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Abstract: The article is devoted to the problem of finding conjugate boundary conditions for a nonlocal conditional
problem for a homogeneous ordinary differential equation of the second order, the coefficients of which depend on a
complex parameter. The conjugate boundary conditions known in the literature, associated with arbitrary constants, are
investigated, and the issue of eliminating arbitrariness in boundary conditions is considered.
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1. Introduction

The Fourier and Laplace transform methods are widely used to solve problems in mathematical physics. The main
idea of the Fourier method is to transform the mixed problem to suitable Cauchy and boundary value problem with complex
parameter-dependent and to construct the solution of the main problem from their solutions in a certain way. Unlike the
Fourier method, when the Laplace transform is applied to differential equations that depend on two variables, one of the
variables in the equation is eliminated, and it becomes a boundary condition problem for the ordinary differential equation
[1-4].

The application of the Laplace transform to find the function u(x, ¢) satisfying the equation

O u(x, 1)
Z Cl](x)W =0

i+j<2

with second order continuous derivatives with respect to both variables defined in the domain D = {a <x < b, t > 0},
and verifying the initial conditions
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u(x, O) = (p(x),

du(x, 1)
Jt

=y(x),

and the boundary conditions

1
Z(O(vja u(a, 1) ﬁvj (b t)>:yv(t), (v=1,2)

j=0
within the domain, leads to the solution of the following boundary value problem

dZ

W ga

u(x, p) + (perr(x) +cio(x)) %ﬁ(% p)+ (p*co2 (x)+pco; (x)+coo(x)) ulx, p) = F(x, p),

Z(~dmam mﬂwbm>mm7WL%

Jj=0

Here,

F(x, p) = (p coa(x)+co1(x)) @(x) + c11(x) @' (x) + coa (x) w(x),

u(x, p) and %, (p) are Laplace transforms of functions u(x, t) and ¥, (¢), respectively. If we assume that c2(x) = 1 and
F(x, p) = 0 then get the following problem. Problems type of (1), (2) are considered independently of the solution of the
mixed problem written for partial differential equations of the second order given above. This is included only to indicate
the source from which (1), (2) appeared.

Let us consider the following problem

!

Lyl = y//(x) +[A an(x)+ap)]y (x)+ [ﬂ,zaoz(x) + A a1 (x) +ago(x)] y(x) =0, a<x<b (1)

0[] = avoy(a) + Buoy(b) + a1y (a) + Byry (b) =0, v=1, 2. Q)

Here A€ C is a complex parameter, a;;(x), (i, j =0, 1, 2) are generally complex-valued continuous functions, and
Oy;j, Bvj (v=1,2, j=0, 1) are complex constants. The boundary conditions (2) are linearly independent, that is

rank(alo ai - Pio [311>:2. 3)

oo 01 P P

Co iporary Math tics 3106 | Bahaddin Sinsoysal, et al.




It’s known from a course of ordinary differential equations the finding solutions posed problem tie in with familiar
of the Lagrange formula [2, 5-7]. In order to it is necessary to create an adjoint problem corresponding to input equation.
For the system of first order linear differential equation with of the coefficients in which are summable function of the
variable x in finite interval (a, b) has been investigated by Rasulov [2]. More detailed information about the Lagrange
formula can be found in [5, 8].

The main idea of constructing the Lagrange formula is as follows. Let is considered boundary value problem for 7.
order ordinary differential equation with n boundary conditions. It is required obtaining of the adjoint equation and adjoint
boundary conditions to input problem. Obtainig adjoint equation carry out, as usually, by means of multiplies original
equation required number differentiable function and integration by parts derived expression over domain of definition of
solution.

In order to construct adjoint conditions according to general theory of the ordinary differential equation the first set
boundary conditions are added to n new boundary conditions with arbitrary coefficients that we get system composed
of 2n in number of algebraical equations. Further, considering boundary values in (2) as unknowns those unknown are
found from the extended system of algebraic equations. Substituting founded values in bilinear form we get adjoint
boundary conditions in which be contained arbitrarily constants. Thus, adjoint boundary conditions dependent from
arbitrary constants [ 1, 9—12].

The aim of this work is to eliminate the arbitrariness present in the adjoint boundary conditions of the conditions.
For the simplicity we consider the case n = 2.

Lagrange formula: Now let us establish the Lagrange formula for problem (1), (2). For this, if we multiply Equation
(1) by Z(x) and integrate on the interval [a, b], we get

b
(r.2)= [ bEwdx= B +0.02). @

Here, z(x) is complex-valued continuous functions, Z(x) adjoint to z(x) function, and

! !/

B(y,2)l = (0)z(b) =¥ (@)z(a) = y(b)Z (b) +¥(a)Z (a)
+[A a11(b) + a0 (b)]y(b) Z(b) — [A ar1(a) +aio(a)]y(a) Z(a) ®)
is bilinear expression. The differential expression

!
"

Cz=z (x)— [(I 511()6)—1—510()6)) Z(X)} + Fzﬁzo(x)—kx 521(X)+522(x)} z(x). (6)

is called the adjoint expression corresponding to the Equation (1).
Conjugate problem: Now let us describe the domain of the adjoint operator or the boundary condition of the adjoint
problem. Appending two arbitrary expressions to the given boundary conditions (2) we have four equalities as

Ly b’] = avO)’(a) + Bvoy(b) + O‘vly/(a) + ﬁvlyl(b)a v=1,234 @)

namely, when v = 1 and v = 2, the boundary conditions coincide to conditions (2) that is £, [y] = 0, and when v = 3 and
v = 4 then ¢, [y] are expressions containing arbitrary coefficients.
Assume that
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aiw Pio o Pu
o o
20 Bo 21 P 20, ®)
o0 Bo oz Bai
040 Pao o Par

A:

Considering y(a), y(b), y'(a), y' (b) as unknowns in the system of algebraic Equation (7), we apply Cramer’s method
to this system and find the unknowns as

0 Bio air Bu
1

110 By o021 P (3,1) @1
— =— (AW Y +A L )
Y=g Gl B o1 B | A ( bl 4M)

ly] Bso o PBar

o 0 o PBn
1 aZO 0 0621 ﬁz[ 1 <3 2) (4 2)
D=3 = (AP Y6l + A2y ) 9
=g oz ] o B A( 3Dl 4M) )
agp Llaly]  our Pu

o Pio 0  Bu

/ Lo Bo 0 By 1 /03,3 4,3)
_ = =— (A4 +ASY ,
¥(a@) Alozg Bso  43[y] Bai A ( b 4M>

40 Bao  laly] Bam

aiw Pio a1 0

/ 1 oo ﬁ20 O 0 1 (3.4) (4.4)
7 ) Alazg B0  o31 43y A( bl 4[y])

040 Pao Ll

Here, the expressions A/) are cofactors of the entries in the intersection of row i and column ; of the determinant

(8).

£ (A 96D]+ 490 26) — 5 (ACVesD]+ A VD] ) 2(a) 5 (ACDes]+ A4 Desp]) 2 0)

+ 5 (A D601+ 8% D)) 7 @+ b an(8)+ o)) 5 (ACD i3]+ 44D 44D 2(0)

~ Ran(a) +an(a) » (ACV 6] +a% Ve y]) 2(a) =0.

A

Since ¢3[y] and 44[y] are arbitrary in the last equation, we can decompose it into two boundary conditions as follows:
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3,1)

2(a)+A% "7 ()

A% by + (Ia“(b)mlo(b))A“ 2 2(b) - (Zau(a)mm(a))z(“) (a) =0,
K<4’4)Z(b) -~ K(4~,3)Z(a) _ E(4’2)Z/(b) +Z(4’1)zl(a)
+ [I an(b) +am(b)} A% by — [X @i (@) +a@o(@)| A" 2(a) =0.
The last two equations can be expressed as follows
Qo Bio a1 B
o0 B2o o1 Bu | 0 10
L@~ (Ran(@) +ao@) @) ~20)+(Tanm)+ao®) b0) (@) ) |~
Q4o Bao 041 Bai
1o Bio an By
a0 Bao wr P
%0 Bso o B | 0 (1
(@)~ (Ran(@) +a0(@) @) ~Z )+ (Ran®)+awn®)) b))  —za) z(b)

Since the coefficients &y, Bvj (v =3, 4, j =1, 2, 3, 4) in the expressions of the 4 x 4 determinants above are

arbitrary constants, we get the following from (10)

Bio air Pu
Bao w1 By | =0,
2 (0)+ (Fan () +a0®) ) 2(b) —z(@)  2(b)
o o P
(051 (2951 ﬁ21 ZO,
Z (@)~ (Ran (@) +an(@)za) ~z(a)  z(b)
%10 Bio
0 B0
(@)~ (Ran (@) +an(@) @) 2 () + (Ran (b) +an (b)) «(b)
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(12)
(13)
B
Bai | =o0, (14)
z(D)
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10 Bio o
a0 B0 021 | =0. (15)
(@)~ (T (@) +an(@) @)~ (0)+ (Aan () +an(b)) <) (@)

Analogical results get from (11) too

Bio aii B
B2o w1 Poy| =0, (16)
~Z(B)+ (Ran(®) +a@0(b)) (b)) ~2(@)  z(b)

aio ain - Bu
- 0o )1 B2 =0, (17)
2 (@)= (Tan (@) +@0(@) ) (@) (@) ()

oo Bro P
00 7 Bao Bai | =0, (18)
Z(a)~ (Ran (@) +an(@)) 2(a) ~2(B)+ (Aan(b) +a(®))2(b)  z(b)

(2510} Bio o1
00 Bao | =0, (19)
7 (a)— (Xan(a) +510(a)) 2a) —Z(b)+ (1511 () +510(b)) z2(b) —z(a)

As it is seen that the four expressions (12)-(15) and (16)-(19) derived from of (10) and (11) are coincide. This mean
that these four expressions (12)-(15) are linearly dependent.

We will now show that arbitrary two of the expressions from (12)-(15) are not linearly dependent, i.e., arbitrary three
of the those in (12)-(15) are linearly dependent. To this end first calculate the first three determinants (12)-(14):

Bio o1 PBu
Bo o P
)+ (Ia] {(b) +510(b)) 2b) —z(a) z(b)

— — (a1 Bar — 01 Bi1)z (b)+ (11 Bar — @i Bir) (Iﬁu(bﬂ'alo(b)) z(b)

+ (B21B1o — B2oBi1)z(a) + (021 Bro — a11B20)2(D), (20)
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Qo air P
0 o1 P
Z(a)— (Ia“ (a) +Elo(a)) 2a) —z(a) z(b)

= (1B — 1Bn)z (@) — (o1 — 21 Bin) (Iﬁu(a)-i-ﬁlo(a)) z(a)

+ (Baratio — aoPin)z(a) + (1o — Qr100)z(b), (21)
Qo Bio Bi1
00 B20o B2

Z(a) - (Ial 1 (a) +Elo(a)) 2a) —Z (b)+ (Ial | (b) +Elo(b)) 2(b)  z(b)

= (Barauo — aaoBin) 2 (b) + (BroBai — BaoBir)z (@) — (Baiowo — PBrioao) (Iall(b) +510(b)) z(b)

— (B1oB21 — BaoPir) (Iall(a)+510(a)) z(a) 4 (Bo0io — a20P10) 2(D). (22)

Multiplying (20)-(22) by the constants A, B, and C, which are not all zero at the same time, and let us equal of this
linear combination to zero we get

— A1 a1 — 01 B11) 2 (b) +A (o1 Bar — a1 Biy) (Xau(b) +am(b>) z(b)

+A (Ba1Bro— BroBin) (a) +A (021 Bro — 011 Bo) ()

+B(onifar — a1 Bun)< (@) — B (o Bar — a1 Bua) (Rans(a) +@o(@) ) o(a)

+ B (Ba1 oo — 02011 ) z(a) + B (01 0610 — Qi1 0t20) 2(b)

+C(Bartio — 20B11) 7 (8) +C (BroBar — BaoBu1) 2 (@) = € (Bar o — B o) (Ans (6) +@no(b) ) (6)

—C(BioP21 — B2Pi1) (Iﬁn(a) +510(a)) z(a) +C (Baotio — o0 Pio) z(b) = 0.

The last expression rewritten as follows:
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[—A (01121 — 021 Bi1) +C (Brrouo — 020B11)]2 ()

+[B (o1 Bar — a1 Bun) +C (Brofar — Baocun)] ' (a)

+ {A [(oe1 Bat — a1 Bi1) (Ia] {(b) +510(b)) + (001 Bro — (x”Bzo)] + B (061 Q1 — 011 Qo)
+C [ (Baoao — @20B10) — (Ba1 o — Bui o) (X (b) +ano(b) ) |} (v)

+{A(B21Bro — BaoBin) + B | (B oo — oeoPir) — (1B — 021 Bun) (Ran (@) +ano(@) )|

—C (B1oB21 — B2oP11) (Iﬁn (a) +510(a)) } z(a) =0.

From here we get

[—A (ot11B21 — 021 B11) +C (Bariotio — 020 P11)] = 0,

[B(0t11B21 — 021 Bi1) +C (Broor — Brocur)] = 0,

A (a1 Bor — a1 Bir) (i (6) +@10(b) ) + (021 Bro — 011Boo) | + B (02110 — 11 00)
+C [(Baoao — a0Bo) — (B oo — Bri o) (2an (b) +aro (b)) | =0,

A(Bairo— BoPu) +B | (Ba1 o — o) — (e o — 0o Bun) (7 (b) +ano b))

= C(Buop — Prpi) (Aan(a) +ai0(@) =0.
If
0 = oq1 P21 — 01 B11 # 0,
then

_ aioB21 — oo _ BioB21 — BaoPi
A=———"+-(C, B=—————"F—"-C.
o121 — o1 B 011821 — 21 B
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Taking account of obtained expressions for A and B, its seen that the coefficients of /() and 7/(a) in the previous

two expressions are equal to zero.
Now look to coefficients of z(b) and z(a). Substituting founded expressions for both A and B instead of third and

fourth equality we have

m (11821 — @21 PBi1) (Iﬁn (b) +ﬁlo(b)) + (21 B0 — 11 B20)

_ BroPor = PP

01 10 — 011020
011821 — o1 B ( )

+ {([3200610 — o0B10) — (Ba10tio — Br10o) (Iﬁn (b) +ﬁ1o(b))} =0,

and

A (B21B10 — B2oPi1) +B [(ﬁzlalo —aoPi1) — (a1 Bar — o1 Bin) (Iﬁn(b) +510(b)>}

—C(BioB21 — B20Pi1) (Iﬁu (a) —|—510(a)) _ (Ba1010 = 020P11) (B21Bio — B20Bi1)

o1 — a1 Bii

(BioB21 — BaoPir)
B allﬁZl_OQlﬁl] (ﬁﬂalo—azoﬁ“)

_ BuPor = BroPir (e11B21 — 1 Bin) (Iﬁll(b) +510(b)>

a1 B2 — 021 B
+ (B1oB21 — B2oP11) (Iﬁn(a) +510(a)) =0

This shows that the coefficients of z(b) and z(a) are equal to zero independently of C. It is shown that, the first three
expressions (12)-(14) are linearly dependent.
Now let us show that expressions (12), (13) and (14) are linearly dependent. Let us calculate the determinant (15);
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o Bio o
0 Bo o1

Z(a) - (Ia“(a) +aw(a)) 2a) —Z(b)+ (Ia“ (b) +alo(b)) 2b) —z(a)
= (Biooa1 — 0611[320)5 (@) — (Broaar — a1 B0 ) (Iﬁu(a) +510(a)) z(a)
+ (1010 — 020 001) 7 (b) — (0t10B20 — Bro0ao) z(a)

— ((X]Q(le — 06200611) (Ian (b) +510(b)> Z(b). (23)

Remultiply Equations (20), (21) and (23) by A;, B; and C}, then the sum is also equal to zero

!/

[— Ay (01821 — 021 B1r) + C1 (01010 — O200111) | 2 ()

+[Bi (a1Bar — 021Bu1) + C1 (Broor — a1 o) 12 ()

+{ A1 (B — i Bur) (R (8) +@o(b) ) + A1 (021 Bro — o1 Bao)

+B1 (0210410 — 01120) — C1 (c10021 — zo0n1) (Zany(b) +aro (b)) p2()

+{A1 (Ba1 1o~ BaoBin) + By [ (Bantto — 0eoBir) — (a1 By — a2 Bun) (Ran (b) +ano (b)) |
~ C1 (0B — Bioozo) + (Brocar — a1 Bao ) (Aan (a) + ao(a) ) } z(a).

Again, under the following conditions

(Bioozr — o11B20)
(o121 — a1 Bi1)

(10— 0ol 1)

A=C ,
] I(0611[321— o1 Bi1)

By =—-C;

the coefficients of the expressions z (b), z (a), z(b) and z(a) are equal to zero. Thus, expressions (12)-(14) and (12), (13),
(15) are linearly dependent.

Now we show that the two relations in (10) are linearly independent. The conditions in (12) and (13) are written in
the following form

(B21B10 — BoPBin) z(a) + A1 - z(b) — 82 (b) = 0, (24)
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Ag-z(a@) + (010640 — a1 0ag) 2(b) + 82 (@) = 0. 25)
Here, A = (021 B1o — 011 Bao) + 8 - (Ia”(b) +alo(b)), and

A = (Bar0to — 20P11) — 8- (Xﬁu(a) +Elo(a)) :

The rank of the matrix of coefficients of 7/ (b), 7'(a), z(b), and z(a) is

rank ((13211310 — BaoBi1) A 0 6) s

Ay (oo — a1op) A 0

That is, the boundary conditions (12) and (13) are not linearly dependent. Thus, we have proved that (24), (25) are
the only adjoint problem corresponding to the boundary problem (2).

2. Conclusions

In the article, for the first time, for a scalar ordinary differential equation of the second order that coefficients of which
depend on the complex parameter A with a nonlocal boundary condition is obtained a general and free from arbitrariness
conjugate boundary condition.
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