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Abstract: The time-fractional Korteweg-de Vries-Burgers (TFKdVB) problem is solved numerically in this study. The
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1. Introduction

Korteweg and De Vries [1] developed the Korteweg-de Vries (KdV) equation in 1895 to improve understanding of
the dynamics of weakly nonlinear waves. Since its origin, this equation has been a basic tool for studying a wide range
of physical phenomena in various disciplines. Su and Gardner [2] developed the (KdVB) equation, which is particularly
useful for investigating the interplay of dispersion, dissipation, and nonlinearity in wave propagation through an elastic
conduit filled with fluid. Furthermore, the fractional TFKdVB equation [3], the fractional Schrédinger-Korteweg-de
Vries equation [4], and the fractional Burgers’ equation [5] are modern nonlinear fractional partial differential equations
proposed to explain critical phenomena and intricate dynamic processes in the realm of physics. The KdVB equation
is a fundamental tool used to describe many scientific processes, including wave propagation, traffic flow models, and
fluid dynamics. An extension of the classical form, which includes a fractional derivative with respect to time [6—8], is
the TFKdVB equation, enabling the representation of anomalous diffusion and non-local behavior. Fractional derivatives
provide a more accurate depiction of some physical systems because they reflect the memory and heredity features of the
related processes. Because of this, the TFKdVB equation is an essential tool for comprehending complex dynamics that
are inexpressible in standard integer-order models [9—11].

There are several real-world applications for the TFKdVB equation. It can simulate fluid flow in pipes, for instance,
where memory effects affect the flow. It is especially helpful in explaining how waves behave in materials like elastic
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solids, where material characteristics and time-dependent effects are significant. This equation is useful in environmental
research since it may also be used to predict the dispersion of pollutants in rivers or oceans, where the dispersion is
influenced by historical conditions. Technically speaking, time-fractional equations have garnered the attention of many
researchers due to their wide range of applications. Several methods for treating time-fractional equations have been
developed, including the Fractional Non-Polynomial Spline Method, the Homotopy Perturbation Method, the Hyperbolic
Non-Polynomial Spline Approach, and the Ansatz Method [12—14].

Chebyshev polynomials, a family of orthogonal polynomials, have proven to be highly effective in numerical
analysis, particularly for solving differential equations. Their strong approximation properties make them well-suited for
spectral methods. When high accuracy is needed, their recursive relations and orthogonality simplify complex problems.
Chebyshev polynomials make it easier to describe solutions in series form when solving fractional differential equations,
offering a productive method for approximating solutions over a predetermined interval [15—18].

The spectral collocation method is an exceptionally accurate numerical technique for solving differential equations,
especially those involving fractional derivatives. It works by discretizing the domain into collocation points, where the
solution must exactly satisfy the equation, transforming the differential equation into a system of algebraic equations. This
strategy works especially well because it combines the ease of use of collocation techniques with the quick convergence of
spectral methods. The spectral collocation method becomes an effective tool for solving fractional differential equations
that are both linear and nonlinear when combined with Chebyshev polynomials [19, 20].

The application of spectral methods to fractional differential equation solving has been investigated in a number of
publications. Due of their precision and efficiency, spectral approaches such as Petrov-Galerkin, Galerkin, and collocation
methods have been used to fractional models in recent years. Research has demonstrated that spectral methods, especially
when combined with orthogonal polynomials like Chebyshev or Legendre polynomials, can yield high-precision results
even with fewer collocation points. Furthermore, numerous researchers have applied these methods to time-fractional
equations, showing their potential in modeling physical systems with memory and hereditary properties [21-27].

Recent work in numerical methods for fractional problems have highlighted the need for robust and effective methods
to tackle the difficulties these equations present. Because of its nonlinearity and presence of fractional derivatives,
TFKdVB equation is especially difficult. In response, scientists have investigated a number of numerical techniques,
including as spectral, finite difference, and finite element methods, to provide very accurate approximations of solutions.
Spectral approaches are notable for their exceptional convergence characteristics and computational effectiveness,
especially when paired with orthogonal polynomials such as Chebyshev or Legendre polynomials. By presenting a
collection of SFKCPs designed to precisely and effectively solve the TFKdVB problem, this work expands on prior
developments. In this study, we provide a Chebyshev polynomial-based TFKdVB equation solution method for spectral
collocation. The spatial domain is then discretized using the spectral collocation method, and the resulting system of
equations is solved. Numerous numerical examples that show the convergence of the suggested method are used to
validate the accuracy of the approach. Our findings demonstrate that, even with a comparatively limited number of
collocation points, the spectral collocation method offers a reliable and efficient solution for the TFKdVB equation.

The suggested the approach presents a novel use of modified sets of SFKCPs in collocation method, providing
an accurate, efficient and fast numerical scheme for spectrally solving the TFKdVB. It addresses important difficulties
in computational complexity and stability, employing few computer resources and greatly improving solution accuracy
when compared to existing approaches. To the best of our knowledge, the main contribution and novelty of this paper can
be listed in the following points:

* A new theoretical background to the SFKCPs are presented.

* Deriving new theorems of integer and fractional derivatives for the modified sets of SFKCPs. These theorems are
considered important tools for treating TFKdVB.

The advantages of the presented approach are as follows.

* By choosing modified sets of SFKCPs as basis functions, some terms of the retained modes make it produce
approximations with promising precision.

* Fewer calculations are required to obtain the approximate solution desired.
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2. Preliminaries and fundamental formulae
2.1 The caputo sense of the fractional derivative

Definition 1 [28] The definition of the Caputo fractional derivative of order s is:

1

ﬁ/op(p )L (), 50, p >0, )

DREP) =

where s € (m—1, m], m € N.
The operator Dy, for s € (m—1, m], m € N, satisfies the following characteristics.

Dic =0, (cis a constant) )
0, ifmeNy and m<[s],
Dy p™ = 3)
’ (m)!

——Fp", if N d >
F(m—s+1)p , ifmeNy and m>[s],

where N= {1, 2, 3, ...}, Ny = {0} UN and the notation [a] denotes the ceiling function.

2.2 Few properties of the shifted Chebyshev polynomials
The SFKCPs T (p) is defined in the interval [0, 1] by T, (p) = T,(2p — 1), these polynomials can be defined as [29]:

Lo(—1) Rk (r k- 1))

T (p) = 0 4
(p) rkgo e P o )
and fulfilling the following orthogonality relation [29]:
1
| )T ()T () dx = e, 5)
where w(p) = L
p(1—p)
n, if r=0,
B = ©)
g, if >0,
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and

The recurrence relation of 7, (p) is

rf‘rl(p) =2 (2p71) Tr*(p)iTr*fl(p)?

where T (p) = 1, )" (p) =2p — L.
Moreover, the inversion formula is [29]

r=21"2r(2p)! Y& , r>0,
p ( )pZ:()(r—p)!(r—l—p)! S(p), =

where

| B
X if m=0,
&y =

1, otherwise.

Corollary 1 [30] The gth derivative of T} (p) for each positive integer g can be written as:

Dqu*(P): ZO dj,p,qT;(P),
p:
(j+p+q) even

~
<

where

2 (@)1 (j-p-g)

dj,p.q = (;(qu)>z (;(j+p+q)) ,

I—q

and g, defined in (10).
Lemma 1 [31] For m, n € Ny, the following linearization formula holds for 7} (p)

L) 5 (0) = 5 (TianlP) + T 0)
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®)

)

(10)

(11)

(12)

(13)
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Corollary 2 The following derivatives of 7*(p) hold

d17(p) _ v .

! = d iT* s l217 14
dp o p, p(p) ( )
2 Pk i—2

de—ﬁw:Z%,iT;(p), i>2, (15)
ap =0

3 ik i-3

4I7p) Tigp)=2‘5p.iT;(p), i>3, (16)
ap =0

where

—_—

, (p+i+1)even, p=0,
p,i=2002, (p+it1)even, (17)

0, otherwise,

—_

, (p+i+2)even, p=0,
Bp,i=2i(i—p)(i+p) {2, (p+i+2)even, (18)

0, otherwise,

I, (p+i+3)even, p=0,
Cpi=i(i—p—1)(i=p+1)(i+p=1)(i+p+1) 2, (p+i+3)even, (19)

0, otherwise.

Proof. The proof of Corollary 2 can be directly obtained after taking ¢ = 1, 2, 3 respectively and simplifying the
result in Theorem 1. O

3. Collocation technique for TFKdVB equation

In this section, we consider the following TFKdVB equation [32]

DIQ(p, 1) +k@(p, 1) @p(p, 1) =V Ppp(P, 1) + U Pppp(p, 1) =s(p, 1), ae(0,1), (20)

Volume 6 Issue 2|2025| 1505 Contemporary Mathematics



subject to the following initial condition

o(p,0)=ao(p), p<l0,1], 1)

and boundary conditions

(p(07 t):al(t)’ (P(l,l):az(l), (PP(Lt):aZ(t)’ re [0’ 1]7 (22)

where s(p, t) is the source term and k # 0, v, U are positive parameters.

3.1 Trial functions

Assuming the following basis functions

Zi(p) =T (p) 2 T (p) — Tia(p) + mﬂﬁ(l)%
(23)
Ti(t) =1%T} (1)
Remark 1 The basis functions defined in (23) satisfy the following conditions
2:(0) = 2(1) = 2 (1) = F;(0) = 0. (24)

Lemma 2 The following three derivatives of .Z;(p) can be expressed explicitly as:

i—1 it i+1 +1 i+2
=Y “.iT,(p) l+22£7,:+17 p) =Y. 2T, (p)+ Zd,,HT(p)
p=0 p=0
> Zi(p) & i+1 i+1&

dp2 Z By.i T, ( l+2 @p,iHT;(P)— z‘be@p.sz;(P) Z By, i+3T, (p), (25)
s

E2p) 2 * AR il i z+1
T = Lo QZ%MT>—Z%mnm Z%MTW
p i+ =0

=0
Proof. The proof of this Lemma can be obtained after using Corollary 2 along with the definition of Z;(p) in (23). O

Theorem 1 The following fractional derivative of order a € [0, 1] for .7(z) is

J
DFTi(t) =Y. T, TE () +9), (26)
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where

o 3 . 3
20 (ke )0 (ke Dk
9} j = 2 3F2 1
/ (j—k+1)
k41, 2k 41
and
3
1 B 57 JsJ
G = —\a(—1)/3F, 1

Proof. Using the connection (4), the power form of .7;(r) may be expressed as

J2PR (1) R (k4 j - I T (a4 k+1)
Z 2K)1(j—k)K! r

The inversion formula (9) can be used to rewrite the last equation as

DET;(1) =Y,

k=0 (2k)!(j—k)!k!

= N(k+p)! P

Once the terms in the previous equation have been expanded and rearranged, one has

k’ y 2j ) "F(J+p)r(p+a+1)Tk*(mij(—l)f*"F(k+j)F(k+a+1)

=’ )(p—k)!(k+p)! = (k1)3(j—k)! ’

The following simplified forms can now be obtained by summed the following summations

L DTk )T+ 1) 1 R T i
=k CORVEDT =3 VAE s ok

and

I, joRk(—1)/~ k(k+]—1)'F(a+k+l)< ( i 21" 2k(2k) T*(f)>

@7

(28)

(29)

(30)

€2))

(32)
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2= PE( 4 p)D(pt 1)
Te1= L ) Rk p)!

o 3 . 3
2](—1)f‘kr<k+2)r(k+1) kb3 k—joktj
T(j—k+1) 372
k+1,2k+1

Therefore, we get the following relation

j
DrTi() =Y, Fi i T () +9.
k=1

This completes the proof of Theorem 1.

3.2 Collocation solution for the TFKdVB equation

We will apply the following transformation in order to move on with our suggested collocation strategy:

Ep.t)=o(p,1)+g(p,1),
where
g, )=p(P—1) (0p(1,0) = @p(1,2)) — (p —1)* (0, 1)

+(p—2)po(1,1)+(p—1)*¢(0,0)— (p—2)pp(1,0) — ¢(p, 0),

(33)

(34

(35)

(36)

Now, the TFKdVB equation (20), which is regulated by the criteria (21) and (22), was transformed into the following

modified equation using (35):

DlaC(pvt)+kg(p7I)Cp(p’t)ivcpp(p’t)+”CPPP(p7t)ka(pat)gP(pa t)

—ka(P,t)g(P,t):f(P,t), ac (07 1)7

with the homogeneous conditions

C(P,O) =0, pe [Oa 1]7

§(07 t) = C(Lt) = QP(IJ) =0,r€ [07 1]u

(37

(39%)

(39
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where

flp,t)=s(p,t)+Dfg(p, 1) —kg(p,t)gp(p, 1) —vgpp(P, 1)+ 1 Eppp(P, 1) (40)

Consequently, we can solve the modified equation (37) guided by the homogeneous conditions (38) and (39) rather
than (20) governed by (21) and (22).
Now, one may set

M =span{ 2i(p) Zi(t) : i, j=0,1,..., M},
(41)
AM={Ce M {(p,0)=C(0,1)=C(1,1) = Cp(1,1) =0},

then, any function ¥ (p, t) € 4™ may be expressed as

M M

Mp, =Y. Y & Zi(p) Ti(t). (42)

i=0 j=0
The residual RES(p, ) of equation (37) can be written as

RES(p, 1) = DFEM(p, 1) +kEM (0, 1) 6 (0, 1) — v §oh (0, 1) + 1 Eppp (0 1)
(43)
_kCM(p7 t)gp(P» t)_kC[])w(pa t)g(p7 t) _f(p’ t)

Now, we’re going to get the expressions of D*EM (p, 1), (M (p, t) Cf,”(p, t), C[% (p,t)and C;%p (p,1).
By virtue of Theorem 1, Lemma 2 and the definition of basis functions defined in (23), one has

LA i i '
=33 & (1)~ 5T ) - Tale) + Ty 7)) (i (%,,-T;w%)) , (44)
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M M M M i—1
o060 = 3, 3 b i) 703 3.y (z T P)
p=0g=0 i=0j=0 p=0
l+1 i+1 1 i+2
I+ZZ%I+IT —ZW,HZT;(P Z%IHT(P) Tj(t)
2o LA * l+1 * * l+1 * *
=t (];)Cpq T; (P)—i_‘_i2 i+1(P)—Ti+2(P)+H_72 ia(p) ) T, (1)
MM [i-]
<2 Y G | X T (p)
i=0j=0 p=0
l+1 i+1 . 1 i+2 .
H_2 Zﬂ,zﬂT - ZO%JHTP(P) Zﬂ,z%T (p) ) Tj (1),
p=
. i—1 . it i+1 .
Cp p.t)=t ZZCU Zﬁp,iTp(P) F) Zﬁ,zHT )—Z%,HZTP(P)
i=0j=0 p=0 p=0

l+1 i+2 i
l+2 ZJZ{,H%T (P)) TJ (t)v

l+1 i—1 . i .
— Y By i1 Ty (p)— Y. Bp.i2 T, (p)
p=0

MM i
Cop(o, 1) =1y Y G (Z@p,iTJ(P)—HZ
p=0 p=0

i=0 j=0

l—|—l st .
l+2 Zﬁp l+3T (p)> TJ (t)v
l+11 i i—1 i
%Pvi-HTp(p)_ch,i—}—ZTp(p)

p=0

i3
Copp(p:1) —I“ZZ%(Z‘@”,:'TS( +2
p=0

i=0j=0

li; Z%,MT <p>> T (7).

(45)

(46)

47

(48)

Now, inserting equations (44)-(48) into equation (43) to get the residual RES(p, ¢) in simple form. And hence, the
application of collocation method at some collocation points (p;, 7;) enables us to get system of equations resulting from
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RES(pi, l‘j) =0, (49)

where {(p;, ;) : i, j=1,2, ..., M+ 1} are the first distinct roots of Ty, (p) and Ty, (¢).
Solving the resulting (M + 1)? nonlinear system from (49) through Newton’s iterative method enables us to get the
expansion coefficients {;;.

4. Illustrative examples

Example 1 Consider the following TFKdVB equation

DYo(p, 1)+ 0(p, 1) @p(p, 1) — @pp (P, 1)+ @ppp(p, 1) =s(p, 1), ae(0,1), (50)

subject to

¢(p,0)=0, pe<lo,1],
(51)
(P(Ov t) = (P(lv t) = (PP(17 t) :07 re [07 1]7

where @(p, t) =%t (p — 1)? (eP — 1) is the exact solution of equations (50) and (51) and s(p, ¢) is determined by
equation (50) compatible with the solution chosen.

The absolute errors (AE) obtained via the suggested method are shown in Table 1 when o = 0.1 and M = 12 indicating
that it is effective in providing a highly precise approximation of the exact solution. The AE for various values of M at
a = 0.5 are shown in Figure 1. This figure verifies that the suggested approach reduces errors consistently throughout the
domain and shows a good agreement of the approximate solution with the exact one. The L., errors at various M values
when o = 0.8 and 0 < p < 1 are shown in Table 2.

Table 1. The AE of Example 1 at ¢ = 0.1, M = 12

p t=0.2 t=04 t=0.6 t=0.8

0.1 225514 x 10717 3.1225x 1077 4.85723 x 10717 5.55112 x 10717
0.2 1.04083 x 10717 1.38778 x 1017 1.38778 x 10717 4.16334 x 10717
0.3 2.08167 x 10717 5.55112x 10717 2.77556 x 10717 5.55112x 10717
0.4 6.93889 x 1018 1.38778 x 10717 1.38778 x 10717 277556 x 10717
0.5 6.93889 x 10718 2.77556 x 10717 0 0

0.6 6.93889 x 10718 6.93889 x 10718 4.16334 x 10717 2.77556 x 10717
0.7 3.4694 x 10~18 2.08167 x 10717 6.93889 x 10718 1.38778 x 10717
0.8 1.73472 x 1018 6.93889 x 10718 3.46945 x 10718 1.38778 x 10~17
0.9 4.33681 x 1071° 3.46945 x 1018 0 3.46945 x 10718
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1.5x10™

1.0x10™
50x10"

M=11

M=10

M=12

1.0

Figure 1. The AE of Example 1 at different values of M when o = 0.5

Table 2. The L., errors of Example 1 at @ =0.8 when 0 < p < 1

t M=38 M=9 M =10 M=12

0.1 1.46267 x 10714 2.94517 x 10716 7.26408 x 10718 2.74362 x 10718
0.2 5.14033 x 1014 1.03025 x 10713 2.77012 x 10717 1.26571 x 10717
0.3 1.07023 x 10713 2.14185 x 10713 5.10593 x 10717 1.63399 x 10717
0.4 1.79949 x 10713 3.59673 x 10~1 7.9806 x 1077 2.66927 x 10717
0.5 2.69253 x 10713 5.38878 x 10713 1.01587 x 10716 4.51448 x 10717
0.6 3.74182 x 10713 1.081297 x 10~1° 1.81261 x 10716 5.5645 x 107
0.7 4.94191 x 10713 9.89275 x 10713 2.59759 x 10~1¢ 9.35842 x 10717
0.8 6.28811 x 10713 1.25506 x 10714 2.93204 x 10716 8.74225 x 10717
0.9 7.77725 x 10713 1.55053 x 10714 3.76842 x 10716 1.28302 x 10716

Example 2 [32-34] Consider the following TFKdVB equation

iporary Math
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DE@(p, 1)+ @(p, 1) @p(p, 1) = @pp(p, 1)+ @ppp(p, 1) =s(p, 1), ac(0,1), (52)

subject to

¢(p,0)=0, p<lo,1],
(53)
(P(O, t) = (P(17 t) = (PP(17 t) :07 re [07 1]7

where @(p, 1) =t%(p —1)* sin(z p) is the exact solution of equations (52) and (53) and s(p, ¢) is determined by equation
(52) consistent with the chosen solution.

A comparison of the L, error at o« = 0.4 and o = 0.8 between present technique and the method in [32] is shown
in Table 3. A comparison of the L., at at various values of ¢ between current technique and the method in [33] is shown
in Table 4. A comparison of the maximum errors at @ = 0.4 between current technique and the method in [34] is shown
in Table 5. We see in these tables that the results are accurate for small choices of M. Also, these comparisons reveal
the superior performance of our technique over methods in [32-34]. When o = 0.9 and ¢ = 0.5, the AE is displayed for
various M values in Figure 2. The approximate and exact solutions at o = 0.4 and M = 16 is shown in Figure 3. When
a = 0.5, the AE is shown at various M values in Figure 4. Lastly, for M = 16 and O < p < 1, Table 6 displays the L.
errors at various values of .

Table 3. Comparison of L, errors of Example 2

a 0.4 0.8
Method in [32] at M = [N™in{re.21] =3 N =32 9.8238 x 1073 6.4395 x 104
2
Method in [32] at N = 100, r = —, M =16 4.7068 x 1074 45241 x 1074
Our method at M = 16 7.45931 x 1017 5.9848 x 10~17

Table 4. Comparison of L., errors of Example 2

o 0.25 0.5 0.75
Method in [33] at A = 0.0025, Ax = 0.00125 1.20402 x 1073 1.99941 x 1073 1.63596 x 107>
Our method at M = 16 1.38778 x 10716 7.11237 x 1077 4.74881 x 10717

Table 5. Comparison of maximum errors of Example 2 at @ = 0.4

t Method in [34] at M = 100 Our method at M = 16
0.25 2.1265 x 1077 6.93889 x 10~17
0.125 1.2387 x 1078 8.32667 x 1017

0.0625 3.9521 x 10~ 5.55112x 10~17

Volume 6 Issue 2|2025| 1513 Contemporary Mathematics



10-12

Absolute errors

10-15

10-18

1 L L L 1

0.2

0.4 0.6
p

0.8

M=16 ——- M=14 == M=12 -~ M=10

Figure 2. The AE for Example 2 at different values of M for @ =0.9 andr = 0.5

Approximate solution

Figure 3. The approximate and exact solutions for Example 2 at ¢ = 0.4 and M = 16

Exact solution

Table 6. The L., errors of Example 2 at M = 16 when 0 < p < 1

1.0

o t=0.1 =03 t=0.5 =07 =09
0.4 8.32667 x 1017 1.249 x 10716 1.66533 x 10716 2.77556 x 10710 1.94289 x 10710
0.8 4.16334 x 1017 9.71445 x 1077 1.38778 x 1016 1.66533 x 10710 1.66533 x 10716
0.9 3.1225 x 10717 8.32667 x 10717 9.71445 x 10~17 2.498 x 10716 2.77556 x 1010

Contemporary Mathematics
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10 0.0

Figure 4. The AE of Example 2 at different values of M when o = 0.5

Example 3 Consider the following TFKdVB equation

Dtaq)(pvt)+(p(p7t)up(p7t)_(PPP(pvt)+(PPPP(pa t) :S(pvt)a ac (Ov 1)7 (54)

subject to

¢(p,0)=0, peclo,1],
(55)

(P(O, t) = (P(l, t) = (Pp(l, t) =0, r€ [07 1]’

where @(p, t) =1%p%(p — 1)? is the exact solution of equations (54) and (55) and s(p, ¢) is determined by equation (54)
consistent with the chosen solution.
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Approximate solution

Figure 5. The AE (left) at o = 0.5 and approximate solution (right) for Example 3 when M = 8

P
10700
Figure 6. The AE at different values of o for Example 3 when M = 8
When M =8 and 0 < p < 1, the L., errors at various values of t are shown in Table 7. The AE (left) and approximate

solution (right) for & = 0.5 when M = 8 are shown in Figure 5. This figure verifies that the suggested approach reduces
errors consistently throughout the domain and shows a good agreement of the approximate solution with the exact one.
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Finally, AE at different values of o when M = 8 is shown in Figure 6. These results show a good agreement of the
approximate solution with the exact one.

Table 7. The L., errors of Example 3 at M =8 when 0 < p < 1

t a=0.1 a=03 a=0.7 a=0.9
0.1 8.84135x 10718 1.57973 x 10717 3.50205 x 10718 2.0818 x 10718
0.2 1.40214 x 10717 6.98989 x 10718 2.83771 x 10718 2.23368 x 10718
0.3 1.10246 x 10717 6.56947 x 10718 8.54358 x 1018 4.17422 x 10718
0.4 9.03536 x 10718 1.09822 x 1017 7.76784 x 10718 6.16994 x 10718
0.5 1.03383 x 1077 1.52032 x 10717 8.88143 x 1018 1.00522 x 10717
0.6 1.34581 x 10717 1.08129 x 1017 1.47084 x 10717 1.5391 x 1017
0.7 1.48034 x 10717 1.18643 x 10717 6.18619 x 1018 1.703 x 10717
0.8 1.43422 x 10717 2.79832 x 10717 1.23383 x 10717 9.69681 x 10~!8
0.9 1.18495 x 10717 1.70481 x 10717 1.09176 x 10717 1.07276 x 10717

5. Concluding remarks

We created a numerical method using the collocation technique to solve the TFKdVB problem. Shifted Chebyshev
polynomials may effectively handle fractional derivatives in both space and temporal dimensions. The scheme for solving
fractional partial differential equations is efficient and accurate, as demonstrated by numerical experiments. Further
research could apply this approach to more complex equations with higher-order derivatives or non-linear terms. This
method could be extended to more complicated equations with non-linear components or higher-order derivatives in future
studies. Investigating linked systems of time-fractional equations, where the interplay of several equations presents extra
difficulties, is a possible extension of this work. To further investigate the method’s resilience and adaptability, it might
be modified for three-dimensional situations or equations with stochastic terms. Lastly, hybrid approaches that integrate
machine learning techniques with this collocation methodology may present interesting paths toward increasing accuracy
and speeding up calculations in large-scale applications.
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