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1. Introduction

Let &7 denote the class of analytic functions of the form:
w(&) =&+ pg 1
k=2

in the open unit disk U= {£ € C: |§] < 1}. If w(&) and ¢ (&) are analytic in U, we say that y (&) is subordinate to
¢ (&), written y(&) < ¢(&) if there exists a Schwarz function @, which (by definition) is analytic in U with @(0) =0
and |@(§)| < 1forall & € U, such that (&) = ¢(w(&)), & € U(see [1] and [2]). For functions y (&) given by (1) and

¢ (&) given by
0(E) =+ Y ok, @
k=2

the Hadamard product or convolution of y (&) and ¢ (&) is defined by
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(W) (E) =&+ Y pr orEh = (05 ) (£). 3)
k=2

For —1 < B < A < 1, we introduce the subclasses . [A, B] and € [A, B] of </ as follows:

_ Sy'(E) 1+AS
Y[A,B}_{y/ed. v <1+B§}, “
and
_ CEy'(8)  1+4Ag
CIA, B}_{weﬂ. v ©) =< 1+B§}’ %)

where . [A, B] and €’ [A, B] are defined by Janowski [3, 4] (see also [5-11]). We note that . [1 — 2a, —1] =.¥ (&) and
Cl-2a, —1]=%F (o) (0< a < 1), where . () and € () denote the subclasses of &7 that consists, respectively, of
starlike of order o and convex of order o in U (see [12, 13]).

Recently, the g-derivative and g-integral defined by Jackson [14, 15] has played a crucial role in the theory of
univalent analytic functions especially in defining operators and classes of analytic functions, and studying interesting
properties which are related to the Geometric Function Theory (see [16-31]). For 0 < ¢ < 1, the g-derivative of a function
Vv is defined as

V(&) —w(4s)

29(8) = T (&40 0<g <), ©)

and 2,y(0) = y/(0) provided that y (§) is differentiable at 0. From (1) and (6), we deduce that

Dyw(§) =1+ Y [k, pe&*", 7
k=2
where [k], is the g-number given by
1-4* k=2 k-1
k], = =1ttt 2 g )
1T 1—¢q

We note that, if v, ¢ € o7, then

() 2,1 W(E) £ 1 0 ()] = 1 ZW(E) %% Z,0(E), where 1, 1 are constans;
(i) 2, [¥(£)0.(£)] = 9 (&) Z,w(E) + y(4d) 2,9(%):
i 2, [ 19)] L1 ZWE W) 28(E)

1o 6 (£)9(a2)

Also, the g-integral of the function y on [0, &] is defined as
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[ v di=0-0Y ¢v(f€) ©<q<1). ©)
0 k=0

In particular, the g-integral of the function y € .7 defined by (1) is given by

€ e gkt
/0 v(t) dgt = @+]§2 pkm. (10)

Again, since [k+1], — k+ 1 as g — 17, therefore for g — 17, we have

/5l//(t)dt—>/§y/(t)dt
0 o '

which is the ordinary integral of the function y (&) on [0, £].

Making use of the g-derivative Z,y/(&) given by (6) and the definition of the subordination, we introduce the subclass
S Cqlo, B; A, B] of o for as follows:

Definition 1 A function y € <7 issaid tobe in %, [, B; A, B] if it satisfies the following subordination condition:

a5 Z¥(5)+BEZ (EZ, v (§))  1+AG
ay (6)+BEZ,w (S) 1+BE

(11)

(el 0<g<l;a >0, -1<B<A<I]).

o+p
2(a+[2]qﬁ)

The class 7€, (o, B; A, B]is notempty since the function y (&) =z+ 2> belongsto /€ [, B; A,

B]. We note that
1. /€4, 0; A, Bl = 7, [A, B] (see [32])

7 [A, B]{we;z{: SZ¥(S) HA&}.

v (&) 1+ B¢

2. €40, B; A, Bl =%,[A, B (see [32])

o 9,EE) | 14Ac
il p =y DR < )

3. lim,_,- 7€, la, B; A, Bl =% [, B; A, B]

o aEy (&) +BE(EY (E))  14AE
%[“’ﬁ’f"m‘{"’e”' v (&) +BEW &) <1+Bé}’
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SEa, 0; A, Bj=7[A, Bland /€0, B; A, Bl =% |A, B|(see [3, 4]).
4. SC4la, B 1 =2y, =1 =S, (a, B; 7)(0<y< 1)

SCq(a, Bs y)= {WG%:Re<aé%"'(é)+ﬂé%(5%‘/’(‘§))> >y},

ay(S)+BEZ.v (§)

and lim,_,,- %, (a, B; v)=C (a, B; ) (0<y<1)

aél/f’(é)%é(élﬂ/’(é))’) >7}-

SCq(a, B;y) = {wediRe( ay (&) +BEW (E)

5.For0<y<1, Y€, (a, 0; 7) =7, (y) (see [33])

na 524V (S)
{wed.Re( v (® )>}/},
and lim,_,,- 7 (y) = 7 () (see [12]).

6. For0<y<1, S€,(0, B; y)=%,(7) (see[33])

%(y):{we%:h(g"(;ﬁm) >y},

(1)

and lim,_,,- €, () = € () (see [12]).
7. y(gQ[aa ﬁ; (1_2}/)57 _6] :y%q(aa ﬁ; Y, 6)(O§Y< 1» 0<o < 1)

aE 2y (5) +BEZ, (524w (8))
ay(S)+BEZ,v (§)
5Dy (5) +BEZ, (524w (§))
ay(§)+BSZ,v(5)

-1

Sy, B: 7, 5){1;/6%:

:

+1-2y
and lim,_,,- /64 (a, B; v, 6) =€ (o, B;7,0)(0<y<1,0<5<1)

aly' (§)+BE(Ev (8))

ay(8)+BSy (§)

aly' (&) +BE (&Y (8))
ay(8)+BSy (8)

—1

SE(a, B; 7, 6){1;/6,@7:

+1-2y

8. 7€, (,0,7,8)=4(y,0)(0<y<1,0<8<1)
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§2,v(8)
. v(E)
g1, 8)=qyed: 5%"’(6)+1_2y<5 ;
V(&)
and lim,_, - 7 (y, 6) = 7 (7, &) (see [34]).
9. €40, B;7,6)=%(y, 6)(0<y<1,0<6<1)
24(EZ¥ ()
_ . Z.v (&)
R R A7) e e
Zqv (§)

and lim,_,,- €, (v, ) =€ (7, &) (see [34]).

The aim of the present investigation is to define a general subclass .7¢, (e, B; A, B] of g-starlike and g-convex
analytic functions by using the g-derivative operator. We then investigate some convolution properties and coefficient
estimates for functions belonging to this subclass. Furthermore, Fekete-Szegd problems and several inequalities are
studied. Various corollaries and consequences of most of our results are connected with earlier works related to the

field of investigation here.

2. Convolution properties and coefficient estimates

Unless otherwise mentioned, we assume throughout this paper that 6 € [0, 27), o, § >0, -1 <B<A<1,0<¢<

1,€ € Uand v € & given by (1).
Theorem 1 y € ¢, (o, B; A, B] if and only if

70,

1 (»:)f_<O;q+_;f+a+o€+(lﬁ+q)g)qggz+ociﬁgq3€3
g Y (=8 (1—q&) (1— &)

where Q is given by

e 0+ A
A—B

Q=0Q(6, A, B)=

Proof. If y € 7€, [, B; A, B], then there is a Schwarz function @ (&) in U such that

a5 Iy (§)+BEZ,(EZ,w () _ 1+Am(8)

ay(S)+BEZ.v (§) - 1+Bo(§)’

hence
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a2,y (&) +BED, (ED,v (E)) 2 1+ Aei®
ay (&) +BED,v(§) 1+ Bei®

(0<0<2m),
which is equivalent to

[(1+8°) {0 2,w (&) + BE2, (67, (€))} - (14467 ) {a (&) + B2y ()} £0.  (19)

uye| —

It is easy to verify that

:
Ve v ), (16)
WE) o —Eqy(E) a7
TR A
and
v(@)r 2 e ). ()

(1-8)(1—-¢5)(1-¢%8)

Using (16), (17) and (18), Eq. (15) may be written as

i0 *a—§ * ﬁg(l_'_qg)
(eae){ver g YO g e (v

uye| —

~(14+4¢7) {‘”@* 10155 *"’@*u—(gfﬁ—q@}}

_(a+B)(B—A)e® () a+p at+tBp A-B atrp A—B 1
g v (=& (1—q8) (1 —4%8)

§< —B +a+ﬁ(1+q>eie+A)q§2+ a e 944 353]

_(a+B)(B—A)e® v o+p o+p +B
B 2

(1-8)(1—-¢8)(1-¢%¢)

[ é—(aq_ﬁ+a+ﬁ(l+q>§2)q§2+aaQq3é3
(&)= #0

which leads to (12), which proves the necessary condition of Theorem 1.
Reversely, since, it was shown in the first part of the proof that the assumption (15) is equivalent to (12), we obtain
that
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a2,y (&) +BED, (ED,v (E)) 2 1+ Aei®
ay (&) +BED,v(§) 1+ Bei®

(0<6<2m), (19)

if we denote

_ 08Dy (5)+BEZ, (S Z4v (8))

o) = = v O 1 pEZ Y (©)
and
V(&)= 1122

the relation (19) shows that ¢ (U) Ny (dU) = 0. Thus, the simply-connected domain ¢ (U) is included in a connected
component of C\y (dU). From here, using the fact that ¢ (0) = y (0) together with the univalence of the function v, it
follows that ¢ (&) < (&), which represents in fact the subordination (13), i.e. ¥y € /%, [, B; A, B]. This complete
the proof of Theorem 1. O
Letting ¢ — 1~ in Theorem 1, we obtain
Corollary 1 y € Y% [, B; A, B] if and only if

o— o+2 o
1 (&) o+  o+p oa+p 20
g (1-¢)° ’
where Q is given by (13).
Putting B = 0 in Theorem 1, we obtain
Corollary 2 [32, Theorem 1] y € .%, [A, B] if and only if
1 £ —Qq&?
0,

YO o0

where Q is given by (13).

Remark 1 Letting ¢ — 1~ in Corollary 2, we derive the convolution result of the subclass . [A, B] which improves
the result in [11, Theorem 1] (see also [10, Theorem 7]).

Putting o = 0 in Theorem 1, we obtain

Corollary 3 [32, Theorem 5] y € ¢, [A, B] if and only if

1 L 5-Q0+q) 148
EVE T gt -8

#0,

where Q is given by (13).

Co iporary Math tics 6044 | Tamer M. Seoudy, et al.




Remark 2 Letting ¢ — 1~ in Corollary 3, we obtain the convolution result of the subclass € [A, B] which improves

the result in [11, Theorem 2].
Theorem 2 y € %, (o, B; A, B] if and only if

s 20, (20)

i ﬁ[k}q‘f' k], —1 (e’i9+B)—A+B
I‘Z( a+Ba)( )<AB>

k=2

Proof. From Theorem 1, we have y € %, [o, B; A, B] if and only if

ag—B a+p(1+q) a
£ w(é)*é_{‘”ﬁ o N Ak £0 @
g (1-8)(1-¢&)(1-¢%¢)
for all Q given by (13). The left hand side of (21) can be written as
1 Lo & a—(a-p)Q S B(1-Q) §(1+48)
e e o (A= M =t i) ]

v+ g+ U Deg o @)

“Ela+B a+p a+p
., v (BEQ-1) 2 (@-B)Q-a . aQ .
=1 ,;2( o+ ([k]q> + o+p K, a+ﬁ>pk§k 1

P&t

= (ﬁ [k]qua) ([k]q— 1) (e +B)—A+B
A—B

Thus, the proof of Theorem 2 is completed.
Letting ¢ — 1~ in Theorem 2, we obtain
Corollary 4 y € 7% [, B; A, B] if and only if

- i <a+/3k) (k—1)(e"® +B) —A+Bpkék_1 L0

=\ o+ B A—B

Taking 8 = 0 in Theorem 2, we get
Corollary 5 [32, Theorem 9] y € .%, [A, B if and only if

= (K,~1) (e +B) —a+B
1— “L£o0.
k;z 1B P #
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Taking a = 0 in Theorem 2, we get
Corollary 6 [32, Theorem 13] y € ¢, [A, B] if and only if

o [k],—1) (e +B)-A+B
1—Z[k1q< )<A_B S e 0

k=2

Theorem 3 If y € o7 satisfy the following inequality

> (BlKl,+o
L(%e%s

k=2

H{(®,~1) -8 +a-Bpd<a-s.

then y € /€, [a, B; A, B].
Proof. Since

pe&F!

o ﬁ[k]q-l-(x ([k]qfl)(e_i9+3)fA+B
( a+p ) A—B

o <[3 [k]q+oc> ([k]q— 1) (e7®+B) 7A+Bpk§k*1

= A—-B

x| > 0.

- <ﬁ[k]q+a> (K, ~1)(1-B)+a-B
A—B

Thus, the result follows from Theorem 2. ]
Letting ¢ — 1~ in Theorem 3, we obtain
Corollary 7 If y € &/ satisfy the following inequality

¥ (228 ) - n0-m)+a-B)pd <a-B

=\ a+p

then y € % [a, B; A, B.
Remark 3
(i) Taking B = 0 in Theorem 3, we get the coefficient estimates for the subclass .7 [A, B] (see [32, Theorem 17]);
(ii) Taking &t = 0 in Theorem 3, we get the coefficient estimates for the subclass ¢, [A, B] (see [32, Theorem 21]);

3. Fekete-Szego problems

In this section, we study the Fekete-Szego problems for the subclass €, [ct, B; A, B]. In order to establish our
results, we need the following lemmas.
Lemma 1 [35] If
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Q&) =1+ E+0E>+ ...
is an analytic function with positive real part in U and v is a complex number, then
E? —V%ﬂ <2max{l; [2v—1]}.
The result is sharp for

2
o) - 5 ad 9(E) - 15

g

Lemma 2 [35] If

(P(é) = 1+%1§ +%2é2+...
is an analytic function with a positive real part in U, then

—4k+2  (x<0),
sy — K| < {2 0<Kk<1),
4k —2 (k>1),

1
when k < 0 or k¥ > 1, the equality holds if and only if ¢(&) = 1 Jrg or one of its rotations. If 0 < k < 1, then the equality
. : 14+&2 : : . . .
holds if and only if (&) = —& or one of its rotations. If k¥ = 0, the equality holds if and only if
1+A\ 1+& 1-A\1-¢&
= <A<1
0 &)= (5 e+ (57 ) im0 a s

or one of its rotations. If x = 1, the equality holds if and only if ¢ (§) is the reciprocal of one of the functions such that
equality holds in the case of Kk = 0.
Also the above upper bound is sharp, and it can be improved as follows when 0 < k¥ < 1:

1
]%2—mf|+1<|%1\2§2 <0§ K < 2)
and

1
%2—K%%‘+(1—K)|%1|2§2 (ZSKSI).
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and

C

Theorem 4 If y € /¢, [a, B; A, B, then

(A—B)(a+pB)
14+q) o+ (1+q+4?)B]

max{l;

Proof. If y € 7€, [a, B; A, B, then there is a Schwarz function @ (§) in U such that

_up?l <
3 NP2|_q(

B—— 2
q gla+(1+q)B]

aS Py (§)+BEZ,(EZ,w () _ 1+Aw(8)

oy (8)+BEZ,w(8) - 1+Bw(&)
Define ¢ (§) by
¢(8)= ii_zgg = 14E+mE*+....

Since @ (&) is a Schwarz function, we see that X {¢ (&)} > 0 and ¢ (0) = 1. Therefore,

1+A0(E) 1-A+(1+A)@(E)
1+Bw(E) 1-B+(1+B)o (&)

:1+(A;B)

iy A8 [%2_(14-3)

> 3 %ﬂ §2+....

Substituting (25) in (23), we have

& Dy (5) +BEZ, (S Z4¥ ()
ay (&) +BEZ.v (§)

From (26), we obtain

a+(14+q)B  (A-B)
a+pB p2="3

1

q(1+q) [a+(1+q9+¢*)B]  gloa+(1+q)B)
o+ B T (@+p)

A—B <l_q(1+4)(a+ﬁ) [+ (14 q+4%) B] u) ‘}

=1+ (A;B>%1§+ (A;B) [%2— (HZ_B)%%} E2+....

(22)

(23)

24

(25)

(26)
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or,

and

o AB@tB)
2q[oc+(1+4) B

_ A-B@+B) [ 1, AB)
p3_2qﬂ+ﬂﬂa+%1+q+QQﬁ][2 2(1+B q ) &'

Hence, we have

(A—B)(a+B)
q(1+q)[o+(1+q+¢%)

ps—ppy =5 gy e Ko} 27)

where

1
K=

=2 (28)

1+B-2"2 ;
q qla+(1+4q)p]

AB<I_QU+ﬂﬂa+ﬁMa+U+Q+fﬂﬂu>}

Our result (22) now follows from Lemma 1. This completes the proof of Theorem 1. O
Letting ¢ — 17 in Theorem 4, we obtain
Corollary 8 If y € Y€ |a, B; A, B], then

‘p3_up22,§w—w+ﬁ>max{h

2(a+3pB)

poop 1 2@ V[
(a+2B)

Putting B = 0 in Theorem 4, we obtain

Corollary 9 If y € .7 [A, B], then

B—A‘Bm—u+muﬂ}

!ps—up%\<A_Bmax{1'
~q(l+q) ’ q

Putting o = 0 in Theorem 4, we obtain
Corollary 10 If y € €, [A, B, then

A—B A—B l1+q+4°
2
p3—upy| < maX{l; ’B—<1—u : (29)
P 2| q(14+q)(1+g+4?) q l+q

Theorem 5 Let
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C

la+(1+q) Bl [A—(1+49)B—g]
14+q)(a+B)[a+(1+q+4¢*) Bl (A—B)’

%1:(

la+(1+q)B[A—(1+49)B+q]
14+q)(a+p)[a+(1+q+4¢*) Bl (A—B)’

Xzz(

e+ (1+q) Bl [A—(1+4)B]
I+q)(a+p)[a+(1+q+4%)Bl(A—B)

763:(

Ifye SC, o, B; A, B], then

(A—B)(a+p)
g(1+q)[a+(1+qg+4¢*)B] )
A—B (1+q)(a+PB) [a+(1+q+g)ﬂ]“>] (m<x1)

B-"""(1- >
q [a+q(1+q)B]

(A-B)(a+B)
q(1+q)[a+(1+g+4¢*) B]

|3 — up3| <

(A—B)(a+B)
q(1+q)[a+(1+q+¢)B]
A_B (1+q)(a+ﬁ)[Oﬂ+(1+q+q2>ﬁ]”>] (4> 1)

B-""Z[1- >
q [a+q(1+q)B]

Further, if y; < u < x3, then

qlo+(1+4q) B
1+q)(a+B) o+ (1+g+4¢*) ]

lPs = o3|+ ¢

148 1(1_<1+q><a+ﬁ>[a+<1+q>muﬂ| 2 (A—B)(a+p)
p2| Sq(

A-B ¢ [a+q(1+q)B) I+q)la+q(1+4q)B]

If 3 < p < x2, then

gla+(1+q)BP
1+q)(a+p) o+ (1+g+4¢*) ]

lp3 —up3| + (

A B g [c+q(1+9) B 1+q)[a+q(1+q)B]

1-B 1(1_<1+q><a+/3>[a+<1+q>muﬂ| s (A-B)(atp)
P Sq(

Proof. Applying Lemma 2 to (27) and (28), we can obtain our results asserted by Theorem 5. O
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Letting ¢ — 1~ in Theorem 5, we obtain
Corollary 11 Let

(¢+2B)*{A—2B—1}

XM= @+ B) (@+3B)(A—B)’
_ (a+2B)*{A-2B+1}
%= 3@t B)(@t3B)(A—B)
~ (a+2B)*(A—2B)
X = e+ B)(@+3B)(A—B)
If y € /%[, B; A, B, then
_(A-B)(a+B)
2(a+3p)
o ~2(a+p)(a+3B)
B—(A-B)|1 (@ 125) u)] (1 <24),
|p3 — P3| < W (s <p<1s)
(A-B)(ax+pB)
2(a+3B)
o ~ 2(a+p)(a+3B)
B—(A-B)|1 (01 25)? u)] (1> xs).
Further, if y4 < u < X6, then
(+2B)*
|p3*”p§|+2(a+3[3)(a+[5)
1+B 2(a+B)(a+3B) 2 _(A—B)(a+p)
N e | =
If 6 < pt < x5, then
2 (0‘+2ﬁ)2
|p3_””2|+z<a+35)(a+ﬁ)
1-B 2(a+p)(a+38) 2, _(A=B)(a+p)
a_g '~ ((X—I—Zﬁ)z 1l |p2| Sw~
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C

Putting B = 0 in Theorem 5, we obtain
Corollary 12 Let

A—(1+q)B—¢q
(1+¢)(A-B)

X1=

A—(1+q)B+gq

= 4 g)(a—B)

B A—(14+¢9)B
2= 5q) (A—B)

If y € 4, [A, B], then

A—B A—B
05D { y (1—(1+q)u)} (n<x),
lps —up3| < q?l_fi]) (7 <p<2s),
A-B A—B
g Rt )

Further, if y7 < u < xo9, then

SRS IR S el Y § Y S < .
|p3 — up3| 1+q{A—B U Uram|leal” < A
If xo < p < xs, then
g [1-B 1 ] ,  A-
- B Ay < .
|p3 umh1+qLB+q( (+®M|m|_qu+®

Putting oo = 0 in Theorem 5, we obtain
Corollary 13 Let

(1+q9)[A-(1+q)B—¢q]

X0 = 1B )
gy = LtQA-(1+9)B+q
A—B ’
oy L) A= (150)B]
A—B
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If w € €, [A, B], then

A—B A—B l+q+4° ﬂ
— — 11— < xi0),
q(1+q)(1+q+q2){ q < i+q " (u )
lps —up3| < A-B 5 (10 < <2n1),
q(1+q)(1+g+4?)
A—B A-B 1+q+¢ )}
B— 1- > Xi1)-
q(1+q)(1+q+q2)[ q ( I+q " (= 2m)
Further, ifXIO <u<xno, then
» o q(1+q) [I+B 1< 1+q+q> )} ) A—B
_ + B (S . S < .
[P~ ke | 1+q+¢* |[A-B ¢ i+q " 2] T q(l+q)(1+q+4%)
If x12 < 1 < x11, then
» o q(1+4) [13 1( 1+q+4> )} ) A—B
_ + ) P . < .
[P~ ke | l+g+¢> |[A—-B ¢ 1+q " 2] “q(l+q)(1+q+4?)

Remark 4 For different choices of the parameters a, 3, A, B, and ¢ in the above theorems, we can get the
corresponding results for each of the following subclasses . [A, B|, €' [A, B, /€, (o, B; v), /€ (o, B; v), 74 (7),
(), €,(y), €(y), S€4(a, B; v, 8), SE(, B: v, 6), L4 (v, 6), L (v, 6), €,(v, §) and € (y, §) which are
defined in Introduction section.

4. Conclusions

In our present investigation, we have defined a general subclass 7%, [a, B; A, B] of normalized analytic functions
associated with g-derivative operator. For functions belonging to this subclass, we have derived some interesting
results such as convolution properties, coefficient estimates and the Fekete-Szegd problems the estimates. Furthermore,
interesting corollaries and particular cases are shown for each of those results for particular choices of parameters found
in the definition of this subclass. Our results are connected with those in several earlier works, which are related to the
Geometric Function Theory.

For future studies, we can define the same subclass in the case of multivalent analytic functions by using g-derivative
operator and study the same properties that we studied in this paper.
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