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Abstract: This paper studies an observer-based control problem for Takagi-Sugeno fuzzy singular system with time
delay via proportional derivative control scheme. To achieve this, we design a new proportional derivative controller
to transform the original problem into the stabilization problem of the new augmented system. In addition, asymmetric
Lyapunov-Krasovskii functional and membership-function-dependent method are used to reduce the conservatism. The
admissible sufficient conditions of the closed loop system and the calculation methods of observer gain and controller
gain are given by using linear matrix inequality. Finally, two examples are given to verify the advantages of the method.
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1. Introduction
Singular systems originated in the 1960s, and applications of such systems including circuits, economic systems,

demography, and robotics, have been extensively and intensively studied since the 1970s [1]. Singular systems often
involve algebraic equations and differential equations. When the system has infinite poles, strong impulse behavior occurs,
which leads to system anomalies. In [2], the matrix rank condition is defined for singular systems. If the system has a
unique solution and no impulse behavior, the singular system is stable. Based on these definitions, control theories such as
passive control, time-delay dependent control and robust control have been developed. In time-delay dependent control,
Lyapunov-Krasovskii functional (LKF) method is a key tool for analyzing these systems, and treating delay terms with
inequalities has also been extensively studied, such as the auxiliary integral inequality [3], Free-weightedmatrix inequality
[4] and Wirtinger inequality [5]. In the study [6], a new LKF is introduced and an enhanced stability criterion is given
using the extended mutually convex matrix inequalities and the auxiliary function integral inequalities. However, in the
past studies of time-delay system, matrices in LKF are often required to be positive definite and symmetric. In [7], a
new stability condition is given, which does not require that a matrix in LKF must be positive definite, but also needs to
be symmetric. Recently, in [8], a new asymmetric LKF method has been developed and the level of conservatism of the
results has been reduced. In [9], the asymmetric LKFmethod is extended to Takagi-Sugeno (T-S) fuzzy systems with time
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delay. Similarly, [10] uses this method to study the admissibility and dissipative properties of singular system with time
delay. In addition, the admissibility and stabilization properties of T-S fuzzy singular system with time delay are analyzed
using asymmetric LKF methods in [11]. The asymmetric LKF is also used in [12], and the sliding mode control design
does not require the control coefficient matrix of all linear subsystems to be the same, which reduces the conservatism of
the method.

T-S fuzzy model is mainly used for fuzzy modeling the complex nonlinear systems. By dividing the global nonlinear
system into several simple linear relationships and making fuzzy inference and decision on the output of these models,
the model can accurately represent the complex nonlinear relationships [13]. Since this model has been rigorously
demonstrated to have the ability to approximate nonlinear systems with high precision on a given set [14], it has been
extensively studied. The study of T-S fuzzy time-delay systems based on Lyapunov stability theory has made great
progress [15, 16]. To solve the problem of membership function handling in T-S fuzzy systems, a new membership
function association LKF is proposed in [17–19], which effectively reduces the conservatism. In [20], the Takagi-Sugeno
fuzzy modeling method is adopted, two fuzzy rules are used to represent the target system, and it is generalized to a finite
number of fuzzy rules.

In the stability analysis of T-S fuzzy singular systems, [21, 22] propose a Proportional Derivative (PD) control method.
The application of differential feedback in PD controller can effectively eliminate pulse behavior and reduce complexity.
The observer-based PD fuzzy control problem for T-S fuzzy singular systems is studied in [23]. However, it is a pity that
the time-delay problem is not discussed in the above research. If you use traditional methods as in [21, 22], the delay
term cannot be dealt with. However, the problem of time delay is very common in real life, so how to ensure the stability
of the system under the state of time delay is inevitable. In [24], a new idea is proposed to solve the stability problem of
uncertain singular systems. By transforming the problem into an augmented uncertain singular system, the sufficient and
necessary conditions of linear matrix inequalities are given. Inspired by the same idea, we construct a new PD controller
using augmented time-delay systems, and effectively solve the PD control problem of time-delay systems.

Therefore, on the above research basis, we propose an observer-based PD controller design method. Firstly, an
augmented singular systemwith time delay is designed. Then, the sufficient conditions are transformed into Linear Matrix
Inequality (LMI) form using the Schur complement and asymmetric LKF functional method. In fuzzy system processing,
a new LMI stability condition with time delay is proposed by using switching idea and membership function association
method. The main highlights of this paper can be summarized as follows:

(1) Based on the asymmetric LKF method, a new observer-based control design is proposed, relaxing the
requirements of positive definiteness and symmetry of the matrices involved in LKF.

(2) A PD controller is designed by using a new augmented singular system with time delay to solve the PD control
problem in T-S fuzzy singular system with time delay.

1.1 Notations
In the context of this paper, we utilize the notion Rn to signify the n-dimensional Euclidean space, Rn×m is the set

of n×m real matrices. The ‘T ’ appended to the matrix A represents its transpose. Within block symmetric matrices, the
symbol ‘∗’ signifies a block matrix that is symmetric to its counterpart. I and 0 are identity and zero matrices of compatible
dimensions, respectively. P < 0 (P > 0) means that P is a negative definite (positive definite) matrix.

2. Problem formulation and preliminaries
The section discusses the control problem of nonlinear singular systems with time delay using the T-S fuzzy model.

The nonlinear singular system with time delay is decomposed into multiple linear singular subsystems with time delay
through fuzzy rules. Consider a nonlinear singular system with time delay, which can be described by the following T-S
fuzzy time delay model with r plant rules.

Plant rule i (i = 1, 2, . . . , r): IF ζ1(t) is µi1 and · · · and ζp(t) is µip, Then
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Eẋ = Aix(t)+Aτix(t − τ)+Biu(t),

yp(t) =Cpix(t),

yd(t) =Cdiẋ(t),

x(t) = ϕ(t), ∀t ∈ [−τ, 0], i = 1, 2, . . . , r. (1)

In (1), x(t)∈Rn represents the state vector, while u(t)∈Rm signifies the control input. yp(t)∈Rp is output vector and
yd(t) ∈Rd is the derivative output vector. The system matrices, including Ai ∈Rn×n, Aτi ∈Rn×n,Cdi ∈Rd×n,Cpi ∈Rp×n

and Bi ∈ Rn×m are known constants. E is a singular matrix with rank l ≤ n. The fuzzy sets are denoted by µi j. The
premise variables are defined as ζ (t) = [ζ1(t), ζ2(t), . . . , ζp(t)], and the constant time delay is denoted by τ > 0. The
initial condition of the system is indicated by ϕ(t).

Utilizing fuzzy blending techniques, the comprehensive model from (1) is derived as follows;

Eẋ(t) =
r

∑
i=1

hi(ζ (t))Aix(t)+
r

∑
i=1

hi(ζ (t))Aτix(t − τ)+
r

∑
i=1

hi(ζ (t))Biu(t),

yp(t) =
r

∑
i=1

hi(ζ (t))Cpix(t), yd(t) =
r

∑
i=1

hi(ζ (t))Cdiẋ(t),

x(t) = ϕ(t), ∀t ∈ [−τ, 0], (2)

where hi(ζ (t)) is membership function of fuzzy rule i, given by,

hi(ζ (t)) =
ωi(ζ (t))

∑r
i=1ωi(ζ (t))

, ωi(ζ (t)) =
r

∏
j=1

µi j(ζ (t)),

and where function µi j(ζ (t)) ≥ 0 signifies the level of membership that ζ j(t) possesses within µi j. It is evident that
ωi(ζ (t)) is the product of µi j(ζ (t)). It is easy to see that,

0 ≤ hi(ζ (t))≤ 1,
r

∑
i=1

hi(ζ (t)) = 1.

For simplicity, we introduce the notation hi to replace hi(ζ (t)) and define X(h) = ∑r
i=1 hi(ζ (t))Xi, where Xi are

matrices with appropriate dimension.
Next, based on the system described in equation (2), we introduce an augmented system,
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Ēż(t) =
r

∑
i=1

hiĀiz(t)+
r

∑
i=1

hiĀτiz(t − τ)+
r

∑
i=1

hiB̄iu(t),

y =
r

∑
i=1

hiC̄iz(t), (3)

where

Ē =

[
In 0
0 0

]
, z(t) =

[
x(t)
ẋ(t)

]
, Āi =

[
0 In

Ai −E

]
, Āτi =

[
0 0

Aτi 0

]
, B̄i =

[
0
Bi

]
, C̄i =

[
Cpi 0
0 Cdi

]
.

In [24] it is proved that the Proportional and Derivative State Feedback (PDSF) normalization and stabilization
problem of (2) is equivalent to the proportional state feedback stabilization problem of (3).

Based on the Parallel Distributed Compensation (PDC) and PD control scheme, the following PD fuzzy controller is
proposed as,

u(t) =
r

∑
i=1

hi{
[
Kpi −Kdi

]
ẑ(t)+

[
Kτ pi −Kτdi

]
ẑ(t − τ)}, (4)

where ẑ(t) is the state estimation of z(t), Kpi, Kdi are memoryless controller gains and Kτ pi, Kτdi are memory controller
gains.

For the system (3), an observer-based controller is designed as follows,

Ē ˙̂z(t) =
r

∑
i=1

hi(ζ (t))[Āiẑ(t)+ Āτiẑ(t − τ)+ B̄iu(t)+Li(y(t)− ŷ(t))],

ŷ =
r

∑
i=1

hi(ζ (t))C̄iẑ(t),

u(t) =
r

∑
i=1

hi{K̄iẑ(t)+ K̄τiẑ(t − τ)},

ẑ(t) = ξ (t), ∀t ∈ [−τ, 0], (5)

where ŷ(t) is the output of the observer, Li is the observer gain matrix, and K̄i =
[
Kpi −Kdi

]
, K̄τi =

[
Kτ pi −Kτdi

]
, ξ (t)

is the initial condition for the system.
Next, we define the observer error as

e(t) = z(t)− ẑ(t). (6)
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Combing (3) and (5), we obtain the closed-loop system as

Ẽ χ̇(t) =
r

∑
i=1

r

∑
j=1

hih j(ζ (t))[Ãi jχ(t)+ Ãτi jχ(t − τ)], (7)

where

Ẽ =

[
Ē 0
0 Ē

]
, Ãi j =

[
Āi + B̄iK̄ j LiC̄i

0 Āi −LiC̄i

]
, Ãτi j =

[
Āτi + B̄iK̄τ j 0

0 Āτi

]
, χ(t) =

[
ẑ(t)
e(t)

]
.

In the context of this study, the system (7) is considered acceptable if it is impulse free, regular and asymptotically
stable [25]. Furthermore, as considered in [17–19], we assume the membership function hi(ζ (t))(i = 1, 2, ...r) is
differentiable. Here are some lemmas that will be used in this paper.

Lemma 1 [26] Given R> 0, for any continuously differential function δ (ξ ), the following inequality is feasible in
[ζ1, ζ2]→ Rn,

(ζ2 −ζ1)
∫ ζ2

ζ1

δ T (ξ )Rδ (ξ )dξ ≥
(∫ ζ2

ζ1

δ T (ξ )dξ
)
R
(∫ ζ2

ζ1

δ (ξ )dξ
)
.

Lemma 2 [5] Given R > 0, for any continuously differential function δ (ξ ), the following inequality is feasible in
[ζ1, ζ2]→ Rn,

∫ ζ2

ζ1

δ T (ξ )Rδ (ξ )dξ ≥ 1
(ζ2 −ζ1)

(∫ ζ2

ζ1

δ T (ξ )dξ
)
R
(∫ ζ2

ζ1

δ (ξ )dξ
)
+

3
(ζ2 −ζ1)

ΦTRΦ,

where Φ =
∫ ζ2

ζ 1
δ (ξ )dξ − 2

(ζ2 −ζ1)

∫ ζ2

ζ1

∫ θ

ζ1

δ (ξ )dξ dθ .

Lemma 3 [27] For the singular system Eẋ(t) = Ax(t), the pair(E, A) is impulse free and regular and asymptotically
stable if there exists a matrix P such that

EP = PT E ≥ 0,

APT +PAT < 0.

Lemma 4 [28] For full rank matrix C ∈ Rm×n with rank(C) = m, suppose that the Singular Value Decomposition
(SVD) for C is described as C = O

[
S 0

]
V T , with O and V being orthogonal matrices, and satisfying O ·OT = I and

V ·V T = I, and S being a diagonal matrix. Assume X > 0.
Then, there exists nonsingular matrix X̂ such that CX = X̂C if and only if the following condition holds:

X =V

[
X11 0
0 X22

]
V T ,
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where 0 < X11 ∈ Rm×m, 0 < X22 ∈ R(n−m)×(n−m). In this case, X̂ can be chosen as

X̂ = OSX11S−1O−1.

3. Main results
In this section, we study the observer-based PD control for T-S fuzzy singular systems with time delay, and propose

a new theorem.
Theorem1Given τ > 0, system (7) is admissible if there exist matricesQi =

[
Q1i Q2i

]
with 0<Q1i ∈R4n×4n,Q2i ∈

R4n×4n, 0 < M1i ∈ R4n×4n, 0 < M2i ∈ R4n×4n, Wjρ ∈ Rm×n(ρ = 1, 2, 3, 4), Giρ ∈ Rn×p(ρ = 1, 3), Giρ ∈ Rn×d(ρ = 2, 4)

and P =

[
X 0
0 X

]
, X =

[
X1 0
0 X2

]
> 0, such that for i, j = 1, 2, . . . , r, i ≤ j,

ẼP = PT Ẽ ≥ 0, (8)

Φi =

Q1i
1
2

Q2i

∗ M2i

> 0, (9)

Ṁ1(h)≤ 0, Ṁ2(h)≤ 0, Φ̇(h)≤ 0, (10)

Ωi j +Ω ji < 0, (11)

where

Ωi j =


Ω11i j Ω12i j Ω13i Ω14i j

∗ Ω22i Ω23i Ω24i j

∗ ∗ Ω33i 0
∗ ∗ ∗ Ω44i

 , (12)

Ω11i j = Λi j +ΛT
i j +Q1i −4ĒT M1iĒ + τ2M2i,

Ω12i j = Λi j −2ĒT M1iĒ,

Ω13i =
1
2

QT
2i +

6
τ

ĒM1iĒT ,

Ω14i j = ΛT
i j,

Ω22i =−Q1i −4ĒM1iĒT ,

Volume 6 Issue 5|2025| 6323 Contemporary Mathematics



Ω23i =−1
2

Q2i +
6
τ

ĒM1iĒT ,

Ω24i j = ΛT
τi j,

Ω33i =−12
τ2 ĒM1iĒT −M2i,

Ω44i =−2τ−2PT + τ−2M1i,

Λi j =


0 X2 Gi1Cpi Gi2Cdi

AiX1 +BiWj1 −EX2 −BiWj2 Gi3Cpi Gi4Cdi

0 0 −Gi1Cpi X2 −Gi2Cdi

0 0 AX1 −Gi3Cpi −EX2 −Gi4Cdi

 ,

Λτi j =


0 0 0 0

Aτi jX1 +BiWj3 −BiWj4 0 0
0 0 0 0
0 0 Aτi jX1 0

 .

In this case, the controller gains and the observer gains are derived as

Kpi =Wi1X−1
1 , Kdi =Wi2X−1

2 , Kτ pi =Wi3X−1
1 , Kτdi =Wi4x−1

2 ,

Li =

[
Gi1OSX−1

1 S−1O−1 Gi2OSX−1
2 S−1O−1

Gi3OSX−1
1 S−1O−1 Gi4OSX−1

2 S−1O−1

]
,

where O and S are given in Lemma 4 and i = 1, 2, . . . , r.
Proof. Given the positive definite properties of P and M1i, we have

(P−M1i)M−1
1i (PT −M1i)≥ 0.

So we get

−τ−2PM−1
1i PT ≤−2τ−2PT + τ−2M1i,

and we have
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Ω̂i j =


Ω11i j Ω12i j Ω13i Ω14i j

∗ Ω22i Ω23i Ω24i j

∗ ∗ Ω33i 0
∗ ∗ ∗ −τ−2PM−1

1i PT

< Ωi j.

For X1 = V

[
X11 0
0 X22

]
V T , according to Lemma 4, there exists X̂1 = OSX11S−1O−1 satisfying CpiX1 = X̂1Cpi, and

we can use the same method to getCdiX2 = X̂2Cdi. Letting P̌ = P−1 and M̌1i = P−T M1iP−1, and multiplying Ω̂i j from the
left and the right by diag

[
P̌T P̌T P̌T M̌T

1i

]
and its transpose, respectively, it yields

Ω̌i j =


Ω̌11i j Ω̌12i j Ω̌13i AT

i jM̌1i

∗ Ω̌22i Ω̌23i AT
τi jM̌1i

∗ ∗ Ω̌33i 0
∗ ∗ ∗ −τ−2M̌1i

 , (13)

where

Ω̌11i j = P̌T Ai j +AT
i jP̌+ Q̌1i −4ET M̌1iE + τ2M̌2i,

Ω̌12i j = P̌T Aτi j −2ET M̌1iE,

Ω̌13i =
1
2

Q̌T
2i +6τ−1EM̌1iET ,

Ω̌22i =−Q̌1i −4ET M̌1iE,

Ω̌23i =−1
2

Q̌2i +6τ−1ET M̌1iE,

Ω̌33i =−12τ−2ET M̌1iE − M̌2i.

We get Ω̌ ji in the same way. According to the condition (11), we get Ω̌i j + Ω̌ ji < 0.
Now, we choose LKF candidate as follows

Vt =Vt1 +Vt2 +Vt3, (14)

where

Vt1 = χ(t)ẼP̌χ(t),
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Vt2 =
∫ t

t−τ
χT (θ)Q̌(h)

[
χT (θ)

∫ t
θ χT (ξ )dξ

]T
dθ ,

Vt3 = τ
∫ t

t−τ

∫ t

θ

[
χ̇T (ξ )ẼT M̌1(h)Ẽ χ̇(ξ )+ χT (ξ )M̌2(h)χ(ξ )

]
dξ dθ .

Through M2i > 0, we have M̌2(h)> 0. According to Lemma 1, we have

τ
∫ t

θ
χT (ξ )M̌2(h)χ(ξ )dξ ≥

∫ t

θ
χT (ξ )dξ M̌2(h)

∫ t

θ
χ(ξ )dη . (15)

Based on (15), we deduce

∫ t

t−τ
χT (θ)Q̌(h)

[
χT (θ)

∫ t
θ χT (ξ )dξ

]T
dθ + τ

∫ t

t−τ

∫ t

θ

[
χT (ξ )M̌2(h)χ(ξ )

]
dξ dθ

≥
∫ t

t−τ

[
χ(θ)∫ t

θ χ(ξ )dξ

]T

Φ̌(h)

[
χ(θ)∫ t

θ χ(ξ )dξ

]
dθ ,

where

Φ̌(h) =

Q̌1(h)
1
2

Q̌2(h)

∗ M̌2(h)

> 0.

Since Φi > 0 in (9), it follows that Φ̌(h) > 0. Furthermore, considering the fact that M1i > 0, we can conclude that
M̌1(h)> 0, which implies Vt > 0.

Taking the time-derivative of Vt , we have

V̇t = 2χ̇T (t)ẼT P̌χ(t)+ χT (t)Q̌1(h)χ(t)+
∫ t

t−τ
χT (ξ )dξ Q̌2(h)χ(t)

−χT (t − τ)Q̌(h)
[
χT (t − τ)

∫ t
t−τ χT (ξ )dξ

]T
+

∫ t

t−τ
χT (θ) ˙̌Q(h)

[
χT (θ)

∫ t
θ χT (ξ )dξ

]T
dθ

+ τ2χT (t)M̌2(h)χ(t)+ τ2χ̇T (t)ĒT M̌1(h)Ẽ χ̇(t)

− τ
∫ t

t−τ

[
χ̇T (ξ )ẼT M̌1(h)Ẽ χ̇(ξ )+ χT (ξ )M̌2(h)χ(ξ )

]
dξ
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+ τ
∫ t

t−τ

∫ t

θ

[
χ̇T (ξ )Ẽ ˙̌M1(h)Ē χ̇(ξ )+ χ(ξ )T ˙̌M2(h)χ(ξ )

]
dξ dθ .

Considering the constraints in (10), we have

V̇t ≤ 2χ̇T (t)ẼT P̌(h)χ(t)−χT (t − τ)Q̌(h)
[
χT (t − τ)

∫ t
t−τ χT (ξ )dξ

]T
+χT (t)Q̌1(h)χ(t)

+
∫ t

t−τ
χT (ξ )dξ Q̌2(h)χ(t)+ τ2χ̇T (t)ẼT M̌1(h)Ẽ χ̇(t)+ τ2χT (t)M̌2(h)χ(t)

− τ
∫ t

t−τ

[
χ̇T (ξ )ẼT M̌1(h)Ẽ χ̇(ξ )+ χT (ξ )M̌2(h)χ(ξ )

]
dξ .

By leveraging Lemma 1 and Lemma 2,we establish upper bounds for−τ
∫ t

t−τ χT (ξ )M̌2(h)χ(ξ )dξ and−τ
∫ t

t−τ χ̇T (ξ )
ẼT M̌1(h)Ẽ χ̇(ξ )dξ in V̇t . This leads to the following inequality

V̇t ≤ ϑ T (Ξ(h)+ τ2ΨT
i M̃−1

1i Ψi
)

ϑ , (16)

where,

ϑ T =
[
χT (t) χT (t − τ)

∫ t
t−τ χT (ξ )dξ

]
,

Ξi j =

Ω̌11i j Ω̌12i j Ω̌13i

∗ Ω̌22i Ω̌23i

∗ ∗ Ω̌33i

 ,

Ψ =
[
M̃1iĀi j M̃1iĀτi j 0

]
.

According to the inequality (11) and the Schur complement lemma, for i = 1, 2, . . . , r, it follows that Ξi j +Ξ ji +

2τ2ΨT
i Z̃−1

1i Ψi < 0, so we have V̇t ≤ 0. Thus, the closed-loop system (7) is admissible.
Remark 1 In Theorem 1, Ṁ1(h)≤ 0, Ṁ2(h)≤ 0, Φ̇(h)≤ 0 in (10) can be achieved when


ḣu ≤ 0 : Φu −Φr ≥ 0, M1u −Z1r ≥ 0, M2u −Z2r ≥ 0;

ḣu > 0 : Φu −Φr < 0, M1u −M1r < 0, M2u −M2r < 0,

(17)

where u = 1, 2, ..., r− 1. There are in total 2r−1 situations (Sl , l = 1, 2, ..., 2r−1) ensuring Φ̇(h) ≤ 0, Ṁ1(h) ≤ 0 and
Ṁ2(h)≤ 0 simultaneously.
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Remark 2 In the study of observer-based control problems, previous studies often require LKF to be symmetric, as
documented in [29–32]. In Theorem 1, the asymmetric LKF method is first applied to observer-based control problem for
T-S fuzzy singular system with time delay. By making Q2i = 0 and Q2(h) = 0 in Theorem 1, LKF can be reduced to be
symmetry and the method proposed in this section will be degraded to the method in [31]. Obviously, asymmetric LKF
reduces conservatism by removing the constraint symmetric matrix. In this paper, we use relatively simple LKF, but the
results are still better than results in [29] and especially Lemma 5 of [31].

Remark 3Although the observer-based fuzzy control problem discussed by PD control scheme is widely studied, it is
difficult for traditional methods to solve the PD control problem of time-delay systems. Current research lacks PD control-
related time delay problems, as in [23]. Therefore we introduce a new augmented system with time delay, transform the
problem into the corresponding stabilization problem of an augmented system with time delay, and give the sufficient and
necessary conditions of the problem in the form of linear matrix inequalities.

Remark 4 We analyze the computational complexity by Theorem 1, where there are 14 unknown matrices. The
number of unknowns is calculated as 40n2 + 6n + mn + np + nd. Obviously, after the use of asymmetric LKF, the
complexity of the calculation is increased, but the conservatism is reduced.

4. Numerical examples
In the section, two examples are given to verify the reduction of conservativeness of our methods numerically.
Example 1 Consider a nonlinear single-species bio-economic system without disturbance, which is borrowed from

[33]. Nonlinear single-species bio-economic system refers to the resource utilization and economic activities of a single
species (such as a certain fish, forest or economic animal) in an ecological economic system, and these activities show
nonlinear characteristics.

ẋ1(t) =
(
−αβ

r2
− ηc

p

)
x1(t)+αx2(t)−

c
p

x3(t)−ηx2
1(t)

− x1(t)x3(t)+d11x1(t − τ)

ẋ2(t) = βx1(t)− r2x2(t)

0 = p(
αβ
r2

− r1 −β − ηc
p
)x1(t)+ px1(t)x3(t)+u(t)

where x1(t) ∈ [−l, l], (l > 0), β = 0.5, α = 0.15, η = 0.01, r1 = 0.2, p = 1, c = 40, r2 = 0.1, l = 10, d11 =−0.1. The
following is a fuzzy model of a nonlinear single-species bioeconomic system, which is established based on the fuzzy
blending method.

Eẋ(t) = Aix(t)+Aτix(t − τ)+Biu(t),

where

Contemporary Mathematics 6328 | Chong Lin, et al.



E =

1 0 0
0 1 0
0 0 0

 , A1 =


−αβ

r2
− ηc

p
+η l α − c

p
+ l

β −r2 0

p(
αβ
r2

− r1 −β − ηc
p
) 0 −pl

 ,

A2 =


−αβ

r2
− ηc

p
+η l α − c

p
+ l

β −r2 0

p(
αβ
r2

− r1 −β − ηc
p
) 0 pl

 , Ad1 =

d11 0 0
0 0 0
0 0 0

 ,

Ad2 =

d11 0 0
0 0 0
0 0 0

 , B1 = B2 =

0.6
1
0

 ,

Cd1 =Cd2 =

[
−0.5 1 −1

0 1 0

]
, Cp1 =Cp2 =

[
−0.5 1 −1

0 1 0

]
.

The membership function has the following form

h1(x(t)) =
1
2
(1− x1(t)/l), h2(x(t)) = 1−h1(x(t)).

With theorem 1, by using the LMI tool in Matlab, we can calculate that under S1 : {ḣ1 ≤ 0 : P1 ≥ P2, M11 ≥
M12, M21 ≥ M22, Θ1 ≥ Θ2}, the MAD (maximum allowable time delay) τ1 is 0.4877, and under S2 : {ḣ1 > 0 : P1 <

P2, M11 <M12, M21 <M22, Θ1 <Θ2}, theMAD τ2 is 0.3829. Assuming that both S1 and S2 of the system are possible, the
MAD τM obtained from Theorem 1 is τM = min{τ1, τ2}= 0.3829. We choose the initial condition x(t) = [0.3, 0.2, 0.1]
with t ∈ [−τ, 0] and e(t) = [0.5, 0.2, 0.1]. When τ = 0.2, the trajectory of state variables of the closed-loop system is
shown in Figure 1 and the error is shown in Figure 2.

Figure 1. Evolution of the x(t)T = [xT
1 , xT

2 , xT
3 ]
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Figure 2. Evolution of the e(t)T

Table 1. Maximum τM obtained through various methods (Example 2)

Approaches τM

[23] null
Theorem 1 0.5846

Theorem 1 (Q2 = 0) 0.5479

Example 2 Consider singular T-S fuzzy system with time delay (2) with

E =

[
1 0
0 0

]
, A1 =

[
1.5 0.2
0 −1.1

]
, A2 =

[
1.6 0.3
0 −1.2

]
, Aτ1 =

[
−2 0.2
0.6 0.5

]
, Aτ2 =

[
−2.2 0.1
0.5 0.6

]
,

B1 = B2 =

[
2
1

]
, Cd1 =Cd2 =

[
0
1

]
, Cp1 =Cp2 =

[
0
1

]
.

We let

h1 =
1

1+ e−2x1
, h2 =

e−2x2

1+ e−2x2
.

With Theorem 1, by using the LMI tool in Matlab, we can calculate that under S1 : {ḣ1 ≤ 0 : P1 ≥ P2, M11 ≥
M12, Z21 ≥ M22, Θ1 ≥ Θ2}, the MAD τ1 is 0.5479, and under S2 : {ḣ1 > 0 : P1 < P2, M11 < M12, M21 < M22, Θ1 <

Θ2}, theMAD τ2 is 0.5846. Assuming that both S1 and S2 of the system are possible, theMAD τM obtained from Theorem
1 is τM =min{τ1, τ2}= 0.5479. In order to further demonstrate the role of asymmetric terms in reducing the conservatism
of the results, Theorem 1 for Q2 = 0 is also verified, and the MAD is 0.4452. If you use the treatment in [23], it is obvious
that it cannot deal with time-delay systems.
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5. Conclusions
The observer-based PD control problem of T-S fuzzy singular systems with time delay is studied in this paper.

Firstly, a new asymmetric LKF is designed to obtain the observer-based control design method. Moreover, we design a
PD controller by using a new augmented singular system with time delay, which solve the PD control problem in singular
systems with time delay. Meanwhile, the information of the membership function is used to design LKF, which reduces
the conservatism of the result. Finally, two examples are used to illustrate the effectiveness of the new method. The
research results of this paper have great significance for PD control of time-delay systems, but there are some limitations
in the present results, because the P matrix in the LKF functional has certain limitations.
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