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Abstract: We analyze, using the Lyapunov-Krasovskii method, the conditions for the stability, boundedness and
periodicity of solutions to a class of nonlinear matrix differential equation of third order with variable delay. Criteria
under which the solutions to the equation considered possess solutions that are stable and bounded on the real line as
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the literature on scalar, vector and matrix differential equations with or without delay. The integrity of our results is
demonstrated by two numerical examples included.
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1. Introduction

We shall be considering the matrix delay differential equation (MDDE),
X +F(X, X)X +BX +H(X(t—r(t))) = P(t, X, X, X), (1)

inwhichX :R— #,H: # — #,B¢c .# is a real m x m-constant symmetric matrix, F : 4 X M — #, P : R x
M X M X M — A and (1) is continuous and differentiable, so that 0 < r(¢r) < §y and (1) < &, (0< § < 1), both &,
&, are positive real constants and the dot in (1) denote differentiation with respect to ¢. All through this paper, .# shall
represents the space of all m x m matrices, R = (—eo, oo) and R is the m-dimensional Euclidean space. It is taken that
F, H and P are continuous and satisfied Lipschitz condition in their own arguments.

Generally, MDDE:s are differential equations in which the time derivatives of the unknown function (i.e., X € .#)
at a current time is determined by the values of the function at the previous times. Numerous researchers in the last five
decades and even more, have carried out various works on the qualitative behaviour of solutions to many scalar and vector
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differential equations by means of Lyapunov-Krasovskii (or Lyapunov direct) method (See, [1-27]). But, there is relatively
little study on the qualitative behaviours of solutions to matrix differential equations (See, [14, 17, 28]). However, to the
best of our knowledge, we are yet to see any work on matrix delay differential equations (MDDESs). Hence, there is need
for the current work.

The conditions for boundedness and existence of at least one periodic solution to

X +F(X, V)X +BX+H(X)=P(1, X, X, X), @

for which B is an n X n-constant symmetric matrix and F, H and P are continuous vector functions was studied in [21].
Also, boundedness of solutions to (2) when BX = G(X) was considered in [1].
Similarly, Omeike [16] examined criteria for stable and bounded solutions to the delay differential equation (DDE)

X +AX +BX +H(X(t —r(1))) = P(1),

where A and B are n X n-constant symmetric matrices, H(X) and r(z) are continuous and differentiable functions. Later,
Tunc and Mohammed [22] proved certain results on the stability of null solution and boundedness of solutions to the
following DDE

X +PX)X +BX(t—11)+cX(t—1) = P(¢).

Further more, Tunc [24] gave certain conditions for the stability and boundedness of solutions to

X +HX)X +GX(t—r))+eX(t—r)=P(t, X, X, X),

where r > 0 is a delay. Omeike [15] studied ultimate boundedness of solutions to the following DDE

X +AX +BX+H(X(t—r) =P(t, X, X, X),

where both A and B are n x n-constant matrices, r > 0 is a delay and vector H(X) is not required to be differentiable.
Adeyanju and Tunc [7] gave some criteria for asymptotic stability and uniform ultimate boundedness of solutions to

X +F(X, X)X +BX + H(X(1—r(1)) = P(t, X, X, X), 3

where X : R — R” is the unknown, H : R” — R", B is a real n X n-constant symmetric matrix and r(¢) is the delay.
Tejumola [28], proved some theorems on the stability, boundedness and existence of at least a periodic solution to
the matrix differential equation (MDE)

X +AX +H(X)=P(t, X, X),
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where X : # — ./ and A is an n X n-constant symmetric matrix.
Later, Omeike [17] also studied conditions for boundedness and periodicity of solutions to MDE

X +AX +BX +H(X) = P(t, X, X, X), 4)

where X : # — .#; A, B are n x n-constant matrices and H(X) is a differentiable matrix function. In a recent paper by
Olutimo and Omeike [14], the authors considered stability and ultimate boundedness of solutions to a rectangular MDE

X +AX +¥(X)+H(X)=P(t, X, X, X), ®)

where X : R — .4, W(X), H(X) : .M — .4, A is an n x n constant symmetric matrix and ./ is the space of n x m
matrices.

Having derived motivation from papers [14, 15, 17, 28] and other referenced papers, we are encouraged to extend
and generalize stability, boundedness and periodicity results of scalar, vector and matrix differential equation to MDDE
using an appropriate Lyapunov-Krasovskii functional. This functional, has the property that, it is positive everywhere on
the real line apart from the origin where it vanishes. On the other hand, the derivative of the functional along the solution
path of the equation being examined is expected to be negative semi-definite. In the present paper, differentiability of
H(X) € A is not required but for any X, Z € .# (Similar to Afuwape [9], Meng [13] and Omeike [15]), there exists an
m x m operator C(X, Z) such that

H(X)=H(Z)+C(X, Z)(X - Z), (6)
where 4;(C(X, Z)) (i=1, 2, ..., m) are continuous eigenvalues of C(X, Z) which satisfy

Ah > A'I(C(Xa Z)) > 611 > 07

for some real constants J;, and Ay,.

Remark 1

(i) Equation (1) reduces to (4) when F (X, X) = A and r(¢) = 0. Thus, (1) is more general compare to (4).

(i1) The current research is an extension and generalization of the results in [7, 15, 17, 28] to MDDE.

Notation and definitions [17, 28].

We shall adopt some standard matrix notation as contained in [17, 28]. Let .# represent the space of all real m x m
matrices, R™ the real m-dimensional Euclidean space and R = (—oo, o). Forany W, Z € .#, W' and wij(i, j=1,2, ..., m)
denote the transpose and the elements of W respectively, while (w;;)(z;;) will sometimes represent the product matrix WZ.
W; = (wit, Wiz, .., Wim) and W/ = (wyj, waj, ..., wy;) stand for the ith-row and jth-column of W, respectively and
W = (Wi, W, ..., W,,) is the m? column vector consisting of the m rows of W.

Given any constant matrix B € ./, there exists an associated m? x m?> matrix B having m? diagonal and m x m matrix
(ajjIn) (Where I, is an m x m identity matrix) and such that (a;;1,) belongs to the ith-row and jth-column of B. The inner
product of W, Z is (W, Z) = trace WZ! and (W, Z) = (Z, W). More so, | W — Z I?= (W -2, W Z) defines a norm on
A . Indeed, | W ||= [W|,,2, where |.|,2» denotes the usual Euclidean norm in R™ and W € R™ is as defined earlier.

Lastly, let x € R™, then, |x| denotes the norm of x. For a given r > 0, 1 € R, C(r)) ={¢ : [1 — 1, 11] —
R™ /¢ is continuous}. Specifically, C = C(0) stands for the space of continuous functions mapping the interval [—7, 0]
into R” and for ¢ € C, ||¢]| = sup_,4-([¢(0)|. Cu will denote the set of ¢ such that ||¢|| < H. For any continuous
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function x(u) defined on —h <u <A, A > 0, and any fixedz, 0 <t < A, the symbol x; will denote the restriction of x(u)
to the interval [r — r, 7], that is, x; is an element of C defined by x,(0) =x(r+6), —r <6 <0.

2. Preliminary results

The following preliminary results are necessary to prove our main results.
Lemma 1 [8]. Given that U is any real symmetric positive definite m x m matrix. Then for any Z in .# , we have

ml|Z|? < (UZ, Z) < wal|Z|?,

where u1, up are the least and the greatest eigenvalues of U, respectively.
Lemma 2 [9]. Suppose U, V are any real m X m commuting symmetric matrices. Then
(i) the eigenvalues 4;(UV) (i =1, 2, ..., m) of the product matrix UV are all real and satisfy

min  A;(U)A4((V) < A4UV) < max A;(U)A4(V);

1<j, k<m ~ 1<j, k<m °

(ii) the eigenvalues 4;(U +V) (i=1, 2, ..., m) of the sum of matrices U and V are real and satisfy

{ min A;(U)+ min /lk(V)} <ALU+V) < { max A;(U)+ max lk(V)}.

1<j<m 1<k<m 1<j<m 1<k<m
Lemma 3 [15]. Let H € € (.#) be a continuous matrix function and that H(0) = 0. Then,

H(U) = C(U, 0)X(1) ~C(U, 0) /timxl (s)ds,

where U =X (t—r(t)) and X, X; € .
Proof. By setting X = X (r —r(¢)) and Z = X, (t — (¢)) in (6), we obtain

HX(@t—r()=HX(t—r)+C(X(t—r(t), Xi(t—r(t))) (X (@ —r(t)) = Xi (t — r(1))). (7)

Again, we set X (f — r(¢)) = 0 in (7) and note that

where
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Then, we have

H(X(t = r(1))) = C(X (t = r(z)), 0)X (1) —C(X(t = r(z)), 0) /, ’r(t) Xy (s)ds. (@®)

On letting U = X (¢t — r(¢)) in (8), we have

H(U)=C(U, 0)X(1)—C(U, 0) [ X, (s)ds. 9)

t—r(r)

Consider the following equation

X=F(t,x), %(0)=x(t+06), -r<6<0, (10)

where F : R x Cg — R™ is a continuous mapping which takes bounded set into bounded sets. Hence, by Burton [10] we
have the followings.

Lemma 4 [10] Let V(z, ¢) : R x Cg — R be continuous and locally Lipschitz in ¢. V (¢, 0) = 0, and such that:

) Wi (1x(1)]) < V(8 3) < Wall(o)]) +Ws () Wallx(5) )ds)

(if) Vi) (¢, x(2)) < =Wa(|x(0)]),

where, W;(i = 1, 2, 3, 4) are wedges. Then the null solution of (10) is uniformly asymptotically stable.

Lemma 5 [10] Let V(¢, ¢) : R x Cg — R be continuous and locally Lipschitz in ¢. V(z, 0) = 0, and such that:

() Wi (1x(1)]) < V(8 3) < Wall(o)]) +Ws () Wallx(5) )ds)

(i) Viz.1) < —Wa(|x(s)]) + M,
for some positive constant M, where W;(i = 1, 2, 3, 4) are wedges. Then the solutions of (10) are uniformly bounded
and uniformly ultimately bounded for bound M, M > 0 is a constant.

3. Statement of main results

For convenience, we set X = X;, X = X, and X = X5 in (1) to obtain

X=X
X1 =X,
X, = —F(X, X1)X2—BX1 —H(X(t—r(t)))—l—P(t, X, Xi, Xz). (11)

Also, from now on, we shall simply write F(X, X;) as F and P(¢, X, X;, X») as P.
Theorem 1 Further to the earlier assumptions on F, H(X),B and r(¢) contained in (11),
(1) there is an m x m real continuous operator C(X, X)), X, X| € . so that:
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H(X) = H(X1)+C(X, X1)(X —X1), (H(0) =0);

(i) F and B commute with each other and also with C(X, X;). The eigenvalues A;(F), A;(B), A;(F —1I), ALi(F — 8,1)
and A;(C(X, X1)) of symmetric matrices F, B, (F —1I), (F —§,) and (C(X, X1)) (i=1, 2, ..., m?) satisfy

8 S Xi(F) < Ag, 8 < 2i(B) < A,
and
0 < min{A;(F — 1), Ai(F — 8,0)} < max{A(F —1I), L;(F —8,1)} <e,
0< & < A(C(X, X1)) < Ay

2

where I is an m? x m?-identity matrix, &,, &8, A4, Ay, and € are positive constants with € satisfying

| 3n8? 8. n(1—p)& —4N,(n+8,)
€ = min 3 39 , 5 — ,
o;+m* 2(26,+1) n&AZ(1—p)3;

and
Ay <k8,0 (k< 1),

where k > 0 is a constant such that

_n(l—-p) . Op 1
‘- min{ 5 Lo -

If

¢ <min{ 0p0p 2p8,6,(1 - &) N6, }
! ApAR” A [(1=p)A+(1420)+ (2= &) (N +684)] 2A,(1427)

Then the null solution of (11) is stable, asymptotically stable and uniformly asymptotically stable when P(¢, X, X;, X»)
0.

Proof. We make use of the Lyapunov-Krasovskii functional (LKF) V : .# x .# x .# — R defined for any
X, X, Xp € # sothatV =V (X, X;, X,) is given by
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2V =p(1-p)(BX, BX)+2n(BX1, X) +p(BX1, X1) + N(X2, X2) + N(X1 + X2, X1 +X2)
0 t
FO0F X+ (1-p)BX. Xt i+ (-p)BX)+y [ [ (xi(6), xi(0))abas,  (12)
—r(t) Jt+s

where p, ¥ and 7 are constants satisfying 0 < p < 1,1 >0, y> 0 and §, is as defined above.

The LKF defined in (12) is positive definite, since the coefficient of each term appearing in it is positive and it
vanishes at X =0, X; =0 and X, = 0.

In view of Lemmas 1, 2 and the definition of our norm (under “Notation and definitions”), we obtain for the first
term in (12), the following.

p(1-p)& | X |* < p(1-p)(BX, BX)
=p(1—p) Y IBX'];
i=1

<p(l-p)A; X[

Similar estimates, can easily be obtained for other terms of (12) save the last term. The last term appearing in Eq.
(12) satisfies

0 t
0< y[r(t) /HS<X1(9), X, (6))d6ds.

Therefore, we have

-0 't
SUX P+ P+ %) <veaUX P+ix P+ 1%y [ @) x@)des a3

where 8 = %min{p(l —p)5,]2, (2n+p)dy, n} and
1
& = 5 max {A(1=p)(A+ 8 +1), (8 +Ay(1=p)+1) +A,20+p) +21, S+ Ap(1—p)+3n+1}.

Inequality defined by (13) implies that V — eoas || X ||> 4 || X1 ||> + || X2 ||>— o=
Suppose (X, X;, X3) is any given solution of (11) when P = 0. Then, derivative of (12) with respect to ¢ along (11)
is obtained as
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D (1= p)BX, H(X(t — (1)) — (MBXi, Xi) — (p&,Xs, BX1) — (1+2m)Xs, H(X(t — r(2))

dt
(080, HOX ) = e ) 75 [ [ (6), xi(6))doas
—((F =&l Xo+1(F = 1)Xa, X2) — (1= p)(F — 8al) X2, BX) — ((F — 8l) X2, 8.X1) — (n(F —1)X2, Xi).
But,
t 0
re [ [ (o). xi(@naeas=y [ (C‘l’t /I+S<X1(9) (6))d9)ds+y x(6). X1(9)>d95t/r(l)

}//_Orm <<X1 (1), X1 (1)) — (X1 (t+5), X1 (¢ +s)>)ds

0 0
=0, X0) [ ds—y [ i), i)

—r(t)

o) [ (6. xi(0)ae

=yr(){X1(1), X1 (2)) —v ’ Xi(t+s), Xi(1+5))ds

—r(t)

w6, xi(o))ae.

On substituting 8 =t + s and d0 = ds in the above, we have

t

i [ 0000, Xi(@)a0ds =y i), Xi0) =1 -r ) [ (6i0), X(6))db.

Thus,
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O = (1 p)BX, H(X(t— r(e)))) — (MBX1, Xa) — (p8,X1, BX1) — {(1+20)%, H(X (1~ r(1))

— (0 +8a)X1, HX (1 = r(1)))) — (NFX2, Xa) +yr(6) (X1, X1) —y(1 - "/(f))/t (X1(6), X1(6))d6

t—r(t)
—((F =&l Xo+n(F —1)Xa, Xo) — (1= p)(F — 6al) X2, BX) — ((F — 8al) X2, 8.X1) — (n(F —1)X2, Xi).
Using (9) in the above, we get

%/ =—((1-p)BX, C(U, 0)X) — (nBX1, X1) — (P&, X1, BX1) — ((1+2n)X>, C(U, 0)X)

~ {1+ 6.1, CU. 0)X) — (Mo, o)+ () 00, X) = (1) [ (3(6). Xu(0))do

—((F = 8u)X2 +1(F — D)Xz, X2) — (1 = p)(F — 8al)X2, BX) — ((F — 8uI)X2, 8aX1) — (N(F —1)X2, X1)

t

+ Hm<(1 —P)BX(s)+ (N +84)X1(s) + (14+2n)Xa(s), C(U, 0)X1(s))ds.

. . dv
For ease of computation, we shall write — as

dv
—=-U1—U,—Us+Us, (14)
dt
where,
_1-p n
U —T<BX, C(U, 0)X>+<p5aX1, BX1>+2<FX27 X2>,
1_
U, = P

1 (BX, C(U, 0)X) +n(BX1, X1) +((n+6,)X1, C(U, 0)X)+%<FX2, X2) +((F — 0al) X2, 04X1)

+((F = 8uD)X2, Xo) +N((F = )Xz, X2) + (1= p)((F — &0) X2, BX) + n{(F —1)X, X1),

Uy = JDBX, €U, 0)%) + 1 (FXo, Xo)+ (1420 (%, C(U, 0)X),

he

Co iporary Math

120 | Cemil Tung, et al.



Us Z/rt (1=p)BX (s)+ (1 + 8a)X1(s) + (14+20)Xa(s), C(U, 0)X1(s))ds

—r(1)

t

£, X0) = (1=r0) [ (x1(6), Xy (8))de.

Jt—r(t)

We now find an estimate for each of U;, (i =1, 2, 3, 4). Starting with U;, we have from the conditions of Theorem
1 and Lemmas 1, 2.

1—
Ui = TP(BX, C(U, 0)X) + (p8,X1, BX;) + g<FX27 X,)

1-p

=xT
- 2

BE(W, 0)|X+XT [p8.B]x, +x] [1F]x,

2” 800 (X, X) + p8ady (X1, X1) + gsaocz, X)

>

2 2 2
=& X 17+l X0 7+ 11 X2 [19),

where 8; = min{ ! ;p 8,0, 8.6, Z(Sa}.

Giventhatk; > 0(i=1, 2, .., 5) are some constants whose values are to be estimated later. Then, from the conditions
of Theorem 1, Lemmas 1 and 2, we have the following estimates

1
(N +8)X1, CU, 0)X) = [lki (+8,) X1+ 5k; ' (1+8,)2C(U, X

— (ki (4 84)X1, X1) — %kfz«n +8,)C(U, 0)X, C(U, 0)X)

1
> =k (n+8)X1, X1) = k(0 +8,)C(U, 0)X, C(U, 0)X); (1)
((F — 80) %0, 8,X1) = |[ea (F — 81) 82 % + %k;l (F = 80)} 82 X1 |2 = B{(F — 8018, %, Xo)
— %kﬁ((F — 80Xy, 8,X1)

Z _Kg [k% (F - 5ai) 511]&2 _X{ [%kz_z(ﬁ - 5ai) 551]&1
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> —Ged, |1 X P~ ks %ed, | Xi I 16)
(1= p){(F — 8.1)Xa, BX) = (1—p)||ks(F — 8,1)2 B2 Xz + %k;l (F — 8,0)2B2X|?
K1 p)(F — 8uD)BXa, Xa) — 1k (1= p){(F — 8.1)X, BX)
> X330~ p)(F ~ D BIX X" [k (1~ p)(F ~ ) BlX
> —eay(1-p) | Xa |~ 3hs2eas(1-p) | X | a”
N((F —1)X, X1) = n|ks(F —1)2X> + %k;l(F S D)IX|P = KN (F — DX, Xo) — % Jn((F-DXy, X)

. 1, . .
> X3 [Gn (F = D)X, = X7 [k n(F - D)X,

1
> —kgne || X | =3k "ne | x| (18)
and finally,

1
(1+20) (X, C(U, 0)X) =(1+2n)[[ksXa + ks 'C(U, 0)X |2~ k5(1+27) (X2, Xa)

— %k5‘2(1 +2n)(C(U, 0)X, C(U, 0)X). (19)

Thus, by Lemmas 1, 2 and estimates (15)-(18), we have
>xT 01— p)8, —k2C 8,)]C & | X1 |2 —K3(n +6 2 0 1% |2
Uz 2X° 2 [(1=p)& —ky "C(U, 0)(n +8)IC(U, 0)X +n 8y || X |7 —ki(m +8a) || X1 |7+ 0 | Xz |
1 - - P
—kzed, || X2 |I? *1k2285a 1 X0 17 +X3 [(F — 8uD)]X, + X3 [(F — D)X, — k3eA,(1-p) [| X2 |

1 _ I _
- 1k328Ab(1—p) X |I? —kine || X2 |? 7 imel x|
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[[(1=p)& — k2801 + 8], — k3 et (1= p)] [ X |1

Bl =

1o o 1
+ |n& K (n+8,) - 1k edu— gk ne] [ X1 |

L6, — (38, + K3 +Km)] 1 %2 |

+[§a

Similarly, using Lemmas 1, 2 and estimate (19) in Uz, we obtain

1 ~ ~ -
vs>x" 4 [(1-p)8,—k52C(W, 0)(1+2m)|CW, 0)x +X3 [gF}& R+ 1% |

1 1
> [(1=p)8 — k281 2m) |8 | X | +5 [nd, —4d(1+2m)| | X2 |12
% 1% , then we have

5 5, 1
If we choose Kl = —1 0 R =L 2= = R2=Pandpl =10
WO T e T e B T A T S T a2

Uy >0

with
21— 1-p)6}
a, <0 =P)% _n(1-p) b 20)
M+8)  4n+8)
and
U; >0,
with
201 — _
A, < BU=P)% _ n(l-p)8dy @1
(1+2n) 4(1+2n)?
It then follows from inequalities (20) and (21) that for all X, X, X, € .#, U, > 0 and Uz > 0, whenever
Ap < k6,0
such that
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_nd-p) . S 1
=7 mln{5a(n+5a)2’(l+2n)2'

By the fact that 2|{e1, e2)| < ||e1]|> + ||e2]|?, Us becomes

|Us| = /, t o (1= p)BX" (5) + (n +8)XT () + (1+2m)XT (5)| €U, 0)X, (5)ds

—r(t

t

Fp O, X) =y =70) [ (xi(6), Xi(6))d8

t—r(t)

1 1 1
<5 (1=p)ApAyr(r) IX 117 + 5 (M +8a)Ar(1)1X1 I+ S+ 21) 8y (1) ]|X2|?

t

+ {;(1 — P)ApA,+ %(n +8)AL+ %(1 +2n)Ah}/t (X1 (s), X1 (s))ds

—r(r)
S, 3) =1/ 0) [ (%1(0). Xi(6))a8

1 1
<5 (1=P) A& X7 + 5 (1 + ) Any X1 7+ 5 (1+2m) Ao |

N —

{50t Jn s s 2mang [ @), xilo)as

t

+ 76 (X0, X0) — (1 — Cz)/ (X,(6), X,(8))d6.

t—r(t)
If we set

Ay

Y= m[(l —P)A+ (N +684) + (1 +21)]

in (22), then we obtain
1 2 1 2
|Us| §§(1*P)AbAhClHXH +5(1+277)A11C1HX2||

Ay
2(1-8)

+ [(1=p)Ay+ (14+20) + (2= &) (n + 82)] 1% ]|
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On plugging back the values for U;(i = 1, 2, 3, 4) into (14), we obtain

<= 3(1=P)(8:8 — MMl — 5 (08,28 (1+2m) el
A 2
- P83 3 s (0=t (1420 + (2= L+ 8] I3 e3)
Let
¢ <min{ Op0p 208,6,(1—&2) N0, }
LS A AT p)A+ (120 F - G 6] 281 +2m) f

then we have for some positive constants Dy, D3 and Dy

dVv
<Dy X [P =Ds [ X P ~Ds || X2 |

<-Ds{|| X [P+ 11X |I”+ | X2 I’} (24)

where Ds = min{D,, D3, D4}. Thus, by inequalities (13) and (24), we established uniform stability of null solution to

(11).
To conclude the proof, we define for any X, X;, X, € .#, aset Q,

0={(X, X1, X2):V(X, X1, X2) =0}.

Applying LaSalle’s invariance principle to Q, it is obvious that (X, X, X») € Q shows that X = X; = X; =0, i.e,
(X, X1, X2) = (0, 0, 0). This in turn implies that the largest invariant set found in Q is (0, 0, 0) € Q. Hence, conditions
of Lemma 4 hold. Therefore, the null solution of (1) or (11) is uniformly asymptotically stable. Thus, the result is
established. O

Theorem 2 Suppose all the assumptions of Theorem 1 hold and P # 0. Furthermore, we assume

(iii) there are some constants Dy > 0 and D; > 0 so that

|P(t, X, X1, X2)|| < Do+ Dy (||X]| +[|X:1 ]| + || X2]]), (25)

uniformly in 7, for all X, X;, X» € .# . Then, if D is adequately small, the solutions of (11) are uniformly ultimately
bounded if

.| 00 206,65(1— &) N0,
G <m‘“{AhAh’ AIT=p)A+ (1 +20) + 2= &) n+8,)]" zAh<1+zn>}'
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Proof. We still depend on the LKF defined in (12) for the proof of this theorem. Thus, inequality (13) earlier obtained
is still valid for P(z, X, X;, X») # 0. Under the conditions of Theorem 2, derivative of V is given by

av

—r = ((1=p)BX, H(X(t —r(1)))) — (nBXi, X1) —(p&.X1, BX1) — ((1+2n)X2, H(X (1 —r(1))))

t

{4 8%, HOX (= r(0)) = (1%, X)), X0) =31 =) [ (X(0), Xi(0))do

—((F = 8)Xo + N (F — )Xz, X2) — (1 = p)(F — 8u0) X2, BX) — ((F — 8a) X2, 6uX1) — (N(F —1)X2, X1)
+((1=p)BX + (N + 6u)X1 + (1 +21n)X2, P).

By Schwarz’s inequality and (25), we have

[((1=p)BX + (1 + 8)X1 + (1421)X2, P)|
<[ =p)A [ X [ +(1+8a) || Xu | +(1+2n) [ Xz (I} | P
<& (IXI+ Xt + [1X2 1) [Do + Dy (X [ + 1% 1]+ [1X211)] (26)

where 84 = max {(1—p)Ap, (n+0,), (14+21)}.
Hence, if we carefully follow the same pattern used to obtain (23) of Theorem 1 or simply combine (23) and (26),
we obtain

av 1 Ay,
— <= (1= p) (88 — AN &1 1 X* — p5a5b—%Cl[(l—P)Ab+(l+2n)+(2—Cz)(n+5a)] Ak
dt 2 2(1-&)
1
— 7 M8 =285 (1+2n)] 121+ 84 (X [| + 111 | + [1X2[1) [Do + D1 (X |+ 1 X1 ]| + [1Xa )] -
By letting
Z_fl<min{5b6h 2p6a8b(1*C2) nau }
ApAyT A [(1=p)Ap+(1420) +(2- &) (N +84)] 2A5(1+27) )7
we get
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dv
o <= &5 (IX[1P + 11X 1> + [1X2]1%) + 38Dy (IX 1> + 1 X1 1> + [1X2]%) + 84Do (|1 X || + 11X1 || + [ X2 )

=— (85— 38D1) (IX|I* + X1 1> + [1X2]%) + 84Do (|1 X || + |1 X1 ]| + | X2 ),
where

ApC
(1-&)

0 < 85 <min{(1 —p)[8,0, — ApA,C1], 2P 8ab), — [(1=p)Ap+ (1+20)+(2— &) (N +3a)],

3 18, - 28501 +21)]).

1)
If we choose D < —5, then, we can find some constants 6; > 0, such that

364
dv
—r S0 UXIP+ IX + 1% ]7) + n6r (1X] + X[+ [1%2])
6, 6, 36,
== S IXIP+ 102+ 1% 01%) = 5 {LAX ] =n)? + (X[ =)+ (Xall = )} + =0

91 361
<= ZHOXIP+ I+ %) + 22,

for some n and 0;. Clearly, conditions of Lemma 5 hold with M = 71n2. Therefore, all solutions of (1) or (11) are

uniformly ultimately bounded.

Theorem 3 Further to the basic conditions of Theorem 2, let P(¢, X, X;, X») = P(t+ @, X, X;, X») uniformly for

all X, X1, X € .# . Then (11) has at least one w-periodic solution.
Proof. The proof follows the same pattern as in the proof of [Theorem 3, Meng [13]].

4. Example

To show the validity of our results, we give the following numerical examples as special cases of (1) or (11) for
n=2.

In (11), let

X1 X2 yiroo»2

P(t, X, X1, X2)=0, X =
Y3 Y4

7X1: >X2:

i1 22
X3 X4 3 4
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1.0005 +
x2y3 4+ x3y3 + 1,000

F(X, X)) = ,
0 10005+ x3y3 +x3y3 + 1,000
x1(t—r()) x3(t—r(t)) 1 .
cosxy(t—r cosxp(t—r ~+cost 1
HX(t—r(t)) = 20+x2(t_1£t(t>) 1) 20+x4<t_25t(t)) O) |, vy = Breost’ 2= l s ]

20+cosxi(t—r(t)) 204 cosxy(t —r(t))

From this example, we show that all the conditions of Theorem (1) are realized.

1 —12si 1
(1) The function r(¢) certainly satisfies 0 < r(¢) < 7= &y while its derivative ¥/ (¢) = ﬁ < 7= &
(i) H(X (t — (7)) can be written in the form of (6) (with H(0) = 0) as
1 0
H(X(t — (1)) = 20+ cosx; (t —r(t)) X xl(f:”(t)) Xz(f:”(t)) ’
0 x3(t—r(t)) xa(t—r(1))
204 cosxy(t —r(t))
so that,
! 0
Cul(X(e=rlo), 0= | 20 comnle=rt) |
20+ cosxy(t —r(1))
The associated matrix to Cy ((X(r —r(¢))), 0) based on our notation is
i 1
0 0
20+ cosx; (t —r(1)) |
0 0 0
Cu((X(t—r(t))), 0) = , §0+cosx1(t—r(r)) | )
20+ cosxy(t —r(t))
1
0 0 0
L 204 cosxa(t —r(r)) |
This matrix has the following eigenvalues:
1 ~ 1

M. 2(Cy) =

such that
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85, = L 4(Cy) <

1 .
77 = _EfAh, (i=1,2,3,4).

(iii) The matrix B associated with the matrix B as defined under notation and definition is

3010
s |03 01
B=1105 0
0105

This matrix is clearly symmetric and has eigenvalues
M. 2(B)=4—V2, A3 4(B) =4+ V2,
which implies that
S =4-V2<M(B)<4+V2=Ay, (i=1,2,3,4).

(iv) Further more,

1.0005+yx;1 O 0 0
o 0 1.0005+yx; O 0
10 0 1.0005+ > O ’
0 0 0 1.0005 + x»
where ¥ = = ! and the eigenvalues of F' are:
A 2 22110000 X2 T 322 4 a22 + 1000 & ‘
M 2(1‘7“) = 1.0005+ x1, A3, 4(F) =1.0005 + y2,
such that

8, =1.0005 < A;(F) <1.0015=A,, (i=1, 2, 3, 4).

Similarly, it can be shown that
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0.0005+x; O 0 0

o 0 0.0005+x, O 0
F-I)=
F=D=1 0 0.0005+7%, O
0 0 0 0.0005 + 1>

with eigenvalues,

A, 2(F — 1) = 0.0005+ x1, A3, 4(F —1I) = 0.0005 + 2».

Hence,
0.0005 < /Ii(Fff) <0.0015, (i=1, 2, 3, 4).
Also,
xx 0 0 O
. - - - O x 0 O
F—0,)=(F—1. I) =
(F — 8,I) = (F —1.00051) 0 5 0|
0 0 0 x

has the following eigenvalues,

),1’ 2(F - ]OOOSD =X, 1'3.4(15 - IOOOSi) =X2.

This implies that,
0 < A4(F —1.00051) < A, = 0.001.

1 1
(v) By choosing p = 3 andn = 7 we estimate the value of €.
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.| 3né& N6, N(1—p)87 —4Ay(n + 6,)?
€=minq —— -, , 5 —
&;+m* 2(28,+1) n&AL(1—p)§;

3% (4=v2)2 025x1.0005  0.25(1— 3)(4—v/2)2 —4 x 15(0.25+1.0005)
T 100052+ (0250 20264 - V) 1) 0.25(4—v2)(4+Vv2)2(1— %) x 21

=min{4.7153, 0.01651, 0.0032}
=0.0032.
Therefore, from our calculations above, we have
0 < min{A;(F — 1), L(F — 8,0)} <max{A(F —1I), Li(F —8,I)} =0.001 < & = 0.0032.

(vi) Going further, we have

_n(l-p) . 8 1
= mm{5a(n+60>2’(1+2n)2

o [ a-va !
4 1.0005(0.25 + 1.0005)2° (1+ %)2

4
= 5 min {0.1034, 0.0278}

=0.02224 < 1.
And
Ap = %9 < k6,8, = 0.02224 x 1.0005(4 —2v/2)
0.05263 < 0.05754.
(vii) Lastly,
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1:C<min{6b6h 2p8,8,(1— &) 8, }
7> A" A [(1=p)Ap+ (14+20) +(2— &) (N +84)] 2A,(1+27)

1 1 1 1

(4—V2)— 2 x — x 1.0005 x (4 —/2)(1 — —) — % 1.0005

_ min 211’ 1 1 5 1 1 1% ,42 :
44V2)— — |(1=2)@+vV2)+(1+2)+2——=)(=+1. —(1+5
@V g5 [1-PEHVDH+ )+ -G +10009)]| 51+5)

= min{0.4320, 2.1902, 1.5841}

£ =0.1429 < 0.4320.

This example satisfies all the conditions of Theorem (1). Hence the null solution is uniformly asymptotically stable.
The next example is when P(z, X, X;, X») # 0.
Example 2 In addition to Example (1), let

1 24x1+y1+21

Pit, X, X1, X0)=——
( 1 %) (25+cost)* | 2+x2+y2+22.
On taking the norm of P, we have,
V5
P(t, X, X;, X gi(z X[+ X X )
170, X, X1, %60) | < oo (HIX I 10+ %
V5 V5
< Y2 V2 (x4 x X )
<ot (IXIN+1x+ 1% |
V5 V&
Thus, Dy = — and D} = —.
5 PO ogg MO 579
Finally. we show that D| < % Using the estimates obtained for various constants in Example (1), we have
A

8y =max{(1-p)Ay, (N+8), (1+2n)}
- max{(1 —0.2)(4+V2), (0.25+1.0005), (1 +0.5)}

= max {4.33, 1.25, 1.5}
=4.33.

Also,
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ArCi

85 <min{(1 - p)[8,8, — AduCi], 208,8 — (1= P)As+ (1+20) + (2 &) (0 +8,)],

(1-&)
1
3 N0, —2A, G (1+27)]}
4 1 1 12 [4 23

:mm{g[(4—\fz)ﬁ —(4+ﬁ)@], 0.4002(4—\6)—@ g(4+ﬁ)+1.5+ﬁ(1.2505) ,

1[1.0005 3 \

2| 4 133
=min{0.0659, 0.9673, 0.1138}
=0.0659.

V5 8  0.0659

Therefore, D; = =0. — = =0.0051.
erefore, D 576 00039<364 12.99 0.005

7
So, all the conditions of Theorem (2) hold for this example. Consequently, Theorem (2) is verified.

5. Conclusion

In this paper, we have proved by LKF approach, some theorems on asymptotic stability of null solution when the
matrix function P(¢, X, X1, X») = 0 and uniform ultimate boundedness of all solutions when P(z, X, X1, X) # 0to a class
of nonlinear third order matrix differential equations with variable delay. The results of this paper include and improve
some existing results in literature. In our future research, we hope to generalize (1) by replacing matrix B with a matrix
function and also introduce delay term in F (X, X).
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