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Abstract: In 2022, the result that the sum of the lengths of any two edges of a triangle is greater than the length of the third
edge in Euclidean geometry, is applied to labeling graph theory, a new concept-the vertex Euclidean graph is introduced.
A simple graph G = (V, E) is said to be vertex Euclidean if there exists a bijection f from V to {1, 2, ..., |V|} such that
f(u)+ f(v) > f(w) for each C; subgraph with vertex set {u, v, w}, where f(u) < f(v) < f(w). The vertex Euclidean
deficiency of a graph G, denoted {04 (G), is the smallest positive integer m such that GUN,, is vertex Euclidean. In
this paper, the sufficient condition that the disjoint union of G and H is vertex Euclidean is given, meanwhile, the vertex
Euclidean properties of four classes graphs are discussed, the vertex Euclidean deficiency of these graphs are obtained.
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1. Introduction

In Euclidean geometry, there is a famous triangle Theorem.

Triangle Theorem: the sum of the lengths of any two edges of a triangle is greater than the length of the third edge.

If we don’t consider the physical distance in Theorem and apply the idea of Theorem to the topological network
graph, this suggests a similar graph labeling problem.

Since Rosa [1] introduced the concept of graceful graph labeling, which attracts the attention of the field. The graph
labeling is: for a graph G with g edges and p vertices, defining a rule about edges (or vertices) such that the vertices (or
edges) have some properties. For example, for a graph G with g edges, it is graceful that there is an injection f from the
vertices of G to the set {0, 1, ..., ¢} such that every possible difference of the vertex labels of all the edges is the set
{1,2,..., q}. Some graph labeling concepts and methods have been introduced [2]. These results serve as useful models
for a broad range of applications.

Now, we apply the triangle Theorem to graph labeling. Given a simple graph G(V, E), we label the edges with
{1,2, ..., |E|} such that, in any C3 subgraph, the sum of any two edge labels is greater than that of the third edge. If such
an edge labeling exists, it can be inferred that the graph is edge Fuclidean. For a simple graph G, it is not edge Euclidean,
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but if adding some P, the new graph may be an edge Euclidean graph, and the smallest number of some P is called edge
Euclidean deficiency, denoted by Ueggeruciia (G). Thus, triangle Theorem is applied to graph labeling.

In 2022, we applied the triangle Theorem in graph labeling [3], introducing that the dual problem of edge Euclidean
graph-vertex Euclidean graph, and defining the concept of vertex Euclidean deficiency.

Definition 1.1 Vertex Euclidean graph: Let f be a vertex labeling of a simple graph G. A Cz subgraph with vertices
u, v and w such that f(u) < f(v) < f(w) is said to be vertex Euclidean if f(u)+ f(v) > f(w), and we also mention that
label set {f(u), f(v), f(w)} is vertex Euclidean. A simple graph G = (V, E) is called vertex Euclidean graph if there
exists a bijection f: V — {1, 2, ..., |V|} such that every C; subgraph in G is vertex Euclidean.

A simple graph G is not vertex Euclidean graph, but if N, is added, where N,, = K, is the null graph with n vertices,
the graph GU N, may be a vertex Euclidean graph.

Example 1.1 G5 is not vertex Euclidean. But an isolated vertex is added, the new graph is vertex Euclidean.

Definition 1.2 Vertex Euclidean deficiency: If a simple graph G is not vertex Euclidean, define its vertex Euclidean
deficiency, denoted (,g,c1ia(G), as the smallest positive integer n such that GUN,,, where N,, = K,, is the null graph with
n vertices, is vertex Euclidean.

Example 1.2 For C3, Wygueia(C3) = 1.

First, some general results are presented here.

Theorem 1.1 [3] For a simple graph G, if any vertex u(u € V(G)) is on some subgraph C; of G, then ,g,c1ia(G) > 1.

For C3, the graph nCs; denotes the disjoint union of n copies of C;.

Theorem 1.2 For n > 1 is positive integer, t,g,ciia(nC3) = 1.

Proof. Let the vertices labels on the i-th C3 (1 <i<n)be {2+3(i—1),3+3(i—1),4+3(i—1)}. Itis easy that
the conclusion is correct. O

Theorem 1.3 Suppose that G is vertex Euclidean, then any graph H obtained from G by adding any arbitrary edges
without creating new C3 subgraph is vertex Euclidean.

Notation 1.1 Suppose that a, b are two positive integers, and a < b, then for brevity, the set {a, a+1, ..., b} will be
denoted by [a, b].

For graphs G and H, G+ H is the disjoint union of G and H.

Theorem 1.4 Suppose that G is a simple graph and U, gyi4(G) = k > 0, H does not have induced C; subgraph. If
|V(H)| > k, then G+ H is vertex Euclidean.

Proof. Note that U,g,ciq(G) = k > 0 means there exists a vertex labeling f such that the vertex set is [k+ 1, k+
[V(G)|]- Suppose |V (H)| > k, then the label(s) assigned to the k extra vertice(s) of G can be assigned to any k vertice(s)
of H. The remaining vertice(s) of H, if any, can be assigned arbitrarily by integers in [|[V (G| +k+ 1, |V(G)| + [V (H)|].
Thus, G+ H is vertex Euclidean. O

Although there are infinitely many graphs G such as 2C3, Wyzyclia (2C3) = MedgeEuctia(2C3), the vertex label set and
the edge set are the same, however the two labeling theories are different.

In the following discussions, we will discuss the vertex Euclidean properties of some graphs, the labels of the vertices
on these graphs are not unique, we just provide a vertex labeling rule for each class graphs.

2. The vertex Euclidean properties of generality triangular snakes

In this section, we study generality triangular snake. On triangular snake, Moulton [4] proved that all triangular
snakes are graceful. Xi et al. [5] proved that all double triangular snakes are harmonious. In this section, we defined
generality triangular snake, and study the vertex Euclidean properties of all generality triangular snakes.

Definition 2.1 [6] Triangular snake: Given a path P, (n > 2), the vertices on P, are successively denoted by vi, vy, ...,
vn. A triangular snake is obtained from P, by joining v; and v;;| to a new vertex u; for 1 <i<n—1.

Definition 2.2 Generality triangular snake: For a path P, (n > 2), the vertices on P, are successively denoted by
V1, V2, ..., Vo. A generality triangular snake is obtained from B, by joining v; and v,y to k; (k; > 1) new vertices u;_ ;
respectively for 1 <i<n—1,1< j <k;. Itis denoted by GTS(ky, ka, ..., ky—1; n).
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Example 2.1 GTS(2, 1, 2, 3; 5) is shown in Figure 1.

Figure 1. GTS(2, 1,2, 3;5)

Any vertex on GTS(ky, ka, ..., ky—1; n) is on C3, by Theorem 1.1, Wypyeiia(GTS(ki, ka, ..., kn—15 1)) > 1.

Now, we will prove that for any GTS(ky, k2, ..., k,—1; n), the vertex Euclidean deficiency is always 1.
Theorem 2.1 For any integers k; > 1, n > 1, Wpyeia(GTS(ky, ko, ..., kn—15n)) = 1.
Proof.

Casel k) >k forl <i<n-—1.
We find a vertex labeling such as ygyeia (GTS(k1, ko, ..., kn—13 1)) = 1.
Label the vertices as follows.

flur,j)=j+1for1 <j<ky, f(vi)=ki+2, f(v2)=k1+3.
2
flun,j) =+ fva) for 1 < j <ha, f(vs) =) ki+4.

flus, j) =j+ f(v3) for 1 < j<ks, f(va)=f(v3)+ks+1.

flun—1,j) =Jj+fvar) for 1 < j<kn_1, f(vp)=f(vn-1)+kn—1+1.

By the above rules, the labels of all vertices on GT'S(ky, kz, ..., kn—1; n) are obtained, and these vertex labels

are different one another. The minimum value is 2, while the maximum value is f(v,). f(vy) = f(vo—1) +kn—1+1=
n—1 n—1 n—1
Ffv2)+ 2 ki+2=--=f(v3)+ Y ki+n—-3= Y ki+n+1. In GTS(ky, ko, ..., ky—1; n), there are '} k;+n
i=n—2 i=3 i=1 i=1
vertices.

Thus, the vertex label set is [2 Z ki+n+1].

For the subgraph Cs, the vertex set is {vi, vo, uy j} for 1 < j <y, f(ur,j) >2, fv1)+ f(ur,j) > ki +2+2 >
ki1 +3 = f(v), these vertex labels satisfy the vertex Euclidean condition.

For the subgraph C3, the vertex set is {v;, vir1, u; j} for2 <i<n—1,1< j <k, in the vertex label set, f(u; ;) =
f(v,-) +j> f(VQ) =ki+3>k +1, f(v,‘) +f(u,-,j) > f(Vi) +ki+1+ (k1 —ki) > f(vi+1)-

Case2k, | >kiforl <i<n-—1.

After the manner of the discussions in case 1, we can know that the conclusion is correct.

Case3k,>kifora#1,n—1,1<i<n—1landi#a.
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First, label the vertices ug, 1, g, 2, - . ., Uq, k,» Vas Va+1 are successively 2,3, ..., kg +1, ky +2, k, + 3.
Next, for i < a, label the vertices as follows.

a
flua—r,j) =j+ f(vagr1) for 1 < j<ko1, f(va—1)=f(Var1) +kaa1+1= Z ki +4.

i=a—1

flua—s, j) = j+ f(va—1) for 1 < j<ks o, f(Va—2)=f(Va—1)+ka—+1.

flurj) =j+fv) for 1 < j<ki, f(vi)=f(v2)+ki+1.
Finally, for i > a, label the vertices as follows:

flugsr,j) = j+f() for 1 < j<kgp1, f(var2)=f(v1)+kar1+1.

fluayz, j) = j+ f(vasa) for 1 < j <kgys, f(vat3) = f(Var2) +kaya + 1.

flun—1,j)=j+f(vn-r) for 1 <j<ky1, f(va) = f(vn-1) t ko1 + 1.

By the above rules, the labels of all vertices on GTS(ky, ka, ..., k,—1; n) are obtained, and these vertex labels are
different one another. The minimum value is 2, while the maximum value is f(v,).

n—1 n—1

fOn)=Fn-1) +hkn1+1=fva2)+ Y, ki+2=-=fvi)+ Y k+n—a—1
i=n—2 i=a+1
n—1 3 n—1
=f(v)+k + Z ki+n—a:f(V3)+Zk,~+ Z k+n—a+2=---
i=a+1 i=1 i=a+1
a—1 n—1 a—1 n—1 n—1
=fvar)+ Y ki+ Y, kitn—a—l+a—1=ki+3+ Y ki+ Y, ki+n—2=Y ki+n+1.
4 i=1

i=1 i=a+1 i=1 i=a+1

n—1
So the vertex label setis |2, Y ki+n+1].
i=1

For the subgraph Cs, the vertex set is {va, Va1, Uq, j} for 1 < j <kq, f(ua, j) > 2, f(va)+ f(tta, j) > (f(va) +1)+1>
f(vat1), these vertex labels satisfy the vertex Euclidean condition.
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For the subgraph C3, the vertex set is {va_1, Va, Ug—1,j} for 1 < j < ke1, f(va) + f(ua=1,j) > f(va) + ka1 +
2f(va—1), these vertex labels satisfy the vertex Euclidean condition.

For the subgraph C3, the vertex set is {v;, vip1, u; j} fori <a—1,1<j<ki, f(ui j) = fvig1)+7> f(va) =k +2,
FOipr) + fui j) > fvier) +ka+2 > f(vi).

For the subgraph Cs, the vertex set is {vat1, Vat2, Uat1, j} for 1 < j <kap1, f(Vay1) = ka+3 > kay1, f(Var1) +
fluat1, i) = f(vatr1) +ka+3 > f(var1) + ka1 > f(vat2), these vertex labels satisfy the vertex Euclidean condition.

For the subgraph Cj that the vertex set is {v;, viy1, u; j} fori >a+1, 1 < j <k, f(u; ;) = f(vi) +j > ks +2,

i)+ fui ;) > (fvi) +ka+ 1)+ 1> f(visr), so f(vi) + f(ui j) > f(vier).
This completes the proof. O
Specially, when k; = ky = --- = k,—1 = | and 2 respectively, GTS(ky, k, ..., kn—1; n) is a triangular snake and a
double triangular snake.
Corollary 2.2 The vertex Euclidean deficiencies of all triangular snakes are 1.
Corollary 2.3 The vertex Euclidean deficiencies of all double triangular snakes are 1.

3. The vertex Euclidean properties of k-level X-grids

In this section, we introduced k-level X-grids for k > 1 graph, and investigated the vertex Euclidean properties of
k-level X-grids for k > 1.

Definition 3.1 The (m — 1)-level X-grid, denoted by (m — 1) — XG(m, n), where m, n > 2, is the graph with

V((m—1)=XG(m,n) = {vij: 1 <i<m 1< j<n},

U{(vi, j, Vi1, j): 1 <i<m—1,1< j<n},
U{(vi,js virr,jr1): 1 <i<m—1,1<j<n—1},
U{(vi, j, vigr, jm1): 1 <i<m, 1< j<n}.

Example 3.1 3 — XG(4, 5) is shown in Figure 2.

Figure 2. 3—XG(4, 5)
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Due to symmetry, we shall assume m < n. The (m — 1)-level X-grid is obtained from the rectangular grid P, x P, by
adding two diagonals in each of its mn squares.

For graph (m — 1) — XG(m, n) where m > 2.

Theorem 3.1 For m > 2, Wypyeiia((m—1) — XG(m, n)) > 1.

Proof. Since any vertex on (m — 1) —XG(m, n) is on C3, by Theorem 1.1, Uygycria((m—1) = XG(m, n)) > 1.

Assume Uygyeiia((m — 1) —XG(m, n)) = 1. Then the vertex label set is [2, [V|+ 1], and V is the vertex set of
(m—1)—XG(m, n).

Let the label of v; j be 2, vi, j,, Vi,, j,» Vi3, j; and v; ; are adjacent each other, and v; ; and v;, ;, on a diagonal, let
the label of v;, j, be a, then the label set of v;, j,, vi,, j; can only be {a—1, a+1}. Butv; j, vi, j,, viy, j; are on a C3 too,
24+a—1=a+1, contradiction.

This completes the proof. O

To obtain Uygyeria((m—1) —XG(m, n)) for m > 1, first, we investigate the case of m = n.

Lemma 3.2 ,p,0i0(1 —XG(2,2)) =2.

Proof. Define a vertex labeling f as follows.

fvi1) =3, fva1)=4, f(v2,2)=5, f(vi,2) =6.

The vertex label set is [3, 6].

On C3 where the vertex set is {vi 1, v2.1, v2,2}, f(vi,1) (v2.1)

On C5 where the vertex set is {\/17 1, V2,1, v172}, f(v1, 1) (\)27 1) =34+4=T7>6=f V172).
On C; where the vertex set is {Vl-, 1, V2,2, V172}, f(vl’ 1) <V272) =34+5=8>6=f V172).
On C; where the vertex set is {V27 1, V2,2, V1’2}, f(VQ7 1) (Vzﬁz) =44+5=9>6=f V1,2)~

This completes the proof. O
Lemma 3.3 g0 (2 —XG(3, 3)) =2.

Proof. Define a vertex labeling f as follows.

The labels of vi 1, v2, 1, v2,2, V1,2 are the same as thats in Lemma 3.2.

Va1 =34+4=7>5=f vz’z).

+f
+f
+f
+f

—~ N~

Label V3.1, V3,2, V1,3, V2,3, V3,3 consecutively with 7, 8, 9, 10, 11.

The label set of the vi, 1, v2, 1, V2,2, V1,2, V3,1, V3,2, V1,3, V2,3, 3,3 1S (3, 11].

Clearly, for those subgraphs Cj3 that their vertex sets V, V C {vi 1, V2,1, v1,2, 2,2}, the discussions are the same as
thats in Lemma 3.2. For the vertex labels on other subgraphs Cs, have

f(V271)+f(V272) =445=9 >7:f(V3,1);f(V271)+f(V2_’2) =445=9> 8:f(V372);

Fo 1)+ f(v31)=4+T7=12>8=f(v32); f(v2,2) + f(v3,1) =5+7=9> 8= f(v32);

fO22)+f(vi2) =5+6=11>9=f(vi3); f(v2,2) +f(vi,2) =5+6=11>10= f(v23);

f1,2)+f(v1,3) =64+9=15>10= f(v2,3); f(v2,2) + f(v1,3) =54+9=14> 10 = f(v2,3);

f(V272)+f(V3’2) =54+8=13> 10Zf(V273);f(V2,2)+f(V3,2) =54+8=13>11 Zf(V3’3);

F(v2,2)+f(v2,3) =5+10=15>11= f(v33); f(v3,2) + f(v2,3) =8+10=18 > 11 = f(v33).
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This completes the proof. O

Lemma 3.4 For m > 3, typucria((m—1) — XG(m, m)) = 2.

Proof. m = 4.

For the vertices on the subgraph 2 — XG(3, 3) containing v;_ i, the vertex labels are the same as those defined in
Lemma 3.3, then these vertex labels satisfy the vertex Euclidean condition.

For the remaining vertices, label the labels as follows.

Label the vertices V4,1, V4,2, V4,3, V1,4, V2,4, V3,4, V4 4 consecutively with 12, 13, ..., 18.

Thus, the label set of v4 1, V4,2, V4,3, V1,4, V2, 4, V3.4, V4 4 is [3, 18].

In C3 that the vertices are three of v3_j,, va, j,, Vi), 3, Viy,4 for 1 < ji, jo, i1, i < 4, the vertex label sets are {7, 8, 12},
{7, 8, 13}, {7, 12, 13}, {8, 12, 13}, {8, 13, 14}, {8, 11, 13}, {11, 13, 14}, {8, 11, 14}, {11, 14, 18}, {11, 14, 17},
{11, 17, 18}, {14, 17, 18}, {9, 10, 15}, {9, 10, 16}, {9, 15, 16}, {10, 15, 16}, {10, 11, 17}, {10, 11, 16}, {10, 16, 17},
{11, 16, 17}.

In each set of {7, 8, 12}, {7, 8, 13}, {7, 12, 13}, {8, 12, 13}, {8, 13, 14}, {8, 11, 13}, the maximum value and
the minimum value of the vertex labels are denoted by a, b respectively, then a — b < 6, the minimum value of the vertex
labels is 7, so the vertex labels in these vertex label sets satisfy the vertex Euclidean condition.

Ineachsetof {11, 14,18}, {11,14,17},{11,17,18},{14,17,18},{9, 10, 15}, {9, 10, 16}, {9, 15, 16}, {10, 15, 16},
{10, 11, 17}, {10, 11, 16}, {10, 16, 17}, {11, 16, 17}, in each set, the maximum value and the minimum value of the
vertex labels are denoted by ¢, d respectively, then ¢ —d < 7, the minimum value of the vertex labels is 9, so the vertex
labels in these vertex label sets satisfy the vertex Euclidean condition.

Now, we study Wygyeria((m — 1) — XG(m, m)) by mathematical induction.

Assume m = k, .quuclid((k_ l) —XG(k, k)) = 2. And the labels Oka) 15 Vi, 25 «++s Vi, k—15 V1, ks V2, ks + -+ Vk—1,k> Vk, k
are successively k> — 2k +4, k> —2k+5, ..., kK> +2.

Now, we investigate the case of m = k+ 1.

First, for the subgraph (k — 1) — XG(k, k) that the vertex set is {v; ;|1 <1i, j < k}, the vertex labels defined are
the same as those m = k, and the labels of vy 1, Vi 2, ..., Vi k=1, V1, k> V2, &> «++» Vk—1,k> Vi, k are successively k* —2k+4,
K*—2k+5,.., kK> +2.

Next, define the labels of remaining vertices as follows.

Label the vertices Vi1, 1y Vh+1,25 -5 Vi1, ks V1 k1 V2, k+1y -5 Vit k+1 consecutively with [k2 +3, K2 + 2k + 3].
Since k> + 2k +3 = (k4 1)% +2, the vertex label set is [3, (k+1)% +2].

Finally, we only study the subgraphs C; that the vertices are three of vy j,, Vit1, j,» Viy, k> Vig, k1 Tor 1 < i, jo, i1, 12 <
k+ 1. Their vertex label sets are

(1) {k? =2k +4, k> — 2k +5, k> + 3}, {k> =2k +4, k> — 2k +5, K> + 4}, {k> — 2k +4, k> 4+ 3, k> + 4}, {k> — 2k +
5, k243, k> +4}, {k> =2k +5, k> =2k +6, k> + 4}, {k> =2k +5, k> — 2k + 6, k> + 5}, {k* =2k +5, k> +4, k> + 5},
{k? —2k+6, k> +3, k> +4}, .., {2 —k+ 1,2 —k+2, k> +k}, {K—k+ 1,2 —k+2, > +k+ 1}, {> —k+ 1,k +
ky K24k + 1}, {2 —k+2, K2 +k, K>+ k+1}, {2 —k+2, K> +k+1, k> +k+2}, {—k+2, kK> +2, > +k+1},
(k2 — k42, k> +2, k> +k+2}, {k* +2, k> +k+1, k> + k+2} respectively.

Q) (K —k+3, k> —k+4, K +k+3}, {—k+3, k> —k+4, kK> +k+4}, { —k+3, K +k+3, ¥ +k+4},
{R—k+4, K24+ k+3, k2 +k+4}, {2 —k+4, k> —k+5, > +k+4}, {2 —k+4, K2 —k+5, kK> +k+5}, {¥ —k+
4K+ k+4, K2+ k+5), {2 —k+5, k2 +k+4, K2 +k+5}, ., {2+ 1, k242, k2 4+ 2k + 1}, {2+ 1, k> +2, k> + 2k + 21,
{2+ 1, k2 4+ 2k + 1, k> + 2k + 2}, {k* +2, k> +2k+ 1, k> + 2k + 2}, {k* +2, K2 +2k+2, k* + 2k + 3}, {k* +2, K> + k+
2, k> +2k+2}, {k* + k+2, k> + 2k +2, k* + 2k + 3} respectively.

For each set in (1), the maximum value and the minimum value of the vertex labels are denoted by a, b respectively,
then a — b < 2k, the minimum value of the vertex labels is k%> — 2k +4, k> — 2k +4 — 2k = (k —2)? for k > 3, so the vertex
labels in these vertex label sets satisfy the vertex Euclidean condition.

For each set in (2), the maximum value and the minimum value of the vertex labels are denoted by ¢, d respectively,
then ¢ —d < 2k + 1, the minimum value of the vertex labels is k> —k+3, k> —k+3 —2k—1 = (k—2)(k— 1) for k > 3,
so the vertex labels in these vertex label sets satisfy the vertex Euclidean condition too.

This completes the proof. O
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Now, we obtained that ,gyeiq((m — 1) — X G(m, m)) = 2. Next, with the help of the rules in Lemmas 3.2, 3.3 and
3.4, we study Wygucria((m—1) — XG(m, n)).

Theorem 3.5 For any m, n > 2 and m < n, Wpyciia((m—1) — XG(m, n)) = 2.

Proof. 1. From Lemmas 3.2, 3.3 and 3.4, the conclusion holds when m = n.

2.m<n.

In (m—1) — XG(m, n), first, for the subgraph (m — 1) — XG(m, m) that the vertex set is {v; ;|1 <1i, j <m}, define
the vertex labels according to the rules in Lemmas 3.2, 3.3 and 3.4.

For the remaining vertices vy ; (1 <s <m, m+1 <t <n), define the vertices labels as follows.

f(vs,t) :f(vs,tfl)—’—ma 1 Ssgm, m+1 §t§n

Thus, in each C; that the vertices are three of vy ; (1 <5 <m, m <t < n), let the maximum value and the minimum
value of the vertex labels be a, b respectively, then a — b < 2m — 1, the minimum value of the vertex labels is m> — m + 3,
m?> —m+3—2m+1=(m—1)(m—3)+2 >0, so the labels of the vertices on each C; satisfy the vertex Euclidean
condition.

Theorem holds. O

4. The vertex Euclidean properties of Circ(n, 2)

Laison et al. introduced circulant graphs when they study prime distance graphs in [7]. In this section, we study the
vertex Euclidean properties of a class of the circulant graphs.

Definition 4.1 Circulant graph: For a positive integer n > 3 and set S C {1, 2, ..., n}, the circulant graph, denoted
by Circ(n, S), is the graph with vertex set{vy, v, ..., v,} and an edge between vertices v; and v; if and only if |i — j|
(mod n) € S.

If S = {1, k} for 1 <k <n— 1, which, for simplicity, the circulant graph is written as Circ(n, k).

Example 4.1 If k = 2, Circ(5, 2) and Circ(6, 2) are shown in Figure 3.

Figure 3. Circ(5, 2) and Circ(6, 2)

When k = 2, there exists C3 in Circ(n, 2), which is under study Circ(n, 2). Because all vertices on some subgraph Cs
of Circ(n, 2) (n > 4), by Theorem 1.1, l,gyeiiq (Cire(n, 2)) > 1. In order to obtain W, g,ciq(Circ(n, 2)), first, we investigate
several special cases of n.

Theorem 4.1 p,g,ciq(Circ(4,2)) = 2.

Proof. Assume [, ,ci4(Circ(4,2)) = 1, then 2 is the label of some vertex, which is denoted by u. In Circ(4, 2), each
vertex is adjacent to the other vertices, so the two vertices labeled by 2 and 3 respectively, must with the vertex labeled
by 5 are a Cs, contradiction. Hence, U,g,cia(Circ(4,2)) > 2. O
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Now, we need to describe a vertex Euclidean labeling f with [3, 6]. Label the vertices in {v;, v2, v3, v4 } consecutively
with [3, 6], then the minimum value of the sums of the labels of any two adjacent vertices is 3 4+4 =7, thus, for any three
vertices v;, v; and v that are on a C3, the sum of any two vertex labels is greater than the label of the third vertex. Hence,
“vEuclid(Circ(47 2)) =2.

Theorem 4.2 U,,qia(Circ(5,2)) = 3.

Proof. Assume W, g1 (Circ(5,2)) = 1, then 2 is the label of some vertex, which is denoted by u. In Circ(5, 2), each
vertex is adjacent to the other vertices, so the two vertices labeled by 2 and 3 respectively, must with the vertex labeled
by 6 are a C3, contradiction. Hence, W,gyciia(Cire(5,2)) > 2. O

Similarly, if ty,g,ciq(Cire(3, 2)) = 2, then 3 is the label of some vertex, which is denoted by u. In Circ(3, 2), each
vertex is adjacent with the other vertices, so the two vertices labeled by 3 and 4 respectively, must with the vertex labeled
by 7 are a Cs, contradiction. Hence, U,g,cia(Circ(5,2)) > 3.

Label the vertices in {v{, v2, ..., vs} consecutively with [4, 8], then the minimum value of the sums of the labels of
any two adjacent vertices is 445 = 9, thus, for any three vertices v;, v; and vy that are on a C3, the sum of any two vertex
labels is greater than the label of the third vertex. Hence, U,gyciq(Cire(3, 2)) = 3.

Theorem 4.3 U, ,ciq(Circ(6,2)) = 2.

Proof. Assume U,g,iq(Circ(6, 2)) = 1. Without loss of generality, let the label of v; be 2, then the labels of the
remaining vertices are 3, 4, 5, 6, 7 respectively.

Assume the vertex u labeled by 3 is adjacent to vy, then v; and u are on two C3, thus, on some Cs, the label of the
third vertex is at least 5, 2+ 3 = 5, contradiction. Hence, the vertex labeled by 3 is not adjacent to v;. i.e. v4 is labeled
by 3. So the vertex w labeled by 4 is must adjacent to v, and v;, w are on two C3, thus, on some C3, the label of the third
vertex is at least 6, 2+ 4 = 6, contradiction. Thus, we obtain that ,g,ciq(Circ(6, 2)) > 2.

Now, we need to describe a vertex Euclidean labeling f with [3, 8]. Specifically, let

faic1) =240, 1<i<3,

f(VZ) =0, f(V4) =38, f(V6> =1.

On Circ(6, 2), there are eight C3, their vertex sets are {vy, vz, v3}, {v2, v3, va}, {v3, va, vs}, {va, vs, v6}, {vs, v, Vi },
{ve, vi, va}, {v1, v3, vs}, {va, va, ve} respectively, the corresponding vertex label sets are {3, 4, 6}, {4, 6, 8}, {4, 5, 8},
{5,7,8},{3,5,7},{3,6,7},{3,4,5}, {6, 7, 8}. By these vertex label sets, we can see that the sum of the labels of any
two vertex labels is greater than the third vertex on each C3, s0 Uygyeria (Cire(6, 2)) = 2. O

Theorem 4.4 [1,g,.1i4(Circ(7, 2)) = 2.

Proof. Assume W, g,ci4(Circ(7, 2)) = 1. Without loss of generality, let the label of v; be 2, then the labels of the
remaining vertices are 3, 4, 5, 6, 7, 8 respectively. From the discussions in Theorem 4.3, we can know that the vertex
labeled by 3 is not adjacent to vy, so the vertex labeled by 3 can only be v4 or vs. Without loss of generality, let the label
of v5 be 3.

1. If the label of v; is 4, then the two vertices labeled by 2 and 4 respectively are on two Csz, 2+ 4 = 6, but among
the remaining numbers, only 5 is smaller than 6, contradiction. Thus, 4 can only be a vertex label for one of v3, v4 and vg.

2. If 4 is a label of v3 or vg, then the vertex labeled by 4 is adjacent to v; and vs. Thus, in C3 on which there are the
vertices labeled by 2, 4, the third vertex is only labeled by 5, in C3 on which there are the vertices labeled by 3, 4, the third
vertex is only labeled by 6, so then, the vertex labeled by 5 is adjacent to vy, in C3 on which there are the vertices labeled
by 2, 5, the label of the third vertex is 7 or 8, contradiction.

3. If the label of v4 is 4, then the two vertices labeled by 3, 4 are on two C3, 344 = 7. in the vertex labels, only 8 is
greater than 7, contradiction. O

Overall, ,quuclid(CirC(77 2)) > 1.

Now, define a vertex labeling f as follows.

Co iporary Math tics 338 | Zhen-Bin Gao, et al.



Specifically, let f(vi) =3, f(v2) =6, f(v3) =5, f(va) =4, f(vs) =8, f(ve) =9, f(v7) =T.

On Circe(7, 2), there are seven Cs, their vertex sets are {vy, va, va}, {va, v3, va}, {v3, va, vs}, {va, vs, v6}, {vs, vs, V7 },
{ve, v7, vi}, {v7, v1, va} respectively, the corresponding vertex label sets are {3, 5, 6}, {4, 5, 6}, {4, 5, 8}, {4, 8, 9},
{7,8,9},{3,7,9},{3,6,7}. Onthese Cs, have 3+5>6,4+5>6,4+5>8,4+8>9,7+8>9,3+7>9,3+6>7.
Hence, ,gycia(Cire(7,2)) = 2.

Now, the results for n =4, 5, 6 and 7 are obtained, next, we study W,gyciq(Circ(n, 2)) whenn > 7.

Theorem 4.5 For n > 7, W,gyciia(Cire(n, 2)) = 1.

Proof. By Theorem 1.1, we know that W,g,ciq(Circ(n, 2)) > 1. Now, we prove that W,gyiq(Circ(n, 2)) = 1 for
n > 7 according to the parity of .

1. n > 8 is even.

1.1n=28.

Define a vertex labeling f as follows.

1) =2, f(v2) =5, f(v3) =4, f(va) =8, f(vs) =9, f(v6) =3, f(v7) =7, f(vs) = 6.

On Circ(8, 2), there are eight C3. By these vertex labels, we obtain that the vertex label sets on these eight C3 are
{2,5,4},{5,4,8},{4,8,9},{3,8,9},{3,7,9}, {3,6, 7}, {2, 6, 7}, {2, 5, 6} respectively.

Since2+4>5,5+4>8,4+8>9,348>9,3+7>9,3+6>7,24+6>7,2+5 > 6, thus, we obtain that
,LlVEudid(Cl'l"C(S, 2)) =1.

1.2n>8.

Now, we find a vertex labeling f such that the vertex labels set is [2, n+ 1] and U, gyeriq (Cire(n, 2)) = 1. First, divide
the vertices on Circ(n, 2) into two parts, and then label them separately. Next, we prove that these vertex labels satisfy
the vertex Euclidean condition. Specifically, let

L f(n) =2, f(v2) =5, f(v3) =4, F(vs) =8, F(vu_3) =3, F(vu_2) =9 F(vu1) =T, (1) = 6.

2. f(v)=2i,5<i< g

3 f(vpsri) =2i+1,5<i < g

Thus, we obtain that the vertex labels set is [2, n+ 1].

For those C3 on which the vertex sets are {vy, v, v3}, {v2, v3, va}, {vi—3, V-2, Va1 }> {Vn—2, Vi1, Vu }» {Vn—1, v, v1 },
{vn, v1, v2} respectively, have

) +f(n3)=2+4=6>5=f(v2), f(v2)+f(v3)=5+4=9>8= f(ns),
fn3)+f(va1) =3+7=10>9= f(vs2), fVu1)+f(a) =T+6=13>9= f(v,2),
fO)+ ) =2+6=8>T=f(va1), f(n)+f(v2) =2+5=T>6= f(v,).

So the vertex labels on these Cs satisfy the vertex Euclidean condition.
For those four C3 on which the vertex sets are {v3, va, vs}, {va, vs, v6}, {Va_s, Vu—a, V3 }, {Vn-a, Vu—3, w2}

respectively, have
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F)+f(va) =4+8=12>10= f(vs), f(va)+ f(vs) =8+10=18> 12 = f(vg),
Sn3)+f(vn-a) =3+11=14>13 = f(v,5), f(va2)+f(va3)=9+3=12>11= f(vy-a).

So the vertex labels on these four C3 satisfy the vertex Euclidean condition.

For those C3 on which the vertex sets {v;, vii1, viya } for 5 <i <n—6, the minimum value of f(v;) (5 <i<n—4)is
10, on each C3, the difference between any two labels is less than or equal to 4, thereby, the sum of any two vertex labels
is greater than the third vertex label in each Cs.

Hence, Uygyciia(Cire(n, 2)) = 1 for n is even.

2. n> 81isodd.

First, we define a vertex labeling f as follows.

L f(v1) =2, f(v2) =5, f(v3) =4, f(va) =8, f(va—3) =9, f(vu—2) =3, f(vu—1) =7, f(va) = 6.

2. fv)=2i,5<i< %,f(v%) _—

3 fg) =2i4 1,5 <i< "L

The vertex labels set is [2, n+ 1].

For the those C3 on which the vertex sets are {vi, va, v3}, {v2, v3, va}, {Vu—3, vu—2, Va—1}> {Vin—2s V-1, Va},
{Vn=1, Vs Vi }, {vn, vi, v2} respectively, the discussions about the vertex labels are the same as thats in 1.2. For the
labeling of other vertices, we will discuss in four cases.

2.1n=09.

There are two C3 on which the vertex labels are not discussed yet, their vertex label sets are {3, 9, 10} and {4, 8, 10}
respectively. Because 3+9 > 10, 4+ 8 > 10, thus, t,g,qiq(Cire(9, 2)) = 1.

22n=11.

There are four C3 on which the vertex labels are not discussed yet, their vertex label sets are {3, 9, 11}, {9, 11, 12},
{4,8,10}, {8, 10, 12} respectively. Because 3+9 > 11,9411 > 12,448 > 10,8+ 10 > 12, thus, W,gycriqa(Circ(11,2)) =
1.

23n=13.

There are seven Cs on which the vertex labels are not discussed yet, their vertex label sets are {4, 8, 10},
{8,10,12},{10, 12, 14}, {12,13, 14}, {3,9, 11}, {9, 11, 13}, {11, 13, 14} respectively. Because 448 > 10,8+ 10 > 12,
10+12> 14,12+ 13> 14,34+9> 11,9+ 11 > 12, 114+ 13 > 14, thus, lygyeia(Cire(13,2)) = 1.

2.4 n>13.

First, we discuss the vertex labels are on four C3 where the vertex label sets are {4, 8, 10}, {8, 10, 12}, {3, 9, 11},
{9, 11, 13}.

Because 4+8 > 10,8 +10=18 >12,3+9 > 11,9+ 11 =20 > 13, these vertex labels satisfy the vertex Euclidean
condition.

For the vertex labels on the other Cs, in each C;, the maximum value and the minimum value of the vertex labels
are denoted by a, b respectively, then a — b < 4, the minimum value in these vertex labels is 10, so in each C3, the vertex
labels satisfy the vertex Euclidean condition.

This completes the proof. O

Overall,

Theorem 4.6 For n > 3 is integer,

Co iporary Math tics 340 | Zhen-Bin Gao, et al.




2 n=4.67
quuclid(Circ(na 2)) =43, n=5
1, n>7

5. The vertex Euclidean properties of the zykov sums of a cycle and an m null
graph

In this section, we study the vertex Euclidean properties of the Zykov sums of a cycle and a m null graph.
Definition 5.1 [8] Zykov sum of two simple graphs G| and G, denoted G| & G», is defined as the graph with

V(G ®G2) =V(G1)UV(Ga),
E(G®G) = E(G1)UE(G2) U{(u,v): u € V(G1),v € V(G2)}.

Consequently, the Zykov sum of G| and G, is formed by adding edges that connect every vertex of G| to every

vertex of Gs.
In this section, C,, & N,, (n > 3, m > 1) is investigated, C,, & N, is also called m-cone graph [9]. In C, & N,,, the
vertices on C, are successively denoted by uy, us, ..., u,, the vertices on N, are denoted by v, v2, ..., vyy.

Example 5.1 Cs & N, is shown in Figure 4.

Uy Uy

i, Us

Figure 4. Cs & N,

Since all vertices are on some subgraph Cs of C, & N,,, by Theorem 1.1, t,guc1ia(Cy ® Niy) > 1. Now, we discuss
WoEuctia (Cn © Ny, ) based on different values of m, n.
Theorem 5.1 For C,, ® Ny,

2, n=3

.u-vEuclid(Cn@N]):{ 1, n>3
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Proof. 1. n=3.

On C3 @ Ny, there are four C3. Since any vertex on C3 @ N; is adjacent to other vertices, and any vertex on two Cs,
thus, if tygucia(C3 @ Np) = 1, the vertex labeled by 2 and the vertex labeled by 3 are adjacent and they are on two C3,
243 =5 > 4, there must a C3 on which the vertex labels do not satisfy the vertex Euclidean condition, contradiction.
Hence, .quuclid(C?a @Nl) > 1.

Now, define a vertex labeling f as follows: The labels of vy, u;, uy, u3 are successively 3, 4, 5, 6. Thus, the vertex
label sets of four C5 are {3, 4, 5}, {3, 3, 6}, {3, 4, 6}, {4, 5, 6} respectively. Because 3+4 >5,3+4>6,3+5>6,
445 > 6, thereby, these vertex labels satisfy the vertex Euclidean condition.

2.n>3.

We find a vertex labeling f such that W, g0 (C, @ Ny) = 1.

First, we define the labels of vy, uy, us, us, ua.

Let f(v1) =5, f(u1) =2, f(uz) =6, f(u3) =3, f(us) =4

Next, after the labels of vy, uy, up, us, uq are determined, for other vertices, we define their labels according to the
parity of n.

2.1 nis even. Let

2
fu)=2i—1, 4<i< %

n—4
7

flup—i) =2i+6, 1<i<

Thus, we obtain a vertex label set [2, n+ 2]. Now, we investigate the vertex labels on each Cs.

On C3 which vertex setis {vi, uy, up}, has f(vi)+ f(u1) =54+2=7>6 = f(ua).

On C3 which vertex set is {vy, up, u3}, has f(vi) + f(u2) =543 =8> 6 = f(u2).

On C3 which vertex set is {vy, us, usa}, has f(vi)+ f(uz) =54+3=8>7 = f(ua).

On C3 which vertex set is {vy, uy—1, uy }, has f(vi) + f(up) =5+4=9>8 = f(up—1).

On C3 which vertex set is {vi, u,, u1 }, has f(u;)+ f(u,) =2+4=6>5= f(v)).

For other C3, in each Cs, the difference of the vertex labels between u; and u; | is less than or equal to 2, the minimum
value of the vertex labels is f(v;) =5, so, the conclusion is correct for n > 4 is even.

2.2 nis odd. Let

3
Flu)=2i—1, 4<i< %

Fln_i) =2i+6, 1<i< ”;5.

The discussions are the same as thats in 2.1, we can to know that the conclusion holds for n > 4 is odd.

This completes the proof. l

Theorem 5.2 When m > 1, then Uygyciig(Cr ® Ny ) > 1.

Proof. Assume [yg,ciia(Cn B Ni) = 1. Then there exist a vertex labeling f such that the vertex label set is [2, m +
n+1].

1. Let f(w1) =2, w; € V(C, @ Ny), the vertex wy is adjacent with wy labeled by a (a < n+m+1). Since w; and
wy are at least on two C3, but on the vertex label set of the third on these C3 is only {a — 1, a+1}.

1.1 Let wy € {v;|1 <i<m}, wy € {uj|l < j<n}. Without loss of generality, let wi = vy, wo = uj.
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At this time, for u», us, ..., u,, no matter how their labels are defined, in u;, u,, ..., u,, there must be two vertex labels
with a difference greater than or equal to 2, resulting in a situation where the vertex Euclidean condition is not satisfied.

1.2 Let wy € {uj|1 < j <n}, ws € {vi|l <i<m}. Without loss of generality, let wi = uj, wo = vy.

Since u; is labeled by 2, v; is labeled by a, then the vertex label set is {a — 1, @+ 1}. Thus, the vertex v; (i > 2) has
no label that satisfies the vertex Euclidean condition.

1.3 wy, wy € {u;|1 <i<n}. Without loss of generality, let w; = u, wp = up.

At this time, in vy, vo, ..., vy, there must exist two vertices labeled by a — 1 and a + 1 respectively. Thus, there is not
a a positive integer is the label of u,, so that the vertex Euclidean condition holds.

2.a=m+n+1. L]

Since wy and w, are in two C3, but there only a positive integer m +n so that 2+m+n > m+n-+ 1 holds, contradiction.

Overall, Wygyciia(Ch ®Nyy) > 1 when m > 1.

Theorem 5.3 Form > 1, n > 2, Wguctia(Ch ® Ny) = 2.

Proof. 1. n=3.

Define a vertex labeling f as follows.

Fv)y=24+i1<i<m.

flup)=m+2+i,i=1,2,3.

Because |f(u;) — f(u;)] <2 for 1 <i, j <3 andi# j, the minimum value of the vertex labels is 3, so these vertex
labels satisfy the vertex Euclidean condition.

2.n>3.
We find a vertex labeling f such that p,g,ciq(Cy ® Ny) = 2.
First, define the labels of vy, va, ..., vy, U1, up, us. Let

fv)=2+i, 1<i<m.
flur) =m+3, f(ur) =m+4, f(uz)=m+5.

From the discussions on the case of n = 3, we can to know that these vertex labels satisfy the vertex Euclidean
condition.

Next, define the remaining vertex labels according to the parity of n.

2.1 nis odd.

Define the labels of the remaining vertices as follows.

1
Fu) =m+2i, 3<i<™tl

n—3
>

flup—i)=m+5+2i, 1<i<

Thus, for any two adjacent vertices on C,,, the difference of their labels is less than or equal to 2, the minimum value
in [3, m+ 2] is 3, so these vertex labels satisfy the vertex Euclidean condition.
2.2 nis even.
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Defining the labels of the remaining vertices as follows.

2
flui) =m+2i, 3<i< %

n—4

flup—i) =m+5+2i, 1<i< 5

The discussions are the same as thats in 2.1, we can to know that the conclusion is correct.

This completes the proof. O

Whenm =1, C, & N is also called wheel graph in [10], denoted by W,;; when m = 2, C,, ® N, is also called a double
cone graph in [11], denoted by DC(n). By Theorems 5.1 and 5.3, have

Corollary 5.4 For n > 3,

2, n=3

.quuclid(VVn) = { 1, n>3

Corollary 5.5 For n > 3, tygucia(DC(n)) = 2.

6. Conclusions

In this paper, we have studied four classes of graphs, they are GT S(ky, k2, ..., ky,—1;n), (m—1)—XG(m, n), Circ(n, 2)
and C, @ N, respectively. On GTS(ky, ka, ..., ku—1; n), the vertex Euclidean deficiency is 1 for any k; > 1, n > 1, at
the same time, besides these results, we have also obtained the vertex Euclidean deficiencies on triangular snakes, double
triangular snakes. On (m — 1) —XG(m, n), the vertex Euclidean deficiency is 2 for any m, n > 2 and m < n. On Circ(n, 2),
the vertex Euclidean deficiency is different in n equal to different values. On C,, & N,,, the vertex Euclidean deficiency is
2 form > 1, n > 2, and the vertex Euclidean deficiencies of W,, and DC(n) are obtained too.

7. Closing remarks

The vertex Euclidean labeling is an new area of graph labeling problems, there haven’t been many results yet on
vertex Euclidean labeling of graphs. Hence, in the future, we will conduct research on the vertex Euclidean properties of
graphs, and like to invite the readers to join us.
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