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Abstract: In this article is detailed reviewed cubic splines with least-squares method and it is proposed a strategy for
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Nomenclature
Mn×m represents the set of arrays of real numbers of n×m order.
k ∈ N and ℓ ∈ N such that ℓ < (k+1) denotes two natural numbers.
In represents the square identity matrix of n×n order.
E(x) Expected value of x.
var(x) Variance of x.
S∆(x) A cubic polynomial specified over a certain interval, constituting a component of the cubic spline.
κα(t) The curvature of the vector function α at the parameter t.
κ f (t) Curvature of the real function f at the point t.
κi Discrete curvature at the coordinates (xi;yi).
ω Upper limit for curvature.

R =
1
ω

Radius of the osculating circle.

1. Introduction
It’s undeniable that the least squares strategy has a wide variety of applications in various areas. Besides that, this

traditional tool appears in recent impactful areas like data science [1]. Not only to fit using a system of linear equations,
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new algorithms also allow solving systems of linear equations in distributed setting [2, 3]. In numerical simulations, it is
mentioned that mixed variational formulation for the reaction-diffusion problem based on a saddle point least square [4].
Based on results in [5] it is intended to use the least square technique to apply hp-adaptivity in finite element algorithms.

On the other hand, interpolating cubic splines appear in different works linked to design engineering [6], water
resources [7], numerical simulation of mathematical models [8–10].

Cubic splines allow a set of discrete data to be interpolated into a polynomial function piece by piece, not simply
continuous, but with differentiable properties. However, when the number of data is big, this representation can not satisfy
the expectations. For this reason, it’s important that those data are represented by curves with less demanding properties,
and this is achieved by combining splines with least squares method.

Even when fitting a set of data through cubic splines with least squares, the curvature of this function can not satisfy
the needs of the problem. In practical applications it’s important to condition that the obtained spline has a superiorly
limited curve in each point.

This work takes as a starting point the postulate by Poirier [11], in which is combined and analyzed the cubic splines
and the least squares strategy in its discrete and linear version. In addition to this, we seek to fit a set of data with a cubic
spline which curvature in each point is superiorly limited.

In the second section, a summary of the most important aspects linked to the least squares method, linear and discrete
cases, will be performed. Part of this information has been obtained from [12]. In the third section some important aspects
related to interpolating cubic splines will be approached. The fourth section is intended to treat cubic splines with least
squares. The extracted information for the third and fourth sections is aligned with the provided approach by Poirier [11].
In the fifth section it’s extended the former for the pondered case. In the sixth section a notion of discrete curvature is
established. The seventh and eighth sections are reserved to pose and solve a problem of curve fitting through cubic spline
with least square and conditioned curvature. Finally, in the last section, a real application problem arises and a simplified
version of it is solved.

2. Least squares
The least squares problem is considered for a linear and discrete case. Let be k+1 real numbers xi ∈R, i= 0, 1, · · · , k,

with x0 < x1 < · · ·< xk and be a real function f : R 7→ R in which k+1 images are known and denoted by yi = f (xi).
Assuming that ℓ predefined real functions g j :R 7→ R exist, j = 1, 2, · · · , ℓ, the real function g :R 7→ R is constructed,

with a linear combination of them:

g(x) =
ℓ

∑
j=1

α jg j(x) (1)

in which α j ∈ R.
The coefficients α j, are calculated seeking that g fits to f in the (k+ 1) nodes xi. That is to say, seeking to satisfy

the overdetermined system of (k+1) linear equations:

g(xi) =
ℓ

∑
j=1

α jg j(xi) = yi (2)

The equation (2) is, in matrix form,

Wα = y (3)
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where

W = [wi j = g j(xi)]i=0, 1, ··· , k
j=1, 2, ··· , ℓ

α = [α j] j=1, 2, ··· , ℓ and y = [yi]i=0, 1, ··· , k

As is known, the overdetermined system (3) frequently doesn’t have solution.

2.1 A deterministic approach

Solving (3) in the sense of least squares means finding the best α , denoted by α̂ , so thatWα is as near as possible to
y. Formally, this proximity is understood by solving the least squares problem

Minimize
1
2
‖Wα − y‖2 Subject to: α ∈ Mℓ×1 (4)

in which ‖·‖ is the Euclidean norm, which solution can be found by solving, at the same time, the system of normal
equations

W TWα =W T y (5)

If y is known, this system always has solution [13]. If the range of W is complete, the solution is unique and it’s
given by

α̂ =
(
W TW

)−1
W T y (6)

2.2 A statistic approach

Regarding (3), consider now the linear regression model

y =Wα + ε (7)

in which y and ε are stochastic variables, and ε ∈ M(k+1)×1 is denominated disturbance vector.
In these conditions, the vector α̂ obtained in (6), represents an estimator (in the sense of least squares) for α .
It’s understood by bias to be a systematic error that leads to quantitatively incorrect findings. The biases represent

the difference between what is being valued and what is believed to be valued [14]. The analysis of the model (7) depends
on the hypothesis that are made about the random variable ε .

To be able to successfully apply the model (7) in statistics, there are two conditions that are fundamental to ensure
good properties of the estimator α̂ obtained in (7), those are:

1. Normal distribution of the residuals. The residuals must be normally distributed with zero mean, E(ε) = 000. That
is to say, the disturbance must be unbiased.

2. Constant variability of the residuals. The variance of the residuals must be constant within all the range of
observations. It means that the residuals are distributed in a random way maintaining the same dispersion σ and with no
specific pattern, var(ε) = σ2Ik+1. In other words, the disturbance should be homoscedastic.

With those requirements is expected that the estimator α̂ is, at least, unbiased. Calculating
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E(α̂) = E
((

W TW
)−1

W T y
)
= E

((
W TW

)−1
W T (Wα + ε)

)

= E
((

W TW
)−1

W TWα
)
+E

((
W TW

)−1
W T ε

)

= E (α)+
(
W TW

)−1
W T E (ε) = α +

(
W TW

)−1
W T 000 = α

α̂ is unbiased, because E (α̂) = α , that is to say, the mean of the estimator coincides with the true populational parameter.
In the next section will be demonstrated that, of all the unbiased estimators, α̂ is the best.

On the other hand

var(α̂) = E
(
(α̂ −E(α̂))(α̂ −E(α̂))T

)
= E

(
(α̂ −α)(α̂ −α)T

)

= E
((

(W TW )−1W T (Wα + ε)−α
)(

(W TW )−1W T (Wα + ε)−α
)T

)

= E
((

(W TW )−1W T ε
)(

(W TW )−1W T ε
)T

)
=
(
(W TW )−1W T E

(
εεT )W (W TW )−1)

=
(
(W TW )−1W T E

(
(ε −000)(ε −000)T

)
W (W TW )−1

)

=
(
(W TW )−1W T var(ε)W (W TW )−1)= σ2(W TW )−1

That is to say, α̂ is not necessarily homoscedastic.

2.2.1The Gauss-Markov theorem

The Gauss-Markov theorem states that, the linear least squares estimator obtained in (6), is the best linear unbiased
estimator. For more information, see [12]. To prove it, it’s assumed that there is another unbiased estimator ᾱ . So,

ᾱ = W̄y (8)

for some matrix W̄ ∈ Mℓ×(k+1). Then,

ᾱ = W̄y = W̄ (Wα + ε) = W̄Wα +W̄ε. (9)

As ᾱ is unbiased,

α = E (ᾱ) = E (W̄Wα +W̄ε) = E (W̄Wα)+E (W̄ε) = W̄Wα +W̄E (ε) = W̄Wα +W̄ (000) = W̄Wα
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Then, W̄W = Iℓ, so ᾱ = α +W̄ε , for α not zero.
Now, calculating the variance-covariance matrix of ᾱ , one has

var (ᾱ) = E
(
(ᾱ −α)(ᾱ −α)T

)
= E

(
(α +W̄ε −α)(α +W̄ε −α)

T
)

= E
(
(W̄ε)(W̄ε)T

)
= E

(
W̄εεTW̄ T )= W̄E

(
εεT )W̄ T = W̄σ2Ik+1W̄ T = σ2W̄W̄ T

Also

var (ᾱ)− var (α̂) = σ2W̄W̄ T −σ2 (W TW
)−1

= σ2
(

W̄W̄ T −W̄W
(
W TW

)−1
W TW̄ T

)

= σ2
(

W̄
(

Ik+1 −W
(
W TW

)−1
W T

)
W̄ T

)
As well as

(
Ik+1 −W

(
W TW

)−1
W T

)(
Ik+1 −W

(
W TW

)−1
W T

)
= Ik+1 −W

(
W TW

)−1
W T (10)

it’s observed that the matrix

Ik+1 −W
(
W TW

)−1
W T (11)

is idempotent, and it’s not hard to verify that is symmetrical.
Then,

var (ᾱ)− var (α̂) = σ2W̄
(

Ik+1 −W
(
W TW

)−1
W T

)(
W̄

(
Ik+1 −W

(
W TW

)−1
W T

))T
. (12)

As the matrix

W̄
(

Ik+1 −W
(
W TW

)−1
W T

)(
W̄

(
Ik+1 −W

(
W TW

)−1
W T

))T
(13)

is symmetrical and positive semi-defined, then the elements of its diagonal are not negative. Therefore, the variances of
the unbiased estimator ᾱ are greater than or equal the variances of the unbiased estimator α̂ provided by least squares.

2.2.2Estimator for σ2

Although the matrix W is known (the regressors), frequently the value of σ2 it is not. To estimate σ2 one proceeds
to use the residuals
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e = y−W α̂ = y−W
(
W TW

)−1
W T y =

(
Ik+1 −W

(
W TW

)−1
W T

)
y (14)

As y =Wα + ε , we have

e =
(

Ik+1 −W
(
W TW

)−1
W T

)
(Wα + ε)

=
(

Ik+1 −W
(
W TW

)−1
W T

)
Wα +

(
Ik+1 −W

(
W TW

)−1
W T

)
ε

= 0α +
(

Ik+1 −W
(
W TW

)−1
W T

)
ε =

(
Ik+1 −W

(
W TW

)−1
W T

)
ε

because

(
Ik+1 −W

(
W TW

)−1
W T

)
W = 000

Then,

eT e = εT
(

Ik+1 −W
(
W TW

)−1
W T

)T (
Ik+1 −W

(
W TW

)−1
W T

)
ε

= εT
(

Ik+1 −W
(
W TW

)−1
W T

)
ε

because of the symmetry and idempotence of the matrix in brackets. Therefore,

E(eT e) = E
(

εT
(

Ik+1 −W
(
W TW

)−1
W T

)
ε
)
= E

(
tr
[
εT

(
Ik+1 −W

(
W TW

)−1
W T

)
ε
])

= E
(

tr
[(

Ik+1 −W
(
W TW

)−1
W T

)
εεT

])

= tr
[
Ik+1 −W

(
W TW

)−1
W T

]
E
(
εεT )= tr

[
Ik+1 −W

(
W TW

)−1
W T

]
σ2I1

= σ2
(

tr (Ik+1)− tr
(

W
(
W TW

)−1
W T

))
= σ2

(
k+1− tr

((
W TW

)−1
W TW

))

= σ2 (k+1− tr (Iℓ)) = σ2 (k− ℓ+1)

Now, making
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s2 =
eT e

k− ℓ+1
(15)

it’s obtained that

E(s2) = E
(

eT e
k− ℓ+1

)
=

1
k− ℓ+1

E
(
eT e

)
=

σ2 (k− ℓ+1)
k− ℓ+1

= σ2 (16)

It is concluded that (15) is a biased estimator of the populational variance, given that E(s2) = σ2, and besides, is an
estimator of the populational variance of the disturbances.

Representing, the entrances of the reverse matrix, by

d j, j̄ =
[(

W TW
)−1

]
j, j̄

, j, j̄ = 1, 2, ..., ℓ (17)

one has that var(α̂ j) = s2d j, j, while cov(α̂ j, α̂ j̄) = s2d j, j̄.

2.2.3Weighted least squares

Consider the i-th equation of the system in (7), i = 0, 1, · · · , k,

yi =
ℓ

∑
j=1

α jwi, j + εi (18)

and the (k+1) positive real numbers δi (i-th weight), multiplying the i-th equation

δiyi = δi

ℓ

∑
j=1

α jwi, j +δiεi (19)

Using the following notation ȳi = δiyi y ε̄i = δiεi, it’s written

ȳi =
ℓ

∑
j=1

δiα jwi, j + ε̄i (20)

If ε is unbiased, then ε̄i is likewise unbiased, since

E(ε̄i) = E (δiεi) = δiE (εi) = 000 (21)

On the other hand,
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var(ε̄i) = var (δiεi) = δ 2
i var (εi) = δ 2

i σ2 (22)

This suggests that homoscedasticity can be lost prior to weighing.

2.2.4Generalized least squares

Consider the i-th equation of the system in (7), i = 0, 1, · · · , k,

yi =
ℓ

∑
j=1

α jwi, j + εi (23)

If E(εi) = 0 and var(εi) = σ2ui, where ui is some real not null variable, it’s the heteroscedastic case, then the
properties for the estimator α̂ obtained through least squares can not be favorable. However, if the i-th equation is scaled,
in the following manner

yi√
ui

=
α1√

ui
g1(xi)+

α2√
ui

g2(xi)+ ...+
αℓ√

ui
gℓ(xi)+

εi√
ui
, ui 6= 0 (24)

the new disturbance will be ε∗i =
εi√
ui
.

Notice that

E(ε∗i ) = E
(

εi√
ui

)
=

1
√

ui
E (εi) = 0, ui 6= 0

and

var(ε∗i ) = var
(

εi√
ui

)
=

(
1

√
ui

)2

var(εi) =
1
ui

var(εi) =
1
ui
(σ2ui) = σ2, ui 6= 0

That is to say, var(ε∗i ) = cte.

3. Interpolant cubic spline
Let be k+ 1 known real numbers, xi ∈ R with xi < xi+1, i = 0, 1, · · · , k. Let be a real function f : R 7→ R, which

k+1 images are known and denoted by yi = f (xi).
According with the approach proposed by Poirier [11], the interpolant cubic spline S∆ : R 7→ R for a given {xi} nodes,

regarding to each subinterval
[
x j−1, x j

]
, j = 1, 2, ..., k, is given by

S∆(x) =
x j − x
6h j

(
(x j − x)2 −h2

j
)

M j−1 +
x− x j−1

6h j

(
(x− x j−1)

2 −h2
j
)

M j +

(
x j − x

h j

)
y j−1 +

(
x− x j−1

h j

)
y j (25)
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where h j = x j − x j−1.
The unknowns {Mi, i = 0, 1, · · · , k}, in (25), results from the solution of the system

(1−λ j)M j−1 +2M j +λ jM j+1 =
6y j−1

h j(h j +h j+1)
−

6y j

h jh j+1
+

6y j+1

h j+1(h j +h j+1)
(26)

where

λ j =
h j+1

h j +h j+1

for j = 1, ..., k−1.
As can be seen, the system (26) is of the order (k−1)× (k+1).
The final conditions are given by M0 = π0M1 (|π0| < 2) and Mk = πkMk−1 (|πk| < 2), here, it is worked with the

natural spline, which means adopting π0 = 0 and πk = 0. For other alternative elections in the final conditions, see [11].
Let be

M = M(k+1)×1 = [Mi]i=0, 1, ··· , k , Y = Y(k+1)×1 = [yi]i=0, 1, ··· , k

and the tridiagonal matrix A(k+1)×(k+1),

A =



a1, 1 a1, 2 0 · · · 0 0 0
a2, 1 a2, 2 a2, 3 · · · 0 0 0

0 a3, 2 a3, 3 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · ak−1, k−1 ak−1, k 0
0 0 0 · · · ak, k−1 ak, k ak, k+1

0 0 0 · · · 0 ak+1, k ak+1, k+1



where



a j, j = 2, j = 1, 2, ..., k+1
a1, 2 =−2π0

a j, j+1 = λ j−1, j = 2, ..., k
a j+1, j = 1−λ j, j = 1, ..., k−1
ak+1, k =−2πk

So too, the tridiagonal matrix θ(k+1)×(k+1),
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θ =



0 0 0 · · · 0 0 0
θ2, 1 θ2, 2 θ2, 3 · · · 0 0 0

0 θ3, 2 θ3, 3 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · θk−1, k−1 θk−1, k 0
0 0 0 · · · θk, k−1 θk, k θk, k+1

0 0 0 · · · 0 0 0



where


θ j, j =− 6

h j−1h j
j = 2, 3, ..., k

θ j−1, j =
6

h j−1(h j−2 +h j−1)
j = 3, 4, ..., k+1

θ j, j−1 =
6

h j−1(h j−1 +h j)
j = 2, 3, ..., k

Then, M can be found by solving the linear equation system

AM = θY (27)

When Y is known, and being A diagonally dominant, the solution of (27) can be found by making

M = A−1θY (28)

Now, using an arbitrary n-vector

ξ = [ξ j] j=1, 2, ··· , n

it’s seen that for this corresponds to a values n-vector

S∆(ξ ) = [S∆(ξ j)] j=1, 2, ··· , n .

of spline interpolants as a linear function of the vector Y .
To obtain a matrix formulation of S∆(ξ ) in terms of Y , it’s necessary defining a few coefficients matrices.
Considering (25), let be

P = Pn×(k+1) = [p jm] j=1, 2, ··· , n
m=0, 1, ··· , k

and Q = Qn×(k+1) = [q jm] j=1, 2, ··· , n
m=0, 1, ··· , k
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two matrices, such that, for xi−1 ≤ ξ j ≤ xi, where i = 1, 2, ..., k and j = 1, 2, ..., n,

p jm =


xi −ξ j

6hi

[
(xi −ξ j)

2 −h2
i

]
if m = i−1

ξ j − xi−1

6hi

[
(ξ j − xi−1)

2 −h2
i

]
if m = i

0 otherwise

(29)

and

q jm =


xi −ξ j

hi
if m = i−1

ξ j − xi−1

hi
if m = i

0 otherwise

(30)

where hi = xi − xi−1. Then, using (25), (28-30), satisfies

S∆(ξ ) = PM+QY =
(
PA−1θ +Q

)
Y =WY (31)

where

W = PA−1θ +Q (32)

That is to say, for any n-vector represented by ξ , using W can already obtain directly (without exhibiting explicitly
the cubic spline) its corresponding images, S∆(ξ ). That way, the pairs (ξ j; S∆(ξ j)) are on the mentioned cubic spline.

Example 1 Consider

x = [−1 1 3 5]T y = [1.0 1.5 2.9 1.8]T

and

ξ = [−0.9 0.5 0.1 0.7 1.3 1.9 2.3 2.7 3.1 3.5 3.9 4.2 4.6 4.9]T

Then, making η =Wy, we have

η = [1.00 1.24 1.12 1.33 1.72 2.23 2.56 2.80 2.91 2.86 2.68 2.48 2.16 1.89]T

So, the points (ξ j; η j), j = 1, 2, ..., 14, are on the cubic spline graphic that interpolates the (−1; 1.0), (1; 1.5),
(3; 2.9) and (5; 1.8) points, as it’s seen in the Figure 1.
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Figure 1. The points (ξ j, η j) on the interpolating cubic spline, j = 1, 2, ..., 14

4. Cubic spline with least squares
Given a partition ∆ = {xi/i = 0, 1, · · · , k} of the interval [x0, xk]. Let be Y = [yi]

T is a (k+1)-vector of unknowns
corresponding to the nodes of∆. Be also ξ = [ξ j]

T andη = [η j]
T the n-vectors of known data associated to the independent

and dependent variables, respectively, with n ≥ k+1, where j = 1, 2, ..., n.
So it’s also assumed that the matrix W , given in (32), have range k+1.
Lastly, let be ε = [ε j]

T an independent disturbance vector normally distributed, such that

E(ε) = 0 and E(εεT ) = σ2In

where 0 is a null n-vector. How it’s mentioned on the 2.2 subsection, this last is important to obtain significative results.
Thus, the cubic spline regression model will be

S∆(ξ ) =WY (33)

The data (ξ j; η j), provided in ξ and η , satisfy the cubic spline regression model if, and only if,

S∆(ξ )+ ε =WY + ε = η (34)

Solving (34) in the sense of least squares, is obtained Ŷ , the estimate of Y , through:

Ŷ =
(
W TW

)−1
W T η (35)

That is to say, through this process, given the vectors of data ξ and η , in addition of the predefined nodes xi, using
(35) one can find values for yi that makes the cubic spline fit on the points (ξ j; η j) and interpolate the points (xi; yi).

Example 2 Consider
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x = [ 0 1 2 3 4 ]T

ξ = [ 0.1 0.5 0.8 1.2 1.5 1.7 1.9 2.3 2.6 2.9 3.1 3.4 3.7 3.9 ]T

η = [ 3.1 2.9 2.6 2.5 2.6 2.8 3.1 3.4 3.3 3.4 3.2 2.9 2.7 2.5 ]T (36)

According to (35),

Ŷ = [ 3.3078 2.5038 3.1086 3.2828 2.3424 ]T

So, with x and Ŷ , using (25), it’s already possible to build the cubic spline that interpolates the points (x j; Ŷj),
j = 0, 1, 2, 3, 4. The continuous line represents the cubic spline interpolating the 5 points (blue) and fitting to the 14
points (black), see the Figure 2.

Figure 2. Cubic spline interpolation of the points (x j; Ŷj), j = 0, 1, 2, 3, 4

5. Cubic splines with weighted least squares
Let be d j, j > 0 weights related to the overdetermined system equations seen in (34), where j = 1, 2, · · · , n. If

D ∈ Mn×n is a diagonal matrix which entrances are precisely d j j, then the system to be solved is

DWY +Dε = Dη (37)

The solution, in the sense of least squares is obtained through

Ỹ =
(
W T D2W

)−1
W T D2η (38)

Example 3 Regarding the data in (36), to weight the nodes x1 = 0.5 and x2 = 0.8 we create the diagonal weight
matrix D14×14, where d22 = 1,000, d33 = 1,000 y dii = 1, i = 1, 4, 5, ..., 14. Therefore, according to (38),
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Ỹ = [ 3.645721 2.5087 3.1014 3.2840 2.3421 ]T

The Figure 3, illustrates the weighted case (solid line) and the conventional (dashed line).

Figure 3. Weighted fitting (solid line) versus conventional fitting (dashed line)

6. Notion of discrete curvature
Be a curve α : R 7→ R2, where α(t) = (x(t), y(t)) sufficiently smooth. The κ curvature in t of α has various

characterizations. One of which for example

κα(t) =
x′(t)y′′(t)− x′′(t)y′(t)(
(x′(t))2 +(y′(t))2

) 3
2

(39)

Consequently, one can say that, if f : R 7→ R, the curvature of f in x it’s given by

κ f (x) =
f ′′(x)

(1+( f ′(t))2)
3
2

(40)

However, when discrete data is used, this concept should be addressed in a different way.
Consider a i-set of three points ordered sequentially, on a curve α

A = (xi−1; yi−1) , B = (xi; yi) and C = (xi+1; yi+1) (41)
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Figure 4. Osculating circle defined by three points

Using the osculating circle (Figure 4), see [15], the discrete curvature regarding the point B, of the curve α that goes
through the three points, can be calculated in the following way

κB =
2sin(θ)
‖C−A‖

Notice that θ is the angle between the vectors joining the points

cosθ =
〈A−B, C−B〉
‖A−B‖‖C−B‖

It’s known that, if RB is the radius of the osculating circle, then κB =
1

RB
.

However, the said circle can be also found in the following way. Consider the equation of the circumference that
passes through (xi−1; yi−1), (xi; yi) and (xi+1; yi+1):

x2 + y2 +a1x+a2y+a3 = 0 (42)

Clearly, the center is
(
− a1

2
; −a2

2

)
and the radius is given by RB =

√
a2

1
4
+

a2
2

4
−a3 .

The values of the coefficients a1, a2 and a3 can be found by solving the system

a1xi−1 +a2yi−1 +a3 =−x2
i−1 − y2

i−1

a1xi +a2yi +a3 =−x2
i − y2

i

a1xi+1 +a2yi+1 +a3 =−x2
i+1 − y2

i+1 (43)

Contemporary Mathematics 2052 | Jorge Lizardo Díaz Calle, et al.



Notice that (43) has unique solution if the points (xi−1; yi−1), (xi; yi) and (xi+1; yi+1) are not collinear.

7. Discrete bounded curvature
Consider some i-set of three points on a curve α , as in (41), (xi−1; yi−1), (xi; yi) and (xi+1; yi+1). The discrete

curvature at the vertex (xi; yi) is assumed to be κi.
It’s now required to find the points (xi−1; ȳi−1), (xi; ȳi) and (xi+1; ȳi+1), closest to (xi−1; yi−1), (xi; yi) and

(xi+1; yi+1), respectively, so that the discrete curvature κ̄i, regarding the (xi; ȳi) vertex is superiorly bounded by κ̂ . That
is

κ̄i ≤ κ̂ (44)

Defining R = 1/κ̂ , then if Ri is the radius of the osculating circle relative to the points (xi−1; ȳi−1); (xi; ȳi) and
(xi+1; ȳi+1), so demanding (44) is equivalent to demand

Ri ≥ R (45)

That is to say, as detailed above, to find the osculating circle regarding the points (xi−1; ȳi−1), (xi; ȳi) and (xi+1; ȳi+1),
which κ̄i curvature be superiorly bounded by κ̂ , we should solve a least squares problem with restrictions

Minimize
ρ
2
‖y− yi‖2

Subject to: x2
i−1 + ȳ2

i−1 +a1xi−1 +a2ȳi−1 +a3 = 0

x2
i + ȳ2

i +a1xi +a2ȳi +a3 = 0

x2
i+1 + ȳ2

i+1 +a1xi+1 +a2ȳi+1 +a3 = 0

a2
1 +a2

2 −4a3 −4R2 ≥ 0 (46)

where ρ > 0 is a parameter and ‖·‖ the Euclidean norm.
Controlling the discrete curvature in a curve that passes through more than three points gets complicated. Indeed, be

four points

(xi−1; ȳi−1), (xi; ȳi), (xi+1; ȳi+1) and (xi+2; ȳi+2)

Controlling the discrete curvature in the (xi; ȳi) vertex using the three first points should be possible, but applying
the same principle to control the curvature in (xi+1; ȳi+1), the variables ȳi and ȳi+1 can assume new values, that would
modify the discrete curvature already calculated in (xi; ȳi).
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In the next section a way to approach this inconvenient arises, merging this with the cubic splines with least squares
strategy.

8. Cubic splines with least squares and conditioned curvature
Let be x, y ∈ M(k+1)×1, where x is known in a default way, while y is a vector of unknowns to be defined. So also,

be the known data ξ , η ∈ Mn×1, with n > k+ 1, where at least exists a ξ j, for some j = 1, 2, ..., n, belonging to the
[xi−1, xi], i = 1, 2, ..., k interval. For example,

x0 < ξ1 < ξ2 < x1

x1 < ξ3 < ξ4 < ξ5 < x2

...

xk−1 < ξn < xk

Recalling that the cubic spline with least squares that interpolates the pairs (xi; yi) and fits to the pairs (ξ j; η j), is
determined by the system of overdetermined linear equations

Wy = η (47)

where W ∈ Mn×(k+1) is given in (32). To find the estimated y one should solve (47) in the sense of least squares

ȳ = (W TW )−1W T η (48)

Once determined the x, ȳ ∈ M(k+1)×1 vectors, one can expose the cubic spline that interpolates the pairs (xi; ȳi),
i = 0, 1, ..., k, and fits to the pairs (ξ j; η j), j = 1, 2, ..., n.

However, what happens if it’s required that the curvature of the cubic spline is superiorly bounded by a constant ω
in [x0, xk]?

Due to the inconveniences that can arise from satisfying this last requirement, it was decided to control the curvature
from the discrete point of view.

So, let ω be a positive constant as an upper bound for the curvature of the cubic spline in [x0, xk]. According with

the analyzed in the previous section (considering R =
1
ω
), this can be obtained now by solving the following problem
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Minimize
ρ1

2
‖y− ȳ‖2 +

ρ2

2
‖Wy−η‖2

Subject to: x2
i−1 + y2

i−1 +ai, 1xi−1 +ai, 2yi−1 +ai, 3 = 0

x2
i + y2

i +ai, 1xi +ai, 2yi +ai, 3 = 0

x2
i+1 + y2

i+1 +ai, 1xi+1 +ai, 2yi+1 +ai, 3 = 0

a2
i, 1 +a2

i, 2 −4ai, 3 −4R2 ≥ 0, i = 1, 2, ..., k−1 (49)

where ρ1, ρ2 > 0 are weighting parameters, those can be extended in order to favor some components ofWy−η or y− ȳ.
Alternatively, the problem (49) can be seen as

Minimize
ρ1

2
‖y− ȳ‖2 +

ρ2

2
‖Wy−η‖2

Subject to: x2
i−1 + y2

i−1 +ai, 1xi−1 +ai, 2yi−1 +ai, 3 = 0

x2
i + y2

i +ai, 1xi +ai, 2yi +ai, 3 = 0

x2
i+1 + y2

i+1 +ai, 1xi+1 +ai, 2yi+1 +ai, 3 = 0

a2
i, 1 +a2

i, 2 −4ai, 3 −4R2 −di = 0

di ≥ 0,

i = 1, 2, ..., k−1 (50)

Different optimization methods can be employed to resolve problems (49) and (50). It is essential to emphasize the
importance of utilizing appropriate initial points. In the performed tests, the curvature data from (k−1) vertices, obtained
using the cubic spline interpolant through least squares, was utilized prior to curvature control. That is to say, the values
of the coefficients of each osculating circle (x2 + y2 +ax+by+ c = 0) in each vertex (xi, yi), i = 1, ..., k−1, as well as
the values of ȳ obtained through solving (47).

In the following examples, it’s used the internal penalty strategy to optimize the problem (50).
Example 4 Consider
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x =
[

0 1 3 5
]T

ξ =
[

0.05 0.2 0.4 0.6 0.8 0.95 1.2 1.6 1.80 1.95 2.50 2.91 3.30 3.9 4.2 4.8
]T

η =
[

1.00 1.4 2.0 2.2 2.7 3.00 3.3 3.5 3.55 3.60 3.86 3.80 3.92 3.9 3.7 3.5
]T

Then, according to (32), we have

ȳ = (W TW )−1W T η = [ 1.016402 2.930285 3.850290 3.560726 ]T

Notice that, evaluating S∆(ξ ) =Wȳ, the points (ξ j; S∆(ξ ) j) are on the graphic of the interpolating cubic spline with
least squares initially. The discrete curvatures in the vertices (1; 2.930285) and (3; 3.850290) are 0.2967 and 0.2688,
respectively.

If is imposed that the curvatures in those vertices be superiorly bounded by ω = 0.25 (that the radius of the circle be
inferiorly bounded by R =

1
ω

= 4), solving the problem (50), for k = 3, the new value for y will be

y = [ 1.147869 2.806620 3.887879 3.797090 ]T

and with that the new interpolating spline is obtained. The discrete curvature in the new vertices (1; 2.806620) and
(3; 3.887879) will be 0.249975 and 0.249941, respectively. See the Figure 5.

Figure 5. Interpolating cubic spline with constrained curvature by ω = 0.25

Example 5 In the Figure 6, in blue it’s shown the interpolating cubic spline (in 6 points) fitting to 24 data. In red, is
the case with superiorly bounded curvature by ω = 0.37.

Contemporary Mathematics 2056 | Jorge Lizardo Díaz Calle, et al.



Figure 6. Interpolating cubic splines with constrained curvature by ω = 0.37

Example 6 In the Figure 7, in blue, the interpolating cubic spline (in 8 points) fitting to 26 data. In red, the restricted
case to a superiorly bounded curvature by ω = 0.3333, in the sixth vertex. In green, the case for a superiorly bounded
curvature by ω = 0.5 in the same sixth vertex.

Figure 7. The interpolation cubic splines with constrained curvatures

9. A real application problem 1
In Peru, to quote only a case, the cities Arequipa and Mollendo are connected by a two-way road, which represents a

double danger when traveling (specifically when overtaking). This becomes difficult since the road has improperly sized
vertical undulations in several places, making it impossible to see the car ahead in the opposite direction because it is on
a concavity at that point. With that, rose the necessity of additional information in the maps that appear in the everyday
applications, one can obtain information of the vertical undulations of the road in a certain section where the driver is
located in real time.

All that remains is to take samples that include the time, latitude, longitude, altitude, among others, that permit us to
build a model that be the answer to the question proposed above. Actually, some cell phones come with web capabilities
for getting these data.

This problem can be solved using cubic splines with least squares. However, due to the sampling errors, some vertices
may show much pronounced curvatures that don’t represent the reality, needing the establishment of a superior height for
the curvatures in each vertex.

For illustrating purposes, it was chosen to analyze the route that unites two localities within the Arequipa region, a
section of the route from Socabaya to Yarabamba.

The following experiment corresponds to a sample of 221 data, relating to the altitudes of a 2 km automotive traffic
road. The blue line is associated with the cubic spline that interpolates the 7 blue circles and that fits to the 221 data (black
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points). The initial curvatures in the vertices 3 and 5 are 0.0100 and 0.01164, respectively. By demanding a maximum
curvature of 0.0083, we obtain a cubic spline (in red) as is shown in the Figure 8.

Figure 8. Cubic spline with maximum curvature of ω = 0.0083

10. A real application problem 2
In Table 1 are n = 59 data, obtained during 59 seconds, of the latitudes above sea level in a 335.34 m trajectory, in a

place of Arequipa.

Table 1. Arequipa: Trajectory of 335.34 meters

Time (s) Latitude Longitude Speed (m/s) Altitude (m)

1 −16.4495749999 −71.5857769999 0.1320 2,174.8

2 −16.4495730000 −71.5857800000 0.1140 2,175.6

3 −16.4495679999 −71.5857819999 0.0670 2,175.1

4 −16.4495600000 −71.5857830000 0.0340 2,173.6

5 −16.4495569999 −71.5857879999 0.0220 2,172.4

6 −16.4495569999 −71.5857979999 0.1420 2,172.6

7 −16.4495600000 −71.5858080000 0.4000 2,172.8

8 −16.4495770000 −71.5858420000 2.1190 2,173.8

9 −16.4495900000 −71.5858879999 3.4420 2,173.7
...

...
...

...
...

58 −16.4509800000 −71.5887199999 0.0000 2,186.4

59 −16.4509800000 −71.5887199999 0.0000 2,186.4

Considering the altitude in relation to the meters traveled on the straight line, seeking to fit these data through a cubic
spline with least squares, where

ξ =



ξ1

ξ2

ξ3

ξ4
...

ξ59


=



0.132
0.246
0.313
0.347
...

335.34


, η =



η1

η1

η2

η3
...

η59


=



2,174.8
2,175.6
2,175.1
2,173.6

...
2,186.4



and, considering the nodes
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x =



x0

x1

x2

x3
...

x12


=



0
28
56
84
...

336



one has, applying (35). The searched graphic of the cubic spline is presented in the Figure 9.

Figure 9. Searched cubic spline in blue line

The curvature in the vertices (x1; ȳ1), ..., (x11; ȳ11) are, respectively

0.00118988

0.00030811

0.00156599

0.00183382

0.00045169

0.00389716

0.00085781

0.00569123

0.00131907

0.00122094
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0.00137851

The Figure 10 expands the occurred around the vertex

(x8; ȳ8) = (224; 2,191.75074698)

which discreet curvature is 0.0056912 (radius of the osculating circle 175.708897).

Figure 10. Expanded cubic spline around the vertex (x8; ȳ8)

Now, demanding that the curvature in the (x8; ȳ8) be superiorly bounded by 0.0039216 (that the radius of the
osculating circle be inferiorly bounded by 255), one has the new searched cubic spline (line in red) (Figure 11), Figure 12
illustrates the distinction between the least square cubic spline and the least square cubic spline with constrained curvature
at vertex (x8; ȳ8).

Figure 11. Cubic spline around the vertex (x8; ȳ8) with ω = 0.0039216 (red)

Figure 12. Zooming in the Figure 11 that illustrates the distinction between the least square cubic spline and the least square cubic spline with constrained
curvature at vertex (x8; ȳ8)

The new curvature in the new vertex (x1; y1), ..., (x11; y11) are, respectively
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0.00118986

0.00030810

0.00156598

0.00142994

0.00045167

0.00389706

0.00018363

0.00325564

0.00024501

0.00055552

0.00137841

It can be seen that there was an essential variation in the second component of the vertex of interest and only small
(or null) variations in the second components of the remains of the vertices, as expected. However, the new curvatures,
may differ from the previous.

11. Conclusions
The curve fitting through cubic spline with least squares turns to be a very valuable strategy, since combines the

sturdiness of a cubic spline with the practicality of least squares. The resulting process is simple and fast to be applied in
practice. Can be of great utility when is desired to extrapolate a set of data in different investigation areas.

The curve fitting through least squares and conditioned curvatures is even more valuable, since permits correcting
possible fittings where the curvature of the resulting cubic spline doesn’t satisfy determined established parameters. The
choice of the optimization method and the use of adequate initial points is essential for the solution of the problem (50).

The real application problem presented in the beginning of the section 9, has a social importance. Taking samples
of all the trajectory between Arequipa and Mollendo as well as the fitting through cubic splines with least squares with
conditioned curvature is viable in practice. The implementation of an application and the extension towards other areas
and realities is totally possible.
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