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Abstract: This paper introduces new single-valued neutrosophic closure operators based on single-valued neutrosophic
primals, laying the foundation for single-valued neutrosophic primal topologies. This framework establishes a novel
class of topological spaces, termed single-valued neutrosophic primal topological spaces. Within this context, classical
topological concepts are redefined to align with the properties of single-valued neutrosophic primal set-topologies. The
study explores the basic structure of these topologies, including the construction of bases, and examines relationships
between various single-valued neutrosophic primal and single-valued neutrosophic topologies. A significant contribution
of this work is the introduction of single-valued neutrosophic primal continuous functions, supported by counterexamples
to illustrate their implications and nuances.
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1. Introduction

Neutrosophic set theory has a powerful influence since this modern section of philosophy is presented as a study of
neutrality’s origin, nature, and scope. The concept of neutrosophy was initiated by Smarandache [1] in 1999 as a new
mathematical approach that corresponds to the degree of indeterminacy (uncertainty, etc.). The notion of continuity is
important in fuzzy topology and fuzzy topology in the Sostak sense and all branches of mathematics and quantum physics
(see [2—4]). We must state that this subject has been researched by physicists and others. El-Naschie has shown that the
notion of fuzzy topology in the Sostak sense has very important applications in quantum particle physics especially in
both string theory and €% theory [5, 6].

Nowadays, the theory of neutrosophy has become used in many branches of mathematics. More precisely, this
theory has achieved exceptional progress in the field of topological spaces. Salama et al. [7, 8] published their works of
neutrosophic topological spaces, following the method of Chang [9] in the situation of fuzzy topological spaces (Q, T).
Later, the category of neutrosophic (NSet) and neutrosophic crisp (NCSet) sets NSet (H) and NCSet have been studied by
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Hur et al. [10, 11]. Smarandache [12] provided an application for the idea of neutrosophic topology on the non-standard
interval. Individuals can simply discover that the fuzzy topology familiarized by Chang is a crisp group of fuzzy subsets.

Sostak [13] determined that Chang’s style is crisp and so he redefined the idea of fuzzy topology, frequently
mentioned as smooth fuzzy topology, as a mapping from the group of all fuzzy subsets of Q to [0, 1]. Fang Jin-ming
et al. [14] and Zahran et al. [15] investigated the notion of foundation as a function from an appropriate collection of
fuzzy subsets of Q to [0, 1] and decomposition of fuzzy continuity, fuzzy ideal continuity and fuzzy ideal ct-continuity.
Saber et al. [16] found a parallel theory in the context of fuzzy ideal topological space in Sostak sense.

The concept of a single-valued neutrosophic set was introduced by Wang [17]. Gayyar [18] presented the idea
of fuzzy neutrosophic topological spaces in a Sostak sense. Kim [19]. Presented the notion of the foundation for an
ordinary single-valued neutrosophic topology. The idea of a stratified single-valued neutrosophic soft filter (stratified svns-
filter) and stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity) was initially proposed
by Alsharari et al. [20]. The new concept of single-valued neutrosophic soft topology (svnff) is defined to discuss the
topological structure of svns-set by Saber et al. [21]. Several authors [22-26] posted their efforts for the idea of single-
valued neutrosophic topological spaces (€2, ‘IQW). The concept of a single-valued neutrosophic open local function
(I, (Tes®, 3¢5?)) for a single-valued neutrosophic primal topological space (€, T9? J39¢9) have been studied by
Alsharari et al. [27]. The concept of n-cylindrical fuzzy neutrosophic topological spaces was first introduced by Kumari et
al. [28]. Subsequently, Kungumaraj et al. [29] extended this work by presenting neutrosophic topological vector spaces.
Jana et al. [30] further contributed to the field by introducing Pythagorean fuzzy topological spaces.

The theory of neutrosophic sets is widely regarded as a generalization of fuzzy sets, intuitionistic fuzzy sets, and
rough sets. It serves as a vital mathematical framework for addressing uncertainty. This paper introduces the concept of
single-valued neutrosophic Primals in the sense of Sostak, which extends the ideas presented in [31, 32].

Motivated by these foundational concepts, this work focuses on single-valued neutrosophic Primals as defined in
Sostak’s framework. Neutrosophy, and particularly neutrosophic sets, provides a flexible and general framework that
extends intuitionistic fuzzy sets, fuzzy sets, and classical sets from both a mathematical and philosophical perspective.

In this article, we define several new notions in the context of single-valued neutrosophic primal topological spaces,
including r-single-valued neutrosophic primal open, r-single-valued neutrosophic semi-primal open, r-single-valued
neutrosophic pre-primal open, r-single-valued neutrosophic o-primal open, r-single-valued neutrosophic S-primal open,
r-single-valued neutrosophic strongly f-primal open and r-single-valued neutrosophic §-primal open. Additionally, we
present new decompositions of single-valued neutrosophic continuity within these spaces and explore their relationships
with other types of mappings.

A neutrosophic set is a generalized formal framework that extends the concepts of classical sets, fuzzy sets, interval-
valued fuzzy sets, intuitionistic fuzzy sets, and interval intuitionistic fuzzy sets from a philosophical perspective. These
sets have various applications across multiple domains. For instance, in Geographical Information Systems (GIS), they
are used to model spatial regions with indeterminate boundaries under uncertainty (see [33]). Additionally, neutrosophic
sets have potential applications in superstring theory and € space-time modeling (see [34]). They are also relevant in
control engineering, particularly in average consensus for multi-agent systems with uncertain topologies, time-varying
delays, and random noisy environments (see [35]).

2. Preliminaries

This section gives readers an in-depth understanding of the basic concepts and methods used in single-valued
neutrosophic (for short, svn-set) and single-valued neutrosophic primal (for short, svn-primal) theories, setting the ground-
work for the later development of single-valued neutrosophic operators PRint.cose , 0Bintceso , BPCLoco , fRPint oso
£2 x £ — £2. Conventionally, £2 denotes the family of all svn-sets, defined on Q and (Q, T¢? J3¢?) denotes the
single-valued neutrosophic primal topological space (for short, svapts). Here, £ = [0, 1], £, = (0, 1] and for any ¢ € £
anduc Q,0(u) =o0.

We begin by introducing the following abbreviations used throughout this manuscript:
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n-set neutrosophic set

svn-set single-valued neutrosophic set

svn-primal single-valued neutrosophic primal

svnt single-valued neutrosophic topology

svnpts single-valued neutrosophic primal topological spaces

IT; (T5%, 9PBes?)  single-valued neutrosophic primal open local function
(Q, T T, S(p) single-valued neutrosophic topological paces.
Definition 1 [12] Let Q be a non-empty set. An n-set on Q is defined as

= {{u, 0, (u), 64 (1), @ (w) |1 €Q, 0 (), 6(u), @y (u) €]70, 17},

where representing (¢, (1)) the degree of nonmembership, (g, (1)) the degree of indeterminacy and (o, (1)) degree of
membership; for each u € Q to the set I1.

Definition 2 [17] Let Q be a space of points (objects) with a generic element in Q denoted by . Then IT is called an
svn-set in Q if IT has the form IT = {(u, o, (1), ¢;(u), ¢y(u)) |u € Q} whereg :Q — £, ¢, : Q — £and ¢ : Q — £
In this case, @, ¢; and ¢ are called the falsity membership function, indeterminacy membership function and truth
membership function, respectively.

An svn-set TT on Q is called a null svn-set (for short, 0), if o () =0, ;; () =1 and @, (u) =1,V u € Q.

An svn-set IT on Q is called a absolute svn-set (for short, 1), if o, () = 1, ¢;(u) = 0 and @ (u) =0,V u € Q.

Remark 1 To clarify the relationship between intuitionistic fuzzy sets (if-sets), neutrosophic sets (n-sets), and single-
valued neutrosophic sets (svn-sets), it is important to confirm that both neutrosophic sets and single-valued neutrosophic
sets generalize the concept of intuitionistic fuzzy sets. This relationship can be summarized as follows:

In intuitionistic fuzzy sets (IFS), the representation of paraconsistent (contradictory but coexistent), dialetheist (true
contradictions), or incomplete information is not feasible. This limitation highlights a fundamental distinction between
if-sets, which are based on IFS principles, and n-sets, which extend to neutrosophic logic. To illustrate this distinction,
the neutrosophic cube.

In technical applications, only the classical interval [0, 1] is used as the range for neutrosophic parameters (truth,
indeterminacy, and falsity). This limitation defines the technical neutrosophic cube ABCDEFGH. By contrast, the
extended neutrosophic cube A’B'C'D'E’'F'G'H’ is used in fields such as philosophy, where differentiating between
absolute and relative notions is necessary in Figure 1.

F E'(0,70,19
F E (0, 0¢1)
A
G / 1 /
G 1 H
; A
1
1
1
F(1,0,0) '_ 1§11R _ﬁ»o»o)
/ " L
Bég},’k’ .0y \i A0, 970

c D0, 1, 0)

C D' (0,17,70)

Figure 1. The neutrosophic cube
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Definition 3 [17] Let IT = {(u, ¢ (u), 6;(u), @y (u)) | u € Q} be an svn-set on Q. The complement of the set I1
(IT¢) is defined as follows:

e () = @ (), e () =[G ] (), P () = 0, ().

Definition 4 [22] Let IT, Y € £, then,
(1) IT is said to be contained in Y, denoted by IT C Y, if, for each u € Q,

oy (1) <o,(u), gy(u) > 6 (u), ¢ () > @y (u).

(2) IT is said to be equal to 1, denoted by [T =Y, if I C Y and Y C IL.
Definition 5 [24] Let IT, Y € £2. Then,
(@) ITAY is an svn-set, if V u € Q,

IIAT = (¢ Aoy ) (w), (6a V) (), (@ V @p)(u))

where,

(og Nop)(u) =op () Noy (), (G V6p)(u) = 6y (u) Vg (u),
((pn v (Pr)(”) = (Pn<”) Vo, (u)v

for every u € Q.
(b) ITV Y is an svn-set, if V u € Q,

VY = <(QH VQY)(”)’ (gn/\gr)(u)’ ((PHA(PT)(M»-

Definition 6 [23] An svnts is an ordered (Q, T, Sg, I¢) where T° : £ — £, T s fand T £ S farea
mappings fulfill specific conditions:
(SVNTH Z°(0) =% (1) =1and T°(0) =T (1) =%’ (0) =" (1)
(SVNT2) ‘zg(nmr) >IN AT (Y), T (IAY) < T I VE(Y),
TMAY) < (1) v (Y), forevery I, Y € £,
(SVNT3) TV jes (I1)) = Ajey T (1)),
(\/jEJ( )<V1e1(5 (I1),
T (Vjes (1)) < Ve T (I)), for every TI, € £°.
Usually in this paper, we will use the abbreviation T*? for (‘3:{), ‘Zg, Iw) without any ambiguity.
Theorem 1 [22] Let (Q, ngq’) be an svats. Then, for every IT € £2 and s € £y we define the operator €£ 050

£ % £o— £2 as follows:
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€L (I, 3) = A[Ye£2II<Y, (X)) >rn TA))<1-2, T(X)) <15}

e (

ForanyIl, Y € £" and x, s € £y, the operator €£ satisfies the following conditions:

- - ixaad
(€£1) €L 4, (0, 30) =0.
(€L TT< €L o, (T, 50).
(€83) €L g (I, r)vee g0 (T, ) = €€ e (TIVY, 32).

(TLy) OZTQW (IT, ») < cd 050 (Y, 5) if 5 <s.

(€Ls) @SEZQW (cL (,W( %)7 ») = €£igw (I, ).

Definition 7 [23] Let (Q, T°°) be an svnts. Then, for every I1 € £2 and s € £, we define the operator in oo -
Q Q B

£ x£y— £ as follows:

nt o (I, ) = \/{Y € £2 | TI2 Y, T'(Y)) >r, T))<1—3, TO))<1—2).

Definition 8 [27] Let Q # ¢. A mapping B2, B¢, P? : £2 — £ is called a svn-primal on Q, if it satisfies the
following conditions:

(P Pe(1) =0, P(I) = 1, P¢(1) = 1 and P¢(0) = 1, P<(0) =0, P¢(0) =0

(P2) PE(TAT) < (D) VPL(X), P (LLAT) > 5 (I1) AS (), PO IIAT) > RO(IT) AR(X), VI, T € £2.

() IFTT < T, then 5(Y) < (1), S (X) > PS(I1), P(X) > PO (), VI, T € £2.

Sometimes, we will write 325¢ for (3¢, ¢, PB?).

If 3959 and $3*¢°? are svn-primals on Q, then “J395? is finer than P*95% or (P*25? is coarser than B2°%?)” denoted
by Pec? < P*¢s? if and only if

PE(IT) < P(Y), PEID) > P(Y), PO > PO(Y), v, IL, Y € £,

The triable (Q, T¢, J3¢5?) is called a svnpts.

Definition 9 [27] Let (Q, T, 395?) be a svnpts, for each s € £y and IT € £2. Then, the single-valued neutrosophic
primal open local function IT},(T9¢?, P2?) of I1 is the union of all svn-points u, ,  such thatif Y € 2_, ., (u,, ,, »)
and P2(0) > 5, P(O) < 1 — 3¢, P?(O) < 1 — 5, then there is at least one u € Q, for which g, (u) +o.(u) —1> o, (u),
gr[(u) + gr(u) —1< QG)(M), (Pn(u) + (pr(u) —-1< (p@)(u)

In this article, we will write IT}, for IT}, (T¢°?, 3¢?) without any ambiguity.

Lemma 1 [27] Let (Q, T2, 9325?) be a svipts and IT € £2; we can define

¢ (L r)=TUIL, 3% (IL, 5) = IIA((IT)%)C.

TSP TSP

Clearly, €7 is an svn-closure operator and (Ze(P9), TS(PS), TP(P?)) is the svnr generated by €*

og(p’ 1.€.,

TO)I) = \/{| €y (I, 22) =T},

Now, if

Co iporary Math tics 2756 | Fahad Alsharari




PeeP = PP, VIl € £9, then € oo (IL 50) =TTUIT, =TTV € 0o (T, 50) = €, (I1, 50). So, () = T2,
T (PS) = T¢ and T¢(2P) = TP,

Theorem 2 [27] Let (Q, T¢?) be an svats and BT, P5°? be two svn-primals on Q. Then, for each IT, Y € £2 and
2 € £y, we have

(DI LY, then IT}, <Y7.

() IFPT <5, P} > PS5 and BT > P37, then T (PF7, T0) > I3 (P59, T69).

G)II, = €_ep (IT%, 3¢) < Crzoso (T, 32),

(4)If (I35, < TT;.

(5) IFP2(®) > 3¢, PS(Y) < 1 — seand PO (Y) < 1 — 3¢, then (V)% = IT5 vV TE = IT%.

(6) (I, v T%) = (V)

(7) IEP2(®) > 3¢, PE(Y) < 1 — s and PP (Y) < 1 — 5, then, (Y AILL) < (Y AT

(8) (I, A ©%) > (TIAT);,

3. Several types of single-valued neutrosophic primal sets

Within the correctness mathematical harmony, the single-valued neutrosophic primal (svn-primal) is the result
of the combination of neutrosophic logic with primal set theory. These primals provide an integrative structure to
deal with uncertainty by serving as crucial bridges between the fields of soft computing and neutrosophic research.
Precisely defined, these svn-primals reveal their core, from compatibility conditions controlling intersection operations
to basic characteristics capturing limit conditions. A central theorem emphasizes group interaction by giving an orderly
approach to combining separate primals into an integrated unit. Through our study of this mathematical setting, the
svn-primals not only reveal their complexities but also open up fresh prospects for the construction of single-valued
neutrosophic (closure, interior, per-primal interior, a-primal interior, -primal closure, B-primal interior) operators
(for short, € ., T%,,. PRinteeso, afPinteeso, PPEL oo, fPinteco £ % £y — £9) respectively, showing their
important impact on precisely and effectively understanding uncertainty. We begin this section by defining the notions
of »-single-valued neutrosophic [primal, semi-primal, pre-primal, a-primal, 3-primal, strongly--primal, regular primal,
d-primal, B*-primal, P*-primal, strongly pre-primal] open sets (for short, sc-svapo, sc-svnspo, s-svappo, s-svnopo, -
svnPpo, sx-svnsPpo, s-svnrpo, »-svndpo, x-svaf3*po, sx-svnP*po, »x-svnsppo) respectively.

Definition 10 Let (Q, T, P°?) be a svnpts and > € £y. Then IT € £2 is called:

(1) se-svnpo if T < intose (IT},, 5¢).

(2) se-svnspo if TT < € pep (inteso (I, 52), ).

(3) s¢-svnppo if I1 < intceco (Q;ggq, (I, 32), »).

(4) se=svnapo if T1 < intoso (Q;g;(p (intgose (T, 3), 5), 3).

(5) se-svnfBpo if TI < €L oso (intoco (Q*T@gq, (11, »), »), »).

(6) sc-svnsBpo if T1 < Coco (intgoco (Q:;gg(,, (11, 52), 3), »).

(7) se-svnrpo if I1 < intoco (@*ngw (I, ), »).

(8) se-svndpo if inteco (Q;gg(p (IL, r), r) < @*{IWP (inteco (I1, 52), ).

The complement of s¢-svapo (resp, s-svaspo, s-svappo-set, x-sviapo, »-sviafpo, s-svasBpo, s-svndpo) are called
se-svnpc (resp, »-SVASpC, »#-SVAppC, »x-svnope, x-svafpc, »-svinsPpe, s-svndpc).

After the above definition, we get the next drawing:
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2> — svndpo

X-SVNO = #-SVNOpO = M-SVHUSPO = »-SVASO

»x-svnpo = | U U

H-SVAFO = 3-SVIFPO = -SVAppo = »-svifipo = sx-svnfo

»-svnspo = x-svnsPpo = »-svnfpo.

Example 1 Presume that Q = {u1, u,, u3}; define the svn-sets @1, ®,, @3, Y € £2 as follows

@, =((0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)),
@, = ((0.4, 0.4, 0.4), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)),
@3 =((0.4,04, 0.4), (04, 0.4,04), (04,04, 0.4)),
Y ={(0.1, 0.1, 0.1), (0, 0, 0), (0, 0, 0)).
Define the mapping, T° : £ £,3°: £ £,3°: £ > £and DU £ 5 £, ‘I,Gg £ £, ‘J3(P - £ = £ as follows:

1, if =0, I, if =0,

[, if =1,
=1 P (1) =
53 if 1= {®y, P},

L if =T,

FN-

, if 0<II<T,

N —

0, otherwise, 0, otherwise,
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T(I)

if =0,
if =1,
=, if TI={®,, d3},

1, otherwise,

0, if T=0,

0, if =T,

|

g fI= {®2, B3},

1, otherwise,

(1)

PP (1)

0, if =0,

Cif =T,

1w

1 _
3 if 0<E<T,

1, otherwise,

0, if II=0,

2

=, if II=T,

3

| -

X if 0<II<T,

1, otherwise.

1 1
Suppose that ® = ((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3)), then, ® is 5-Svnppo but it is not 5-Svaspo.
Example 2 Consider Q = {uy, up, u3}; define the svns @1, ®,, &3, Y € £2 as follows

@, = ((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3)),

@, = ((0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)),

@5 = ((0.6, 0.6, 0.6), (0.6, 0.6, 0.6), (0.6, 0.6, 0.6)),

Y =((0.3, 0.3, 0.3), (0, 0, 0), (0, 0, 0)).

Define the mapping, T° £° —£,% £° —£%°  £° — £ and p°  £° — £, ‘I,Gg £° — £, ‘J3¢
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0, otherwise,

1, if 1=0,

Lif =T,

EI

1 _
ok if 0<II<T,

0, otherwise,

: ;€Q — £ as follows:
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0, if TT=0, 0, if TT=0,

0, if =T,

T=4 P () =
5 if =y,

Cif =T,

ey
I

1 _
—, f0<E<T,
3 1

1, otherwise,

1, otherwise,
O; 1f H:67 0’ 1fH:67
, _ 2
0, if =T, 3 i II=T,
=9 PP (IT) |
2 if I1 =, X if 0<II<TY,
1, otherwise, 1, otherwise.

1 1
Suppose that ® = ((0.4, 0.4, 0.4), (0.4, 0.4, 0.4), (0.4, 0.4, 0.4)), then, ® is 5-svaspo but it is neither 57Svnppo
nor ~-svnpo.

Lemma 2 Let (Q, 7, P“®) be a svapts, T°(Y) > 5, () <1 -2, T°(Y) < 1 — s and r € £,. Then Y A
@Zgw (IT, ») < Q*Tgw (IIAY, 5).

Proof. Let T°(Y) > 5, T°(Y) < 1— s and T(Y) < 1 — 5. Then by Theorem 2 (7),
YA€ oco (I, r) =T A (IVIE) = (YAIT) V(Y AIL)
<(YAI)V(YATD), = *zgg"’ (YATL, »).

O
Lemma 3 Let (Q, 7, $5°*) be a svnpts, for every IT € andre £o. Then ITis svnfpo iff €L eco (I1, 1) =
Cﬂigg(p (intggg(p (%@W (H, %), %)7 %).
Proof. Let IT be an s-svnfpo. Then I1 < €L osp (intceco (CI*(T1, 5), 5), ) and thus,

CLeeso (I, 3¢) < CLrosp (intcose (Q:S;gg(p (I, ), »), »)

< €L oso (intoco (ELoso (T, 32), 2), ) < €L oso (IT, 52).

Hence, €L osp (I1, 1) = CLeoco (intgece (Qt;gg(p (IT, 5), »), »). O

Theorem 3 Let (Q, T, &Bpgq’) be a svapts, for every »x € £pand I, T € £, Then the subsequent statements are
holds:

(1) If Y is r-svnBpo and T°(I1) > 2¢, T (I1) < 1 — 3¢, TVP(I1) < 1 — 3¢, then ITAY is se-svnfpo.
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(2) If I is se-svnspo and Y is sc-svnopo, then ITAY is se-svaspo.

(3) If I is se-svnppo and Y is se-svnopo, then ITAY is se-svnppo.

(4) If ITand Y are »-svnapo, then ITAY is s-svnapo.

(5) If Y is se-svaspo and T° (I1) > 3¢, T (I1) < 1 — 3¢, TVP(IT) < 1 — 3, then TIAY is se-svnspo.

(6) If Y is se-svnppo and T (I1) > 3¢, T (I1) < 1 — 3¢, TVP(IT) < 1 — 3¢, then IIA Y is se-svippo.

Proof. (1) Let Y be a s-svnfpo and T (IT) > rs, T°(I1) < 1 — 5, TV9(TT) < 1 — , then by Theorem 2 (7),

YATL < €€ oso (intgoso (Choso (Y, 52), 52), 32) Nintoso (I, )

= C’Q‘IQW (l'l’ll(zaw ([€ (Y7 %) A H]7 %)7 %)

= QSSQW (il’llggw ([(Y \/T;) A H], J{), %)
= CLroco (int,sggq: ([(CATD) V (Y3, ATT)], 5), 3)
< CLooso (intgagqa ((CAIT) V (Y ATD)L], 5¢), 3)

= Q:STQL;‘P (intIGG‘P (Q:;:QQ(P (Y/\Ha %)a %)7 %)

This show that ITAY is sc-svnfpo.
(2) Let ITis »-svnspo and Y is sc-svnapo, then by using Lemma 1, we have

IIAY < Q*‘Zgg(p (l'ntiggqa (H, %), %) A il’ll‘sgw (Q:;gg(p (intigc;(p (T, %), %), %)
< Q:;.ggq) (inl‘(zagrp (H, %), %) A Q:;ggtp (l.i’lt(zag‘(’ (Y, %), %)
< Coso (oo ([intgeso (I, 32) Aintoso (Y, 52)], 32), 5)

< Qt;egqr(inlgggq) (IIAY, ), ).

This show that ITAY is sc-svnspo.

(3) and (4) are similar to (2).

(5) and (6) are similar to (1). O
Example 3 Consider Q = {uy, up, u3}; define the svn-sets @1, ®,, I1;, T, Y € £ as follows

@, = ((0.3, 0.3, 0.3), (0.2, 0.2, 0.2), (0.2, 0.2, 0.2)),

@, = ((0.2, 0.2, 0.2), (0.2, 0.2, 0.2), (0.2, 0.2, 0.2)),
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IT; = ((0.3, 0.3, 0.3), (0.6, 0.6, 0.6), (0.6, 0.6, 0.6)),
I, = ((0.4, 0.4, 0.4), (0, 0, 0), (0, 0, 0)),
Y =((0.2,0.2,0.2), (0, 0, 0), (0, 0, 0)).

Wedeﬁne,f‘) :£Q—>£,Tg :£Q—>£,T(P :£Q—>£and‘$; :£Q—>£,ﬂ3q’ :£Q—>£asfollows:

L i I=0, 1, if TI=0,

1, if I=T, %,EH:K
(I = . Pe(I) = |

E,HH:{¢MML 5,if6<r1<1r

0, otherwise, 0, otherwise,

0, if I=0, 0, if M=0,

. _ 3,

0, if =T, g =T,
T = | e (IT) |

g, if H:{q)luq)Z}v E’ if 6<E<Y7

1, otherwise, 1, otherwise,

0, if =0, 0, if =0,

0, if =T, %,HH:K
TO(IT) = P (I0)

1
ik if 1= {P;,P,},

1, otherwise,

%,ﬁ6<H<K

1, otherwise.

1 1 1
(D) II; ATIp is E-svnpso but I, it is not E—svnpoco and I is not E-svnpso.

1 1 1 1 1
Q) IT) AT, is 5-svnpso but Tg(Hl) > X T (Im) < 5 Tle(m) < X and IT is not 5-Svnpso.

Lemma 4 Let (Q, T, ‘BQW) be a svnpts, for every »c € £ and I, T € £”. Then the subsequent statements hold:

(1) Any union of »-Bpo sets is »-Bpo.
(2) Any intersection of »-Bpc sets is »-Bpc.

Proof.

€L oso (intgoso (Copee (T1), 5¢), ), 5). Thus,

T
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\/ I1; < \/ CLooco (intTew ((’%@«:tp (TN, 5), 5), 5)
jeJ jeJ

< CLoso (\/(int(za;(p (Q:*ggw (I, 5), »)), )
jeJ

< QE(Iggw(intggcw(\/(Q%aw (I}, ), »), »)
ier

=L (intgaw (\/(H\/ (I1;)5.), »), »)
jeJ

= @SQQW (intiew ([\/ ITv \/ (H/):]v %)7 %)
jel el

< €L eco (intose ([\/ v (\/ I0;)3.], %), »)
jes jeJ

= @,nggp (int‘zggrp (Q:;gg@ (\/ IT, %)7 %)a %)'
jeJ

Therefore, \/ jc; 7; is se-svnPpo sets.

(2) Likewise, using related reasoning, we can determine that A\ ;; 7; is »-svnfipc sets. O

Theorem 4 Let (Q, T°°, P*) be a svnpts, for each » € £, and II, Y € £%, we define the operators
PRint.oco, APintoso, PPELoso, fPintoco : £2 x £ — £2 as follows:

PRintoso (I, ) = \/{Y € £2: Y <II, Y is  — svnppo}.
aPinteco (1, 52) = \V{re £2: Y <II, Y is 3 — svnopo}.
BPRELeso (I1, 5) = N{Ye £ II<Y, Yis 2—svnPpc}.
BRPintoce (T1, 5) = \/{Y € £2| Y <II, Y is . — svnfBpo}.

Then,

(1) I is se-svnppo iff PRintoco (I1, 5¢) =TI

(2) I is se-svnopo iff oPintoce (I, 3¢) =TI

(€) Pmintggg(p (I1, ») =TIA intzoso (Q:%QW (I, »), ).

(4) aPintzeco (1, 5) = M Nintgeco (@*TWP (intgoso (I, 52), ), ).
(5) BREL 1as0 (0, 5) = 0.

(6) TT < BPELoco (T1, 52).
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(7) BPECLoco (1, 3¢) = (BPintceso (I1, 3))°.

(8) intose (1, 5¢) < BPintose (I, ») <TT< BPELeco (1, 32) < Lo (T1, ).

9) ﬁfﬁ(’:ﬁzgw (I, ») \/ﬁ%(’:ﬂ‘zew (Y, ») < ﬁm(’:ﬁzgw (I, 5)(IIVY, r).

(10) BPELeso (BPLLLeso (I1, ), ) = BPELoco (T1, 52).

(11) ITis se-svnfpe, iff 1 = BPCLoco (T1, 52).

(12) PRintoso (1, 3¢) = TTA € Loco (intcese (Q’%m (I, 5), »), ).

Proof. By the relevant definitions PBint cco and aPint.oco, we can easily prove (1) and (2).
(3) Since

509 T@Q

TN intgoco (€hoco (TN, 52), 3¢) < inteeco (€oco (1, 52), 3¢) = iintose (intgeco (€oco (11, 52), 32), )
= intoso ([€hoco (L, 7) Nintgocointz(€oco (I1, 52), 32)], 52)

< intoso (Cros ([TIN intgoso (Choco (11, 22), 32)], 52), 32).

[T A inteoco (Q:*ng(,, (T1, 5¢), ») is »-svnppo contained in T1. So, T A intese (Qﬁ*gggq, (I1, »), ) < PRinteco (I1, 5).

Since PRintese (I1, 3) is se-svnppo, we have

PRintoso (T1, 3¢) < TIN intoso (€ocp (PPintgeco (I, 52), ), 52).

Thus, PBintose (T1, 5¢) =TT Ainteco (Qf;ggq, (IT, ), »).

(4) Similarly to (3).

(5) = (9) and (11) are easily proved from the definitions of BPEL eco and BPintoco .

(10) form (8) we only show BPREL oco (BRELoco (T1, 5¢), 2) < BPLLeco (IT, 5).

Assume that BPELoco (T, 50) 7 BPELLooco (BPELeco (T, 5¢), ). There exist u € Q and z € £ such that

BPEL coso (T, 32)(u) < 2 < PPEL cose (BPELaso (I1, ), ) (u). (1)
Since BPEL eco (I1, 3)(u) < z, by definition BFPEL oco there exists se-svnPpc set Y € £2 with IT < Y such that
BPELoso (IT, 5)(u) < Y(u) < z.

Since IT <Y, we have BPEL eco (T1, 3¢) < Y. Again, by the definition of BPEL osp, we have BPEL oco (BPEL eco
(I, 5), ») < Y. Thus, BPEL eco (BPCLeco (I1, 5¢), 5)(u) < Y(u) < z. It is a contradiction for equation (1).
(12) Since
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ﬂAﬁQ‘Zggtp(int‘zagw(@;gw (I1, 5), ), »)

< Q:Sggw (il’ltgéw (Qt;ew (I1, 5), »), )

= CLooso ([intgoco (Choso (T, 52), 3¢) Nintoso (Croco (I, 32), )], 52)

= €L oco (intose ([Q:*‘Igg(p (IT, 52) Aintese (szgw (I, »), )], »), »)
< Q:,gsggq) (l.l’ll‘ggg(p ([Q:*QQQ‘P (H7 %) A Q:,gggg(p (l.l’lt(zgg(p (Qt;eg(P (H7 %)a %)1 %)]a %)a %)
= €£‘IQ§<P (im“zggp (Q:%gg(p ([H A Q:S‘Zggtp (inlzggtp (Cl*(H, %), %)7 %)], %), %), %).

Hence, TTA €L cesp (intcese (Qﬁ*gggq, (T1, ), »), 5) is s-svnf3po set contained in 7z and s0 TTA €L oo (intgese (Q:*Igg(p
(I, 5), ), ) < PPinteso (I1, 5).
Since PRintoso (I1, 5¢) is r-se-svnfpo set,

P‘BintTQW (I, ») < Q:/S(IQQP (intgegw (Q:;ggw (P‘Bintgaw (I1, »), »), »), x)
< Q:E‘Igg(p (int‘zew (Q;QQ‘P (H> %>7 %)’ %)'

So, €L eco (intoco (Qf*gg;(p (I1, »), 5), ») > PPintese (1, 5). Thus,

Q:S‘Iggtp (il’ll“zggtp (C;gg(p (I, »), ), ») = P‘,Bim“zgg(p (I, ).

O
Definition 11 Let (Q, %, “*) be a svnpts, for eachIT, Y € £, € £y and U, , , € svn—point(Q). Then,
(1) IT is called s-single valued neutrosophic ngw -neighborhood of u (2,10 (un oo %) ifu,, g II with
T(ID) > 2, (M) < 1 —scand T (11) < 1 — 5.
(2) u, , , is called »-single valued neutrosophic &*B-cluster point (s¢-svndB-cluster point) of I1 if for any Y €
), we have I1 q intoco (@*Tgw (Y, ), »).

nts

2

FTN0 (Mn t, s

(3) 6B-closure ((’:gﬁ(p) operator is a mapping Qﬁiﬁw (£ % £y — £2 defined as:

Qi,?%@ (T, 3) = \/{u, , , € svn—point(Q) | u, , , is 5 — svn8P — cluster point of I1}.

(4) I is called s-single valued neutrosophic R ., -neighborhood of u, ,  (Z 6 (4, , ,, ) ifu,,  qIland ITis

959
-SVIro.
(5) u,, , is called s-single valued neutrosophic &-cluster point (sc-svnd-cluster point) of II if for any Y €

R yino (U, , > %), we have ITg Y.
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6) 8-closure (22,.,) operator is a mapping Z%,., : £2 x £5 — £ defined as:
ose ) OP p 050

Qgggp (I, 3¢) = \/{u, , , € svn—point(Q) | u,,  is 5 —svnd — cluster point of I1}.

Theorem 5 Let (Q, T ‘,]30”) be a svapts, for each »z € £y and I1, Y € £%. Then the subsequent statements hold:
(D IFTT <Y, then €7, (T1, 5¢) < €7, (X, »).

@) T < 2% (IL ).

3) ¢l Qw( 2) = NY € £2|TI<Y, Y is se-svnrpc}.

4) zntngw (Ciggq, (I, ), ) is se-svnrpo.

(5) €Loso (I, r) < €2, (I1, ).

Proof. (1) and (2): Deﬁnltlon 11, provide a clear and simple explanation

(3) Put 7 = N{Y € £2 | TI <Y, Y is s-svnrpc}. Assume that ¢?% ‘Zgg(p ») # €, then there exist u € Q and
r, t, s € £y such that

P, )W) <r<o, (), CFILx)u)2t>A (), €I, x)(u) 2 s> A ().

Then u, ,  is not s-svnd*P-cluster point of 1. So, there exists Y € 2
(Y, ), »)]°. Hence,

eno (U, s> %) such that IT < [int.ceco (Q:*ngq,

I < [intgeco (€oso (Y, ), 52)]° = CLqoco (Tioco (Y, 52), 5).
Since €L o590 (3;0g¢ (Y€, 5), ) is »-svnrpc, we have
H(u) < (Lo (To (Y4, 5), 2)) () <1, H(u) > €Ls (Tc (Y, 32), 30)(u) > 1,
A () > €8s (To (X, ), 5)(0) > 5.

It is a contradiction. Hence, Qﬁ?ﬁw (I, 2c) > 2.

Presume that Q:gfgq, (I1, 5¢) £ S, then there exists sc-svn8PB-cluster point vy, 4, s, € svn — point(€2) of I1, such that
P, )W) > >0,(v), CEI)0) <n<HAY), CR(I,x)v) < s < H().
By the definition of 57, there exists s-svapc Y € £7 with TI < Y such that
P, ) (v) > 11 > Y(0) > (), X (I, 2)(v) <t < X(v) < H(V),

R, 50)(v) < 51 < X(v) < H(w).
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Then Y¢ € 2 . (v ). S0, [T <Y < [inteose (Qf*(zgw (Y€, 5), »)]. Therefore,

TIPS I
I1q inteoso (Croco (Y€, 52), 5).

T

Thus, vy, ¢, 5, 18 not sc-svndP-cluster point of I1 that is,
P, ) (v) <, P ) (v) 211, €I, 3)(v) = 51,

It is a contradiction. Hence, Qli‘ﬁq, (I, ») < 2.

@LetYc£Qand Y = inteso (@%@W (IT, 5), 3). Then, we have

inteco (Q:*zew (Y, ), 3) = intzose (Q@W (int zeso (Q:*I"W (I, 52), 5¢), ), )
< inteso (@zaw(@;@w (I1, 5), ), »)
= intzose (Q:;ggw (I, »), ) =Y.

Since Y = inteco (Y, ) < intose ((’:*ngq, (Y, 5), »), we have int.ceco (C’%gw (Y, 5), 2) =1.
(5) Consider there exists IT € £2 and s € £, such that @i‘f(n, x) & Qggw (IT, ), then there exist u € Q and
r, t, s € £y such that

P, 30) () > r > D20 (1, 3¢)(u), €XP (I, 30) () <1 < D (T, 56)(u),

Since @gg (I, »)(u) <r, .@gg (I, »)(u) <t, @gw (TT, 5)(u) <s we have u, ,  is not se-svnd-cluster point of I1.
So, there exists Y € #Z 4, (u,. , ,, %), [1 <Y and by using definition 10, we get, Y is »-svnrc. Hence,

Q‘W(n, 72)(v) <Yu) <ry, c‘m(n, ) (v) > Y(u) > 1, QSm(H, 2)(v) > Y(v) > s1.

¢ bl

It is a contradiction. Thus QI?S(H, ) < @gew (I, »).
On the other hand, assume that €€ ese (I1, ) £ Qﬁ‘;ﬁ(p (I, ), then there existu € Q and r, ¢, s € £y such that
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Lo (I, 32)(u) > r > €ZF(I1, 5¢)(w),
CLes (T, 3¢) () <1 < €XF (I, 32)(u),
Lo (I, 56)(u) <5 < P (IT, 2)(u).

Since (‘:gf(ﬂ, »)(u) <r, Qg? (I, »)(u) <t, (‘I?,?(H, »)(u) <s, we have u,. , ; is not se-svndP-cluster point of
IT. So, there exists Y € 2 16 (u,,, , 30), TL< [intgeso (€ ocq (Y, 52), 5)]°. Thus,

CLoe (I1, 50)(u) < ([intge (Cho (X, 3), #)]°) <,

CLes (T, 2)(u) > ([intig (Q:j(zg (Y, »), »)|) >1,

Lo (I1, 5)(u) > ([inth> (Q*‘Z‘P (Y, »), %)) >s.

. .. )
It is a contradiction. Thus €€ e (I, ») < Qﬁ;ﬁw (IT, »). O
Lemma 5 Let (Q, T, P*’) be a svapts and I1, Y is s-svasPpo. Then, CLoco (I, 5) = Qigfw (T1, »).

Proof. We show that €€ o (I1, 5) > @gﬁ(p (IT, 5¢). Presume that, €L eco (I1, 5) £ @gﬁ(p (I, 5¢), then there exists
ueQandr, t, s € £ such that

Lo (TN, 30) () < r < €XP(IL, ) (u), CLe (T, 26)(u) > 1 > € (I, 20)(u),
Lo (IT, 26)(u) > 5> €23 (T, 32)(u).

By using definition of €€ o there exists T € £2 with T(Y) > ¢, T°(Y¢) <1 -3¢, T"(Y¢) < 1 —cand IT < Y such
that

Lo (T, 20) () < Y(u) <7 < CXF (T, 30) (), €L (TL, 56)(u) > Y(u) > 1 > €P (ML, 5¢)(w),
Lo (I, 26)(u) > Y(u) > 5> €23 (T, 32)(u),
Then Y € 2_,., (u, , ,, 3) and I1° > Y¢ implies

oo (TI°, 32) > Trgep (X, 52) = (€oso (T, ) > (€Laco (X, 50))° =Y.

Co iporary Math tics 2768 | Fahad Alsharari




Then, Qf;m (T, »)gY* implies that
T < [Q:*Sew (11, )| = Q%aw (X, r) < [7304‘4’ (Q:;ggw (I, 5), 5)]°
= intgoco (szgw (Y9, 5), ) < [€Lceco (3;Qg¢ (Qt;gg(p (I, »), s), »)

= inlgagtp (Q:;:gg(p (TC’ %), %) < [Q:*Sgg(p (intT{Jg(P (Q:;gg(p (H, %), %)7 %)]C

Hence, intceco (C’jI oco (Y€, ), %)@@*ngq, (intgose (Cfsgw (I, »), 3), »). Since I1 is »-svnsPpo, int‘zgg(p(qt; oco (Y€,
w1 18 mot se-svn&*P-cluster point of T1.  Thus, eg‘f(n, »)(u) < r, (’Ig? (T1, »)(u) >t and
¥ I, »¢)(u) > s. Itis a contradiction. Therefore, €L oo (I1, 3¢) > C&f I1, 5). By Theorem 5 (5), €L oco (I1, 3¢) =
(I(P T T 4 T
)
¢k (T1, ), O
Definition 12 Let (Q, T° . "BQW) be a svnpts, for each » € £y and I1, Y € £°. Then
(1) I is said to be s-svnB’ -set [resp, s-svnC" -set, , sc-svnsB’ -set, %—svnS(px-set, sc-svnB”" -set] if 1 = Y A ® where
T) >, TN) < 1—2, T(Y)<1—5and inteco (O, 5) = intoso (Coce (O, ), ) [resp, intzeco (O, ) =
intose (C*ngq, (intgose (@, 5), 3), 5), inteose (®, ) = inteco (Cgﬁ(p (0, %), ), int(®, ) = intieco (C*ngtp (intg?éq,
(®7 %)a %)7 %)’ intgggq) (®7 %) = Qt*fzéw (i}’ll‘fggw (@g—QW (®7 %)7 %)7 %)]
(2) I is said to be se-svnf*po if T1 < Qf;ggq, (Q‘ggw (®, »), ), ).
(3) Il is said to be se-svnP*po if 11 < inteco (Qﬁgﬁ(p (®, x), ).
(4) I is said to be sc-svasppo if IT both sz-svappo and s-svnC’ -set.
Remark 2 After the above definition, we get the next drawing:

%), »)qIl. So, u

s — svnB*F -set = 3 — svnsB' -set = 3 — svnB’ -set

% — SVHO = 3 — SVISPPO = 3 — SVAPPO = » — sVASPpo

3¢ — sVnSy-set s —svnP*p = 3 —svnf3*P.

Example 4 Consider Q = {uy, uy, u3}; define the svn-sets @, @, ®, Y € £2 as follows
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@, = ((0.7, 0.7, 0.7), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),
@, = ((03, 0.3, 0.3), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),
©=((0.4, 0.4, 0.4), (0.4, 0.4, 0.4), (0.4, 0.4, 0.4)),
Y =((0.3,0.3, 0.3), (0, 0, 0), (0, 0, 0)).

Wedeﬁne,‘fg :£Q%£,Ig :£9%£,‘Z(p :£Q%£and‘l§g :£Q%£,‘B¢ :£Q%£asf0110ws:

1, if T=0 1, if =0,
. _ 1.
1, if =T, p fH=T,
Tm-y W=y
3 if = {®;, ®,}, 5 if 0<II<TY,
0, otherwise, 0, otherwise,
O’ 1f H:6, O, lf H:6,
' _ 3
0, if [I=1, 2’ if II=T,
(M) = . P (IT) = 1
g, lf H:{q)l,q)Z}, 5, lf 6<E<Y7
1, otherwise, 1, otherwise,
0, if =0 0, if II=0,
0, if =T, 2 ifT=T,
=1 P(I) =
o 1 _
7 (= {®, &}, —, if0<II<T,
1, otherwise, 1, otherwise.

1 . 1
Ois E—svan -set, but it is not E—svnsﬁpo.

Example 5 Consider Q = {uy, up, u3}; define the svn-sets @1, ®,, ©, Y € £ as follows:
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Y =((0.5, 0.5, 0.5), (0, 0, 0), (0, 0, 0)).

®; = ((0.7, 0.7, 0.7), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),
@, = ((0.6, 0.6, 0.6), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),

© = ((0.4, 0.4, 0.4), (0.4, 0.4, 0.4), (0.4, 0.4, 0.4)),

Wedeﬁne,‘lfg :£9%£,Ig :£9%£,‘Z(p :£Q%£and‘l§g :£Q%£,‘B¢ :£Q%£asf0110ws:

(1)

1, if =0,

1, if =1,

| B

E, if H:{(Dl, sz},

0, otherwise,

0, if =0,
0, if M=T,
1

=, if II={d;, &},

1, otherwise,

0, if =1

1
T if I={®;, &},

1, otherwise,

1 ..
®is E—svnP*p—set, but it is not svnppo.

P (IT)

e (I1)

B ()

1, if =0,

L if [I=1,

4

| .
2,1f0<H<Y,

0, otherwise,

0, if 1=0,

i if 1=,

4

! if 0<EZ<Y
- 1 =

2) b

1, otherwise,

0, if =0,

2
s ifm=7,
3

1 _
E,if0<H<Y,

1, otherwise.

Theorem 6 Let (Q, T ‘I?gw) be a svnpts. Then the following properties are holds:
(1) If I is s¢-svnC’ -set, then aPintoso (T1, ») = intese (I1, ).

(2) If [T is s¢-svndpo, then aPintoco (T1, 52) = PRintoce (T1, ).
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(3) I is s-svnopo iff I1 is both s-svrspo and »-svappo.
Proof. (1) Presume that IT is se-svnC’ -set, then IT = Y A ® where T° () > 2, () <1—3,%"(Y) < 1—sand

intzoso (O, 3¢) = intzoso (€ pco (intgese (®, ), ), ). Now,

I1 < O = intgeso (O, 5) = inteoco (Q:;gg(p (inteso (I1, 52), 5), ») < inteose (O, )
= intzoco (Q:;:gg(p (intgoso (0, ), ), )
= inteose (O, ).
Hence, by Theorem 4 (4), we have
oBintgoco (I1, 50) =TI N intcoco (€hoco (intgese (®, 32), x), ) < Aintgeco (O, x)
=Y A (O Ainteoco (0, 5)) = intoco (Y, 5) Ninteco (0, )
= intgoco (Y A @, 1) = inteco (I1, 52).

Since, aPintose (I, 5) > inteeso (T1, ), we have aPintceco (T1, 32) > intoco (T1, 5¢).
(2) Clear and straightforward from (1).

(3=) Definition 10, provide a clear and simple explanation.

(<) Suppose that IT is se-svnspo and sc-svnppo. Then, we have

Im< il/ll‘rzgg(() (Q:*QQGP (G)a %)a %) < intgegq’ (Q:?;:gg(p (Q?%@;‘P (l.l’ll‘zagq) (H7 %)7 %)7 %)a %)

= intoso (Cosp (intgeso (I, 52), ), 52).

This show that IT is sc-svnapo. O

Theorem 7 Let (€, T ‘ng) be a svnpts, for each s € £y and I1 € £, Then, the following statements are
equivalent.

(1) For any IT € £2 and s € £y, T (I1) > 5, T (I1) <1— s and T (I1) < 1— 5.

(2) 7 is se-svnapo and sc-svnsB’ -set.

(3) I is se-svnP*po and s-svnsB’ -set.

(4) I is se-svnopo and s¢-svnB’” -set.

(5) I is s-svnsfpo and sc-svnB” -set.

(6) IT is sc-svnB*po and sc-svnB™’ -set.

(7) I is se-svnppo and sc-svnsB’ -set.

(8) IT is sc-svnppo s-svnB™" -set.

(9) I is sc-svnP*po and s-svnB” -set.

(10) IT is s-svnppo and s-svnB’ -set.

(11) IT is »-svnsppo and s-svndpo.
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(12) IT is sc-svnopo and %—svnSi;—set.

Proof. (1)=(2)=(3), (1)=& =(5)=(6), ()= (7),(1)=(8)=(9), (1)=(10),(1)=(11)and (1) = (12), are
easily proved by Lemma 2 and Definition 10.

(3) = (1): suppose that IT is s-svnsB"-set. Then IT =Y A ® where T°(Y) > », % (T)<1—1, <’ (Y)<1—sand
inteoso (®, 5) = intoco (@gﬁ-(p (@, 5), 5), Since I is »-svnP*po, we have

. S . )
IT < inteco (@;ﬁw (I1, »), ) = intose (6‘;’%"’ (YA®, 5), »)
< intgoso [€08 (T, 50) NEIEH (O, ), ]
= intsose (€l (X, 52), ) Nintiso (€350 (O, 52), )

= infzose (Q:iﬁq, (Y, 3), 5) Ninteoso (O, ).

Hence,

M=YA®=[YAO|AT < [intgose (€22, (X, 32), 32) Nintgeso (O, 50)] AY

= [intgoso (€28 (Y, 5¢), 22) AY] Aintgeso (O, )
= inteoso (X, 2) Ninteoco (0, 5) = intgoso (YA O, )
= inlgeso (T1, »).

So, I = intgose (T1, 3¢). Thus, T°(TT) > 52, T(IT) < 1 -, T°(I) < 1 - 5.
(6) = (1): Assume that IT is sc-svnB™ -set. Then IT = Y A © where TY) > 2, T° (Y) <1—y, <? (Y)<1—sand
intoco (0, 5) = € oco (intgose (.@ggw (®, ), 5), ). Since [Tis »-svnf*po, we have

T < € oo (intose (D0so (T1, 52), 32), 5¢) = Chaep (intgoso (D050 (Y AO, 32), 30), )

< €oco ([intose (9%1;(0 (X, 2) A @gew (©, 5), )], )

= Qggw([img@w(@gaw (X, »), %>Ainl39€¢(@gecw<®7 %), 7)), )

< €oco (intgeco (@ggg(p (X, %), 3), 5) NCosp (intose (@ggg(p (®, »), »x), )

= oo (Cgei0 (D2uso (X, 52), 3¢), 32) Nintoso (O, 52).
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This implies that

[I=TYANO= [T/\®} AY S [Q:;QQ‘P (intfggq’ (-@gew (T7 %)a %)a %) A inl‘gggtp (®7 %)] AY

= [Q:;GG‘P (int‘}jgg“) (-@g%(l’ (Yv %)7 %)a %) /\T] A l.l’ltzgg(p (®a %) = in[zgglp (Y/\ 0, %)

= intgoso (I1, 52).

So, T(IT) > 22, T (M) < 1— 2, T'(I) <1— 5.

(7) = (1): Since IT is s¢-svappo and s-svnP*po, by (3), we have T (IT) > s, T (I1) < 1— 3, T (1) <1— .

(9) = (1): Since, 1 is sc-svnsB"™ -set and sc-svnsBP-set and by (3), T (IT) > s, T (1) < 1—3, T () < 1— .

(10) = (1): Presume that IT is s¢-svnppo and s¢-svnB’ -set. Then TI < intceso (Q:*ngq, (I, »), ) and IT1 =Y A ® where
© = intzos0 (Cuco (O, 5), ) and T*(IT) > 32, T () < 1 -3¢, T'(IT) < 1 - ¢ Thus,

TA® <intose (C*‘Iggp (YA®, ), »)
< intoco (Q:*ng(p (Y, »), ») Aintgose (Q:;gg(p (®, ), »)
= intcoco (@;@gw (Y, »), ) A int oo (©, »).
Therefore,
YAO®=[YABIAY < intgoso (Coco (Y, 52), 3) Nintgeco (O, 30) AY
= intoco (Q:;gg(p (Y, 5), 22) AY Ainteoco (O, )
=Y Nintgeco (O, 5) = inteoso (YA O, ).

Thus, T°(I1) > 52, TI1) < 1—3¢, T (I1) <1 -
(11) = (1): consider that IT is s¢-svasppo and s-svndpo. Then by Theorem 6 (1),

aPinteco (T, 52) = PPintoco (T1, 3) =TI

By Theorem 6 (2), o'Pintoco (I1, 3¢) = intcoso (I1, 5). Hence, IT = intoso (I1, 52).

(12) = (1): Assume that IT is s¢-svnS,-set, then IT = Y A © where T (I1) > 52, T (I1) < 1 — s, ' (I1) < 1—cand
int:(®, ) = int(zggrp(Q?%gw (intggi’;w (©, x), »), ). Since ITis s-svnopo, I1 < intese (QZ;QW (inteoso (T, 3), »), x) =
inteoso (€ osp (intzoco (YA®, ), ), 3). It implies that
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O=YA[YA®] <Y Aintgeco (Coso (intgoso (YA O, ), x), 3)
:YAiﬂlIggw(Q:;ggw([lll’llg:gg(p (Y, 5) Ninteeso (O, )], »), ), )
=Y Nintgoso (€ oco ([intgeso (Y, 52)
Nintgosy (€aso (int sz (O, 5), 5), #), 7)), ), ), )
<Y Aintgoso ([Choso (intgoso (Y, 32), 5), )
A Chose (int‘zggp(cl*zgw(int;?é(p (©, 3), x), %), x), %), x)], %)
= B Nintgoco (Cracp (intgeso (Y, ), 32), %), )
Nt (€aso intgesn (€ (n180 (6, ), ), 3), ), ), 5)52), ), #), )
S YA osp (intgoso (X, ), ), 5)
Nintgoso (Coco (intgm(@;yw(imgﬁw (0, %), %), %), x), %), %), »)
=Y Alintoso (Q:;gw(intf((’:fzgg(p(int;?égo (O, ), x), x), %), %), x), x)
=Y Nintgoso (Caco (it (O, ), ), 32), )
=Y Nintgeso (0, 5) = int(YAO, ») = int(I1, 5).

Hence, T (I1) > 2, T (M) < 1 -3¢, T () < 1 —e.

4. Decompositions of single-valued neutrosophic continuity

The focus now switches to single-valued neutrosophic [pre- primal, B?, @-primal, strongly pre-primal, §-primal, P*-
*P, sk, BP]-continuous (for short, svapp-continuous, svnBP-

primal, B*-primal, strongly B-primal, strongly B, B
continuous, SVAQD-CORLINUous, SVispp-continuous, svndp-continuous, svinP*p-continuous, svaf*p-continuous, svasfp-
continuous, svnsBP—continuous, svnB*P-continuous, svas SP -continuous, svnBP-continuous), as we continue our
exploration of advanced neutrosophic theories.

Definition 13 Let f : (Q, T°°) — (&, §°*) be amapping and 5 € £. Then f is said to be sva-continuous if § (IT) <

T (FHI), § () > T (' (1)) and F° (I1) > T° (f~1(10)) for each F* (X1) > 2, T (I1) < 1—3¢, F () < 1— 3.
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Definition 14 A mapping f: (Q, T, $**) — (&, ) is said to be svapp-continuous, (vesp, synBP -continuous, svn
op-continuous, SVnspp-continuous, svadp-continuous, sviP*p-continuous, svaf3*p-continuous, svnsfp-continuous, svns

P . P . . P . . _ .
B -continuous, svnB  -continuous, svns Sg -continuous, svuB -continuous) if f l(H) is se-svnsppo (resp, s-svnBF-
set, 3-SVROPO, -SVISppo, »-sVvidpo, x-svisP*po, x-svaf*po, sx-svnsPpo, s-svnsBF-set, sc-svnB*F-set, sc-svnsSh-

set, x-svnfpo), for every § (I1) > 56, § (1) < 1—s, F (I1) < 1— .
Remark 3 After the above definition, we get the next drawing:

svnP*p-continuous = svnf*p-continuous,
svndp-continuous = sviapp-continuous = svnsPp-continuous
SVN-continuous = SVASpp-CONtinuous

*P . P . P .
svnB  -continuous = svnsB -continuous = svnB -continuous.

None of these implications is reversible as shown in the following examples:
Example 6 Consider Q = {u;, us, u3}; define the svn-sets @1, ®,, @3, Y € £2 as follows

®; = ((0.7, 0.7, 0.7), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),
@, = ((03, 0.3, 0.3), (0.7, 0.7, 0.7), (0.7, 0.7, 0.7)),
®; = ((0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)),
®=1((0.1, 0.1, 0.1), (0, 0, 0), (0, 0, 0)).

We define, T i £” = £, T £ 5 £,F £ S £ F £ S £F £ 565 £ S fand P £ £ P

£ £, ‘B(P - £2 5 £ as follows:
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TO(IT) =

P (IT)

PP IT) =
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1, if I=0, 1, if I=0,
1, if I=1, 1, if =1,
. Fm=3
=, if I={®, d,}, =, if II=®s,
4 3
0, otherwise, 0, otherwise,
0, if II=0, 1, if II=0,
0, if I=1, 1, if II=1,
1 F=3

, if II={®y, &y}, =, if II= 3,
4 3
1, otherwise, 0, otherwise,
0, if II=0, 0, if II=0,
0, if I=1, 0, if I=1,
1 PO =1

, if II={®;, ®,}, -, if II= &3,
3 4
1, otherwise, 1, otherwise,
1, if I=0, 0, if T=0,
1 3
T if [I=0, 7 if IT=0,
| Pe (1) |
—, if 0<II<0O, —, if 0<Z<0,
2 2
0, otherwise, 1, otherwise,
0, if II=0,
3 if [I=0,
! if0<E<0®
27 - 9

1, otherwise.

Contemporary Mathematics



C

(1) The identity mapping f : (Q, T°%) — (&, §°7) is svnB' -continuous but it is not svn-continuous.

(2) The identity mapping f : (Q, T°°) — (2, §") is svnBp-continuous but it is not svnap-continuous.
Example 7 Consider Q = {u;, us, u3}; define the svn-sets @1, ®,, @3, Y € £2 as follows

Wedefine, T : £ 5 £, 4% 563 £ L3 £ 565 £ 5675
£ 5 £,p": £% = £ as follows:

iporary Math

@, = ((0.6, 0.6, 0.6), (0.6, 0.6, 0.6), (0.6, 0.6, 0.6)),

@, =((0.2, 0.2, 0.2), (0.6, 0.6, 0.6), (0.6, 0.6, 0.6)),

®; = ((0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)),

®=1((0.1, 0.1, 0.1, (0, 0, 0), (0, 0, 0)).

TO(ID) =

%, if IT={®y, O},
0, otherwise,

0, if II=0,

0, if =1,

-, if II={®y, @2},
1, otherwise,

0, if =0,

0, if =1,

I .

3 if I={®;, &y},

1, otherwise,

e (IT) =

PP (II)

if 1=0,
if =T,

if 1=,

otherwise,

if 1=0,
if =1,

if 1=,

otherwise,

0, if =0,

0,

if =T,

if 1=,

1, otherwise,

:£Q—>£and‘430

:£Q—>£,‘J3g:
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1, if 1=0, 0, if =0,
1
7 if [I1=0, %, if [1=0,
Pe(ID) = 1 Pe(I0) =
—, if 0<II<®O, 1, if 0<Z<0,
2 2
0, otherwise, 1, otherwise,
0, if =0,
%, if [1=0,
=g
3 if 0<EZ<0,
1, otherwise.

(1) The identity mapping f : (Q, T°°) — 5

(2) The identity mapping f : (Q, T°°) —= (2, §") is svnsBp-continuous but it is not svapp-continuous.
Theorem 8 Let f: (Q, T° . ‘Bm) - (&, F cw) be a mapping. Then the following statements are equivalent:
(1) f is svn-continuous.

050N . . .. .
(5, ) is svaf*p-continuous, but it is not svnP*p-continuous.

(2) f is svnap-continuous and svnB*F -continuous.

3) f is svapp-continuous and svnB**-continuous.
3 f pp
(4) f is svnP*p-continuous and svnB*"-continuous.
(5) f is svnsBp-continuous and synB*F-continuous.
(6) f is svnsB*p-continuous and svnB*F -continuous.
(7) f is svasop-continuous and svnsB' -continuous.
(8) f is svupp-continuous and svnsB' -continuous.
(9) f is svapp-continuous and svnsB' -continuous.

10) f is svnpp-continuous and svnB' -continuous.
( pp

11) f is svaspp-continuous and svn8p-continuous.

PP P
(12) f is svndp-continuous and svnS ,p-continuous.
Proof. Follows from Theorem 7 and Definition 13. O
Theorem 9 Let £ : (Q, 7, B) — (2, ") be a mapping. Then the following statements are equivalent:
[, 37, ; pping g q
(1) f is svnap-continuous.
2) For every §° (IT°) > 2, § (1) < 1 — 5, §' (I1°) < 1 — 5, £~ 1(I1) is svnapc.
( ry P
(3) €Lceco (3*ng¢ (CLeso (f~UIT), 5), 3), %) < f’l(QQ,ggg(p (I, 5)), for every IT € £*.
(4) CLeco ( eco (CLgeso (Y, 5), 5), ) < f’l(@lggap (f(Y), 5)), for every Y € £2.
Proof. (1) = (2): Definition 14., provide a clear and simple explanation.
(2) = (3): Forany Il € £%, 5 € £,. Since, 3“0([62,39 (IT, 2)]¢) > 2, ([€L4e (I, 20)]) < 1, {S"p([CSSq; (I, »)]¢) <
1 — 5, by (2) f’l(GESwp (I, r)) is se-svnapc. Therefore, [f’l(QESew (IT, 5))] is is se-svnopo. Thus,
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[€L50 (T1, 3)] < intoso (Chocy (intgoso (l—f71(€£539w (I, 5)), 3), »), »)
= [Q:ﬂggg(p (j;gg(p (@259';4) (f_l (Q:Qggg(p (H, %))a %)7 %)7 %)]C'

Thus, fﬁl(Cﬂgegtp (T1, »0) > €Lceco ( ;ggql (€Leoco (f1I0), 5), 3), x).
(3) = (4): Forany Y € £2 and » € £,. By (3), we have,

CLooso (Tioco (€Leso (Y, 32), 5), 30) < CLoco (Tiosp (€Leco (L), %), 5), »)

gf_l(QfESggw (f(X), »)),

and hence f (€L oco (TJ*‘ZQW (€Looso (Y, 5), 32), 2)) < CLzoso (f(Y), 3).
(4) = (1): Presume that §(®) > 5, §°(0) <1 — 3, and §' (®) < 1 — s, then, by (4),

J(€Leoso (j*(zgg(p (CLese (f7H@®°), »), %), %)) < QQSQW (ff @), r)

< (’:Qgggtp (©@°, ») = 0"

Thus, €Lqos0 (Tioco (€L0c0 (f71O°), 3), »), 3) < f71(O°) = [f~1(®)]°. Consequently, we have f~!(@®) <
intoco ((’?;ng, (intgoso (f~'(®), 3), 5), 3). This show that f~!(®) is svnapo and f is svnap-continuous. O

Theorem 10 Let f: (Q, 7, P**) = (2, ) be a svnop-continuous. Then,

(1) f(@*gg;q, (I1, »)) < €Lseco (f(IT), ), forany Il e £ is se-svnppo and » € £.

2) Q::s“"’ (7)), s) < ! (Q:»SSQQ(P (Y, »)), for every Y € £% is se-svnppo and » € £.

Proof. (1) Assume that IT € £ is »-svappo. Then IT < intzose (Qf%ggq, (I1, 5¢), 5). Thus, by Theorem 9, we have

J(€oco (1, 50)) < f(€Leso (T, 1)) < f(€Leso (intgeso (Caso (TN, 22), 52), )

< f(€Lec0 (Troso (€Leso (T, 52), 32), ) < CLoco (f(IT), 52).

(2) Assume that Y € £ is sc-svnppo, then Y < intzoco (Qf%ggq, (Y, 5), »). Thus, by Theorem 9, we have
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Qgggtp (fil(T)» x) < CLoco (ffl(T), 2) < CLoco (ffl(intgew (Q%gg(p (Y, 3), 3), 5))
< CLoeco (intgggw (Q:;ggtp(intgygfp (ffl(intggw (Qf%gw (Y, %), x)), ), %), %), »)
S Q:E/KQG(P (j;gg(p (Q:E(IQG(P (f_l(intgggw (Q:g.gg(p (Ta %)7 %))7 %)a %)a %)

< f*l(egsgw (intgggq: (Q:%Qg(p (Y, ), »), ) < f*l(ﬁﬁggw (I, »)).

O
Definition 15 Let f: (Q, ) — (&, Sgw be a mapping and s € £y. Then f is said to be svn-open if §* (f(IT)) <
(), § (£(I) > T (I1) and §° (£(TT)) > T° (11 )foreachi"a( ) > 56, T () < 1=, T () < 1-2

Definition 16 A mapping f : (Q, ‘Zgw z 37, gw is called svnap-open (resp. svnsp-open, svapp-
open, svnfip-open) if f(I1) is sc-svnopo (resp. %—svnspo, %—svnppo, se-svnfpo) for every T°(IT) > 2, T (M) < 1 —

s, TN < 1—3¢

Remark 4 From the above definitions we obtain the following diagram:

svn-open = svnop-open = SVIpp-open

svasp-open = svnf3p-open

0§¢

Theorem 11 A mapping f : (Q, ‘Egg(p =, 5, ) is called svnop-open iff it is both svnsp-open and svnpp-

open.

Proof. Theorem 6 (3), providing a clear and simple explanation. O

Theorem 12 A mapping f : (Q, T°°) = (2, §°, B”") is called svnap-open iff for every I1 € ££ and any T° (Y¢) >
s, T(Y€) < 1 =32, T'(Y) < 1— 3 such that £~ (I ) < Y, there exists ® € £% is »-svnapc containing IT such that
FHO) <.

Proof. Straightforward.

Theorem 13 Let f : (Q, Tgw (5, 37, gg(p ) be a called svnap-open. Then,

(1 f*l(CS 050 (intggw(@i)?gw( %), %)7 x)) § €Looso (f~1(IT), IT), for every IT € £5.

) f1(ex Sos0 (IT, 5)) < €Leoso (f~(IT), 5¢) for every s-svnppo and I € £*.

Proof. (1) Let IT € £% then, T2([CLqe (f(IT), 5)]%) > 2, TE([€Ls (f ' (IT), 2)]) < 1—%and$‘p([€2 o (f7!
(IT), 3)]) < 1— 5. By Theorem 12, there exists sc-svnope Y € £5 with f~1(Y) < €€ (f71(IT), »). Since Y* is
se-svnapo, we have f~1(Y¢) < £~ (ll”ll‘gggw( Sggq,(mtsggzp (Y€, 5¢), ), 5)) and

O

D) < f7H (€L goso (Ties0 (€500 (T, 52), 32), )

<€ gm0 (Tioso (CLgeso (X, 20), 32), 2)]).
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Therefore, f_1(€23gw( ggw (€Lroco (Y, 52), ), 2)) < 1) < CLoco (f~'(IT), 5). Hence, f_l(Q:Sg,gg(p
(j%ew (Q:’gggg“’ (I, 5), »), »)) < szgg‘»’w (f—l(n), ).

(2) We can determine that by means of a related reasoning. O

Theorem 14 Let f: (Q, T]W (5, 7, = GW ) be a mapping. Then,

(1) If f is se-svappo, then f~1 (€L oco (T Leso (n %) #)) < €Lqoco (f(IT), 32), for every IT € £= and 3 € £.

(2) If f is s-svaspo, then f~1(J %ggq, (€Ls0c0 (I1, ), 50)) < CLoco (f~1(I1), 3), for every I1 € £% and s € £.

(3) If f is »-svnPpo, then f~ (zntggng (€Lsoc0 (T Jes0 (I, 5), ), »)) < €Leese (f(IT), ), for every IT € £% and
» € £y.

Proof. The proof is quite similar to that of Theorem 13. O

5. Conclusion

In conclusion, this study explored the complex domain of sva closure operators (€* J* PRintoco , 0Pinteco,

0597 T gece?

BRELeco, BPintoco : £2 % £9 — £2). We devel-oped basic theorems that clarify(zthe coflnectlons between finer and
coarser primals by investigating svn- primals, cluster points, and limit points. These theorems offer important new insights
into the patterns of continuous of single valued neutrosophic primal systems. The newly presented ideas of svns-limit and
svns-cluster points proved to be crucial in describing the behavior of these systems. The results of this research open
up new possibilities for practical applications in several fields and strengthen the theoretical foundations of neutrosophic
soft systems. Novel approaches to computational intelligence and decision support systems are made possible by the
established theorems and insights, which offer scholars and practitioners a sophisticated knowledge of continuous in single
valued neutrosophic primal topological spaces. In summary, the work described here represents a major advancement in
the field of neutrosophic primal structures, providing a useful foundation for future study.

6. Discussion of future work

Boundedness in topological spaces is a well-established concept fundamental to topological analysis (see [36]). The
collection of bounded sets forms an ideal, a notion extended by bornology, which generalizes this concept. In fuzzy set
theory, this generalization is further enriched through fuzzy bornology (see [37-39]).

Extending these ideas, future research could explore boundedness in single-valued neutrosophic topological spaces
by investigating:

The collection of bounded single-valued neutrosophic soft sets; The concept of boundedness within neutrosophic
soft topological spaces.
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