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Abstract: This paper studies an observer-based control problem for Takagi-Sugeno fuzzy singular system with time
delay via proportional derivative control scheme. To achieve this, we design a new proportional derivative controller
to transform the original problem into the stabilization problem of the new augmented system. In addition, asymmetric
Lyapunov-Krasovskii functional and membership-function-dependent method are used to reduce the conservatism. The
admissible sufficient conditions of the closed loop system and the calculation methods of observer gain and controller
gain are given by using linear matrix inequality. Finally, two examples are given to verify the advantages of the method.
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1. Introduction

Singular systems originated in the 1960s, and applications of such systems including circuits, economic systems,
demography, and robotics, have been extensively and intensively studied since the 1970s [1]. Singular systems often
involve algebraic equations and differential equations. When the system has infinite poles, strong impulse behavior occurs,
which leads to system anomalies. In [2], the matrix rank condition is defined for singular systems. If the system has a
unique solution and no impulse behavior, the singular system is stable. Based on these definitions, control theories such as
passive control, time-delay dependent control and robust control have been developed. In time-delay dependent control,
Lyapunov-Krasovskii functional (LKF) method is a key tool for analyzing these systems, and treating delay terms with
inequalities has also been extensively studied, such as the auxiliary integral inequality [3], Free-weighted matrix inequality
[4] and Wirtinger inequality [5]. In the study [6], a new LKF is introduced and an enhanced stability criterion is given
using the extended mutually convex matrix inequalities and the auxiliary function integral inequalities. However, in the
past studies of time-delay system, matrices in LKF are often required to be positive definite and symmetric. In [7], a
new stability condition is given, which does not require that a matrix in LKF must be positive definite, but also needs to
be symmetric. Recently, in [8], a new asymmetric LKF method has been developed and the level of conservatism of the
results has been reduced. In [9], the asymmetric LKF method is extended to Takagi-Sugeno (T-S) fuzzy systems with time
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delay. Similarly, [10] uses this method to study the admissibility and dissipative properties of singular system with time
delay. In addition, the admissibility and stabilization properties of T-S fuzzy singular system with time delay are analyzed
using asymmetric LKF methods in [11]. The asymmetric LKF is also used in [12], and the sliding mode control design
does not require the control coefficient matrix of all linear subsystems to be the same, which reduces the conservatism of
the method.

T-S fuzzy model is mainly used for fuzzy modeling the complex nonlinear systems. By dividing the global nonlinear
system into several simple linear relationships and making fuzzy inference and decision on the output of these models,
the model can accurately represent the complex nonlinear relationships [13]. Since this model has been rigorously
demonstrated to have the ability to approximate nonlinear systems with high precision on a given set [14], it has been
extensively studied. The study of T-S fuzzy time-delay systems based on Lyapunov stability theory has made great
progress [15, 16]. To solve the problem of membership function handling in T-S fuzzy systems, a new membership
function association LKF is proposed in [17-19], which effectively reduces the conservatism. In [20], the Takagi-Sugeno
fuzzy modeling method is adopted, two fuzzy rules are used to represent the target system, and it is generalized to a finite
number of fuzzy rules.

In the stability analysis of T-S fuzzy singular systems, [21, 22] propose a Proportional Derivative (PD) control method.
The application of differential feedback in PD controller can effectively eliminate pulse behavior and reduce complexity.
The observer-based PD fuzzy control problem for T-S fuzzy singular systems is studied in [23]. However, it is a pity that
the time-delay problem is not discussed in the above research. If you use traditional methods as in [21, 22], the delay
term cannot be dealt with. However, the problem of time delay is very common in real life, so how to ensure the stability
of the system under the state of time delay is inevitable. In [24], a new idea is proposed to solve the stability problem of
uncertain singular systems. By transforming the problem into an augmented uncertain singular system, the sufficient and
necessary conditions of linear matrix inequalities are given. Inspired by the same idea, we construct a new PD controller
using augmented time-delay systems, and effectively solve the PD control problem of time-delay systems.

Therefore, on the above research basis, we propose an observer-based PD controller design method. Firstly, an
augmented singular system with time delay is designed. Then, the sufficient conditions are transformed into Linear Matrix
Inequality (LMI) form using the Schur complement and asymmetric LKF functional method. In fuzzy system processing,
a new LMI stability condition with time delay is proposed by using switching idea and membership function association
method. The main highlights of this paper can be summarized as follows:

(1) Based on the asymmetric LKF method, a new observer-based control design is proposed, relaxing the
requirements of positive definiteness and symmetry of the matrices involved in LKF.

(2) A PD controller is designed by using a new augmented singular system with time delay to solve the PD control
problem in T-S fuzzy singular system with time delay.

1.1 Notations

In the context of this paper, we utilize the notion R” to signify the n-dimensional Euclidean space, R"*™ is the set
of n x m real matrices. The ‘T’ appended to the matrix A represents its transpose. Within block symmetric matrices, the
symbol ‘x’ signifies a block matrix that is symmetric to its counterpart. / and O are identity and zero matrices of compatible
dimensions, respectively. P < 0 (P > 0) means that P is a negative definite (positive definite) matrix.

2. Problem formulation and preliminaries

The section discusses the control problem of nonlinear singular systems with time delay using the T-S fuzzy model.
The nonlinear singular system with time delay is decomposed into multiple linear singular subsystems with time delay
through fuzzy rules. Consider a nonlinear singular system with time delay, which can be described by the following T-S
fuzzy time delay model with r plant rules.

Plantrulei (i=1, 2, ..., r): IF {;(r) is w1 and --- and {,(¢) is W;p, Then
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Ex = Apx(t) + Agix(t — ©) + Bu(t),

Yp(t) = Cpix(1),

ya(t) = Caix(t),

x(t)=9(1), Vi€ [-7,0,i=1,2, ..., 1 (1)

In (1), x(r) € R" represents the state vector, while u(r) € R™ signifies the control input. y,(r) € R? is output vector and
ya(t) € R? is the derivative output vector. The system matrices, including A; € R™", Ay; € R™", Cy; € R, Cpi € R
and B; € R™™ are known constants. E is a singular matrix with rank / < n. The fuzzy sets are denoted by ;. The
premise variables are defined as { () = [{i (1), &(t), ..., {y(2)], and the constant time delay is denoted by 7 > 0. The
initial condition of the system is indicated by ¢ (7).

Utilizing fuzzy blending techniques, the comprehensive model from (1) is derived as follows;

r r

x(t):¢(t)v VIE[_T7 0]7 (2)
where h;({(¢)) is membership function of fuzzy rule i, given by,

@i(§(1))

h(C0) = oy

oL () = Iﬁlui,,-(co)),

and where function ;;({(r)) > 0 signifies the level of membership that ;(z) possesses within ;. It is evident that
;(§ (1)) is the product of u;;({(7)). It is easy to see that,

0<h(E() <1, 2h,~<c<r>> =

For simplicity, we introduce the notation #; to replace h;({(¢)) and define X (h) = Y/_; hi({(¢))X;, where X; are
matrices with appropriate dimension.
Next, based on the system described in equation (2), we introduce an augmented system,
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EZ([) = ZhiAiZ(I) + ZhiA‘ciZ(I — "L') + Zhiéiu(t),
i=1 i=1 i=1

y=Y hCalo), 3)

where

E: 7A‘L'i:

0| = C, O

Ci=|" .
Bi] P l 0 Cdi]

In [24] it is proved that the Proportional and Derivative State Feedback (PDSF) normalization and stabilization
problem of (2) is equivalent to the proportional state feedback stabilization problem of (3).

Based on the Parallel Distributed Compensation (PDC) and PD control scheme, the following PD fuzzy controller is

proposed as,

0 0| .
Bi=
0o

_ o 1,
A=

I, 0 %)
0 0]“(’)_ L&(z‘)

()4 [Kepi —Kea] 20 =)}, ©
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where 2(1) is the state estimation of z(r), K, K4; are memoryless controller gains and Kr;, Kz4; are memory controller
gains.
For the system (3), an observer-based controller is designed as follows,

EZ(t) = ihi(C(I))[ i2(t) + Aci2(t — T) + Buu(t) + Li(y(t) — 9(1))];

20) = g(t)a Vi € [_Ta 0]; Q)

where $(2) is the output of the observer, L; is the observer gain matrix, and K; = [Kpi —Kd,} K= {Krp,» - Td,} ,E()
is the initial condition for the system.
Next, we define the observer error as

e(t) =z(t) — 2(1). (6)
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Combing (3) and (5), we obtain the closed-loop system as

= Zhlhj ljx( )"‘Arin(t_T)]v (7)
i=1j=1
where
F_ E 0 A= _i+Ei _j L,’C,' A= A_ri+BiKTj 0 ([): 2(1‘)
0 E|’ Y 0 A,’—L,‘C,' PR 0 AT,‘ ’ e(t) '

In the context of this study, the system (7) is considered acceptable if it is impulse free, regular and asymptotically
stable [25]. Furthermore, as considered in [17-19], we assume the membership function #;({(¢))(i = 1, 2, ...r) is
differentiable. Here are some lemmas that will be used in this paper.

Lemma 1 [26] Given R > 0, for any continuously differential function §(&), the following inequality is feasible in
(81, &] = R,

<cz—c1>/f 57 ()RS(E)E > (/; & (€1 ) (/;26(5)616)-

Lemma 2 [5] Given R > 0, for any continuously differential function (&), the following inequality is feasible in
[gh CZ] —R",

I C S (EIRSE10E = s (/:Z‘ST@W)R (/;25@“’5) Tl

Wherecbzfczﬁ &)dE — = C/l/ déd@.

Lemma 3 [27] For the singular system Ex(¢) = Ax(t), the pair(E, A) is impulse free and regular and asymptotically
stable if there exists a matrix P such that

EP=PT'E >0,
APT +PAT <.

Lemma 4 [28] For full rank matrix C € R™*" with rank(C) = m, suppose that the Singular Value Decomposition
(SVD) for C is described as C = O {S 0} VT, with O and V being orthogonal matrices, and satisfying O - 0T = I and

V-VT =1, and S being a diagonal matrix. Assume X > 0.
Then, there exists nonsingular matrix X such that CX = XC if and only if the following condition holds:

X1 0

VT
0 X»

X=V
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where 0 < X;; € R™™ () < X,y € RUr=m)x(n=m) 1p this case, X can be chosen as

X=o0sx;,5'o7".

3. Main results

In this section, we study the observer-based PD control for T-S fuzzy singular systems with time delay, and propose
a new theorem.
Theorem 1 Given 7 > 0, system (7) is admissible if there exist matrices Q; = {Ql i Qzl} with0 < Q1; € R 0y; €

RY™4n 0 < My; € R™ 0 < My € R™" Wi, e R™"(p=1,2,3,4),Gp eR™P(p=1,3),Gip eR™(p =2, 4)

X X
and P = 0 ; X = Ol )(()2 >0, suchthat fori, j=1,2,...,ri<},
EP=PTE >0, (8)
. 1 .
cI)i: Qll EQZI >0’ (9)
x My
Q,’j-i-.Qj,' <0, (11)
where

Qiiij Quoij Qu3i Quaij

o Qoo Qo3 Qoyij
=, T o ol (12)

* * * Quy;
o A T . T A E 201,
QlllJ*Al]+Aij+Qlli4E MyiE + "My,

Quaij = Aij —2E" MyiE,

1 6_
Q3 = EQzT,' + %EMUET7
Quuij = Af},

Qui = — 01— 4EMET,
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0 Xo Gi1Cpi GinCyi
A AX1+BW;; —EX;—BWjp Gi3Cpi GisCyi
Y 0 0 =G Cpi Xo — GpCy;
0 0 AX1 —GpCyi —EXy —GiyCy;
0 0 0 0
Az X1 +BWjs —BWjy 0 0
Azij =
0 0 0 0
0 0  AyX; O
In this case, the controller gains and the observer gains are derived as
Kpi =WaX; ', Kai = WX ', Kepi = WX, Keai = Waxy

1 6 _ _
Qo3 = _EQZi + ;EMUET;
Qo4 :AZ,-j,

12 _ _
Q33 = *FEMUET — My,

Quui = —2772pT + Tﬁlei,

L G OSX;'s7'0™!  Gp08X,'s7'o™!

where O and S are given in Lemma4andi=1, 2,...,r.
Proof. Given the positive definite properties of P and M;;, we have

So we get

and we have

Co iporary Math

(P— M )M;' (P" —My;) > 0.

—12PM PT < —2072PT 1My,

GOSX;'s7'07!' Guosxy's~'o7|”
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Qiiij Quaij Q13 Q14i;

-Qij o 220 23i 24ij < Qijo
* * .Q33I' 0
* * * —‘L”2PME1PT

X11 0

ForX; =V
! 0 Xx»

VT, according to Lemma 4, there exists X; = 05X;,S~ 0! satisfying C;X; = X,C,;, and

we can use the same method to get Cy;X> = X>Cy:. Letting B = P~! and M;; = P~TMy;P~!, and multiplying Q; ; from the
left and the right by diag [ﬁT pr pr MITJ and its transpose, respectively, it yields

" " " I
Quiij  Quoij Quzi AjMi

. . T a1,.
ay= | v P S AuM (13)
* * Qs 0
* * * —1_21\21,-
where
Qi =PTA;; +AiTjP+ O1i —4ET MyiE + T My,
Quoij = PT Ay —2ET MyE,
* 1.7 —1paz. T
9.13,‘ = §Q2i+6f EM]l'E R
Qoo = — Q1 —4E"MyE,
v 1. .
Qo3 = _§Q2i+67_1ETM1iEa
Q33i = —12T72ETM1,'E —Mg,’.
We get Q ;i in the same way. According to the condition (11), we get Q i+ Q ji <O.
Now, we choose LKF candidate as follows
Vi = Vi1 4+ Viz + Vi3, (14)

where

Vit = x()EPx(t),
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t

Vo= [ 2T O0W[£7(0) Sz (©)ae] do

Vo=t [ [ KT EE M ER(E) + 2T @M x(E)] dEdo.

Through My; > 0, we have Mz(h) > 0. According to Lemma 1, we have

o [ A @r(E) = [ 1 @z [ x@an. 15)

Based on (15), we deduce

[ 2 @0m[re) fixl@ag] ao+e [ [ L @rbmxE)dzao

T
t x(0) % x(6)
= /H l_;; x(é)dé] ) lféx(é)dé] @

where

(VI)U’l) — [Ql(h) ;VQV2(h)] > 0.
* M (h)

Since ®; > 0 in (9), it follows that &(h) > 0. Furthermore, considering the fact that M; > 0, we can conclude that
M, (h) > 0, which implies V, > 0.
Taking the time-derivative of V;, we have

Vi =24T(ET Py (1) + / E)AEDy (h)x (1)

rt

A =D0W ¢ a7 @] + [ AT 000 [x7(8) fsxT(E)ag] ao

t—7

+ 22y (OMa(h)x () + T () ET Mi(h)EX (1)

- f/ (7 (E)VET M (MEZ(E)+ 2T (E)Va(h)x (£)] dE
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vo [ [ O WELE) +2(E) Mah)2(E)] dEdo.

Considering the constraints in (10), we have

O [Tt~ [ 2T(&)E] + A (O W)

Vi <2¢" ()ETP(h)x (1) — x" (t — 1)

(Mx @)+ %" (OE" My (WEF (1) + %" (1)Ma(h)x (1)

[ T ©ET M ERE) + 2 W) 2(E)] de.

By leveraging Lemma | and Lemma 2, we establish upper bounds for —7 [ _ 7 (&)Ma(h)x(§)dE and —7 [ %7 (€)

ETM,(h)E}(&)d& in V. This leads to the following inequality

V, <o (E(h) + 2P M) 0, (16)
where,
O =[x"() 2Te—v) [oAT(E)aE],
Qllzi QlZij Ql:‘n
Eij=| * Qi L3,
* * Q3gl
¥ = |MiAi; MyAqg; 0} .
According to the inequality (11) and the Schur complement lemma, for i =1, 2, ..., r, it follows that &;; + Z;; +

20297 Z'W; < 0, so we have V; < 0. Thus, the closed-loop system (7) is admissible.
Remark 1 In Theorem 1, M;(h) < 0, Ma(h) < 0, ®(h) < 0 in (10) can be achieved when

hu S 0: (I)u*q)r > 07 Mluler 207 MZuszr Z 0;
(17)
hy>0: ®,—®, <0, My, — My, <0, My, —M>, <0,

where u =1, 2, ..., r— 1. There are in total 2"~! situations (S;, [ = 1, 2, ..., 2"!) ensuring ®(h) < 0, M;(h) < 0 and

M, (h) < 0 simultaneously.
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Remark 2 In the study of observer-based control problems, previous studies often require LKF to be symmetric, as
documented in [29-32]. In Theorem 1, the asymmetric LKF method is first applied to observer-based control problem for
T-S fuzzy singular system with time delay. By making Q»; = 0 and Q(4) = 0 in Theorem 1, LKF can be reduced to be
symmetry and the method proposed in this section will be degraded to the method in [31]. Obviously, asymmetric LKF
reduces conservatism by removing the constraint symmetric matrix. In this paper, we use relatively simple LKF, but the
results are still better than results in [29] and especially Lemma 5 of [31].

Remark 3 Although the observer-based fuzzy control problem discussed by PD control scheme is widely studied, it is
difficult for traditional methods to solve the PD control problem of time-delay systems. Current research lacks PD control-
related time delay problems, as in [23]. Therefore we introduce a new augmented system with time delay, transform the
problem into the corresponding stabilization problem of an augmented system with time delay, and give the sufficient and
necessary conditions of the problem in the form of linear matrix inequalities.

Remark 4 We analyze the computational complexity by Theorem 1, where there are 14 unknown matrices. The
number of unknowns is calculated as 40n”> + 6n + mn + np + nd. Obviously, after the use of asymmetric LKF, the
complexity of the calculation is increased, but the conservatism is reduced.

4. Numerical examples

In the section, two examples are given to verify the reduction of conservativeness of our methods numerically.

Example 1 Consider a nonlinear single-species bio-economic system without disturbance, which is borrowed from
[33]. Nonlinear single-species bio-economic system refers to the resource utilization and economic activities of a single
species (such as a certain fish, forest or economic animal) in an ecological economic system, and these activities show
nonlinear characteristics.

— X1 (I)X3(t) +di1x1 (l — T)

Xg(t) = ﬁxl(t) —r2)C2<l)

(04 c
0=p(%E ri = L 0) + praa(0)+ ()
where x1 () € [, 1], (1 >0), 3 =0.5, @ =0.15,7 =0.01, 1, =02, p=1, c =40, r, = 0.1, [ = 10, dy; = —0.1. The

following is a fuzzy model of a nonlinear single-species bioeconomic system, which is established based on the fuzzy
blending method.

Ex(t) = Aix(t) + Agix(t — T) + Biu(t),

where
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E=10 1 0 7A]Z B —r 0 5
0 0 0 a c
Py S L S S
mn p
af nc
R nl o *;‘Fl dy 0 0
Ay = B - 0 ,Aa=10 0 0],
a c
o1 0 000
) p
dip 0 0 0.6
Apn=10 0 O0|,Bi=B=1|1],
0 0 0 0
05 1 -1 05 1 -1
dl d2 0 1 o | P2 lo 1 O]

The membership function has the following form

M) = 5 —xa()/0), ma(x(0) = 1~ (x(1))

With theorem 1, by using the LMI tool in Matlab, we can calculate that under S : {h1 <0: PAL>P, Mj; >
M2, My > Moy, ©1 > ©,}, the MAD (maximum allowable time delay) 7; is 0.4877, and under S, : {h1 >0: P <
Py, M| <My, My < M, ©) < ©;}, the MAD 1, is 0.3829. Assuming that both S and S of the system are possible, the
MAD 7 obtained from Theorem 1 is 7y = min{71, 72} = 0.3829. We choose the initial condition x(¢) = [0.3, 0.2, 0.1]
with 7 € [—7, 0] and e(¢) = [0.5, 0.2, 0.1]. When 7 = 0.2, the trajectory of state variables of the closed-loop system is
shown in Figure 1 and the error is shown in Figure 2.

xy(f)
(1)

A

states

0 5 10 15
Time (s)

Figure 1. Evolution of the x(t)T = [xT, x7, xI]
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5 10 15

Figure 2. Evolution of the e(¢)”

Table 1. Maximum 7, obtained through various methods (Example 2)

Approaches T
[23] null
Theorem 1 0.5846

Theorem 1 (0> =0)  0.5479

Example 2 Consider singular T-S fuzzy system with time delay (2) with

1 0] 15 02 1.6 03 —2 02 —22 0.1
E = A = Ay = Al = A, —
lo ol ! lo 11 lo —1.2]’ ol [0.6 0.5]’ 2 [0.5 0.6]’
2 0 0
B =B = , Cn=Cpp = , Cp1=Cpp = .
1 1 1
We let

1 e

= 14+e 20’ ho =

With Theorem 1, by using the LMI tool in Matlab, we can calculate that under S : {h1 <0: P>P, M| >
My, Zr1 > My, O > @2}, the MAD 1; is 0.5479, and under S> : {h] >0: P <P, M1 <My, M1 < My, 1 <
0, }, the MAD 1, is 0.5846. Assuming that both S} and S, of the system are possible, the MAD 1 obtained from Theorem
1is Ty = min{7;, T2} = 0.5479. In order to further demonstrate the role of asymmetric terms in reducing the conservatism
of the results, Theorem 1 for Q> = 0 is also verified, and the MAD is 0.4452. If you use the treatment in [23], it is obvious
that it cannot deal with time-delay systems.
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5. Conclusions

The observer-based PD control problem of T-S fuzzy singular systems with time delay is studied in this paper.
Firstly, a new asymmetric LKF is designed to obtain the observer-based control design method. Moreover, we design a
PD controller by using a new augmented singular system with time delay, which solve the PD control problem in singular
systems with time delay. Meanwhile, the information of the membership function is used to design LKF, which reduces
the conservatism of the result. Finally, two examples are used to illustrate the effectiveness of the new method. The
research results of this paper have great significance for PD control of time-delay systems, but there are some limitations
in the present results, because the P matrix in the LKF functional has certain limitations.
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