (s, ) < oo is replaced by [|w(r)|1, (0, =) < o, we say that w € £~2,,9.

The space M;,V(r) is nontrivial and consists of functions equivalent to 0 on R" if and only if w € Q.. [18, 27].

Definition 4 Let F be a subset of the function spaces X and G C F. Then, G is called the e-net of F if, for any
f€Fandany € >0, g € G such that || f — g|l|[x < €. Moreover, if G is an e-net of F and the cardinality of G is finite,
G is designated a finite €-net of F. Furthermore, F is said to be completely bounded if, for any € € (0, ), there exists
a finite €. In addition, if a completely bounded J has compact closure in X, then it is said to be relatively compact or
pre-compact.

From the Hausdorff theorem (see [28, p.13]), it follows that a subset F of the function space X is relatively compact
if and only if F is completely bounded because of the completeness of X.

The well-known Frechet-Kolmogorov theorem calculates the pre-compactness of sets in L, (R") in terms of uniform
equi-continuity.

Theorem 1 [28] Suppose 1 < p < oo. The set S C L,(R") is pre-compact in L, (R") if and only if set § satisfies the
following three conditions:

supl| £l ) < o, (1)
fes

lim sup sup||f(-+h)— f(- m =0 2)
g, sup supl(-+4) = 1)l

and

Igg{}o?élg IF 1L, B0, Ry = 05 3)
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where “B(0, R) is the complement of the ball B(0, R).
For the function f € L{?°(R"), the averaging function (A5 f)(x) depends on § > 0 with

L

s )= gy | SO

where |B| is the Lebesgue measure of set B.

The following theorem is a well-known result that establishes the conditions for the pre-compactness of sets in L, (R")
using the averaging function (A f) (x):

Theorem 2 [28] Let 1 < p < 0. The set S C L,(R") is pre-compact in L,(R") if and only if set S satisfies the
following conditions:

sup || fl,, mny <o, “)
fes
1. A - n :0, 5
5§8+§‘§1§” sf = fllz, ) ®)
and
A sup 1z, ¢ o. ) = O ©)

From the definitions of A5 f, and the symmetry of the circle, we have

s @ = [ W0If=dy=(vs ), xR, ™
(0.5)
where
Xy )
Vot =150, 5)
Indeed,
a0 = [ vsOledy= e [ g, 60 0y
B(0, 6) B(x, §)
1
= Gy | fOM= ).
B(x, §)
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We denote the maximum Hardy-Littlewood function M f as

r>0

1
(Mf)(x) = sup o, / | 1£0)dy.

Note that, founded on the basic sense of an average, for any x € R” and 6 > 0

1 1 "
(Asf) (¥)] < B o, /5 | £ ldy < sup B, / ) ldy = (Mf) (). (8)

The following theorem provides the conditions for the boundedness of operator M in space M;,V(r):

Theorem 3 [29] Let 1 < p < oo, w € Q... For the maximal operator M to be bounded in space M,V,V(r)

that for some ¢

, it is sufficient

<ectw)lr. ¢, w) )
Lo (0, 0)

for any ¢ > 0.
Note that condition (9) is equivalent to the next condition. For ¢; > 0

n

tr w(r)r%

Loy SO (10)

Corollary 1 Let 1 < p < co. If w € Q.. and condition (10) are satisfied, then ¢, > 0 exists such that for any § > 0
and f € My

A5 £l < €2 171l ygwer - (11)

Proof. It suffices to use the inequality (8) and Theorem 3. O

3. Pre-compact of sets in generalized Morrey spaces in terms averaging function

In this section, we demonstrate the sufficient conditions for the precompactness of sets in generalised Morrey spaces.
M;,V(r) in terms of the averaging function and establish auxiliary lemmas.
Lemma 1 We assume that 1 < p < co. Then, forany R >0, 6 >0and f € L,(B(0, R+9))

1As fllL, B0, 7)) < |1f1]L, B0, R+6))- (12)

Lemma 2 We assume that 1 < p < co. Subsequently, for any 0 < 6 < R; < Ry < e and f € L,(B(0, Ry +0)\
B(Oa Rl - 5))
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A5 Iz, B0, Ra)\B(O, R ) < 1F1]L, (B0, R2+5)\B(0, R, —5))- (13)
Lemmas 1 and 2 are particular cases of the following variants of Young’s inequality [30] for convolution:
1K Ny = | [0 F@=9)dy| < Wiy 1o
¢ Ly(H)

where G—H = {x—y: x € G, y € H}, (see formula (7)) with k = y5, G = B(0, §) and H = B(0, R) in Lemma 1,
H=B(0,R>)\B(0,R,) = 1in Lemma 2. Since ||Ws|[,, (0, 5)) = 1 and B(0, 6) —B(0, R) = {x—y, where x€ B(0,5),y €
B(0, R)} then in Lemma 1 the result is as follows |x — y| < |y| +|x| < R+ . In the case of Lemma 2 B(0, §) — B(0, Ry) \
B(0, Ry) = {x—y, where x € B(0, ), y € B(0, R2) \ B(0, Ry)} it turns out the following |x —y| < |y| +|x| < Ry + & and
=y = |yl = x| = Ry - .

Lemma 3 Let 1 < p < oo, w € Q.. Then, for any 0 < R; < R, < 0, § > 0 and for any function f, ¢ € M,v,v(r)

||f*<P||M;;<r> < Hf%B(O,Rl)HM;V(f) + H(P%B(O,RI)HM;'U)
AT =2y im0,y gt AT = A5@)X, 0 g (14)
A0 = 9)2, ¢ 10w, g 1T XeB0, R ) 110200, R 00
Proof. By adding and subtracting the corresponding summands and applying the triangle inequality, we obtain

17 =0l = I(F = @) 230,r)) +(F ~ 92, )T = @) Xeniry, )l

0, Ry)\B(0, Ry

= I/ xB(0.R)) = PXB0. R)) T ARy, 0) = PAeB(Ry, =) — (A5 S = F)Xy

0, Ry)\B(0, Ry)
AP = @)Xy o n,) ~ AL T ASPILy oy gy

< ||/ %0, r))| o + H<PXB<0,R.>HM30> + || 2B iRy, )| o
+ || @xeBRy, ) | G H (Asf =V yq rym0.8,) ‘ e
+ H(AMP*(P)XB(O.RZ)\B(M” ‘ e + H(ASf*AW)XB(Q@\B(&R[) ‘ o
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Theorem 4 Let 1 < p < oo and letw € épm satisfy the condition (9). Suppose that the set S C M;W) (R") satisfies
the following four conditions, where 0 < R; < R, and 6 > 0.

sup 11y p0) ey <o (15)
Rllif(l)+ o ‘f Xs0.8,) ‘ MO ) 0, (16)
i, sup 45 =L, v0. 500,11 =0 (17)
and
Rlziinw j}g’ 'f Xeno,ry) M) () =0 (18

Then, set S as a precompact in M,V,V(r).

Proof of Theorem 4

LetS C M,‘f(r) and suppose that conditions (15)-(18) are satisfied.

Step 1 In the first step, we prove that for any 0 < 6 < R} < Ry < oo the set S5 = {Asf : f € S} is precompact in
Ly(B(0, R2)\ B(0, Ry)).

Note that

o = W)l (g, o) 1112, (B0, R2)\B(O, R1) -

Ul > WOy ca0. )|,

hence

11200 82,8022 < W g o 11 (19)

Therefore, according to inequalities (19), (11), and condition (15) for g € S5, we have

;:Sl; I8Nz, 800, R2)\B(0, 7)) = sup 1As.f1IL, B0, R2)\B(0. R} )

< W) Ry, o SUPI1AS AL ot
Lo (Ry, )fES M,y
~1
<cp||w(r su w(r) < 0. 20
< €2 W i 390 11 (20)
Additionally, according to inequality (13) and condition (17),
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lim, gsélg 1428 = 8lIL, (8(0, R2)\B(0, R))) = Jim, ?}él; 1AcAsf = Asf L, B0, R)\B(0.R1)

T—0t

— lim i}lIS)IIAa(Arf*f)||Lp(3(o,R2)\B(o,Rl>>
S

< lim ?‘él; 1Acf = fllz, B0, Ry+8)\B(0, R —5)) = O-

Therefore, since the set B(0, R,) \ B(0, R) satisfies conditions (4), (5) and (6) of Theorem 2, it follows that the set
Ss is precompact in L, (B(0, R2) \ B(0, R1)), or equivalently, totally bounded in L, (B(0, R2) \ B(0, R1)).

Hence, for any € > 0, there exists fi, ..., fm € S (depending on &, r and R) such that {A5f1, Asfa, ..., Asfm} is a
finite £-net in Sg with respect to norm of L, (B(0, R2) \ B(0, Ry)). Therefore, for any f € S, 1 < j < m such that

HASf_AéfjHL,,(B(O,RZ)\Bm,Rl)) <&

Hence,

Step 2 In the second step, we prove that set S is completely bounded by M;V(r).

(r)

Let us show that set S is a precompact set in M), For any f, ¢ € S, we have

= sup (W(I") | | (Aﬁf _A5 (p)XB(OA Ry)\B(0, R}) | |L,,(B(x, r)))

H(Aﬁf_AS(P)XB(O,RZ)\B(O.RI) Y G — R0

<sup(w(r)) [(Asf —As9) HL,,(B(o, R2)\B(O,R))) 21

r>0

and the inequality (14). It follows that for any f, ¢ € S

f =0l v < 2sup|gxpo, wir) +2supl|(Asg—g)x
17 = @l geSH 3(0,R) |y geSH( )X,

(0. RY)\B(O. R ) ”M,‘f(’)
+28Up|[gxep(ry, o)l [y TIWle iy, ) 14T = A5, (80, Ro)\B(O. R1))

ges

=E+E+E3+E,y,
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where E|, E;, E3 and E4 are defined as follows: We assume that € > 0. Using condition (16), the radius of the ball
R; = R;(¢€) such that

€
E = 2Su w(r < .
1 gel;) \ |gXB(0,R1) \ |M,,< <7
By condition (18), the radius of the ball R, = R (&), such that
E3=2 €
3= SupHgXCB(Rz,oo)HM;v(r) < h

ges

Using inequality (21) and condition (17), we can choose 6 = J(¢€) such that

E :2 A - w(r
2 zgr;l\( 88~ 8) Xy a0,y a2

€
< 2Wllien k) SuP 1468 = 8lIL, (80, Ro\B(O.R)) < 5
ges

Ey = |Wllr, ., . 1AsF =As®lL, 50, R)\80.R,)) -

Subsequently, for any f, ¢ € S

1 =@l < 5 HEs =+ 1wl 1AsS =A@, 30, R8O, 7)) -

Hence, for any ¢1, @2, ..., @ €S

. RY: .
min (1= @ill,wo < G+ ol L min | Asf - Ase (22)

=g, 4 Ly(B(O, R2)\B(O,Ry))*

Finally, by the pre-compact of the set Sg¢) in L,(B(0, R2(€))\B(0, Ri(£))), for any f € S there exist m(&) € N and
f1,£7 cey fm(s)7g € §, such that

. £
o min MAserS = Aser . ell, w0, raen 0. men < 3 (.

Therefore, by setting @; = fj ¢, j =1, ..., m(€) by inequality (22) for any f € S, we find that

i ) <&

g Loy aen

7111%11’1 ,m | ‘f_fL €
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Thus, we have @; = fj ¢, j =1, ..., m(€) is a finite £-net in S with respect to the norm M) ",

(r) ()

It follows from this that set S is completely bounded in M;V or, equivalently, set S is pre-compacted in M;,V .

The Proof of Theorem 4 is completed.

The strength of the obtained results is that the theorems considered wider spaces. The Frechet-Kolmogorov theorem
for the precompacting of sets in a Lebesgue space in terms of average functions contains three necessary and sufficient
conditions. This proves a similar result for generalised Morrey spaces, four conditions for the precompactness of the sets
are derived in terms of of averaging functions. An example of a set of functions for which not all the specified conditions
are necessary is also considered. Consequently, the questions of determining necessary and sufficient conditions in the
generalised Morrey spaces remain open.

Remark Condition (15) in Theorem 4 is necessary because any precompact set in a normed space is bounded.

1
Conditions (17), (16), and (18) are unnecessary, at least when n = 1 and w(r) = r*, where 0 < A < > In this case,

1
the set S, consisting of only one function |x|/1717 € MZ,L, is precompact. However, the conditions (17) and (16) are not
satisfied. This follows from the following example.

Thus, the question of determining the necessary and sufficient conditions for the set S C M;V(r)

to be precompact
remains open.

1
Example Forn =1 and w(r) = r*, 1< p<o,0<A< —,can state that
p

tim (A, 7) = [- 7| #0 (23)
im . —-
r—0t ’ M;}
in M;,L asr — 0" and
lim || fo(x +u) — fo(x)|[y2 #0 (24)
u—0 P
in Ml’} as u — 0 and finaly
. A—1
lim |[[x|""7x  (x) #0 (25)
rere 0.0 llpk
in Ml’} because r — +oo.
Indeed, forx >0and 0 < r < x,
X+r

1

A—1L 1 A—
AP0 = 5 [ Ty
X—r
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and

A7) ) =

1
1 1Al A-141 A—141 1
:(/1—+1> r {(Hr) ’ —(1—5) / —2<A—+1) r}
)4 2r by by P by

Indeed, according to Taylor’s formula, there exist & and 17 suchthat 1 —x <1 <1< & < 1+xand

-1 —1(u—-2
(1+y)#_(1_y)u_2“x:1+“x+lv‘(ﬂ2 )x2+ﬂ(ﬂ 6)(” )x3

pp—1)(n—2)(p —3)€u74x4

* 24

_ (1ux+ pp—1) o p(u—1(E-2)

2 6

4 pp— 1)(#;4— 2)(u-3) 77“_4?54) —oux

_bu-DWp=2) 3 p(u-—DE=2)(H=3) oy -
_ 3 x3+ > (5“ 4_np 4)x4

S ME=Dp=2) 5

3

Using the inequality

1
which is valid forany 0 < ¢ < 1 and 0 < y < 1. Hence, assuming 4t =A ——+1landy = K, for some ¢, > 0, depending
p X
only on A and p, for any 0 < r < x:

Therefore,
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AR = e

_1 _1
= sup AR ) — e
z€R, r>0

M} Lp(z—rz+7)

"y A—L1 A—1
>t A7) )~ e

Ly(2r,4r)

which follows from equation (23).
From (23) and Lemma 9, we obtain (24):
Finally,

_1
W rx ()

B(0,r)

_1
W rx ()

B(0, r)

= sup
Mﬁ zeR", p>0

Lp(x—p,x+p)

=

1
> supp |l
p>r

p
— -A /prl
=su ny, | x dx
Ly )  panf ")

S tm oA (™n (ap-1 _ Ap-1 LAY
*pl—lgoop <7Lp (P 4 )dx Ap)

from which (25) is as follows.

4. Discussion and conclusion

In this study, sufficient conditions for the precompactness of sets in generalised Morrey spaces were provided in terms
of the averaging function. This result serves as an analogue of the well-known Fréchet-Kolmogorov theorem, which
provides the conditions for the compactness of sets in Lebesgue spaces. Generalisation to Morrey spaces extends the
applicability of compact criteria to a broader class of functional spaces, reflecting the interplay between local regularities
and global behaviour in these spaces. The obtained results can be used to prove the compactness of the integral operators
in generalised Morrey spaces. A similar theorem in terms of uniform equicontinuity, specifically, the pre-compact theorem
for sets in Morrey spaces, was considered in [1] and applied to prove the compactness of the commutator for the singular
Calderon-Zygmund integral operator in [3].
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