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Abstract: The inequalities involving convex function have many applications in analysis and in recent years it has helped
in estimating many entropies and divergences that are used in information theory. In this paper, an inequality constructed
by the two inequalities Jensen inequality and Lah-Ribaric inequality is considered. The non-negative difference of the
this inequality are used to construct the non-negative difference. Two identities Abel-Gontscharoff and Montgomery
identity at a time are used in non-negative differences to construct new identities. These identities are used to generalized
the inequality for higher order convex function. Furthermore for the sake of application in information theory these
generalized results are used to estimate Csiszer divergence, Shannon entropy, Kullback Leibler divergence and Zipf-
Mandelbrot laws.
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1. Introduction

In literature, there are many divergences that are used to find the distance between probability distribution by making
an average value, one of them is Csiszar divergence. The Shannon entropy is actually a quantity in information theory
that we associate with random variable and it gives an average level of uncertainty, information, or possible outcome of a
variable. The researchers working on mathematical inequalities related to convex function have found it very interesting
to find the limitations and bounds for the different functionals. Their work motivates us to find the bound for divergence
and entropies from information theory. Pecari¢ and Tong [1] was the first to introduce the higher order convexity. It
has been observed that some properties are not valid for higher order convex that are valid for convex function and this
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motivates researchers to study higher-order convexity. A higher-order convex function can be identified by the result that
“if h*) exists and & is A-convex if and only if #*) is non-negative”.

There has been significant growth in the study of classical inequalities like the Holder, Jensen, and others.
These inequalities were initially presented in discrete and integral forms, after which numerous generalizations and
improvements have been explained (for example, see [2, 3]). Recent research has shown that they are extremely helpful
in information theory (for example, see [4]). Researchers have generalized different inequalities for higher-order convex
functions using different interpolations like Popoviciu inequality have been generalized by using Lidstone polynomial [5],
Hermite interpolating polynomial [6], Fink’s identity [7], Taylor’s polynomial [8], Abel-Gontscharoff interpolation [5],
and Montgomery identity [9]. In [10] Jensen’s inequality is given as follows.

LetJ be an interval in R and 2 : J/ — R a convex function. If z=(zy, ..., z,) is any n-tuple inJ" and q = (g1, ..., qu)
a non-negative n-tuple such that 0, =Y | ¢; > 0, then the Jensen’s inequality

1 n 1 n
h| — iZi Si ih Zi)s 1
(Q"ilq ) QniZIq (z) )

holds.

Inequality (1) has remained of great interest among researchers for many years due to its application and its impact
on other inequalities because many of the inequalities in literature are the consequence of (1). A lot of refinement of (1)
has been constructed. Many researchers have generalized (1) and its refinement (see [11, 12]). Butt et al. [13] found the
application in information theory by using the Jensen-Griiss type inequalities.

The Lah-Ribaric inequality is closely related to Jensen’s inequality. In [14, 15] Lah-Ribari¢ inequality is given as

follows,
1 & M-z Z—m
— VY qih(z) < h h(M), 2
5 L) < i hlm) + =) @
which holds when 4 : J/ — R is a convex function on J, [m, M]" CJ, —co<m <M < +oo,qisasin(1),z=(zi, ..., z,) is

any n-tuple in [m, M]" and 7 = QL YL qizi- If his strictly convex then (1) is strict unless z; € m, M forallie {j:q; > 0}.

The inequality (1) has beet? researched, and interested readers are able to find numerous related results in more
recent research as well as in monographs like [11, 12]. It would be interesting to learn more about how the previously
mentioned imbalance is possibly further developed. We also deal with the idea of f-divergences, which evaluates the
separation between two probability distributions. One of the most significant is the Csiszar f-divergence, of which specific
instances include the Shannon entropy and the Kullback-Leibler divergence. We determine the relationships for the above-
mentioned f-divergences. We also examined more closely the Zipf-Mandelbrot law.

2. Preliminaries

Consider the following lemma (see [16]).
Lemma 1 Let /2 be a convex function on an interval J. If/, m, n, o € J such that I < m < n < o, then the inequality,

0—7 z—1

h(m)+

n)x
n—m n—m o—1

h(o), 3)

o—1

holds for any z € [m, n].

Co iporary Math tics 3992 | Muhammad Shahid Anwar, et al.




The result that gives the refinement of the Lah-Ribari¢ inequality (2) from [15].

Theorem 1 Suppose a convex function 4 : J — R, where J C R be an interval, [m, M| C J, q=(q1, ..., g») be anon-
. . . 1
negative n-tuple, z = (zj, ..., z,) is any n-tuple in [m, M]" and 7 = Q—Zf'zlqiz,-. Suppose N; C (1, ..., n),i=1,...,m
where N;(\N; = ¢ fori# j, UL Ni= {1, ..., n}, ¥; € Nig; >0, fori=1, ..., mand m; = min{z; : j € N;}, M; =
max{x;: j € N;}, fori=1, ..., m. Then, the following intervals hold,
1 & 1 & M;—7Z; Zi—m;
— ih(z) < — i [hm + h(M;
Qn;q (@) nE{(jg’vqu) M; —my; (i) M; —my; (M)
M-z Z—m
< h h(M 4
< S hlm) + (M), @)

where if /1 is a concave function on J, then the inequalities in (4) are reversed.
Consider the following functionals from (4).

1 & M; —Z Zi —mj 1 ¢
61(h) = 0. & (EZqu> [M__;,h(mi)‘f';[ _n,;'h(Mi)] T 0, l%h(Zi)» (5)
n =1 \ jen; i i i i ni—
M-z Z— 1 & M;—7z; Zi — m
62(h) = 1 hlm) (M) — o ) (Z pj> [M,_;h(mm; —Lh(My)| (©)
n =1 \ jeN; i i i i
M-z 7— 1 &
63() = 4 hlm) (M) = o Y gin(z) %)
ni=1

If the assumption of Theorem 1 is valid then

6l(l/l) 207 i= 17 27 3? (8)

and inequalities symbols in (8) are reversed if / is a concave function.
Let hy, hy, hz : I — R be three functions with the same assumption of Theorem 1 and u;, yp and uz be any
scalars, then

O (t1hy + oho + pshz) = 16;(h1) + w2 0;(h2) + u36;(hs), i=1, 2, 3. )

For n = 2, the Abel-Gontscharoff [17] polynomial is given by

B>
h(z) = h(B1) + (z— B (B2) + /ﬁ Gi(z, V)W (v)dv, (10)

where
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Gi(z, v) :{ gi:?

In [7], the new Green functions are defined as follows.

GQ(Z, v) = { \Z;_gz’

Gi(z, v) = { i_gll,

Ga(z,v) = { gi:‘;

Remark 1 Observe that, since

d2

Bi<v<z
z2<v < B.

Bi<v<g
z<v< By

Pr<v<z
z<v<p.

Gi(.,,v)>0, k=1, ..., 4,

av? k

therefore by using this function in Theorem 1 we observe

0:(Ge(., v)) >0, k=1,....4, i=1,2,3.

(11)

(12)

(13)

(14)

(15)

(16)

The authors in [7] also use these new Green functions to construct the following three new identities for twice

differentiable functions on [f1, f2].

o) = h(B)-+ (B =W (Br) + | ” Gale, v ) a”
B>

(0D = h(B) — (B = BN (B)+ = BOH (B1) + [ Gale I O ()
B>

() = h(B1) — (B = BN (B + (B2 (B2) + [ Gale I ). (19)

Let ¢ € C*([0, 1]), the Lidstone polynomial [17] is defined as
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o) = ¥ [0210) (50— + Fw)] + [ Gyla D9 )l eo

where F; is a s+ 1 degree polynomial defined by the following relations

R =p, FW=FHRW, KRO=R1=0, 11, @1
and
A A u—=1), oq <I<p<p;
G =6, l)= 22
1(“7 ) (nu7 ) { ,u(l—l), a §u<l§u29 ( )
d? A
where (12) is a Green’s function of the differential operator J2 on [0, 1], and with the successive iterates of G(u, /)
s
A 1 A A
Gal )= [ Gil, NGy 1, (D), 22 (23)

The Lidstone polynomial can also be expressed as the following

St
P(w) = [ Galu, Dtdl. (24)

The Lidstone series representation [17] of ¢ € C?*[B;, B,] is given by

A—1
_ a2 | (29 Bo—u (25) L—=p
o) = L (52— ) [<p <Blm(ﬁzﬁl)+<p <ﬁzm(ﬁ2ﬁl)}
o (Bs (B—u 1-B
_B,)2s—1) (22)
() [ Gl(ﬁz_ﬁl,ﬁz_ﬁl)w (1. 25)

3. Generalization for higher-order convex function

In this section, the inequality (4) is generalized for higher order convex function using two interpolations at a time.
In the first result of this section new identities are constructed using Abel-Gontscharoff and Lidstone identity at a time.
The second results gives the generalization of (4). In the last result of this section the generalization of (4) is given for
different domain.

Consider the following hypothesis:

(H;) Suppose a function ¢ € C**(By, Ba].

(Hz) Suppose zi, ..., z2u € [B1, B2] and q1, ..., g are positive real numbers such that ¢; + ...+ ¢, = 1.

In the following result, new identities are constructed using non-negative differences give in (5)-(7).
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Theorem 2 Assume (H;) and (Hy), suppose that 6;(i = 1, 2, 3), Gy(k=1, 2, 3, 4) and G,,, are the same as defined
in (5)-(7), (11)-(14) and (23) respectively, then

o) = X, (B2~ [ 0.Gul ) (022 g (25
o (pyr (5= (6)

w0 [ o0 ([ G650 B Yo

Proof. Using (10), (17), (18), (19) in (5), (6), and (7), and using property (9) of 6;(¢), we get

B
(o) = | "0 (1)6(Gi(., Vv, i=1, 2, 3. @7)
1

In (25), replace @ with @”, A by A — 1 and u with v, we get

9"(v) = Af(ﬁz - B [q»(z””(ﬁl)F ( Brmv ) + 02 (By)F, ( v=h )}
5=0 *\B2—Bi “\ B.— B
P B—v [1—-B
- @Sfl)J/ <2 L ) (24)
+ G- ) hdl. 28
(B2—PBr) s I\ BB BB (1) (28)
Using @” (v) in (27) and with the use of Fubini’s theorem, the identity (26) will be obtained. O

The following result is the generalization of (4) for the 2A-convex function.
Theorem 3 Assume (H;) and (H;), suppose that 6;(i = 1, 2, 3), Gy(k=1, 2, 3, 4) and G, are the same as defined
in (5)-(7), (11)-(14) and (23) respectively, further suppose ¢ is 2A-convex function, if

b A v=B1 I-B
/ﬁ. 0:(Ge(., V)G, (ﬁz—ﬁl’ ﬁz_ﬁl)dv>0, (29)

forall v € [B1, B], then

' A2 s (P (2542) Po—v
ez(q)) ng(,)(ﬁz Bl) /51 el(Gk('a V)) ((P (ﬁl)F‘ (ﬁz_ﬁ1>

+o>2)(By)F, ( gz__%l )) dv. (30)
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Proof. Since, ¢ is 2A-convex function, so ¢(**) > 0 (since ¢ is A-convex). By Theorem 1.41 gives in [1], the
function @) exists and (24 — k)-convex for all k € {1, ..., 24 —2}. So @) >0 forall k € {1, ..., 24 —2}. On
applying Theorem 2, we get (30). O

Theorem 4 Assume (Hy) and (Hy), let @ : [B;, 2] — R be a function, if ¢ is 2A-convex function then the following
two results are valid.

(i) If L > 3 is an odd integer, then (30) holds.

(ii) Suppose (30) be satisfied, if

A2
) a2 [ a(2542) (B (25+2) (v=B
7)== L (B2 ) (o2 por (225 ) + o2 pr (55 ) ) 20 G
then
6;(¢) > 0. (32)

Proof. (i) For A > 3 odd integers the function G, _; is positive. Also from Remark 1, 8;(Gi(., v)) > 0, therefore
(29) holds. Hence by using Theorem 3, we get (30).
(ii) Using the positivity of 6;(G(., v)) and (31), we get (32). O

4. Information theory

In this section, the new generalized results are used to estimate different divergences and entropies like; Csiszar
divergence, Kullback-Leibler divergence, Shannon entropy and Zipf-Mandelbrot law.

Csiszar divergence [18, 19] is defined as follows: Suppose ¥ : (0, o) — R is a positive function. Let r:=(r1, ..., ry)
and s := (s1, ..., s,) be positive probability distributions. The Csiszar f-divergence Iy (r, s) is defined as

Iy(r, s) == Zs,-yl <r,> . (33)

Horvath et al. [20] generalized the Csiszar divergence as follows.
Suppose ¥ : (0, o) — R be a function. Let r:= (ry, ..., r,) be a real n-tuple and s := (s, ..., s,) be a positive
n-tuple such that

Be(0, ), j=1,...,n. (34)
Sj
Then,
a 1! V/'
Ly(r, s) = Zsjll/ S— . (3%5)
j=1 j
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Theorem 5 Assume (H;) and (Hy), letr = (ry, ..., r,) and s = (s1, ..., s,) are n-tuples lies in (0, o0)", suppose [
is an interval, with

.
KelLk=1,... n
Sk

If ¢ : (0, ) — R is an 2A-convex function, such that ¢ € C**[B;, Ba] (where A > 3 is supposed to be an odd
integer), then fori =1, 2, 3,

= P B—v
o _ s . (2s+2)
Gl,m((P)ZS;)(ﬁz B1)>? /ﬁ "~ 6(Gi () <<p2+2 (Bua( )

B2 —B1
+o > (By)F, ( v )) dv (36)
B2 —B1 '
where
o M;—7Z Zi —m < Ik
01, cis(9) = ; (/&_q& |:Mi_mi(P(mi)+Mi_mi(P(Mi)] —k;swp (&{) , (37)
M-z Z 4 Ml 721
6>, cis(@) = (QuSn) {M —p(m)+ - m‘P(M)} —l; (jgip/) {Ml o ©0m1)
Zi—m
—&—Mi_mi(P(Mi)} ) (38)
and
B M-z Z—m /! Tk
B (9) = (05 | )+ 3000 + T v (2 ). (9

Proof. Since the functions Gy(., v) are convex for k = 1, 2, 3, 4, therefore 6;(Gy(., v)) > 0. Also note that G, is
Sk
ZZ=1 Sk
by —0,S,, we get (36). O

Remark 2 For i = 3 the inequality (36) gives

positive for every odd number A greater than 2, so (29) holds. Consider g; = and z; = ;—k in (30) and multiplying
k

. A2 R b (25+2) Po—v
Bo(r: )2 X (B2 By /ﬁ 6:(Gi.. v>>(<p + <ﬁ1>Fs(,3251)
o (B)F, ( [;}2_—%1 >) dv+(QnSn) { fj __,icp(m) + fl__";w(M)] : (40)
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Proof. Since

Ip(r, s) = fw (") : (1)

therefore for i = 3 in the inequality (36) implies (40). O

4.1 Inequalities for shannon entropy

For a positive probability distribution r = (rq, ..., r,), the Shannon entropy S [20] is defined as
n
S:=—=Y rin(ry). (42)
s=1
Corollary 1 Assume (H;) and (Hp). If r = (ry, ..., 1), then

B2

—1)@sH+1) (25 ! —v
6;(Gr(., v))<( ) 25453 —H)'Fs(ﬁ2 )

1

A2
5< lzwz—/sl)%/

s=0 Bi

(05 [+ S w0n)| . @)

(-1 2s+ 1) [ v-B
T FS(ﬁz—ﬁl)>dV

Proof. Using ¢(x) = —In(x) in (40), we get

k’i]sk {—m (:’;)] > - [&Z(Bz—ﬁl)%/:z 0,(Gi(., v)) (ln(2s+2)(ﬁ1)FS (Bﬁz—_ﬁ;)

s=0

v—Pi
B2 — B

2 n (B )] @) [ oS+ S o] @

M—-m M—m
Since for @(x) = In(x), the (25 + 2)-th derivative is given as

(2s+1)!

(p(2s+2) (x) — (_ 1 )(23+1) =

(45)

Use (45) in (44) and multiply by —1 on both sides, we get
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A—2 B>

—kilskln (i’;) < lZ(ﬁZ_ﬁl)zs/ﬁ

s=0 1

_1)(2s+1) s ! —y
ei(Gk('v V))<( 1) 2s-£f +1)'FS ([iz_ﬁl>

1

(D)@ @2s+ 1) v—PB M-z T—m
+ 22s+2 FS (ﬁZ _ﬁ1)> dv + (QnSn) |:]W—Wl ln(m)—l— M_mln(M)} . (46)

Taking r = (1, ..., 1) and using the properties of In in (46), and after simplification, it become (43). O

4.2 Inequalities for Kullback-Leibler divergence

Consider the two probability distributions r = (ry, ..., r,) and s = (sy, ..., s,), the function defined by

D(r, s):= i riln <r1> . (47)
j=1 Si

is called Kullback-Leibler divergence [20].
Corollary 2 Assume (H;) and (Hp). If r=(ry, ..., ry) and s = (s1, ..., sy), then

A2 B (—1)@*+2) (254 1)! B—v
D(s, r) > L;)(ﬁz—ﬁl)z /61 0;(Gx(-, v)) ( %42 I (ﬁz—ﬁl)

—1)+2)(25 ! v— -z Z—m
+( 1) 1323£22 + 1)'14} (ﬁz —ﬁﬁl1>> dv] —(QnSn) [Aﬁj_;ln(m) + AZ/[—m ln(M)] ) (48)
2

Proof. Using ¢(x) = —In(x) in (40), we get

B[ (3)] = [ o 2 (25

s=0

s 2r (2B )] - 0,8 [ 1= )+ = o)

1
Using the property of In which is —Inx = In(x)~' =1In <) , we get
x

kilskln (2) 2 = rzz(ﬁzﬁl)zs/;z 6 (G (., v)) <ln(2s+2)(ﬁl)FS <ﬁﬁ22__ﬁv1)

s=0

v—Pi
B2 — Bi

I (By)F, ( )) dv] —(0u5) [fj__; Inm) + " 1n<M>} S @)

Co iporary Math tics 4000 | Muhammad Shahid Anwar, et al.




25+ 1)!
Since for @ (x) = In(x), the (2s +2)-th derivative is given as ¢(2*2)(x) = (- 1)(2”1)(;2%2)

In on the larger side of the inequality (49),

" Sk & % [Py (=) @2s+ 1) ((Bo—v
I(lekln(rk)z Lzowz—ﬁl) e v>>< = A (25

. Use the properties of

(25 2) s v— = s m
+( 2 g25-522 a )F (ﬁz—ﬁﬁl1>>d‘}] — (QnSn) ul/[_;ln(m)Jr © mln(M)} (50)
2

Hence, we get (48). O

4.3 Inequalities for Zipf-Mandelbrot law

The Zipf-Mandelbrot entropy for positive integer n, and for real numbers r € [0, o), s € (0, o) is defined as

s & In(k+r)
Z(H, 1, 5) = ETD) f in(H J
)= g B Ty ) ey

where
u 1
H! = —_— 52
U; T (52)
Corollary 3 Assume (H;) and (Hp). If r=(ry, ..., ry) and s = (s1, ..., sy), then

_ g [P (D& D@5+t (v
S=Z(H,r,s)< E)(ﬁz B1) /ﬁl 0:(Gi(., v)) B2 F(ﬁz—ﬁ1>

(=)™ 2s4+1)!  ( v—Bi M-z Z-m
+ %12 F(ﬁz_ﬁ1>>dv+(QnSn) {M_mln(m)-FM_mln(M)} (53)

Proof. Consider the following function

1

= K, n, r, S —
Iy ¢( n, r, S) (K-‘—I’)“H,l./fs

(34

1 Hy! . . :
Note that Y re = Yo W = = 1, therefore use 7, in Shannon entropy gives Zipf-Mandelbrot

s

entropy that is:

Volume 6 Issue 4/2025| 4001 Contemporary Mathematics



- zn: reln(re) =Z(H, r, ). (55)

Thus using ri in (43), gives (53).

1
Corollary 4 Assume (H;). For ri, rp > 0 and s;, s» > 0, suppose H;’l 5 = el W and H,”2 5 =
1 1
n o Ifry=————and sy = —————, then
o) (k) HE T (ktr)RHy
i In (K+r)2H],
— K—i—rl)”H,fll 51 (K—I—rl)“H’f‘l 51

s " In(k+r)
= —Z(H, ri, s1)+ —2 Z 2 4 In(H,

n )s 2, 82
I‘Ir1 51 K+r1 1

)

bl & (D@5 )1 fo—v
> 2—12“/ 0:(Gil(., v F( >
‘;’)(ﬁ PO™ J,, OG- m) 242 \B—Bi
(-5 42)1 (v py M-z tmm
gm0 @) [ e men 66
. . 1 1 Hr| S
Proof. Consider the functions ry = ————— and sy = ———— Note that Y} re = —— =1
(k+r)"HY (K+r2)2H. Hy,
n
and Y sx = # = 1. Therefore using r and sy in (48) gives (56). ]
2, 82

5. Conclusions

The inequality given by Pecari¢ et al. [15] is generalized for higher-order convex functions using two interpolations
Abel-Gontscharoff and Lidstone Polynomials at a time. New identities are constructed using the non-negative difference of
the inequality given in [15] and Abel-Gontscharoff and Lidstone Polynomials. The higher-order convexity is discussed for
different cases of the domains. These generalizations are a new addition to the literature to study higher-order convexity.
The generalized inequality is used to estimate the entropies of information theory like; Csiszar divergence, Kullback-
Leibler divergence, Shannon entropy, and Zipf-Mandelbrot law for higher order convex function. Further, the similar
result in Section 3 and Section 4 of [8] can be constructed.
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