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Abstract: In this paper, a new and generalized contraction principles are proved on complex-valued metric space. By
adopting a suitable hypothesis on sequence converging in complex-valued metric space new contractions are established
for proving the common fixed-point theorem. Moreover, a rational contractive condition is improved in the complex-
valued metric spaces. The obtained results through theoretical study are verified by solving the solution of the nonlinear
system of Urysohn integral equations.
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1. Introduction

Fixed-point theory is an essential concept in analysis. It is possible to express many mathematical problems that
come from different scientific fields as fixed-point problems, which require the determination of a function’s fixed-
point. The presence of a solution to the initial problem can be ensured by using fixed-point theorems, which provide
adequate conditions under which a fixed-point for a particular function exists. Algebraic, order theoretic, or topological
characteristics of the mapping or its domain are all involved in a number of necessary or sufficient requirements for
the presence of such points. It extended the research on economics, control theory, differential equations, optimization
problems and so on. By using fixed-point theory [1-3] recently, many authors have studied the qualitative theory
of dynamical properties such as existence, controllability, stability, optimal control, etc., for more details [4—6]. In
mathematics, the Banach fixed-point theorem serves as a crucial technique in the theory of metric spaces; it ensures
both the existence and uniqueness of fixed-points for specific self-maps of metric spaces and offers a constructive method
for finding the fixed-points. In this direction, many authors are interested in developing this area of research, and some
related findings are given in [7-9]. The theorem is named for Stefan Banach, who originally proposed itin 1922. Common
fixed-points on almost generalized contractive mappings [10], rational expressions on cone metric spaces [2], fixed-point
theorems by altering distances between the points [11] have been well established.
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Real-valued spaces can be naturally extended by complex-valued metric spaces, which are very important in many
domains that deal with functional and complex analysis [3]. The presence of solutions in a variety of mathematical
models can be demonstrated with the use of common fixed-point theorems in such spaces, especially when numerous
mappings are involved [3, 12, 13]. Powerful tools for resolving theoretical and applied mathematical problems can be
obtained by modifying classical fixed-point conclusions to the complex context. In many fields, including pure and
applied mathematics, engineering, and science, complex-valued metric spaces are essential [13, 14]. Complex-valued
metric spaces were first proposed by Azam et al. [15] in 2011, who also showed common fixed-point theorems that
satisfy rational contractive mapping. A common fixed-point of rational inequalities has been proposed in [11]. A unified
common fixed-point theorem has been studied in [16] by using implicit relations. On the ordered complex partial metric
space, a contractive condition of rational expression has been established in [13]. Some common fixed-point theorems
on complex-valued metric space for dislocated metric spaces [14], generalized contractive type [17] have been analyzed.
On the complex-valued metric spaces, some common fixed-point theorems satisfying particular rational expressions have
been proved in [18].

Based on the above discussion, there is no new work reported on generalized common fixed-point theorems in
complex-valued metric spaces. Motivated by these analyses and their applications to the integral equations, in this paper,
the authors study some common fixed-point theorem and their applications in complex-valued metric spaces. Also, the
proposed results are new and generalize the existing results from the literature.

Key Contributions of the Article:

1. A new generalized rational contraction mapping is proposed to demonstrate a common fixed-point in complex-
valued metric spaces.

2. We additionally established the fixed-point in the corollary using rational contraction mapping.

3. We use the new rational contraction to validate the statement that the system of Urysohn integral equations has
just a unique simple solution.

2. Preliminaries

The basic definitions and notions are as follows:

Consider the C, complex number set and Z;, &, € C. Let the partial order < on C are defined as = < &, iff
Z(E1) R Z(E2), I(E)) XI(&,). If E| % E,, then the following conditions are satisfied:

() () = %(Z2),

(i) 2(Z1) < 2(Z2), 1(E1) = 1(55),

(ii)) Z(&1) < #(&2), 1(E

() #(E) = H(Z,) 1(E1) = 1(22)

In particular, = 3 %, if Zj # %> and (i), (ii), and (iii) are all satisfied. We may write as E; < & if only (iii) is
satisfied. We notice the following conditions also:

(@If0 =& oo Ey, then |Z| < |Z,],

(b)If ) < 5 and &) < &3 then & < &3,

(c)Ifa, be Zand a < bthen ak < bE foreach & € C.

Definition 1 [16] Let Y be a non void set and the function % : ¥ x Y — C satisfying the following conditions:

(1) 6 < A(ro, p) for each w, p €Y and A(ro, p) = 0 iff w = p,

(ii) A(ro, p) = A(p, w) for each w, p €Y,

(iii) A(ro, p) < A(rv, r)+2A(r, p) foreach t, p, reY.

Then, the function 2 is called complex-valued metric space and the pair (¥, 21) is known as complex-valued metric
space.

Example 2 [15] Let ¥ = C be a collection of complex numbers and the functionis2(: ¥ xY — C by A(Z;, &) =
¢'P|E| — E5| where each p € R. Then, (Y, 2) is a complex-valued metric space.
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Example 3 [13] Let Y = C be a collection of complex numbers and the function is defined as 2 : Y xY — C by
A(E|, Ey) =3i|E| — &,| foreach £y, &, € Y. Then, (¥, 2) is a complex-valued metric space.

Definition 4 [19] Let (¥, 2) be a complex-valued metric space. Then, the following conditions are satisfied:

(i) Let the element tv € Y be an interior point of theset O CY if 30 <t € C, B(ww, a) ={p €Y : A(w, p) <a} C O,

(ii) Let the element to € ¥ be a limit point of O if for every 8 < a € C, B(w, a)N(0O—Y) # ¢,

(iii) Let O C Y be an open if each element of tv is an interior point of O,

(iv) Let O CY is closed if each limit point of tv belongs to O,

(v) Let the Hausdorff topology 7 on Y be a sub-basis in a family of F = {B(v, a): w €Y, 0 < a}.

Definition 5 [13] Let (¥, 2) be a complex-valued metric space. Then, {1, } a sequence in Y for ro € Y, we have

(i) For each a € C with 6 < a find an N 3 for every n > N, 2(w,, t0) < a then {w, } is convergent, {tv,, } converges
to tv and tv is the limit point of {tv,},

(ii) If each a € C, 6 < a find N there exists for all n = N , A(to,,, W,4m) < ¢, where m € N then {1, } called as a
Cauchy sequence,

(iii) There is convergence for each Cauchy sequence in Y, then (¥, 2) is complex-valued metric spaces which is
complete.

Lemma 6 [13] Let (Y, 2A) be a complex-valued metric space and {rv,} be sequence in Y. Then, {tv, } convergent to
tw if and only if |2(1,, w)| — 6 as n — +-oo.

Lemma 7 [16] Let (¥, 2() be a complex-valued metric space. Let {tv,} be a sequence in Y, then {w,} is a Cauchy
sequence if and only if |2 (10, t0,1,)| — 0 as n, m — oo,

Definition 8 [16] The self mappings V and K of a non void set Y. Then, we have

(i) Let to € Y be an element which is a fixed-point of K if Ko = tv,

(i1) Let to € Y be an element which is a coincidence point of V and K if Viv = Ktv and w = Vv = Ko which is the
point where V and K coincide,

(ii1) Let to € Y be a point which is the point where V and K coincide if tv = Vv = Ko.

3. Main results

We establish a rational contractive condition in the complex-valued metric spaces and implement those condition to
apply the Urysohn integral equations.

Theorem 9 Let (Y, 2A) be a complete complex-valued metric space. LetV, K : Y — Y ifthereisa functiony, §: ¥ —
[0, 1) > for each tv, p € ¥ and the following conditions hold:

(@) x (Vo) < x(iv) and § (Viv) < (),

(if) % (Ktw) < i (w) and & (Kw) < §(w),

(iii) (x +&)(w) < 1,

(iv) A(Vr, Kp) < x(0)2A(t, p)+&(w)

Then, V and K has an unique common fixed-point.

Proof. Assume that w( a arbitrary point in Y. Since, V(Y) C Y and K(Y) C Y, now the sequence {to,} in Y >
102,41 = Vg, and 1oy o = Koy g for each ¢ > 0.

Therefore, the hypothesis becomes

A(Kp, p)A(p, Vo) +A(to, Vio)2A(to, Kp)
14+2A(r, p) '
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A1 41, Wop12) = A(Vioy, Kiogey )

= (o) A(v0a, W2pi1) + & (N02y)

" Fl(szﬁu 102, 41)2A(W02p 41, Viogg) + (0o, Voo, )A(1ogy, Km2;+l)]
14+ 2A(roog, 102p11)

= X (102)2A(r02y, Wap41) + & (02g)

" {Ql(mzﬁz, 02+ 1)2A(N02p+1, W2p11) + AW, 241)A(102y, m2;+2)}
1 +Q[(l‘02;7 l‘Oz;.H)

A (1o, 10 A (1o, 10
= 2 (02p)A(r2y, Wopr1) + & (102) (1025, 0241 (102 2H2)}

14+ A (0o, 02,41)

= (02)RA(r02, 102p11)

+& () (w2, W02¢11) (02, W2 1) + A2 11, mz;+2)]}

14+ A(ro2y, 102,41)
= 2 (w2g)2A (0, W02p1) + & (W2) [A(W2g, Wapr1) +A(W2p 1, Wagi2)]
= [ () + & (2) | A(02, 102 11) + G (W2) A(W2 41, W2g2)]
= [X(Kwoe 1) + & (Ktoge1)|2A(w2g, Wopt1) + & (Koo 1)A(top 41, Wap12)]
= [ (wap—1) + & (02 1)[A(2r, Wors1) + & (w2p—1)A(W2p 41, W02p42)]
= [X(Kwag—2) + & (Ktag )| A(tay, W2p41) + & (Kap—2)A(t02g 11, W2r42)]
= [ (w2p2) + & (02p2) A2, o s1) + & (020 2)A(W2p 41, Wag2)]
= [2(0) + & (0)]2A (w2, W2 11) + & (00)A(W02e 41, W2p12)]
which implies that

A(r2p 11, W2p42) =X (W)m(mhv 02;41)-
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Similarly, we proceed like that

§2l("021&27 m2;+3) = m(m2;+3a m2;+2)

=A(Vtoge12, Kwoeyg)

= x(02p42)2A(02g 42, W02p41)

T E(roges2) [

A(Kv02y 41, 102p41)A(002 41, Vioge2) +A(102p42, Vioge2)A(02y 42, sz;+1)]
l+m(m2x+2v m2;+1)

= x(102p42)2A(02g 42, W02p41)

+ & (2y42) {

A(102p 42, W21 1)A(N02p 41, W2r13) +A(N02p 42, W243)A(N02p 42, msz)}
1+ Aoy 42, W02541)

A (o , o A (1o , 0
= x(2p12)A(102 42, Wori1) +E(02p42) (w2r-+2, War41)A(Ww2r+1 2F+3)}

1 +2A(2p 42, W02p41)

= X (002 42)A(102,42, W02p41) + & (10242)A(W2p 11, 102;43)

= X (002 42)A(102,42, W2p41) + & (10242) [RA(N02 41, W2p42) +A(02p 42, 102;43)]
=[x (02p42) + § (W2p42)| A (0241, W212) + & (W02p12) [A(W2p42, W2p43)]

= [X(Kwopr1) + & (Kopr1)]A(N02p11, W2p42) + & (Kt0opy 1) [A(W02p42, 10243)]

=[x (w2g) + G (o) JA(t2p 41, Wapt2) + & (12 [A(t02p 42, W2p13)]

= [x(w0) 4 & (100) | A (w02 11, t2g12) 4 & (10) [A(W02p 12, t0213)].
Therefore, we get

X (g) + & (o)
1—&(to)

A(r02p 12, W02p43) =X A(02p41, W2p42).
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Let us choose A = W

Ql(mna mn-',—l) = lm(mn—lv mn)

= lzm(mn—L mn—l)

= A" A(rog, toy).
Consider a natural number m and n with m > n, for each n € N, we have
2A(10,, 10,) <A, 10,11) +A(N0,4 1, W0,42) + - +A(10,1, 10,)
=< A"A(10g, w1) 4+ A" 12A(rog, )+ -+ A" 1A (10g, 1)

= (A" A A" DA (g, roy)

= (l{nl>9l(mo, ).

Therefore, we have

ln
100, 10,)] = (2 ) oo, 1)1

Since A € [0, 1), letting the m, n — 0 limit shows that the {rv,,} is a Cauchy sequence. Hence, Y is complete, there
isapointa €Y > tv, — aasn — oo,
To show that Va = a. Now,

Wa, Va) < A(a, 1‘02;4_2) —&-Ql(mzﬁ_z, Va)
= QL(a, mzﬁ_z) —&-Ql(Kl‘OQH_l, Va)
=A(a, Wwori2) +A(Va, Krooeyi)

= A(a, wyi2) + x(a)A(a, W2e11)
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+&)|

A(K1op 41, Wop41)A(W02p41, Va) +A(a, Va)A(a, szm)}
I+Q[(Cl, m2x+1)

= A(a, woi2) +x(a)2A(a, wopi1)

L) |:Ql(m2x+27 102¢+1)A(2p+1, Va) +2A(a, Va)2(a, m2;+2):|

1+Q[(a, szJrl)
which implies that
[Aa, Va)| = [Aa, wagia)|+ x(a)[A(a; wop41)]

|A(02g42, W2p41)|[RA(W2p41, Va)| + [A(a, Va)||A(a, w242)]
‘1 —I—Ql(a, m2x+1)\

+6(a)

As ¢ — oo we have |2(a, Va)| = 0 which shows that 2(a, Va) = 0, Hence, we get Va = a. Similarly, we get that
Ka = a. Therefore, a is the common fixed-point of V and K.

Next claim that a is a unique common fixed-point of functions V and K.

Let us choose another common fixed-point a; that is a; = Va; = Ka . It follows from

Aa, ar) =A(Va, Kay)

A(Kay, ar)U(ar, Va)+2A(a, Va)U(a, Kay)
1+2(a, ar)

=< x(@)A(a, a1) +&(a)

= x(a)a, ay)

= x(@)|2a, ar)|-

Since x(a) € [0, 1), we have |(a, a1)| =0. Thus, a = a; and hence a is only unique common fixed-point of V and
K. O

Theorem 10 Let (¥, 21) be a complete complex-valued metric space. Let V, K: Y — Y if there is a function
X, &: Y —10, 1) > foreach v, p €Y and the following conditions hold:

(i) 2(Vw) < x(w) and §(Viv) < (),

(i) % (Kw) < % (1) and & (Ktv) < (),

(iil) (x +&)(w) < 1,

(V) 2A(Viv, Kp) < x(w)[2A(w0, p)+2A(w, Kp) +A(p, V)] +& ()

Then, V and K has an unique common fixed-point.

Proof. Assume v an arbitrary point in Y. Since V(Y) C Y and K(Y) C Y, now the sequence {to;} in¥ > toy, 1 =
Vi, and toop o = Koo, for each k > 0. Therefore, the hypothesis becomes

A(Kp, p)A(p, Vto)+A(ro, Vio)A(r, Kp)
1+2A(r, p)
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A2 11, W02p12) = A(V1og,, Koo i)

= X (02 )[RA(102, 02 41) +A(12p, Koo y1) +2A(102p4 1, Vivg)]

+& ()|

A(Kt2g+1, W2p+1)2A(102,11, Vivgy) + (1o, Vg )A(togy, Km2;+l):|
1"‘%(“32;’ m2;+l)

= x(102p) [RA(r02g, 102p41) +2A(102p, W2p42) +A(N02p 41, W2p41)]

+&(ms)|

A(102p42, o4 1)A(N02 41, Wopp1) +A(102g, 1024 1)A(02y, m2x+2):|
1 +Ql<l‘02;, mzﬁ_l)

m(mZp m2;+1)m(m2p m2;+2) :|

= 2 (w02g) [A(1ag, t2p41) +A(W02e, Wp12)] + & (02) [ 1+ 2A(rogy, W2p41)

= x (oo )[22(r0gy, t2p+1) + A(02p+1, W2p+2))]

+ & (to2y) A(top, Wopp1) [A(02, W2p41) +A(2p11, mz“z)}]

14+ A(102;, W02,41)

= X (02) 22U (02, W 11) +2A(Wap 11, Wapr)]+ & (020) [A(W2g, W2p41) +A(W2p 11, W2p42)]
= [22(w2g) + & (2 ) [2A(102, W2p41) + (G (W2g) + 2 (02) |A (W02 41, W02p42)]

= [22(Krag—1) + & (Ktwag—1)|A(tay, Wapt1) +[§(Kroop—1) + X (Kwoge1)|2A(02p 41, W02¢42)]
= [22(w2g—1) 4 & (w2 1)[A(W2g, Wors1) + (G (Wap—1) + X (02 1)[A(W02p41, W2p12)]

= [22(Ktag—2) + G (Ktogg )| A(w2y, Wag11) +[§(KWop—2) 4+ 2 (Koo 2)[2A(W02p 11, W2g12)

= 2 (r02p—2) + & (022 |RA(02, 102p41) +[E(W02,-2) + X (102,-2)]2A (1021, 102¢42)

= [22(w0) + & (100)]2A(r02y, W2p11) +[&(00) + 2 (100)[2A(102g 11, W2r42)]

which implies that
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2 (o) + & (o)
1 =[S (o) + % (o)

A(2pr1, Wopi2) = ( ]>2l(m2;, 02e41)-

Similarly, we proceed like that
A(roogr2, W02p43) = A(02p43, Wop42)
=A(Vroye 12, Ktoge 1)

= X (0020 42) [RA(W02p 12, 1W0241) +A(Wop 10, Ktoopyy) + (10041, Vivgeio)] + & (02,42)

" [Ql(szﬁla 102;41)2A(002p 41, VIoap10) +RA(0oe 12, Vioge2)A(rooe 2, Km2p+1):|
1 +2A(tog 12, W02p41)

= Y (W02p42) [A(02p42, W2 41) +A(W02p42, W02p12) +A(102p41, 102:13)]

+&(w242) {

A(102p 42, 1W02p11)A(N02g 41, W213) +A(N02g 42, 1W243)A(N02p 42, m2x+z)}
1+Ql(m21c+27 m2;+1)

= (02 12) [RU(1025 12, W02 11) +A(02p 11, W02,13)] + & (02 42)

|:Q[(m2?+2a 102;41)24(W02p 41, W02¢43)
1+2[(m2x+27 m2;+])

= 2 (002p42)[A(102g 12, W02p41) +A(02p41, 102543)] + & (02542)A(N02p11, W2p43)
= x(r02p42) [2A(02p 12, W2pt1) + A(W2p42, W2p43)]
+ 6 (g 2) (W21, Wag12) + A2 12, W2p43)]
= [2% (W2p42) + & (02 12)[A(W02p 12, Wops1) + [E (W2p42) + X (02p42)[A(W242, W02p43)
= 2% (Ktap1) + S (Koo 1) [A(02p42, Wops1) + [§ (Ktoopr1) + X (K10ops 1) A(102p42, W2p43)
=22 (w2g41) + § (0254 1) A(2p42, W0211) + [§(W02p41) + X (102541) A (0242, W02143)

= [2x(K1ozy) + & (Kvoa, )| A(102p 12, 1W02p+1) + [§ (K1oo) + ¥ (K102, )|RA(102g 12, 102¢43)
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<[22 (v02p) + & (102,)] A (02,12, 102 41) +[§ (02r) + X (024)] A (02442, 102 43)

= [2x (wg) + & (00)] A (W02 42, 10241) + [§ (100) + X (100)] A (0242, 102,43)]

which implies that

2 (o) + & (o)
1 =[G (o) + % (wo)]

A(r02p 12, W02,43) =X A(02p11, W2p42).

Let us choose

A 2(w0) + (o)
1= [E(w0) + 2 (10)]

Q[(mna mn+1) j lm(mn—la mn)

= A%U(1,-2, W0, 1)

=< A"A(1yg, 10y).
Consider a natural number m and »n with m > n, for each n € N, we have
Aoy, W) 2 A0y, 1) +A(Wns1, Wn42) + oo+ A1, W)
=< A"A(10g, 1) 4+ A" 12A(r0g, w01) + ... + A" 1A(vg, 10})

= (A" A" 4+ A DA (10, 1)

= (ﬁj}t)m(mo, o).

Therefore, we get
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n

(1o, 1o < (il)m(mo, o).

Since A € [0, 1), letting the limit as m, n — 0 which gives that the {tv,} is a Cauchy sequence. Therefore, Y is
complete, there is a pointa € Y 3 tv,, — a as n — +oo.
To show that Va = a. Now,

Q((a, Va) = QI(a, 1‘02;+2) +Q((m2;+2, Va)

=A(a, msz) +Q[(Km2;+1, Va)

= A(a, wapi2) +A(Va, Kroge,1)

< A(a, wor2)+ x(a)[A(a, war1)+A(a, Kwoer1)+A(102e 41, Va)]

+E(a) [Ql(Km2;+l, W02,41)A(12p 41, Va) +A(a, Va)U(a, Km2;+1)]

1+2A(a, woi1)

=A(a, woi2) + x(a)[A(a, wrei1) +Ala, Wwop42) + A2t 1, Va)]

+E(a) [Ql(ng+2, W02,41)A(2p 41, Va) +A(a, Va)U(a, m2;+2)]

14+ A(a, rger1)

which implies that

2U(a, Va)| 2 [A(a, wagi2)|+ x(a)[[A(a; wag1)] +[2A(a, wops2)+ [RA(wo i1, Va)]|

|A(02p+2, W02p+1)|[RA(N02y+1, Va)| + [RU(a, Va)||A(a, w12
\1+Q((a, m2x+1)‘

+&(a)

Ast — oo we have [2(a, Va)| = 0 which shows that 2((a, Va) = 0. Hence, we get Va = a. Similarly, we have Ka = a.
It follows that a is the common fixed-point of V and K.

Next, to claim that @ is a unique common fixed-point of the functions V and K. Let us choose another common
fixed-point a; that is a; = Va; = Ka;, . It follows from
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Aa, ar) =2A(Va, Kay)

A(Kay, ar)U(ar, Va)+A(a, Va)U(a, Kay)
1+2A(a, ar)

= x(a)[A(a, a1) +A(a, Kar) +A(a1, Va)| +¢(a)

= 2(a@)Ua, ar)
= x(a)[A(a, ar)|.

Since x(a) € [0, 1), we have |2(a, a;)| = 0. Thus, a = a; and hence a is only unique common fixed-point of V and
K. O

Example 11 LetY = [0, 1]. Assumethat (¥, 2) a complete complex-valued metric space. The functionsV, K: ¥ —Y
and y, £: Y — [0, 1) > defined as 2A(w, p) = [(tv — p) +i(rw — p)] for every v, p €Y, then it can be easily verify that
(Y, 2) is a complex-valued metric space. By assuming Vo = %, Kp= P for every tv, p €Y, one can easily verify that
the maps V, K satisfying Theorem 3.1. Hence, unique common fixed-point is 0 in V and K.

Corollary 12 Assume that (¥, 2A) a complete complex-valued metric space. Let V, K : ¥ — Y and if the following
inequality hold:

(Kp, p)2A(p, Vio) +2A(w, Viv)2A(w, Kp)
1+2(r, p)

AVro, Kp) < al(wo, p)+ B |

for each v, p € Y where «, fB are positive reals with o + 8 < 1. Then, V and K has an unique common fixed-point.
Proof. Using Theorem 3.1, one can prove the above result by taking x () = o and & (o) = 5. O
Corollary 13 Let (¥, 21) be a complete complex-valued metric spaces. The two functions V: Y —Yandy, £: Y —
[0, 1) > for each tv, p €7 satisfying the following:
(@) x (Vo) < x() and §(Viv) < (i),
(i) (x +6)(w) X1,
(iii) A(Vro, Vp) = x(5)2A(r0, p) +&(ww)
Then, V has unique fixed-point.
Proof. By utilizing Theorem 3.1, one can prove the result with assuming V = K. O
Corollary 14 Assume that (¥, 2() a complete complex-valued metric space and the function V : Y — Y if the
condition hold:

A(Vp, p)A(p, Vo) +A(ro, Vio)2A(w, Vp)
1+2(w, p) '

(Vp, p)2A(p, Vo) +2A(r0, Vio)2A(to, Vp)

A(Vro, Vp) < od(w, p)+p ke 1+ (v, p)

for each 1o, p € Y where o, fB are positive reals with a + 3 < 1. Then, V has a unique fixed-point.
Proof. By using Corollary 3.3, one can prove this result with ¥ (tv) = @ and & (0) = 3. O

Volume 6 Issue 12025| 823 Contemporary Mathematics



4. Applications

The system of Urysohn integral equations has only a uinque common solution. By using Theorem 3.1, we solve the

following Urysohn integral equations:
Theorem 15 Let Y = C([x, y|, R") where [x, y] CRT and A : Y x Y — C is define by

As, p) = max,el, ylls(4) = pO)[l/T+2e" .

Consider the Urysohn integral equations
y
= [TKix v s)dv+g(0)
X

A) = /xng(JL, v, s(v))dv+h(A)

where A € [x, yJCR" ands, g, h€Y.
Consider K, K : [x, y] X [x, ) X R* = R" are 5 F,, G, € Y for each s € Y, where

A) :/xyKl()\, v, s(v))dv

and
(L) = ./0"1(2()&, v, s(v))dv

for each A € [x, y].
If there are two mappings x, £: ¥ — [0, 1) > foreachs, peY
(i) x(Fo+g) < x(s) and §(F, +g) = &(s),
(ii) 2(Go +h) = X(S) and §(G, +h) 2 &(s),
(i) (o +&)(s) <
(iv) [[Fo(A) = Gp ( )+g MIVTHR2em 5 < 1 ()A(s, p)(L) +&(s)B(s, p)(L), where

A(s, p)(&) = [ls(A Q)T+ 02 e,

176 (1) + 8 (1) = s(M)lel|Gp (1) 2 (0) = P(Mlle, 7777 tan v,

B(s, p) = 14+2(s, p)

then the system of integral equations (1) and (2) have unique common solution.

(M

2

Proof. Easy to verify that (¥, 2[) is a complex-valued metric space. The two mappings (which are defined already

in Theorem 3.1) V, K: Y — Y by Vs(F, +¢g) and Ks(G, + h). Then,
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A(Vs, Kp) = maxe)s, | [Fo(A) — Gp(L) +g(A) —h(A) N1+ a2

RU(s, Vs) = maxe(y, y|[Fo( L) +8(A) _S<A)‘meitan*1x

and

ean—]
A(p, Kp) = maxcy, y]HGp()\) +g(A) _S(A)|meztan x

To seen easily that for each s, p € Y, we have

() 2(Vs) = x(s) and G (Vs) < &(s),

(ii) 2 (Ks) = x(s) and §(Ks) = G(s),

(i) A(Vs, Kp) < 2(5)U(s, p) +E(5) P(K” » D)Ap ﬁ%{sm(‘;’ Vs)Uls, Kp)|.

By Theorem 3.1, we get that V and K has a common ﬁxed—poin,t.pSo, there exists a unique points €Y 5 s =Vs = Ko.
Now, we have s =Vs=F,+g and s = Ks = G, + h, thatis

() = /xyKl(A, vy s(v))dv+g(1)

and

s(0) = /X}'KZ(A, vy s(V))dv+h(L).

Thus, from (1) and (2) the Urysohn integral have a unique common fixed-point. O

5. Conclusion and future scope

In this paper, a generalization about the rational contraction mapping has been proved for common fixed-point results.
By using the Urysohn integral equation, we have verified the existence of a unique common fixed-point. By utilizing these
contraction mappings analysis, one can analyze qualitative theory and provide applications of fractional-order dynamical
systems in the near future. Also, Rao et al. [1] introduced the complex-valued b-metric spaces and proved the common
fixed-point theorems which are interesting to study as an open question for our rational contraction mapping under this
complex-valued b-metric spaces and also to prove application in Urysohn integral equations.
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