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Abstract: We prove Fefferman’s inequality in weighted Morrey spaces in this paper. More precisely, for the weight
w belonging to booth A} and Ay, Kk = (n —2p)/n, and f belonging to the weighted Morrey space LP> *(w), we prove that
there exists a positive constant C such that the following inequality holds

_2
L @196 Pwx)dx < Clflun s [ 19900 Pwix)! s,
for every ¢ € C5'(R").
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1. Introduction

Fefferman, in his paper [1], proved that the inequality [g.|f(x)||¢(x)|?dx < C fa|V@(x)|>dx holds for every
compactly supported smooth functions ¢ defined on R”, that is ¢ € C’(R"), f belongs to the Morrey space LP:"~ 2P (R"),
where 1 < p < n/2, and C is a positive constant depends on n and the Morrey norm of f. Chiarenza and Frasca [2] later
simplified the proof of this Fefferman’s inequality and used more general assumption on f, that is, f belongs to the Morrey
space LP-"~9P(R"), where 1 < p < n/q. Recently, Tumalun et al. [3] generalized the result of Chiarenza and Frasca by
proving the Fefferman inequality using the assumption that f belongs to the generalized Morrey spaces L” ?(R"), where
p and the function ¢ satisfy some conditions. In this inequality, the function f is usually called the potential.

The Fefferman inequality is an important tool in investigating the property of the weak solutions of elliptic partial
differential equations. In particular, this inequality is applied to investigate the unique continuation property of the elliptic
partial differential equations (see [3—5] for example). In 2010, Di Fazio investigated the unique continuation property for
positive weak solutions to degenerate elliptic equations [6]. They achieved their result by using a weighted Fefferman
inequality, which means the potential of this inequality belongs to some weighted Stummel-Kato clasess, that is proved
in [7].

The purpose of this paper is to prove Fefferman’s inequality in weighted Morrey spaces. The novelty here is the
potential belongs to some weighted Morrey spaces. Our result here recovers the result of [1] and different from the result
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in [3]. We are confident that this inequality can be applied in investigating the unique continuation property and the
regularity for positive weak solutions to degenerate elliptic equations.

2. Weighted morrey spaces

Leta € R" and r > 0. The set B=B(a, r) = {x € R" : |[x—a| < r} is called a ball in R” with center a and radius r.
When the center of the ball is not necessary, we write B(a, r) = B,.

A function w that is defined on R” and takes values in (0, ), is called a weight if it is locally integrable in R", that
is [ [w(x)|dx < oo, for every compact set K. Let E be a measurable set, we define

w(E):/Ew(x)dx,

and |E| is a Lebesgue measure of E. The weight w satisfies the doubling condition, denoted by w € Ay, if there exists a
positive constant C such that for every ball B, we have w(2B) < Cw(B).
Now let 1 < p < oo and w be a weight. The set L{ (w) is the set of all real-valued measurable functions f that is

defined on R” such that

[ 17w < e,
K

for every compact sets K. Meanwhile, for a measurable set E, the set L”(E, w) is the set of all real-valued measurable
functions f that is defined on E such that

L@ iwtds < .
E

Definition 1 Let 1 < p < o, 0 < k < 1, and w be a weight. The weighted Morrey space L” *(w) is the set of all
f €Ll (w) that satisfies

loc

1
P

£ llzex ) = SI;P (w(llsﬁ’f /B If(x)l”w(x)dx> < oo,

where the supremum is taken over all balls B C R”.

The weighted Morrey spaces were introduced by [8]. By setting w = 1 and x = A /n with 0 < A < n, then LP*(w) =
Lp* (R™), the classical Morrey space that was introduced by [9].

Definition 2 Let w be a weight and f € L (w). The Maximal operator M,, with respect to the weight w is defined

loc

by

5 ooy

M,.f(x) = sup
Box W

By setting w = 1, then M,, = M is the classical or the standar maximal operator. The weight w satisfies the condition

Ay, if there exists a positive constant C such that for almost every x, we have Mw(x) < Cw(x). Let g be in L (w).

Volume 6 Issue 3|2025| 2727 Contemporary Mathematics



The function g satisfies the condition A; (w), if there exists a positive constant C such that for almost every x, we have
M,g(x) < Cg(x).

Let C5 (R") be a space of compactly supported smooth functions. For ¢ € i (R"), the gradient vector of ¢ is defined
by

Vo220 20,

ox;’ dxy’ 7 dx,

and its magnitude is defined by

B a¢ 2 a(p 2 a(p 2 %
|V¢—<<8m) +(8x2> +---+<ax”) .

Let B be a ball such that ¢ has compact support in B. It is known that the following subrepresentation formula also
holds

\Y
ol <c [ P ax,

where C is a postive constant depends only on n [10, p.419-420]. This subrepresentation formula will be used in proving
the main result in this paper.

We need to note that the positive constant C = Cy, g, . ,, which appears throughout the proofs in this paper, denotes
that it is dependent only on @, f3, ..., and y. The value of this constant may be vary from line to line whenever it appears.

3. Fefferman’s inequality

In this section, we will state and prove the Fefferman inequality. We will start this section by proving some properties
that will be used to prove the inequality.
Lemma 1 Let 0 < p < « and E be a measurable set. If f € LP(E, w), then

/ £ (0)[Pw(x)dx = p/mtp_lw({x CE:|f(x)]>1})dr.
E 0

Proof. Let S(f, 1) = {x € E : |f(x)| >t}. We have

Luersea= [ (s [0 wiwis

- p/o /EX(& oo (O w(x)dxdt.

Since
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p/o /EX(O’ |f(x)|)(l‘)l‘pilw(x>dxdl‘ = / P~ /XS ft x)dxdt
_p/ P~ l/ x)dxdt
S(f.1)

—p [ s, )
0
then
/|f Pw(x dx—p/ 7 N(S(f, 1))dr = p/ P hw({x €E £ ()] > 1)) dr

This proves the lemma. O
The Lemma 1 is used to prove the following property.

1
Lemma2Letw € AjNAzand f € L7 ¥(w). If | <y < pand g = (M,,|f|")7, then g € A;(w) N LY X(w).
Proof. Let x € R"” and B = B, be a ball (with radius r) that contains x. We will show that

/Ig (v)dy < Cg(x),

where C is a positive constant that does not depend on B.
Let |f|” = fi + f2, where fi = |f|"xp,, and fo = |f|"xp; . Forevery y € B, we have My, | f|7(y) < My f1(y) + My f2(3).

Since 0 < 1/y <1, then (MW|f|y(Y))1/Y < (Mwfi <Y))l/y+ (MWfZ()’»l/y'
Let R be a positive real number that will be chosen latter. We will first estimate the integral of (M, f1(y))"/Yw(y)
over the B. Using Lemma 1, we obtain

[ i) w)ay = %/Owt*lw({yeB:Mwﬁ(y) > 1) di

Ry
:}/0 1 w(ly € B: Myfi(y) > t})dr

41 /thlflw({y €B: Myfi(y) > t})dt

=I+I1I. (1

For I, we get
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1 Ry 1 Ry 1 1 1
1= ?—// t7w({y€eB: Myfi(y) >t})dt < )—/w(B)/ 1Y dt = ?W(B)J/RY =w(B)RT.
0 0

Since w € A1, we can use the weak type estimation (1, 1) for the M,, f (see [11, p.507]) to obtain

| O R
H:E’/R 17 'w({y eB: Myufi(y) >1})dt

1 /1
SC”%W”fl”Ll(B,W);A 7 2t

1 14
=Cu,wlfillp1 s, w)ﬁRY :
Substituting the estimations of 7 and /1 to the (1) gives us

1

7 ! L y—1
57 oA OD WOIy < T BRY + G il R

1 11
+ @Cm w il s, wmRY

<=

R

Choose R = || fill1 (5, ) /W(B). We have

@ /B (M i ()7 w(y)dy < —282 (146, )

<Gt (g oI
< Gy (M| f]7(x)) 7
= Cp,w,y8(%).

@)

Now, we will estimate the integral of (M, f2(y))'/Yw(y) over the B. Lety € B= B, and B' = B/, be a ball that contains
y such that B'N (B3,)¢ # 0. Then B C BY,. Therefore,
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1

w(B) B,fz(z)w(z)dzﬁc; AWz

w(B3,) B,

<CM,fo(x)  (x€Bjy),

. : : 1 :
since w € A,. We may ignore the case B'N (B3,)¢ = 0, since B Jg f2(z)w(z)dz = 0. Moreover, since y € B', then
w

My fo(y) < CM,, fo(x).

Hence,

1 1 1 1
8 Sy 0N wdy < € e [ (M) )y
11
= CMu )7 s [ widy
= (M f3(x)
< Cg(x). ©)
According to the (2) and (3), we obtain
7 g0y < o [ i) P )yt [ (o) i)y
< G, 78(%)- “)

From (4), we conclude that

%B) /B 18 W(y)dy < Cy v, 78(%).

Thus, M,,g(x) < Cp, w, yg(x). This means g € Ay (w).
By using the property [8, Theorem 3.1], we have

1 1 1
18l <oy = I (Ml F )Y Ml ) = Ml £ 7, ‘o = ClILAI = Cl| Sl )y < oo

2k
LY " (w)
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C

Therefore g € LP *(w).
Lemma 3 Let w € A and g € L” *(w). Then

g(x 1 L _1
[ Rl < G M) el w0

Proof. Let 6 > 0. We have

l2(x)| _ le@l 18O ax
/R 7w(x)dX—/‘ (x)d +/‘ (x)d

n x—y|n-! vyl <8 [x =y wy|>8 [x =yt

=I+1I

For I, we use the assumption w € A| to obtain

I= 7|g(x)| w(x)dx
eyl <8 [x—y[*!

< CuOMg(y)w(y).

For I1, we set s = n— (3/2) p and use Holder’s inequality to obtain

®)
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1= lg(x)] w(x)dx
eoylzs [x =y

+1n
glle =y

- /\xfy\ES |x—y|

< (a2 ([ et

:[[]1/17.[\/1/13'7

~ |-

where 1/p'=1—-1/p.
We estimate /11 by the following computations

11 = / Iy
b—y[>8 [x = y[*

FELA

B jz()/2j5<xy<2-/+' s lx—yp

o B( 2/+15))
Z 215 Bi (y, 2/+18))x /)2/+15)| (%) [Pw(x)dx

/:0
< llglzp xw (v, 218))"
]=0
p Y B, 2“15)|/ >K
= K d
||g||LP ]ZO 2]5 < y, 2]+15)| B, 2/+13) (x) X
had J
Jj=0
K'SI’”('*S

" O)

since w € A;. For IV, we also compute
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IV = |x—y\(%+lfn)p w(x)dx
[x—=y|=8

= i / e —yl (%Hin)p,w(x)dx
j=0 2/§< |x—y|<2/t18

= s (541on)p |B(, 27718)
=L B0, 2718)] Jo10) "

_ n7pw(y)6n+(%+lfn>pl'

By using the estimations of //1 and IV, we get

1 s N
11 < (Cn, K”gHZn K<W)W(y)x‘3nk7s> p (an(y)6n+(p+ln)p > P

K
L
n, K,p”g”U ’ K(W)W())

_2 o
= ”,K-,pHg”LP”‘(w)W(y)l ns !

Therefore

8X 2o
[ R o < CMg W) + ol ) 57

. I _1
By choosing § = M,,g(y) 2 ||gl|/,. K(w)w(y) n, we have
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[ 72wt < 6, (Mus)Hlelfy v 0) ) Mg

n |x =yt

-1
_2 _1.03 _1
+ Gl o' (M) H el ) )

11 _1 11 _1
= CuMug() 1181125 kW) +Co e pMisg () 218125y w ()

oot 1
n, KApMWg(y)z Hg||£p<,1c(w>w(y)l "

The lemma is proved. O

Now we are ready to prove our main result in this paper, namely Fefferman’s inequality in weighted Morrey spaces.

Theorem 1 (Fefferman’s Inequality) Let w € AN Ay and x = (n—2p) /n. If f € LP *(w), then there exists a positive
constant C, such that

L 0@y < Cll s [ V96 Pwi) Fax, ©
R" R

for every ¢ € C5(R").

Proof. Let | < y< pand g= (Mw|f|7’)%’. According to Lemma 2, we have g € A (w) N L *(w). Let ¢ € C5(R")
and B be a ball such that ¢ € Cy’(B). To prove this theorem, it suffices to prove that inequality (6) is satisfied by replacing
f with g.

By using the subrepresentation formula, we get

|2<C/|¢ |V¢

lx —y[=t

This inequality and Lemma 3 yield

L lslooPwtdr = [ [g)196) Puix)ax

<C, / (/ |¢|x |yv|'?1 )|g(x)|w(x)dx

—c [ ([ Sk wwa) oo

< Cuplglmgy) [ Mug)wl)' 7 190)IV0 )y )
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We estimate the integrand of the right-hand side of (7) by the following

[0 0 00 900 < ( [ slo o) ( [ wouty )’

<(/ |g<y>|¢<y>|2w<y>dy); ([ IvomPuo-ay)’
-(/ |g<x>|¢<x>|2w<x>dx)5 (fIvowpu-dax)”. ®)

where we use the fact that g € A;(w). Substituting (8) into (7), we obtain

v ([ lo0o Pt )(/w (Pl d)
v (] JelomPw dx) ([ 1vowint ndx)

[, Jsllo ) Pwixar <c,

This means
. l
([ lelowPuta)” < Cupliely g [, I700PwG d)
Therefore
12
L le@lg ) Pwods < o plglunxon [ 1900w Fa
1
The theorem is proved for the case g = (M,,|f|")7. O

4. Conclusions

The Fefferman inequality in weighted Morrey spaces, which is stated in Theorem 1, is proved in this paper. We
provide a detailed proof that can be used in many similar situations and may be useful to other researchers studying the
unique continuation property and the regularity of positive weak solutions to degenerate elliptic equations.
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