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1. Introduction and preliminaries
In the first edition of Zygmund [1] of celebrated monographs, the concept of statistical convergence first proposed

by the name “almost convergence”. Later on, the notion of statistical convergence was proposed by Schoenberg [2],
Steinhaus [3], Fast [4], independently by Buck [5] and studied by number of authors [6–8]. Mursaleen [9], describe the
idea of λ -statistical convergence for real sequence. Further information about λ -statistical convergence see [10–13] and
references therein. Statistical convergence has gained significant attention in mathematical analysis, particularly for its
utility in summability theory, functional analysis, and applications in real functions. One of the key developments has
been the extension of statistical convergence to sequences of sets, which has proven relevant in fields such as fuzzy set
theory, information theory, and multidimensional decision-making.

The concept of statistical convergence has been generalized in several directions. One important advancement is the
study of generalized statistical convergence of sequences of sets of order α using the Orlicz function [14]. This work has
contributed to a better understanding of how sets, rather than individual elements, converge statistically when the Orlicz
function modulates the convergence. The Orlicz function provides a useful structure by introducing flexibility in the
choice of moduli, capturing various forms of convergence behaviors. The current literature primarily addresses statistical
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convergence of sequences of sets of single order (e.g., order α) and focuses on function spaces governed by the traditional
Orlicz function.

We extend this framework to handle sequences of sets governed by two orders, (α, β ), where each order reflects
a different level or dimension of the convergence process. Such extensions are vital for more complex systems, such as
those found in multidimensional analysis, where multiple parameters influence convergence simultaneously.

Moreover, the classical Orlicz function, while useful, may not be sufficient to capture the full range of behaviors
where the parameters governing convergence vary both with the position in the sequence and with the specific elements
of the sets. Thus, we propose the use of the Musielak-Orlicz function, which generalizes the Orlicz function by allowing
the moduli to vary based on position and elements.

This study introduces a new class of sequence spaces characterized by the Musielak-Orlicz function and develops the
theory of statistical convergence of sequences of sets of order (α, β ). By incorporating the Musielak-Orlicz function, we
provide a more flexible framework for analyzing statistical convergence, particularly in situations where dynamic moduli
are essential. This study introduces a new class of sequence spaces defined by the Musielak-Orlicz function and develops
the theory of statistical convergence for sequences of sets of order (α, β ). This extension fills a gap in the literature and
provides a more generalized framework for multidimensional convergence analysis.

Recent developments in the field of statistical convergence have broadened the understanding of various types of
convergence, with a particular focus on Wijsman convergence and summability techniques. The work of Gülle and
Ulusu [15] on Wijsman deferred invariant statistical and p-deferred invariant equivalence of order α has made significant
contributions to the study of statistical structures that involve deferred and invariant aspects. Their work highlights
the utility of deferred invariant properties in statistical methods and their applications in diverse mathematical contexts.
Similarly, Kişi and Gülle [16] have extended I -Cesàro summability of sequences of random variables, emphasizing its
role in probability theory and its impact on understanding convergence in probabilistic frameworks. Their study provides
crucial insights into how summability methods can be adapted to handle sequences of random variables within the context
of statistical convergence. Kişi’s later work [17] exploredIθ -convergence in neutrosophic normed spaces, contributing to
the broader understanding of convergence in spaces withmore nuanced structures. This research illustrates the adaptability
of convergence concepts to more abstract mathematical settings and underscores the importance of developing robust
convergence theories for various types of spaces.

The generalization of statistical convergence was further studied in number theory, Fourier analysis and ergodic
theory. Recent findings include generalisation of statistical convergence, structure of ideals of bounded continuous
functions and integral summability, and Stone-C̆ech compactification of the natural numbers. For additional information,
see [18–22] and references therein.

The sequence ξ = (ξk) of real or complex number is known as statistical convergent to L if for every ε > 0,

lim
m

1
m
|{k ≤ m : |ξk −L| ≥ ε}|= 0.

Specifically, denoted by S− limξ = L or ξk → L(S). S represents the set of all statistical convergent sequences.
The generalized de la Vallée-Poussin mean is given by

tm(ξ ) =
1

λm
∑

k∈Cm

ξk,

where Cm = [m−λm +1, m]. The sequence ξ = (ξk) is known to be (V, λ )-summable to L [23] if tm(ξ )→ L as m → ∞.
If λm = m, then (V, λ )-summability brings to (C, 1)-summability.

λ -statistically convergent sequence were defined by Mursaleen [9] as follows, the sequence ξ = (ξk) is known as
λ -statistically convergent to L if for every ε > 0,
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lim
m→∞

1
λm

|{k ∈Cm : |ξk −L| ≥ ε}|= 0.

By Sλ we mean the set of all λ -statistically convergent sequences. If λm = m, then Sλ is identical to S.
Consider a metric space (Z, J ). For any ξ ∈ Z and A be any non-empty subset of Z, the distance from z to A is

given by

δ (z, A) = inf
y∈A

J (z, y).

For A, Ak be any non-empty closed subsets of Z (k ∈N), the sequence (Ak) is known to be Wijsman convergent (see
[24–27]) to A if limk δ (z, Ak) = δ (z, A) for each z ∈ Z, denoted by W − limAk = A.

Nuray and Rhoades [28] proposed the concept of Wijsman statistical convergence and boundedness for the sequence
(Ak) as follows, the sequence (Ak) is said to beWijsman statistical convergent to A if the sequence (δ (z, Ak)) is statistically
convergent to δ (z, A), i.e., for ε > 0 and for each z ∈ Z,

lim
m

1
m
|{k ≤ m : |δ (z, Ak)−δ (z, A)| ≥ ε}|= 0.

We can write it as st− limk Ak = A or Ak → A(SW ). We say that (Ak) is bounded if supk δ (z, Ak)< ∞ for each z ∈ Z.
The set of all bounded sequences is represented by L∞. For further information on Wijsman statistical convergent, see
[26, 29–33] and references therein.

2. Outline
The article begins by introducing the primary objectives, which include defining and proving Wijsman λ -statistical

convergence of order (α, β ), and highlighting its importance within the broader mathematical framework. Following
this, the necessary preliminary concepts, including definitions, notations, and a review of relevant literature, are presented
to establish a foundation. The core sections of the paper focus on formally defining Wijsman λ -statistical convergence
of order (α, β ), presenting the main results, and examining key properties. This is then extended to include Wijsman
λ -statistical convergence in the context of Musielak-Orlicz functions, where further results and topological properties
are explored. The article concludes by summarizing the key findings and their implications, while suggesting potential
directions for future research.

3. Wijsman λ-statistical convergence of order (α, β)
Gadjiev and Orhan introduced the idea of order statistical convergence [34] and after that α order statistical

convergence was examined by Çolak [35], Çolak and Bektaş [36] studied α order λ -statistical convergence which is
also investigated by many others see [37–41] and references therein.

In this paper, we define SW
λ , (α, β )-statistical convergence and establish the relationship between SW

λ and wW
λ .

Additionally, we present the idea for real sequences of SW
λ -statistical convergence of order (α, β ) and established the

inclusion relations between SW -statistical convergence of order (α, β ).
Definition 1 Suppose that (Z, J ) is a metric space, 0 < α ≤ β ≤ 1 and λ = (λm) be a non-decreasing sequence

of positive numbers such that λm+1 ≤ λm + 1, λ1 = 1, λm → ∞ as m → ∞ and Cm = [m− λm + 1, m]. The family of
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sequences λ = (λm) is denoted by Λ. For A, Ak be any nonempty closed subset of Z(k ∈N), the sequence Ak is Wijsman
λ -statistical convergent to A of order (α, β ) or SW

λ , (α, β )-statistical to A, if for every ε > 0 and for each z ∈ Z,

lim
m

1
λ α

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β = 0.

Specifically, we write SW
λ , (α, β )− limAk = A or Ak → A(SW

λ , (α, β )).
If λm = m for all m ∈ N, we get the sequence space SW

(α, β ) such that

SW
(α, β ) = {(Ak) : lim

m

1
mα |{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β = 0}

and if λm = m for all m ∈ N and α = 1 we get the sequence space SW such that

SW
(1, β ) = {(Ak) : lim

m

1
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β = 0}.

Definition 2 Consider a metric space (Z, J ), 0 < α ≤ β ≤ 1 and λ = (λm)∈ Λ. For A, Ak be the non empty closed
subset of Z(k ∈N), the sequence (Ak) is Wijsman λ -Cesáro summable to A of order (α, β ) or wW

λ , (α, β )-convergent to A,
if for each z ∈ Z,

lim
m

1
λ α

m
∑

k∈Cm

|δ (z, Ak)−δ (z, A)|β = 0.

We can write it as wW
λ , (α, β )− limAk = A or Ak → A(wW

λ , (α, β )). If λm = m for all m ∈N, we have the sequence space
wW
(α, β ) such that

wW
(α, β ) = {(Ak) : lim

m

1
mα ∑

k∈Cm

|δ (z, Ak)−δ (z, A)|β = 0}

and if λm = m for all m ∈ N and α = 1, we have the sequence space wW such that

wW
(1, β ) = {(Ak) : lim

m

1
m ∑

k∈Cm

|δ (z, Ak)−δ (z, A)|β = 0}.

Theorem 1 Suppose (Z, J )) is a metric space, 0 < α ≤ β ≤ 1. If SW
λ , (α, β )− limAk = A then A is unique.

Proof. The proof is straight forward, so we omit the details.
Theorem 2 Consider a metric space (Z, J ), 0 < α ≤ β ≤ 1 and A, B, Ak, Bk be non-empty closed subsets of

Z(k ∈ N), then
(a) If SW

λ , (α, β )− limAk = A and c ∈ C, then SW
λ , (α, β )− limcAk = cA;

(b) If SW
λ , (α, β )− limAk = A and SW

λ , α, β − limBk = B, then SW
λ , α, β − lim(Ak +Bk) = A+B.

Proof. (a) The result is obvious for c = 0. Assume that c ̸= 0, for every ε > 0 the result is derived from the following
inequality,
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1
λ α

m
|{k ∈Cm : |δ (cz, cAk)−δ (cz, cA)| ≥ ε}|β =

1
λ α

m

∣∣∣∣{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε
|c|

}∣∣∣∣β .
(b) For every ε > 0. The result is derived from the following inequality,

1
λ α

m
|{k ∈Cm : |δ (z, Ak +Bk)−δ (z, A+B)| ≥ ε}|β

≤ 1
λ α

m

∣∣∣∣{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε
2

}∣∣∣∣β

+
1

λ α
m

∣∣∣∣{k ∈Cm : |δ (z, Bk)−δ (z, B)| ≥ ε
2

}∣∣∣∣β .

If we take λm = m in above theorem, then we have
Corollary 1 Consider a metric space (Z, J ), α, β ∈ (0, 1] and A, B, Ak, Bk be non-empty closed subsets of

Z (k ∈ N), then
(a) If SW

(α, β )− limAk = A and c ∈ C, then SW
(α, β )− limcAk = cA;

(b) If SW
(α, β )− limAk = A and SW

(α, β )− limBk = B, then SW
(α, β )− lim(Ak +Bk) = A+B.

Theorem 3 If 0 < α ≤ β < γ ≤ 1, then SW
λ , (α, β ) ⊂ SW

λ , (α, γ) and the inclusion is strict.
Proof. The following inequality is used for the proof

1
λ γ

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β ≥ 1

λ α
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .

To establish that the inclusion is strict, let λ be given and consider the sequence (Ak) of non-empty closed subsets of
(Z, J ), which is defined as

Ak =

{
{(k, k)}, if m− [

√
λm]+1 ≤ k ≤ m;

{(0, 0)}, otherwise.

=
1

λ γ
m
|{k ∈Cm : m− [

√
λm]+1 ≤ k ≤ m}| ≤

√
λm

λ γ
m

.

Then we have (Ak) ∈ SW
λ , (γ, β ), for

1
2
< γ ≤ 1 but (Ak) /∈ SW

λ , (α, β ), for 0 < α ≤ 1
2
.

Theorem 4 For non-empty closed subsets of metric space (Z, J ) and (Ak) be the sequence which is SW
λ , (α, β )-

convergent to A, then it is SW
λ -convergent to A for 0 < α ≤ β ≤ 1.

Proof. The proof is straight forward, so we omit the details.

Theorem 5 Consider a metric space (Z, J ) and 0 < α ≤ β ≤ 1. Then SW
(α, β ) ⊂ SW

λ , (α, β ) if limm→∞ inf
λ α

m

mα > 0.
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Proof. If Ak → A(SW
(α, β )), then for every ε > 0 and for sufficiently large m we have

1
mα |{k ≤ m : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≥ 1
mα |{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≥ λ α
m

mα
1

λ α
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .

By using the given condition and taking limit m → ∞, we have

Ak → A(SW
λ , (α, β )).

Corollary 2 Suppose (Z, J ) is a metric space, λ = (λm) ∈ Λ and 0 < α ≤ β ≤ 1, then

SW
λ , (α, β ) ⊂ SW .

Proof. Suppose that Ak ∈ SW
λ , (α, β ). We have to show that Ak ∈ SW . Since Ak ∈ SW

λ , (α, β ) and from Theorem 5

limm→∞ inf
λ α

m

mα > 0, we have

1
λ α

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β ≤ 1

λ α
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≤ 1
mα |{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≤ 1
m
|{k ≤ m : |δ (z, Ak)−δ (z, A)| ≥ ε}|

Therefore, Ak ∈ SW . This completes the result.
Theorem 6 Let λ = (λm) ∈ Λ and 0 < α ≤ β ≤ 1. Then SW ⊂ SW

λ , (α, β ) if and only if

lim
m

λ α
m

m
> 0. (1)

Proof. Suppose that condition (1) holds and (Ak) ∈ SW . Given ε > 0 we get

{k ≤ m : |δ (z, Ak)−δ (z, A)| ≥ ε} ⊃ {k ∈Cm : |δ (z, Ak)−δ (z, A)≥ ε}.
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Then, we have

1
m
|{k ≤ m : |δ (z, Ak)−δ (z, A)| ≥ ε}|

≥ 1
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|

=
λ α

m

m
1

λ α
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .

By taking limit as m → ∞ from the condition (1), we get Ak → A(SW ) implies

Ak → A(SW
λ , (α, β )).

Next, we assume that limm→∞ inf
λ α

m

m
= 0. Consider a subsequence (mi) such that

λ α
mi

mi
<

1
i
.We establish a sequence

(Ak) as

Ak =

{
{(1, 1)}, if k ∈Cmi for some i;

{(0, 0)}, otherwise.

Thus clearly (Ak) ∈ SW but (Ak) /∈ SW
λ , (α, β ). Since SW

λ , (α, β ) ⊂ SW
λ , we have (Ak) /∈ SW

λ , (α, β ), which contradicts the
given condition. Therefore condition (1) holds.

Theorem 7 Consider a metric space (Z, J ), 0 < α ≤ β ≤ γ ≤ 1 and two sequences λ = (λm) and ν = (νm) in Λ
such that λm ≤ νm for all m ∈ N . If

lim
m→∞

inf
λ α

m

λ γ
m

(2)

then SW
λ , (γ, β ) ⊆ SW

λ , (α, β ).
Proof. Suppose λm ≤ νm for all m ∈ N and the relation (2) holds. Thus Cm ⊂ Jm, where Jm = [m−νm +1, m] and

for ε > 0, we can write

{k ∈ Jm : |δ (z, Ak)−δ (z, A)| ≥ ε} ⊃ {k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}.

Thus, we have

1
νγ

m
|{k ∈ Jm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β ≥ λ α

m

νγ
m

1
λ α

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β ,
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for all m ∈ N.
As limit m → ∞ in above inequality and from condition (2), we have

SW
λ , (γ, β ) ⊆ SW

λ , (α, β ).

Corollary 3 Consider a metric space (Z, J ) and the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for
all m ∈ N. If condition (2) holds, then

(a) SW
ν , (α, β ) ⊆ SW

λ , (α, β ), for α, β ∈ (0, 1],
(b) SW

ν ⊆ SW
λ , (α, β ), for α, β ∈ (0, 1],

(c) SW
ν ⊆ SW

λ .

Theorem 8 Consider a metric space (Z, J ), 0 < α ≤ β ≤ γ ≤ 1 and the sequences λ = (λm) and ν = (νm) in Λ
such that λm ≤ νm for all m ∈ N. If

lim
m→∞

inf
νm

λ γ
m
= 1 (3)

then SW
λ , (α, β ) ⊆ SW

ν , (γ, β ).
Proof. Let SW

λ , (α, β )− limAk = A and condition (3) is satisfied. Since Cm ⊂ Jm, for ε > 0 we can write

1
νγ

m
|{k ∈ Jm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

=
1

νγ
m
|{m−νm +1 ≤ k ≤ m−λm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

+
1

νγ
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≤ νm −λm

νγ
m

+
1

νγ
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≤ νm −λ γ
m

λ γ
m

+
1

νγ
m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β

≤
(

νm

λ γ
m
−1

)
+

λ α
m

νγ
m

1
λ α

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .

Using the condition (3) and SW
λ , (α, β )− limAk = A the above inequality on right side goes to zero as m → ∞. Hence,

SW
λ , (α, β ) ⊆ SW

ν , (γ, β ).
Corollary 4 Suppose (Z, J ) is a metric space and the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm

for all m ∈ N. If condition (3) holds, then
(a) SW

λ , (α, β ) ⊆ SW
ν , (α, β ) for 0 < α ≤ β ≤ 1.
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(b) SW
λ ⊆ SW

ν , (α, β ) for 0 < α ≤ β ≤ 1.
(c) SW

λ ⊆ SW
ν .

4. Wijsman λ-statistical convergence of Musielak-Orlicz function of order (α, β)
An Orlicz function M is a function M : [0, ∞) → [0, ∞) which is continuous, convex and nondecreasing define

for z > 0 such that M(0) = 0, M(z) > 0 and M(z)→ ∞ as z → ∞. When the convexity of Orlicz function is changed to
M(z+ y) ≤ M(z)+M(y) then it is known as modulus function and characterised by Ruckle [42]. An Orlicz function M
is known to be satisfy ∆2-condition for all values t, if there exists Q ≥ 1 such that

M(2t)≤ QM(t), t ≥ 0. (4)

The ∆2-condition is a critical growth condition applied to Orlicz functions in the theory of functional spaces,
particularly Orlicz spaces. The inequality (4) imposes a restriction on the rate at which M(t) can grow as t increases.
Specifically, it ensures that when the argument t is doubled, the value of the function M(2t) is controlled by a multiple Q
of the value M(t). The constant Q serves as a uniform bound across the entire domain t ≥ 0, effectively limiting the rapid
growth of the function.

A sequence M = (Fk) of Orlicz functions is known as Musielak-Orlicz function [43]. A sequence N = (Nk) is
given by

Nk(v) = sup{|v|t −Fk(t) : t ≥ 0}, k = 1, 2, ...

is known as complementary function of a Musielak-Orlicz functionM , the sequence space generated by Musielak-Orlicz
function tM and its subspace hM are defined as follows

tM = {z ∈ w : IM (cz)< ∞ for some c > 0}

hM = {z ∈ w : IM (cz)< ∞ for all c > 0},

where IM is a convex modular defined by

IM =
∞

∑
k=1

Mk(zk), z = (zk) ∈ tM .

Definition 3 Consider a metric space (Z, J ), α, β ∈ (0, 1] and M be a Musielak-Orlicz function and a sequence
of strictly positive real numbers p = (pk), λ = (λm) be a sequence of positive reals, and for ρ > 0, we define

wW
λ , (α, β )[M , p] =

{
(Ak) ∈ Z : lim

m→∞

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk
]β

= 0
}
,

for some A and for z ∈ Z.
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If M (z) = z and pk = p for all k ∈ N then we have wW
λ , (α, β )[M , p] = wW

λ , (α, β )(p) and if M (z) = z then we have

wW
λ , (α, β )[M , p] = wW

λ , (α, β )[p].

Theorem 9 Suppose that M be a Musielak-Orlicz function, 0 < α ≤ β ≤ γ ≤ 1 and a bounded sequence (pk),
0 < infk pk ≤ pk ≤ supk pk = H < ∞ and a sequence of positive reals λ = (λm), then wW

λ , (α, β )[M , p]⊂ SW
λ , (γ, β ).

Proof. Assume that (Ak) ∈ wW
λ , (α, β )[M , p]. For ε > 0 be given. As λ α

m ≤ λ γ
m for each m we can write

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk
]β

=
1

λ α
m


 ∑

k∈Cm
Ψ≥ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)pk
]

β

+

 ∑
k∈Cm
Ψ<ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk


β
 , where Ψ = |δ (z, Ak)−δ (z, A)|

≥ 1
λ γ

m


 ∑

k∈Cm
Ψ≥ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk


β

+

 ∑
k∈Cm
Ψ<ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk


β


≥ 1
λ γ

m

 ∑
k∈Cm
Ψ≥ε

[
Fk

(
ε
ρ

)]pk


β

≥ 1
λ γ

m

 ∑
k∈Cm
Ψ≥ε

min
(
[Fk(ε1)]

h, [Fk(ε2)]
H
)

β

≥ 1
λ γ

m

[
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|min

(
[Fk(ε1)]

h, [Fk(ε2)]
H
)]β

,

where ε1 =
ε
ρ
. Therefore from above inequality we get (Ak) ∈ SW

λ , (γ, β ).
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Corollary 5 Suppose that M be a Musielak-Orlicz function, 0 < α ≤ β ≤ γ ≤ 1, and λ = (λm) ∈ Λ, then

wW
λ , (α, β )[M , p]⊂ SW

λ , (α, β ).

Theorem 10 Suppose that M be a Musielak-Orlicz function, λ = (λm) ∈ Λ and (Ak) be a sequence in L∞. If

limm→∞
λm

λ α
m

= 1, then

SW
λ , (α, β ) ⊂ wW

λ , (α, β )[M , p].

Proof. Suppose that (Ak)∈ L∞ and SW
λ , α, β − limAk = A. Since (Ak)∈ L∞ then there exist k > 0 such that |δ (z, Ak)−

δ (z, A)| ≤ k for all k. For given ε > 0, we get

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk
]β

=
1

λ α
m

 ∑
k∈Cm
Ψ≥ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk


β

+
1

λ α
m

 ∑
k∈Cm
Ψ<ε

[
Fk

(
|δ (z, Ak)−δ (z, A)|

ρ

)]pk


β

, where Ψ = |δ (z, Ak)−δ (z, A)|

≤ 1
λ α

m

[
∑

k∈Cm
Ψ≥ε

max
{[

Fk

(
k
ρ

)]h

,

[
Fk

(
k
ρ

)]H }]β
+

1
λ α

m

 ∑
k∈Cm
Ψ≥ε

[
Fk

(
ε
ρ

)]pk


β

≤ max
{[

Fk(
k
ρ
)

]h

,

[
Fk

(
k
ρ

)]H} 1
λ α

m
|δ (z, Ak)−δ (z, A)| ≥ ε|β

+
λm

λ α
m

[
max

{[
Fk

(
ε
ρ

)]h

,

[
Fk

(
ε
ρ

)]H}]β
.

Thus, we have (Ak) ∈ wW
λ , (α, β )[M , p].

Theorem 11 Let λ = (λm) ∈ Λ, 0 < α ≤ β ≤ γ ≤ 1 and p be a positive real number, then

wW
λ , (α, β )(p)⊆ wW

γ, (α, β )(p).

Proof. The proof is straight forward, so we omit the details.
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Corollary 6 Let λ = (λm) ∈ Λ and a positive real number p, then

wW
λ , (α, β )(p)⊆ wW

λ (p).

Theorem 12 Let λ = (λm) ∈ Λ, 0 < α ≤ β ≤ γ ≤ 1 and a positive real number p, then

wW
λ , (α, β )(p)⊆ SW

λ , (γ, β ).

Proof. Suppose that (Ak) ∈ wW
λ , α, β (p) and for ε > 0, we have

lim
m

1
λ α

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

= lim
m

1
λ α

m
∑

k∈Cm
Ψ≥ε

[
|δ (z, Ak)−δ (z, A)|p

]β

+ lim
m

1
λ α

m
∑

k∈Cm
Ψ<ε

[
|δ (z, Ak)−δ (z, A)|p

]β
, where Ψ = |δ (z, Ak)−δ (z, A)|

≥ lim
m

1
λ γ

m
∑

k∈Cm
Ψ≥ε

[
|δ (z, Ak)−δ (z, A)|p

]β

≥ lim
m

1
λ γ

m
|{k ∈Cm : δ (z, Ak)−δ (z, A)| ≥ ε}|β .ε p.

Thus, we have

1
λ α

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β
≥ 1

λ γ
m
|{k ∈Cm : δ (z, Ak)−δ (z, A)| ≥ ε}|β .ε p.

Therefore the last inequality implies that (Ak) ∈ SW
λ , (γ, β ) if (Ak) ∈ wW

λ , (α, β )(p). This completes the proof.
Theorem 13 For 0 < α ≤ β ≤ γ ≤ 1, let λ = (λm) and ν = (νm) be two sequences in Λ such that λm ≤ νm for all

m ∈ N and if condition (3) holds, then

wW
ν , (γ, β )(p)⊆ wW

λ , (α, β )(p).

Proof. The proof is straight forward, so we omit the details.
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Corollary 7 Suppose that the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for all m ∈ N. If condition
(3) holds, then

(a) wW
ν , (α, β )(p)⊆ wW

λ , (α, β )(p) for 0 < α ≤ β ≤ 1,
(b) wW

ν (p)⊆ wW
λ (p) for 0 < α ≤ β ≤ 1,

(c) wW
ν (p)⊆ wW

λ (p).
Theorem 14 For 0 < α ≤ β ≤ γ ≤ 1 and the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for all m ∈N.

If condition (3) holds, then

wW
ν , (γ, β )(p)⊆ SW

λ , (α, β ).

Proof. Let (Ak) ∈ wW
ν , (γ, β )(p) and for ε > 0. Thus we have

lim
m

1
νγ

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

= lim
m

1
νγ

m
∑

k∈Cm
Ψ≥ε

[
|δ (z, Ak)−δ (z, A)|p

]β

+ lim
m

1
νγ

m
∑

k∈Cm
Ψ<ε

[
|δ (z, Ak)−δ (z, A)|p

]β
, where Ψ = |δ (z, Ak)−δ (z, A)|

≥ lim
m

1
νγ

m
∑

k∈Cm
Ψ≥ε

[|δ (z, Ak)−δ (z, A)|p]β

≥ lim
m

1
νγ

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .ε p.

Thus, we have

1
νγ

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β
≥ λ α

m

νγ
m

1
λ α

m
|{k ∈Cm : |δ (z, Ak)−δ (z, A)| ≥ ε}|β .ε p.

Since condition (3) holds and (Ak) ∈ wW
ν , γ, β (p). Therefore from last inequality, we have (Ak) ∈ SW

λ , (α, β ). This
completes the result.

Corollary 8 For 0 < α ≤ β ≤ 1 and the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for all m ∈ N. If
condition (3) holds, then

(a) wW
ν , (α, β )(p)⊆ SW

λ , (α, β ),

(b) wW
ν (p)⊆ SW

λ , (α, β ),

(c) wW
ν (p)⊆ SW

λ .
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Theorem 15 For 0 < α ≤ β ≤ γ ≤ 1 and the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for all m ∈N.
If condition (3) holds, then

L∞ ∩wW
ν , (α, β )(p)⊆ wW

λ , (γ, β )(p).

Proof. Let (Ak) ∈ L∞ ∩wW
ν , (α, β )(p) and suppose that condition (3) is satisfied.

Since (Ak) ∈ L∞, there exist K > 0 such that |δ (z, Ak)−δ (z, A)| ≤ K for all k. Since λm ≤ νm and Cm ⊂ Jm for all
m ∈ N, we have

1
νγ

m
∑

k∈Jm

[
|δ (z, Ak)−δ (z, A)|p

]β

=
1

νγ
m

∑
k∈Jm−Cm

[
|δ (z, Ak)−δ (z, A)|p

]β
+

1
νγ

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

≤
(

νm −λm

νγ
m

)
K p +

1
νγ

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

≤
(

νm −λ γ
m

νγ
m

)
K p +

1
νγ

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

≤
(

νm −λ γ
m

λ γ
m

)
K p +

λ α
m

νγ
m

1
λ α

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β

≤
(

νm

λ γ
m
−1

)
K p +

λ α
m

νγ
m

1
λ α

m
∑

k∈Cm

[
|δ (z, Ak)−δ (z, A)|p

]β
.

This implies that (Ak) ∈ wW
λ , (γ, β )(p). Hence L∞ ∩wW

ν , (α, β )(p)⊆ wW
λ , (γ, β )(p).

Corollary 9 Suppose that the sequences λ = (λm) and ν = (νm) in Λ such that λm ≤ νm for all m ∈ N. If condition
(3) holds, then

(a) L∞ ∩wW
ν , (α, β )(p)⊆ wW

λ , (γ, β )(p) for 0 < α ≤ β ≤ γ ≤ 1,
(b) L∞ ∩wW

λ , (α, β )(p)⊆ wW
ν (p) for 0 < α ≤ β ≤ 1,

(c) L∞ ∩wW
λ (p)⊆ wW

ν (p).
Theorem 16 Consider M be a Musielak-Orlicz function and if infk pk > 0, then limit of the sequence (Ak) in

wW
λ , α, β [M , p] is unique.

Proof. Suppose limk pk = s > 0 and Ak → A1

(
wW

λ , (α, β )[M , p]
)
and Ak → A2

(
wW

λ , (α, β )[M , p]
)
. Then there exist

ρ1 > 0 and ρ2 > 0 such that
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lim
m→∞

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, Ak)−δ (z, A1)

ρ

)]pk
]β

= 0

and

lim
m→∞

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, Ak)−δ (z, A2)

ρ

)]pk
]β

= 0

Let ρ = max{2ρ1, 2ρ2}. Since M is convex and non-decreasing, we get

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, A1)−δ (z, A2)

ρ

)]pk
]β

≤ D
λ α

m
∑

k∈Cm

(
1

2pk

[[
Fk

(
|δ (z, Ak)−δ (z, A1)|

ρ

)]pk
]β

+

[[
Fk

(
|δ (z, Ak)−δ (z, A2)|

ρ

)]pk
]β)

D
λ α

m
∑

k∈Cm

([[
Fk

(
|δ (z, Ak)−δ (z, A1)|

ρ

)]pk
]β

+
D

λ α
m

∑
k∈Cm

[
Fk

(
|δ (z, Ak)−δ (z, A2)|

ρ

)]pk
)β

→ 0 as m → ∞,

where supk pk = H and D = max(1, 2H−1). Thus, we have

lim
m→∞

1
λ α

m
∑

k∈Cm

[[
Fk

(
|δ (z, A1)−δ (z, A2)

ρ

)]pk
]β

= 0.

Since limk pk = s, we have

lim
m→∞

[
Fk

(
|δ (z, A1)−δ (z, A2)

ρ

)]pk

=

[
Fk

(
|δ (z, A1)−δ (z, A2)

ρ

)]s

.

So A1 = A2. Hence limit is unique.
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5. Conclusion
In this paper, we defined and developed the concept of Wijsman λ -statistical convergence of order (α, β ), providing

a solid theoretical framework and proving essential properties of this convergence type. By extending the analysis to
include the Musielak-Orlicz function, the study has demonstrated the adaptability of this convergence framework to more
generalized function spaces. The investigation of topological properties has further enriched the understanding of the
behavior of Wijsman λ -statistical convergence within various mathematical structures. In future research can explore
extending Wijsman λ -statistical convergence of order (α, β ) to broader spaces, such as Banach or Fréchet spaces, and
examine its relationship with other convergence types like strong or weak convergence. Applications in approximation
theory, optimization, and dynamical systems could be further investigated. The impact of different Musielak-Orlicz
functions on convergence and the study of more complex topological properties, such as compactness, are potential areas
for exploration.
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