
Contemporary Mathematics
https://ojs.wiserpub.com/index.php/CM/

Research Article

Uniqueness of the Adjoint Problem in the Lagrange Sense for a Non-
Local Boundary Problem with Complex Parameter

Nihan A. Aliyev1, Mahir A. Rasulov2 , Bahaddin Sinsoysal3*

1Faculty of Applied Mathematics and Cybernetics, Baku State University, Baku, Azerbaijan
2Department of Numerical Modelling of Interlayer Dynamic Processes, Institute of Oil and Gas of ANAS, Baku, Azerbaijan
3Department of Computer Engineering, Istanbul Beykent University, 34396, Sariyer, Istanbul, Turkey
E-mail: bahaddins@beykent.edu.tr

Received: 28 October 2024; Revised: 13 December 2024; Accepted: 16 December 2024

Abstract: The article is devoted to the problem of finding conjugate boundary conditions for a nonlocal conditional
problem for a homogeneous ordinary differential equation of the second order, the coefficients of which depend on a
complex parameter. The conjugate boundary conditions known in the literature, associated with arbitrary constants, are
investigated, and the issue of eliminating arbitrariness in boundary conditions is considered.

Keywords: boundary value problem with coefficients depending on a complex parameter, adjoint mixed problem, non-
local condition

MSC: 34B10

1. Introduction
The Fourier and Laplace transform methods are widely used to solve problems in mathematical physics. The main

idea of the Fourier method is to transform themixed problem to suitable Cauchy and boundary value problemwith complex
parameter-dependent and to construct the solution of the main problem from their solutions in a certain way. Unlike the
Fourier method, when the Laplace transform is applied to differential equations that depend on two variables, one of the
variables in the equation is eliminated, and it becomes a boundary condition problem for the ordinary differential equation
[1–4].

The application of the Laplace transform to find the function u(x, t) satisfying the equation

∑
i+ j≤2

ci j(x)
∂ i+ ju(x, t)

∂xi∂ t j = 0

with second order continuous derivatives with respect to both variables defined in the domain D = {a < x < b, t > 0},
and verifying the initial conditions
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u(x, 0) = φ(x),

∂u(x, t)
∂ t

∣∣∣∣
t=0

= ψ(x),

and the boundary conditions

1

∑
j=0

(
αν j

∂ ju(a, t)
∂x j +βν j

∂ ju(b, t)
∂x j

)
= γν(t), (ν = 1, 2)

within the domain, leads to the solution of the following boundary value problem

c20(x)
d2

dx2 ũ(x, ρ)+(ρc11(x)+ c10(x))
d
dx

ũ(x, ρ)+
(
ρ2c02(x)+ρc01(x)+c00(x)

)
ũ(x, ρ) = F(x, ρ),

1

∑
j=0

(
αν j

d jũ(a, ρ)
dx j +βν j

d jũ(b, ρ)
dx j

)
= γ̃ν(ρ), (ν = 1, 2).

Here,

F(x, ρ) = (ρ c02(x)+c01(x))φ(x)+ c11(x)φ ′(x)+ c02(x)ψ(x),

ũ(x, ρ) and γ̃ν(ρ) are Laplace transforms of functions u(x, t) and γν(t), respectively. If we assume that c20(x) = 1 and
F(x, ρ) = 0 then get the following problem. Problems type of (1), (2) are considered independently of the solution of the
mixed problem written for partial differential equations of the second order given above. This is included only to indicate
the source from which (1), (2) appeared.

Let us consider the following problem

ℓ[y]≡ y
′′
(x)+ [λ a11(x)+a10(x)]y

′
(x)+

[
λ 2a02(x)+λ a01(x)+a00(x)

]
y(x) = 0, a < x < b (1)

ℓν [y]≡ αν0y(a)+βν0y(b)+αν1y
′
(a)+βν1y

′
(b) = 0, ν = 1, 2. (2)

Here λ∈ C is a complex parameter, ai j(x), (i, j = 0, 1, 2) are generally complex-valued continuous functions, and
αν j, βν j (ν = 1, 2, j = 0, 1) are complex constants. The boundary conditions (2) are linearly independent, that is

rank

(
α10 α11

α20 α21

β10 β11

β20 β21

)
= 2. (3)
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It’s known from a course of ordinary differential equations the finding solutions posed problem tie in with familiar
of the Lagrange formula [2, 5–7]. In order to it is necessary to create an adjoint problem corresponding to input equation.
For the system of first order linear differential equation with of the coefficients in which are summable function of the
variable x in finite interval (a, b) has been investigated by Rasulov [2]. More detailed information about the Lagrange
formula can be found in [5, 8].

The main idea of constructing the Lagrange formula is as follows. Let is considered boundary value problem for n.
order ordinary differential equation with n boundary conditions. It is required obtaining of the adjoint equation and adjoint
boundary conditions to input problem. Obtainig adjoint equation carry out, as usually, by means of multiplies original
equation required number differentiable function and integration by parts derived expression over domain of definition of
solution.

In order to construct adjoint conditions according to general theory of the ordinary differential equation the first set
boundary conditions are added to n new boundary conditions with arbitrary coefficients that we get system composed
of 2n in number of algebraical equations. Further, considering boundary values in (2) as unknowns those unknown are
found from the extended system of algebraic equations. Substituting founded values in bilinear form we get adjoint
boundary conditions in which be contained arbitrarily constants. Thus, adjoint boundary conditions dependent from
arbitrary constants [1, 9–12].

The aim of this work is to eliminate the arbitrariness present in the adjoint boundary conditions of the conditions.
For the simplicity we consider the case n = 2.

Lagrange formula: Now let us establish the Lagrange formula for problem (1), (2). For this, if wemultiply Equation
(1) by z(x) and integrate on the interval [a, b], we get

(ℓy, z)≡
∫ b

a
ℓyz(x)dx = B(y, z)|ba +(y, ℓ∗z) . (4)

Here, z(x) is complex-valued continuous functions, z(x) adjoint to z(x) function, and

B(y, z)|ba = y′(b)z(b)− y
′
(a)z(a)− y(b)z

′
(b)+ y(a)z

′
(a)

+ [λ a11(b)+a10(b)]y(b) z(b)− [λ a11(a)+a10(a)]y(a) z(a) (5)

is bilinear expression. The differential expression

ℓ∗z = z
′′
(x)−

[(
λ a11(x)+a10(x)

)
z(x)

]′
+
[
λ 2

a20(x)+λ a21(x)+a22(x)
]

z(x). (6)

is called the adjoint expression corresponding to the Equation (1).
Conjugate problem: Now let us describe the domain of the adjoint operator or the boundary condition of the adjoint

problem. Appending two arbitrary expressions to the given boundary conditions (2) we have four equalities as

ℓν [y]≡ αν0y(a)+βν0y(b)+αν1y′(a)+βν1y′(b), ν = 1, 2, 3, 4 (7)

namely, when ν = 1 and ν = 2, the boundary conditions coincide to conditions (2) that is ℓν [y] = 0, and when ν = 3 and
ν = 4 then ℓν [y] are expressions containing arbitrary coefficients.

Assume that
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∆ =

∣∣∣∣∣∣∣∣∣
α10 β10

α20 β20

α11 β11

α21 β21

α30 β30

α40 β40

α31 β31

α41 β41

∣∣∣∣∣∣∣∣∣ ̸= 0. (8)

Considering y(a), y(b), y′(a), y′(b) as unknowns in the system of algebraic Equation (7), we apply Cramer’s method
to this system and find the unknowns as

y(a) =
1
∆

∣∣∣∣∣∣∣∣∣
0 β10

0 β 20

α11 β11

α21 β21

ℓ3[y] β30

ℓ4[y] β40

α31 β31

α41 β41

∣∣∣∣∣∣∣∣∣=
1
∆

(
∆(3, 1)ℓ3[y]+∆(4, 1)ℓ4[y]

)
,

y(b) =
1
∆

∣∣∣∣∣∣∣∣∣
α10 0
α20 0

α11 β11

α21 β21

α30 ℓ3[y]
α40 ℓ4[y]

α31 β31

α41 β41

∣∣∣∣∣∣∣∣∣=
1
∆

(
∆(3, 2)ℓ3[y]+∆(4, 2)ℓ4[y]

)
, (9)

y′(a) =
1
∆

∣∣∣∣∣∣∣∣∣
α10 β10

α20 β20

0 β11

0 β 21
α30 β30

α40 β40

ℓ3[y] β31

ℓ4[y] β41

∣∣∣∣∣∣∣∣∣=
1
∆

(
∆(3, 3)ℓ3[y]+∆(4, 3)ℓ4[y]

)
,

y
′
(b) =

1
∆

∣∣∣∣∣∣∣∣∣
α10 β10

α20 β20

α11 0
α21 0

α30 β30

α40 β40

α31 ℓ3[y]
α41 ℓ4[y]

∣∣∣∣∣∣∣∣∣=
1
∆

(
∆(3, 4)ℓ3[y]+∆(4, 4)ℓ4[y]

)
.

Here, the expressions ∆(i, j) are cofactors of the entries in the intersection of row i and column j of the determinant
(8).

1
∆

(
∆(3, 4)ℓ3[y]+∆(4, 4)ℓ4[y]

)
z(b)− 1

∆

(
∆(3, 3)ℓ3[y]+∆(4, 3)ℓ4[y]

)
z(a)− 1

∆

(
∆(3, 2)ℓ3[y]+∆(4, 2)ℓ4[y]

)
z
′
(b)

+
1
∆

(
∆(3, 1)ℓ3[y]+∆(4, 1)ℓ4[y]

)
z
′
(a)+ [λ a11(b)+a10(b)]

1
∆

(
∆(3, 2)ℓ3[y]+∆(4, 2)ℓ4[y]

)
z(b)

− [λ a11(a)+a10(a)]
1
∆

(
∆(3, 1)ℓ3[y]+∆(4, 1)ℓ4[y]

)
z(a) = 0.

Since ℓ3[y] and ℓ4[y] are arbitrary in the last equation, we can decompose it into two boundary conditions as follows:
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∆(3, 4)
z(b)− ∆(3, 3)

z(a)+∆(3, 1)
z
′
(a)

−∆(3, 2)
z
′
(b)+

(
λ a11(b)+a10(b)

)
∆(3, 2)

z(b)−
(

λa11(a)+a10(a)
)

∆(3, 1)
z(a) = 0,

∆(4, 4)
z(b)− ∆(4, 3)

z(a) − ∆(4, 2)
z′(b)+∆(4, 1)

z
′
(a)

+
[
λ a11(b)+a10(b)

]
∆(4, 2)

z(b)−
[
λ a11(a)+a10(a)

]
∆(4, 1)

z(a) = 0.

The last two equations can be expressed as follows

∣∣∣∣∣∣∣∣∣
α10 β10

α20 β20

α11 β 11
α21 β21

z
′
(a)−

(
λ a11(a)+a10(a)

)
z(a) −z′(b)+

(
λ a11(b)+a10(b)

)
z(b)

α40 β40

−z(a) z(b)
α41 β41

∣∣∣∣∣∣∣∣∣= 0, (10)

∣∣∣∣∣∣∣∣∣
α10 β10

α20 β20

α11 β 11
α21 β21

α30 β30

z
′
(a)−

(
λ a11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λ a11(b)+a10(b)

)
z(b)

α31 β31

−z(a) z(b)

∣∣∣∣∣∣∣∣∣= 0. (11)

Since the coefficients αν j, βν j (ν = 3, 4, j = 1, 2, 3, 4) in the expressions of the 4× 4 determinants above are
arbitrary constants, we get the following from (10)

∣∣∣∣∣∣∣
β10 α11 β11

β20 α21 β 21

−z
′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a) z(b)

∣∣∣∣∣∣∣= 0, (12)

∣∣∣∣∣∣∣
α10 α11 β11

α20 α21 β 21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z(a) z(b)

∣∣∣∣∣∣∣= 0, (13)

∣∣∣∣∣∣∣
α10 β10 β11

α20 β20 β 21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) z(b)

∣∣∣∣∣∣∣= 0, (14)
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∣∣∣∣∣∣∣
α10 β10 α11

α20 β20 α21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a)

∣∣∣∣∣∣∣= 0. (15)

Analogical results get from (11) too

∣∣∣∣∣∣∣
β10 α11 β11

β20 α21 β 21

−z
′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a) z(b)

∣∣∣∣∣∣∣= 0, (16)

∣∣∣∣∣∣∣
α10 α11 β11

α20 α21 β 21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z(a) z(b)

∣∣∣∣∣∣∣= 0, (17)

∣∣∣∣∣∣∣
α10 β10 β11

α20 β20 β 21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) z(b)

∣∣∣∣∣∣∣= 0, (18)

∣∣∣∣∣∣∣
α10 β10 α11

α20 β20 α21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a)

∣∣∣∣∣∣∣= 0, (19)

As it is seen that the four expressions (12)-(15) and (16)-(19) derived from of (10) and (11) are coincide. This mean
that these four expressions (12)-(15) are linearly dependent.

We will now show that arbitrary two of the expressions from (12)-(15) are not linearly dependent, i.e., arbitrary three
of the those in (12)-(15) are linearly dependent. To this end first calculate the first three determinants (12)-(14):

∣∣∣∣∣∣∣
β10 α11 β11

β20 α21 β21

−z
′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a) z(b)

∣∣∣∣∣∣∣
= − (α11β21 − α21β11)z

′
(b)+(α11β21 − α21β11)

(
λa11(b)+a10(b)

)
z(b)

+(β21β10 − β20β11)z(a)+(α21β10 − α11β20)z(b), (20)
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∣∣∣∣∣∣∣
α10 α11 β11

α20 α21 β21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z(a) z(b)

∣∣∣∣∣∣∣
= (α11β21 − α21β11)z

′
(a)− (α11β21 − α21β11)

(
λa11(a)+a10(a)

)
z(a)

+(β21α10 − α20β11)z(a)+(α21α10 − α11α20)z(b), (21)

∣∣∣∣∣∣∣
α10 β10 β11

α20 β20 β 21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) z(b)

∣∣∣∣∣∣∣
= (β21α10 − α20β11)z′(b)+(β10β21 − β20β11)z

′
(a)− (β21α10 − β11α20)

(
λa11(b)+a10(b)

)
z(b)

− (β10β21 − β20β11)
(

λa11(a)+a10(a)
)

z(a) +(β20α10 − α20β10)z(b). (22)

Multiplying (20)-(22) by the constants A, B, and C, which are not all zero at the same time, and let us equal of this
linear combination to zero we get

−A(α11β21 −α21β11)z
′
(b)+A(α11β21 −α21β11)

(
λa11(b)+a10(b)

)
z(b)

+A(β21β10 −β20β11)z(a)+A(α21β10 −α11β20)z(b)

+B(α11β21 −α21β11)z
′
(a)−B(α11β21 −α21β11)

(
λa11(a)+a10(a)

)
z(a)

+B(β21α10 −α20β11)z(a)+B(α21α10 −α11α20)z(b)

+C (β21α10 −α20β11)z′(b)+C (β10β21 −β20β11)z
′
(a)−C (β21α10 −β11α20)

(
λa11(b)+a10(b)

)
z(b)

−C (β10β21 −β20β11)
(

λa11(a)+a10(a)
)

z(a)+C (β20α10 −α20β10)z(b) = 0.

The last expression rewritten as follows:
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[−A(α11β21 −α21β11)+C (β21α10 − α20β11)]z′(b)

+ [B(α11β21 −α21β11)+C (β10β21 −β20α11)]z′(a)

+
{

A
[
(α11β21 −α21β11)

(
λa11(b)+a10(b)

)
+(α21β10 −α11β20)

]
+B(α21α10 −α11α20)

+ C
[
(β20α10 −α20β10)− (β21α10 −β11α20)

(
λa11(b)+a10(b)

)]}
z(b)

+
{

A(β21β10 −β20β11)+B
[
(β21α10 −α20β11)− (α11β21 −α21β11)

(
λa11(a)+a10(a)

)]

−C (β10β21 −β20β11)
(

λa11(a)+a10(a)
)}

z(a) = 0.

From here we get

[−A(α11β21 −α21β11)+C (β21α10 −α20β11)] = 0,

[B(α11β21 −α21β11)+C (β10β21 −β20α11)] = 0,

A
[
(α11β21 −α21β11)

(
λa11(b)+a10(b)

)
+(α21β10 −α11β20)

]
+B(α21α10 −α11α20)

+C
[
(β20α10 −α20β10)− (β21α10 −β11α20)

(
λa11(b)+a10(b)

)]
= 0,

A(β21β10 − β20β11)+B
[
(β21α10 −α20β11)− (α11β21 −α21β11)

(
λa11(b)+a10(b)

)]

− C (β10β21 − β20β11)
(

λa11(a)+a10(a)
)
= 0.

If

δ = α11β21 −α21β11 ̸= 0,

then

A =
α10β21 −α20β11

α11β21 −α21β11
C, B =−β10β21 − β20β11

α11β21 −α21β11
C.
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Taking account of obtained expressions for A and B, its seen that the coefficients of z′(b) and z′(a) in the previous
two expressions are equal to zero.

Now look to coefficients of z(b) and z(a). Substituting founded expressions for both A and B instead of third and
fourth equality we have

β21α10 −α20β11

α11β21 −α21β11

[
(α11β21 − α21β11)

(
λa11(b)+a10(b)

)
+(α21β10 −α11β20)

]

− β10β21 −β20β11

α11β21 −α21β11
(α21α10 −α11α20)

+
[
(β20α10 −α20β10)− (β21α10 −β11α20)

(
λa11(b)+a10(b)

)]
= 0,

and

A(β21β10 −β20β11)+B
[
(β21α10 −α20β11)− (α11β21 − α21β11)

(
λa11(b)+a10(b)

)]

−C (β10β21 −β20β11)
(

λa11(a)+a10(a)
)
=

(β21α10 −α20β11)

α11β21 −α21β11
(β21β10 −β20β11)

− (β10β21 −β20β11)

α11β21 −α21β11
(β21α10 −α20β11)

− β10β21 −β20β11

α11β21 −α21β11
(α11β21 −α21β11)

(
λa11(b)+a10(b)

)

+(β10β21 −β20β11)
(

λa11(a)+a10(a)
)
= 0

This shows that the coefficients of z(b) and z(a) are equal to zero independently ofC. It is shown that, the first three
expressions (12)-(14) are linearly dependent.

Now let us show that expressions (12), (13) and (14) are linearly dependent. Let us calculate the determinant (15);
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∣∣∣∣∣∣∣
α10 β10 α11

α20 β20 α21

z
′
(a)−

(
λa11(a)+a10(a)

)
z(a) −z

′
(b)+

(
λa11(b)+a10(b)

)
z(b) −z(a)

∣∣∣∣∣∣∣
= (β10α21 − α11β20)z

′
(a)− (β10α21 −α11β20 )

(
λa11(a)+a10(a)

)
z(a)

+(α21α10 −α20α11)z′(b)− (α10β20 −β10α20)z(a)

− (α10α21 −α20α11)
(

λa11(b)+a10(b)
)

z(b). (23)

Remultiply Equations (20), (21) and (23) by A1, B1 and C1, then the sum is also equal to zero

[− A1 (α11β21 −α21β11)+C1 (α21α10 −α20α11) ]z
′
(b)

+ [ B1 (α11β21 −α21β11)+C1 (β10α21 −α11β20) ]z
′
(a)

+
{

A1 (α11β21 −α21β11)
(

λa11(b)+a10(b)
)
+A1 (α21β10 −α11β20)

+B1 (α21α10 −α11α20)−C1 (α10α21 −α20α11)
(

λa11(b)+a10(b)
)}

z(b)

+
{

A1 (β21β10 −β20β11)+B1

[
(β21α10 −α20β11)− (α11β21 −α21β11)

(
λa11(b)+a10(b)

)]

− C1 (α10β20 −β10α20)+(β10α21 −α11β20 )
(

λa11(a)+a10(a)
)}

z(a).

Again, under the following conditions

A1 =C1
(α21α10 −α20α11)

(α11β21 − α21β11)
, B1 =−C1

(β10α21 − α11β20)

(α11β21 − α21β11)

the coefficients of the expressions z
′
(b), z

′
(a), z(b) and z(a) are equal to zero. Thus, expressions (12)-(14) and (12), (13),

(15) are linearly dependent.
Now we show that the two relations in (10) are linearly independent. The conditions in (12) and (13) are written in

the following form

(β21β10 −β20β11)z(a)+∆1 · z(b)−δ ·z′(b) = 0, (24)
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∆2 · z(a)+(α21α10 −α11α20)z(b)+δ ·z′(a) = 0. (25)

Here, ∆1 = (α21β10 −α11β20)+δ ·
(

λa11(b)+a10(b)
)
, and

∆2 = (β21α10 −α20β11)−δ ·
(

λa11(a)+a10(a)
)
.

The rank of the matrix of coefficients of z′(b), z′(a), z(b), and z(a) is

rank

(
(β21β10 − β20β11) ∆1

∆2 (α21α10 − α11α20)

0 −δ
∆ 0

)
= 2.

That is, the boundary conditions (12) and (13) are not linearly dependent. Thus, we have proved that (24), (25) are
the only adjoint problem corresponding to the boundary problem (2).

2. Conclusions
In the article, for the first time, for a scalar ordinary differential equation of the second order that coefficients of which

depend on the complex parameter λ with a nonlocal boundary condition is obtained a general and free from arbitrariness
conjugate boundary condition.
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