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Abstract: The present paper aims to explore subclasses of analytic functions that extend the class of Janowski-type
functions. We examine specific convolution conditions that ensure functions h fall within the generalized Janowski-type
classes of starlike and convex functions. These conditions will serve as foundational results for further analysis in this
study. Additionally, we provide sufficient conditions and neighborhood results pertinent to functions within the starlike
class. Finally, we investigate the invariance properties of the operator hµ(ϑ) = (1−µ)ϑ +µh(ϑ), 0< µ < 1, as it applies
to functions in this classification.
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1. Introduction
Geometric function theory, a branch of complex analysis, delves into the properties of analytic functions in the

complex plane, with a focus on Janowski functions. These functions, named after the renowned mathematician Stanislaw
Janowski, have a significant theorem that characterizes their growth pattern based on their coefficients. This theorem is an
invaluable tool, offering insights into the behavior of analytic functions and finding extensive applications across various
mathematical domains, including complex analysis and potential theory, and even extending into mathematical physics
see [1, 2].

Let W = {ϑ ∈ C : |ϑ |< 1} represent the open unit disk, and M be the class of functions has a Taylor-Maclaurin’s
series representation h(ϑ) = ϑ +∑∞

i=2 aiϑ i. Suppose that S the class of functions inM and univalent inW . Let h, g ∈M
be two analytic functions, where h is defined as above and g(ϑ) = ϑ +∑∞

i=2 biϑ i. The convolution (or Hadamard product)
of h and g is given by:
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(h∗g)(ϑ) = ϑ +
∞

∑
i=2

aibiϑ i.

Denote by S the specific subset of M that includes all functions which are univalent defined within the region W .
Given two functions h and g that belong toM, we use the term subordinate to describe the relationship h ≺ g within the
domainW when there exists a function u characterized as a Schwarz function, belonging to the set Φ defined as follows:

Φ = {u | u ∈M, u(0) = 0, |u(ϑ)|< 1 for all ϑ ∈W}, (1)

such that h(ϑ) = g(u(ϑ)), ϑ ∈W . If g is univalent inW , then

h(ϑ)≺ g(ϑ)⇔ h(0) = g(0) and h(W)⊂ g(W), ϑ ∈W .

Using the above principle of the subordination we define the well-known Carathěodory class P of functions p which
are analytic inW , which are normalized by

p(ϑ) = 1+
∞

∑
j=1

c jϑ j and ℜ{p(ϑ)}> 0, ϑ ∈W .

For −1 ≤ H < T ≤ 1. Janowski in [3] introduced the class P[H, T ] of Janowski functions which are a specific
category of holomorphic functions within geometric function theory. They play a prominent role due to their unique
mapping properties. Janowski functions map the unit disk W in the complex plane onto regions that always contain the
right half-plane.

In [4, 5] Polatoglu et al. defined and studied a generalized class P[H, T, F ] of Janowski functions. A function p in
P is said to be in class P[H, T, F ] if it satisfies the condition

p(ϑ)≺ 1+[(1−F)T +FH]ϑ
1+Hϑ

⇔ p(ϑ) =
1+[(1−F)T +FH]u(ϑ)

1+Hu(ϑ)
, u ∈ Φ,

where 0 ≤ F < 1. This topic has recently attracted considerable interest from a variety of researchers, see [6–8].
Definition 1.1 A function f ∈M is said to belongs to the class S∗(T, H, F), with −1 ≤ H < T ≤ 1 and 0 ≤ F < 1,

if

ϑh′(ϑ)

h(ϑ)
≺ 1+[(1−F)T +FH]ϑ

1+Hϑ
. (2)

Remark 1.2 We can easily obtain the equivalent condition for a function h belonging to the class S∗(T, H, F) by
applying the principle of subordination. The equivalent condition
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∣∣∣∣ϑh′(ϑ)

h(ϑ)
−1

∣∣∣∣< ∣∣∣∣[(1−F)T +FH]−H
ϑh′(ϑ)

h(ϑ)

∣∣∣∣ , ϑ ∈W . (3)

A functions h is said to belong to the class KS∗(T, H, F) if and only if

ϑh′(ϑ) ∈ S∗(T, H, F). (4)

For the purposes of our current work, it is necessary to recall the following neighborhood concept, which was
originally introduced by Goodman [9] and subsequently generalized by Ruscheweyh [10].

Definition 1.3 The ρ-neighborhood of a function h within the setM can be characterized as follows:

Nρ(h) =

{
g ∈M : g(ϑ) = ϑ +

∞

∑
i=2

biϑ i,
∞

∑
i=2

i|ai −bi| ≤ ρ

}
. (5)

For e(ϑ) = ϑ . It is observable that

Nρ(e) =

{
g ∈M : g(ϑ) = ϑ +

∞

∑
i=2

biϑ i,
∞

∑
i=2

i|bi| ≤ ρ

}
. (6)

Ruscheweyh [10] demonstrated, along with other findings, that for any complex number η ∈ C, with |µ|< ρ ,

h(ϑ)+ηϑ
1+η

∈ S∗ ⇒Nρ(h)⊂ S∗,

where S∗ is the class of starlike functions.
Lemma 1.4 [4, Corollary 1] Any function f ∈ S∗(T, H, F) can be written in the form

h(ϑ) =


ϑ (1+Hu(ϑ))

(1−F)(T−H)
H , if H ̸= 0,

ϑ exp [(1−F)Tu(ϑ)] , if H = 0,

(7)

for some u ∈ Φ, where Φ defined by (1).
This paper derives a convolution condition for functions h to belong to the classes S∗(T, H, F) and KS∗(T, H, F),

a key supporting result that will facilitate further research in our work. Additionally, we establish a sufficient condition
and neighborhood results for functions in the class S∗(T, H, F). Our investigation culminates in an examination of the
invariance properties of the operator hµ(ϑ) = (1−µ)ϑ +µh(ϑ), specifically when applied to functions within the class
S∗(T, H, F).
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2. Main results
Theorem 2.1 The function h ∈ KS∗(T, H, F) in |ϑ |<R≤ 1 if and only if

1
ϑ

h∗
ϑ +

[2+ζ F(H −T )+ζ (T +H)]ϑ 2

(H −T )(1−F)ζ
(1−ϑ)3

 ̸= 0, |ϑ |<R, |ζ |= 1. (8)

Proof. The function h ∈ KS∗(T, H, F) if and only if

(ϑh′(ϑ))′

h′(ϑ)
̸= 1+[(1−F)T +FH]ζ

1+Hζ
(9)

for (|ϑ |<R, |ζ |= 1, Hζ ̸=−1), which implies

(
ϑh′(ϑ)

)′
(1+Hζ )− (1+[(1−F)T +FH]ζ )h′(ϑ)) ̸= 0. (10)

Setting h(ϑ) = ϑ +∑∞
i=2 aiϑ i, we have

ϑh′ = ϑ +
∞

∑
i=2

iaiϑ i

and

(
ϑh′

)′
= 1+

∞

∑
i=2

i2aiϑ i−1 = h′ ∗ 1
(1−ϑ)2 .

Therefore (10) is equivalent to

(1+Hζ )

[
h′ ∗

∞

∑
i=1

iaiϑ i−1

]
−h′ ∗

∞

∑
i=1

(1+[(1−F)T +FH]ζ )ϑ i−1

= h′ ∗

{
∞

∑
i=1

(1+Hζ )iϑ i−1 −
∞

∑
i=1

[1+[(1−F)T +FH]x]ϑ i−1

}

= h′ ∗
(
(1+Hζ )
(1−ϑ)2 − 1+[(1−F)T +FH]ζ

1−ϑ

)

= h′ ∗
(
(1+Hζ )− (1−ϑ)(1+[(1−F)T +FH]ζ )

(1−ϑ)2

)
.
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Thus

1
ϑ

ϑh′ ∗
ϑ +

(1+[(1−F)T +FH]ζ )
(H −T )(1−F)ζ

ϑ 2

(1−ϑ)2

 ̸= 0. (11)

Since ϑh′ ∗g = h∗ϑg′, we can write (11) as

1
ϑ

h∗
ϑ +

[2+ζ F(H −T )+ζ (T +H)]ϑ 2

(H −T )(1−F)ζ
(1−ϑ)3

 ̸= 0, |ϑ |<R, |ζ |= 1. (12)

which completes the proof.
For F = 0, we have following result proved by Ganesan and Padmanabhan in [11].
Corollary 2.2 The function h ∈ K(T, H) in |ϑ |<R≤ 1 if and only if

1
ϑ

h∗
ζϑ +

(T ζ +Bx+2)
H −T

ϑ 2

(1−ϑ)3

 ̸= 0. (13)

Remark 2.3 Given that F = 0, T = 1, and H = −1, we obtain a convolution condition that characterizes convex
functions, as modified suitably from the framework presented by Silverman and colleagues in [12].

Theorem 2.4 The function h ∈ S∗(T, H, F) in |ϑ |<R≤ 1 if and only if

1
ϑ

h∗
ϑ +

(1+[(1−F)T +FH]ζ )
(H −T )(1−F)ζ

ϑ 2

(1−ϑ)2

 ̸= 0, (|ϑ |<R, |ζ |= 1). (14)

Proof. Since h ∈ S∗(T, H, F) if and only if g(ϑ) =
∫ ϑ

0
h(ω)

ω
dω ∈ KS∗(T, H, F), we have

1
ϑ

g∗
ϑ +

[2+ζ F(H −T )+ζ (T +H)]ϑ 2

(H −T )(1−F)ζ
(1−ϑ)3

=
1
ϑ

h∗
ϑ +

(1+[(1−F)T +FH]ζ )
(H −T )(1−F)ζ

ϑ 2

(1−ϑ)2

 . (15)

Thus the result follows from Theorem 2.1.
For F = 0, we have following result proved by Ganesan and Padmanabhan in [11, 13].
As a corollaries we can derive coefficient inequalities and the equivalent condition for a function h belonging to the

class S∗(T, H, F).
Corollary 2.5 A function h ∈M is in the class S∗(T, H, F) if and only if
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h(ϑ) = 1+
∞

∑
i=2

Aiϑ i−1 ̸= 0, (16)

where Ai =
(i−1)+ [H(i−F)−T (1−F)]ζ

(H −T )(1−F)ζ
ai.

Proof. A function h ∈ S∗(T, H, F) if and only if

ϑh′(ϑ)

h(ϑ)
̸= 1+[(1−F)T +FH]ζ

1+Hζ
.

Thus we have

(1+Hζ )(ϑh′(ϑ))− (1+[(1−F)T +FH]ζ )h(ϑ) ̸= 0

which implies

(H −T )(1−F)ζ v+
∞

∑
i=2

[i(1+Hζ )− (1+[(1−F)T +FH]ζ )]aiϑ i ̸= 0.

This simplifies into

1+
∞

∑
i=2

(i−1)+ [H(i−F)−T (1−F)]ζ
(H −T )(1−F)ζ

aiϑ i−1 ̸= 0, (17)

which completes the proof.
Remark 2.6 For F = 0 and T = 1, H = −1, we get convolution condition characterizing starlike functions as in

Silverman et al. [12] with a suitable modification.
Corollary 2.7 A function h belonging to the class S∗(T, H, F) if and only if

(h∗g)(ϑ)

ϑ
̸= 0, g ∈M, ϑ ∈W , (18)

where g(ϑ) has the form

g(ϑ) = ϑ +
∞

∑
i=2

tiϑ i,

ti =
i−1+(iH − [(1−F)T +FH])ζ

(H −T )(1−F)ζ
. (19)
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Theorem 2.8 Let h(ϑ) = ϑ +∑∞
i=2 aiϑ i be analytic inW . If

∞

∑
i=2

{(i−1)+ |[(1−F)T +FH]− iH|} |ai| ≤ (T −H)(1−F), (20)

for −1 ≤ H < T ≤ 1 and 0 ≤ F < 1, then h(ϑ) ∈ S∗(T, H, F).
Proof. To prove Theorem 2.8, it suffices to show that

(h∗g)(ϑ)

ϑ
̸= 0,

where g is given by (19).
Let h(ϑ) = ϑ +∑∞

i=2 aiϑ i and g(ϑ) = ϑ +∑∞
i=2 tiϑ i. The convolution

(h∗g)(ϑ)

ϑ
= 1+

∞

∑
i=2

tiaiϑ i−1, ϑ ∈W .

It is known from Theorem 2.4 that h(ϑ) ∈ S(T, H, F) if and only if
(h∗g)(ϑ)

ϑ
̸= 0, for g given by (19). Using (19),

we get

∣∣∣∣ (h∗g)(ϑ)

ϑ

∣∣∣∣≥ 1−
∞

∑
i=2

i−1+ |iH − [(1−F)T +FH]|
|(H −T )(1−F)|

|ai||ϑ |i−1 > 0, ϑ ∈W .

Thus, h(ϑ) ∈ S∗(T, H, F).
On the order to find neighborhood results for the class h ∈ S∗(T, H, F) analogous to those obtained by Ruscheweyh

[10], we defined the following concept of neighborhood.
Definition 2.9 For −1 ≤ H < T ≤ 1, 0 ≤ F < 1 and ρ ≥ 0 we define N (T, H, F ; h, ρ) the neighborhood of a

function h ∈M as

N (T, H, F ; h, ρ)

=

{
g ∈M : g(ϑ) = ϑ +

∞

∑
i=2

biϑ i, d(h, g) =
∞

∑
i=2

(i−1)+ |[(1−F)T +FH]− iH|
(1−F)(T −H)

|bi −ai| ≤ ρ

}
, (21)

where h(ϑ) = ϑ +∑∞
i=2 aiϑ i.

Remark 2.10 For parametric values T =−H = 1, and F = 0 in (21) reduces to (5).
Theorem 2.11 Let h ∈M, and for all complex number η , with |η |< ρ , if

h(ϑ)+ηϑ
1+η

∈ S∗(T, H, F). (22)
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Then

N (T, H, F ; h, ρ)⊂ S∗(T, H, F). (23)

Proof. We assume that y ∈N (T, H, F ; h, ρ), where y is defined by y(ϑ) = ϑ +∑∞
n=i biϑ i.

To prove the theorem, we only need to prove that y ∈ S∗(T, H, F). We would prove this claim in next three steps.
Step I Note that Theorem 2.4 is equivalent to

h ∈ S∗(T, H, F)⇔ 1
ϑ
[(h∗g)(ϑ)] ̸= 0, ϑ ∈W , (24)

where is given by (19). For |x|= 1, we can write g(ϑ) = ϑ +∑∞
n=i tiϑ i, where

ti =
(i−1)+ |[(1−F)T +FH]− iH|x

(1−F)(H −T )x
. (25)

Step IIWe obtain that (22) is equivalent to

∣∣∣∣h(ϑ)∗g(ϑ)

ϑ

∣∣∣∣≥ ρ, (26)

because, if h(ϑ) = ϑ +∑∞
n=i aiϑ i ∈W and satisfy (22), then (24) is equivalent to

g ∈ S∗(T, H, F, σ)⇔ 1
ϑ

[
h(ϑ)∗g(ϑ)

1+η

]
̸= 0, |η |< ρ.

Step III Letting y(ϑ) = ϑ +∑∞
n=i biϑ i we notice that

∣∣∣∣y(ϑ)∗g(ϑ)

ϑ

∣∣∣∣= ∣∣∣∣h(ϑ)∗g(ϑ)

ϑ
+

(y(ϑ)−h(ϑ))∗g(ϑ)

ϑ

∣∣∣∣
≥ ρ −

∣∣∣∣ (y(ϑ)−h(ϑ))∗g(ϑ)

ϑ

∣∣∣∣ (by using (26))

= ρ −

∣∣∣∣∣ ∞

∑
i=2

(bi −ai)tivi

∣∣∣∣∣
≥ ρ −|ϑ |

∞

∑
i=2

[
(i−1)+ |[(1−F)T +HF ]− iH|

|(1−F)(H −T )|

]
|bi −ai|

≥ ρ −ρ|ϑ |> 0,

Volume 6 Issue 5|2025| 6577 Contemporary Mathematics



by applying (25). Thus

g(ϑ)∗g(ϑ)

ϑ
̸= 0, ϑ ∈W .

By (24), it yields that y ∈ S∗(T, H, F). This completes the proof.
When T =−H = 1 and F = 0 in the above theorem we get (6) proved by Ruscheweyh in [10].
Theorem 2.12 Let h ∈ S∗(T, H, F), for ρ < c. Then

N (T, H, F ; h, ρ)⊂ S∗(T, H, F),

where c is a non-zero real number with c ≤
∣∣∣∣ (h∗g)(ϑ)

ϑ

∣∣∣∣ , ϑ ∈W and g is defined in Remark 2.7.

Proof. Let y = ϑ +∑∞
n=2 bnzn ∈N (A, B, α; f , ρ).

In the order to prove Theorem 2.12, it suffices to show that

(y∗g)(ϑ)

ϑ
̸= 0,

where g is given by (19). Consider

∣∣∣∣y(ϑ)∗g(ϑ)

ϑ

∣∣∣∣≥ ∣∣∣∣h(ϑ)∗g(ϑ)

ϑ

∣∣∣∣− ∣∣∣∣ (y(ϑ)−h(ϑ))∗g(ϑ)

ϑ

∣∣∣∣ . (27)

Since h ∈ S∗(T, H, F), applying the Theorem 2.8 we obtain

∣∣∣∣ (h∗g)(ϑ)

ϑ

∣∣∣∣≥ c, (28)

where c is a non-zero real number and ϑ ∈W . Now

∣∣∣∣ (y(ϑ)−h(ϑ))∗g(ϑ)

ϑ

∣∣∣∣=
∣∣∣∣∣ ∞

∑
i=2

(bi −ai)tiϑ i

∣∣∣∣∣
≤

∞

∑
i=2

[
(i−1)+ |[(1−F)T +HF ]− iH|

|(1−F)(H −T )|

]
|bi −ai|= ρ, (29)

using (28) and (29) in (27), we obtain

∣∣∣∣y(ϑ)∗g(ϑ)

ϑ

∣∣∣∣≥ c−ρ > 0,
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where ρ < c. This completes the proof.
Theorem 2.13 Let h ∈ S∗(T, H, F) and hµ(ϑ) : = (1−µ)ϑ +µh(ϑ), with 0 < µ < 1. Then,
(i) hµ ∈ S∗(T, 0, F), if H = 0;

(ii) hµ ∈ S∗(T, H, F), for |ϑ |< 1
H

sin
(

H
(1−F)T +FH

π
2

)
, if H > 0;

(iii) hµ ∈ S∗(T, H, F), for |ϑ |< 1
H

sin
(

H
2H − [(1−F)T +HF ]

π
2

)
, if H < 0.

Proof. For h ∈ S∗(T, H, F), then

ϑh′(ϑ)

h(ϑ)
≺ 1+[(1−F)T +HF ]ϑ

1+Hϑ
, with ϑh′µ(ϑ) = (1−ω)ϑ +µϑh′(ϑ).

Hence

ϑh′µ(ϑ)

hµ(ϑ)
=

(1−F)
ϑ

h(ϑ)
+µ

ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

. (30)

Now we will discuss two cases for H as following:
Case I For H = 0 it is sufficient to show that

∣∣∣∣∣∣∣∣
(1−µ)

ϑ
h(ϑ)

+µ
ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

−1

∣∣∣∣∣∣∣∣< (1−F)T, ϑ ∈W . (31)

From h ∈ S∗(T, H, F) we have

ϑh′(ϑ)

h(ϑ)
≺ 1+(1−F)T ϑ

which implies

∣∣∣∣ϑh′(ϑ)

h(ϑ)
−1

∣∣∣∣< (1−F)T, ϑ ∈W ,

and according to (4)

h(ϑ)

ϑ
≺ exp[(1−F)T ϑ ],

that equivalent to
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h(ϑ)

ϑ
= exp[(1−F)T s(ϑ)],

for some s ∈ Φ and ϑ ∈W . Thus,

∣∣∣∣∣∣∣∣
(1−µ)

ϑ
h(ϑ)

+µ
ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

−1

∣∣∣∣∣∣∣∣= µ

∣∣∣∣∣∣∣∣
ϑh′(ϑ)

h(ϑ)
−1

(1−µ)
ϑ

h(ϑ)
+µ

∣∣∣∣∣∣∣∣<
(1−F)T µ

|(1−µ)exp[−(1−F)T s(ϑ)]+µ|
.

Since |s(ϑ)|< 1 for all ϑ ∈W , we easily get that

|(1−µ)exp[−(1−F)T s(ϑ)]+µ|> µ, ϑ ∈W . (32)

Using (32), it follows

∣∣∣∣∣∣∣∣
(1−µ)

ϑ
h(ϑ)

+µ
ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

−1

∣∣∣∣∣∣∣∣< (1−F)T, ϑ ∈W ,

and consequently, from (30) we obtain

ϑh′µ(ϑ)

hµ(ϑ)
≺ 1+(1−F)T ϑ ,

that is, hµ ∈ S∗(T, 0, F).
Case II For H ̸= 0 we need to determine the value 0 < r < 1, such that

∣∣∣∣∣∣∣∣∣
(1−µ)

ϑ
h(ϑ)

+µ
ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

−1

∣∣∣∣∣∣∣∣∣<
∣∣∣∣∣∣∣∣[(1−F)T +FH]−H

(1−µ)
ϑ

h(ϑ)
+µ

ϑh′(ϑ)

h(ϑ)

(1−µ)
ϑ

h(ϑ)
+µ

∣∣∣∣∣∣∣∣ , (33)

whenever |ϑ |< r, which is equivalent to

∣∣∣∣ϑh′(ϑ)

h(ϑ)
−1

∣∣∣∣< ∣∣∣∣([(1−F)T +HF ]−H
)(

1
µ
−1

)
ϑ

h(ϑ)
+ [(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

∣∣∣∣ , (34)

By using the definition of subordination and the Remak 1.2 for |ϑ |< r, we get
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h ∈ S∗(T, H, F), for |ϑ |< r,

or

∣∣∣∣ϑh′(ϑ)

h(ϑ)
−1

∣∣∣∣< ∣∣∣∣[(1−F)T +FH]−H
ϑh′(ϑ)

h(ϑ)

∣∣∣∣ , |ϑ |< r. (35)

Next, we will prove that

∣∣∣∣arg
(

ϑ
h(ϑ)

)
− arg

(
[(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

)∣∣∣∣< π
2
, ϑ ∈W , (36)

implies

∣∣∣∣[(1−F)T +FH]−H
ϑh′(ϑ)

h(ϑ)

∣∣∣∣
<

∣∣∣∣([(1−F)T +FH]−H
)(

1
µ
−1

)
ϑ

h(ϑ)
+ [(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

∣∣∣∣ , ϑ ∈W . (37)

Since h ∈ S∗(T, H, F), from Lemma 1.4 and the Definition 1.1, it follows that there exist a Schwarz functions s,
s̃ ∈ Φ, such that

[(1−F)T +FH]−H
ϑh′(ϑ)

h(ϑ)
=

(T −H)(1−F)

1+Hs(ϑ)
and

ϑ
h(ϑ)

= (1+Hs̃(ϑ))−
(1−F)(T−H)

H . (38)

Using (38), the assumption (36) is equivalent to

∣∣∣∣∣∣arg
(1+Hs̃(ϑ))−

(1−F)(T−H)
H (1+Hs(ϑ))

(1−F)(T −H)

∣∣∣∣∣∣< π
2
, ϑ ∈W ,

that is,

Re
(1+Hs̃(ϑ))−

(1−F)(T−H)
H (1+Hs(ϑ))

(1−F)(T −H)
> 0, ϑ ∈ ϑ ,

or
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Re
[
(1+Hs̃(ϑ))−

(1−F)(T−H)
H (1+Hs(ϑ))

]
> 0, ϑ ∈W .

If we denote

ψ : = (1+Hs̃(ϑ))−
(1−F)(T−H)

H (1+Hs(ϑ)) , (39)

from (39) we note that Reψ > 0, therefore

|(1−µ)ψ +µ|=
√

[Re(1−µ)ψ +µ]2 +[Im(1−µ)ψ]2 > µ,

whenever 0 < µ < 1. Dividing this inequality by µ > 0, we obtain

∣∣∣∣( 1
µ
−1

)
(1+Hs̃(ϑ))−

(1−F)(T−H)
H (1+Hs(ϑ))+1

∣∣∣∣> 1, ϑ ∈W ,

that is,

∣∣∣∣ (T −H)(1−F)

1+Hs(ϑ)

∣∣∣∣
<

∣∣∣∣ (T −H)(1−F)

1+Hs(ϑ)

∣∣∣∣ ∣∣∣∣( 1
µ
−1

)
(1+Hs̃(ϑ))−

(1−F)(T−H)
H (1+Hs(ϑ))+1

∣∣∣∣ , ϑ ∈W ,

which represents (37).
Motivation by above reasons we will determine now the biggest value of r such that (36) holds for |ϑ |< r.
Since h ∈ S∗(T, H, F), there exists a Schwarz function s ∈ Φ, such that

ϑh′(ϑ)

h(ϑ)
=

1+[(1−F)T +FH]s(ϑ)

1+Hs(ϑ)
, ϑ ∈W ,

therefore

∣∣∣∣arg
(
[(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

)∣∣∣∣= ∣∣∣∣arg
(1−F)(T −H)

1+Hs(ϑ)

∣∣∣∣
≤ |arg [(1−F)(T −H)]|+ |arg [1+Hs(ϑ)]|

≤ arcsin(|H|r∗) , |ϑ | ≤ r∗ < 1. (40)
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Next, we will prove that

∣∣∣∣arg
(

ϑ
h(ϑ)

)∣∣∣∣≤ (1−F)(T −H)

H
arcsin(Hr∗) , |ϑ |= r∗. (41)

Thus, from Lemma 1.4 we have

h(ϑ)

ϑ
= (1+Hs̃(ϑ))

(1−F)(T−H)
H ,

for some s̃ ∈ Φ, and we will split this proof in the next two steps:
Step 1 If H > 0, since T −H > 0 it follows that

∣∣∣∣(1+Hs̃(ϑ))
(1−F)(T−H)

H

∣∣∣∣= ∣∣∣∣exp
[
(1−F)(T −H)

H
log(1+Hs̃(ϑ))

]∣∣∣∣
= exp

[
(1−F)(T −H)

H
ln |1+Hs̃(ϑ)|

]

= |1+Hs̃(ϑ)|
(1−F)(T−H)

H

≤ (1+Hr∗)
(1−F)(T−H)

H , |ϑ | ≤ r∗ < 1.

Step 2 If H < 0, denoting D : =−B > 0, then T +D > 0, and it follows that

∣∣∣∣(1+Hs̃(ϑ))
(1−F)(T−H)

H

∣∣∣∣=
∣∣∣∣∣[(1−Ds̃(ϑ))−1

] (1−F)(T+D)
D

∣∣∣∣∣

=
∣∣∣(1−Ds̃(ϑ))−1

∣∣∣ (1−F)(T+D)
D ≤

(
1

1−Dr∗

) (1−F)(T+D)
D

= (1+Hr∗)
(1−F)(T−H)

H , |ϑ | ≤ r∗ < 1.

Combining the above two cases, we get

∣∣∣∣arg
(

ϑ
h(ϑ)

)∣∣∣∣≤ (1−F)(T −H)

H
|arg(1+Hr∗)|

≤ (1−F)(T −H)

H
arcsin(Hr∗) , |ϑ | ≤ r∗ < 1.
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From (40) and (41) we easily deduce that

∣∣∣∣arg
(

ϑ
h(ϑ)

)
− arg

(
[(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

)∣∣∣∣
≤

∣∣∣∣arg
(

ϑ
h(ϑ)

)∣∣∣∣+ ∣∣∣∣arg
(
[(1−F)T +FH]−H

ϑh′(ϑ)

h(ϑ)

)∣∣∣∣
≤ arcsin

(
|H|r8)+ (1−F)(T −H)

H
arcsin(Hr∗)<

π
2
, |ϑ | ≤ r,

where r is given like in the assumptions (ii) and (iii) of Theorem 2.13.

3. Conclusions
In conclusion, this paper has significantly advanced the understanding of the function classes S∗(T, H, F) and

KS∗(T, H, F) by providing detailed convolution conditions for function membership. These conditions have been
instrumental in supporting further investigations within these classes, offering a solid foundation for future research. The
sufficient conditions and neighborhood results derived for the classS∗(T,H,F) not only deepen our theoretical knowledge
but also broaden the practical applications of these functions. Moreover, the exploration of the invariance properties of
the operator hµ(ϑ) = (1− µ)ϑ + µh(ϑ) for functions in S∗(T, H, F) has revealed important insights into the stability
and transformations within this class. This analysis is crucial for applying these functions in various mathematical and
applied contexts, ensuring their robustness under certain operations. Overall, the findings of this paper contribute to the
body of knowledge in complex analysis, particularly in the study of starlike functions and their generalizations. They
pave the way for further exploration into the geometric properties of analytic functions and their applications in diverse
fields, from physics to engineering.
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