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Abstract: Convex integral inequalities are an area of substantial interest in mathematical analysis because of their
applications to a variety of fields such as optimization, probability theory, and functional analysis. This study derives
general forms of convex integral inequalities and presents several new results in the context of H(α, 1−α)-Godunova-
Levin mappings via AB fractional integral operators, including Jensen’s, Pachapatte, Ostrowski, and Hermite-Hadamard.
Additionally, we developed a new type of Jensen-type inequality in sequential form as well as a new Ostrowki-type
inequality using a Moore-metric Hausdorff distance approach, which is really an innovative approach to such inequality.
Our analysis of convex integral inequalities introduces novel bounds and constraints that characterize the behavior of
generalized convex functions. We have further developed several remarks to demonstrate the accuracy of our results that
lead to several other generalized convex mappings that have never been introduced so far for this type of generalized
mapping, as well as several interesting non-trivial examples. Additionally, we show that our results also correlated with
special means as an application configured appropriately.

Keywords: Hermite-Hadamard, Pachpatte, Ostrowski-type, Atangana-Baleanu, Jensen-type inequality, H(α, 1 − α)-
Godunova-Levin

MSC: 26D15, 26A51, 26A33

1. Introduction
Fractional calculus represents a significant extension of classical calculus, enabling the analysis of phenomena that

cannot be adequately described by integer-order derivatives and integrals. Over the centuries, mathematicians like Euler,
Laplace, Riemann, and Liouville contributed to its development. However, it wasn’t until the 20th century that fractional
calculus started gaining significant attention and applications. Fractional calculus often provides more accurate and
flexible models for real-world phenomena. It can capture memory effects, non-locality, and complex dynamics that
traditional integer-order calculus might miss. It has numerous applications in various fields of science and engineering,
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including: It is applied in the analysis of electromagnetic fields and waves, where fractional derivatives help model
complex behaviors. Fractional calculus is utilized in control systems to model and analyze dynamical systems, enhancing
the design of controllers for systems with memory effects. In materials science, fractional calculus models the behavior of
viscoelastic materials, which exhibit both viscous and elastic characteristics, allowing for a more accurate representation
of their stress-strain relationships. For some other applications in various domains, check [1–5] and the references therein.

Convex analysis provides a powerful mathematical framework for analyzing problems in various fields, especially
due to the well-behaved characteristics of convex functions and sets. Its uses span a variety of fields, including control
theory, economics, machine learning, and optimization. In control theory, systems are often formulated as convex
problems, where the system needs to minimize energy or error subject to dynamic constraints; in signal processing, it
aids in the design of codes that minimize transmission errors, enhancing communication reliability. Convex analysis is
intimately related to economic theory, notably the study of utility functions, which depict rational consumer preferences
in which utility grows with consumption but at a decreasing pace. For more current uses in several disciplines of applied
sciences, we refer to [6–10] and the references therein.

Interval analysis is a mathematical methodology that allows numerical algorithms to address uncertainty more
rigorously. It has applications in a variety of domains, including numerical computation, global optimization, control
systems, engineering, and computer graphics. Borwein et al. [11] initially defined convex interval-valued functions
(IVFs) in 1981, and since then, several researchers have extended and promoted different types of convexity by using
IVFs. For example, include preinvex [12], harmonic convex [13], Godunova-Levin [14], (h1, h2)-convex [15], log-
convex [16], coordinated convex [17], and various others [18–20] and the references therein. It’s important to remember
that the partial order relation defines these convex IVFs, meaning that any two intervals may not be comparable. This
indicates that the maximum-minimum problem cannot be solved since it is impossible to determine which of them is the
greatest or smallest interval using these orderings. Hu andWang [21] introduced the cr-order, which takes into account the
midpoint and radius of two intervals to address this limitation. This order is total, meaning that any two interval numbers
are comparable. In 2020, the authors in [22] provided the appropriate constrained conditions for the objective function
and provided a novel definition of convex IVFs using cr-order.

Convex inequalities and fractional calculus are intimately related, especially in optimization, stability analysis, and
complex system modeling. Convexity simplifies fractional-order system analysis, allowing tools such as Jensen’s and
Hermite-Hadamard (H-H) inequalities to be used to tackle real-world issues in engineering, economics, and applied
sciences. The inequality is defined as follows:

Suppose Ψ : Ω ⊆ R → R be a mapping defined on the convex set over the interval Ω with σ1, σ2 ∈ Ω. Then, the
inequality stated below is true:

Ψ
(

σ1 +σ2

2

)
≤ 1

σ2 −σ1

∫ σ2

σ1

Ψ(Θ) dΘ≤ Ψ(σ1)+Ψ(σ2)

2
. (1)

In recent years, academics have proposed numerous versions of theHermite-Hadamard inequality, taking into account
other convexity classes or applying the inequality to new types of functions. The unifying idea behind these generalizations
is to extend the concept of convexity and apply it to new types of functions, leading tomore refined versions of the classical
inequality. Each generalization involves adjusting the bounds or introducing new terms that capture the behavior of the
specific class of functions under consideration. In 2007, Sanja [23] developed the idea of h-convex mappings and refined
the conventional Hermite-Hadamard inequality in a new way with several interesting applications. Subsequently, several
authors expand and broaden this concept by employing more generalized forms of convexities.

In 2018, Awan et al. [24] proposed a notion of (h1, h2)-convex mappings and created several product forms of
Hermite-Hadamard type inequalities, generalizing Sanja’s idea of h-convex mappings.

Theorem 1.1 Let Ψ : Ω ⊆ R→ R. If Ψ is (h1, h2)-convex, and h1

(
1
2

)
h2

(
1
2

)
≠ 0. Then
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1

2h1

(
1
2

)
h2

(
1
2

)Ψ
(

σ1 +σ2

2

)
≤ 1

σ2 −σ1

∫ σ2

σ1

Ψ(Θ) dΘ≤ [Ψ(σ1)+Ψ(σ2)]
∫ 1

0
h1(ð)h2(1−ð)dð.

Later in 2019, An et al. [25] further generalized the concept of (h1, h2)-convex mappings by introducing interval-
valued mappings utilizing inclusion relations.

Theorem 1.2 Let Ψ, Φ : [σ1, σ2] → R+
I , h1, h2 : (0, 1) → R+ such that H

(
1
2
,

1
2

)
̸= 0. If Ψ, Φ ∈ SX((h1, h2) ,

[σ1, σ2], R+
I ) and ΨΦ ∈ IR([σ1, σ2]), then

1
σ2 −σ1

∫ σ2

σ1

Ψ(Θ)Φ(Θ) dΘ⊇M(σ1, σ2)
∫ 1

0
H2(ð, 1−ð)dð

+N(σ1, σ2)
∫ 1

0
H(ð, ð)H(1−ð, 1−ð)dð.

Following these results, numerous authors used different forms of generalized convex mappings and created various
sorts of relevant inequalities connected to the presented results in this note. For example, Afzal et al. [26, 27] used
(h1, h2)-Godunova-Levin convex and harmonic convex functions to build numerous integral inequalities, including H-H
and its different variants, as well as Jensen-type inequalities by using classical the Riemann integral operator. Khan et al.
[28] used (h1, h2)-convex fuzzy valued mappings to establish several integral inequalities, including H-H and its different
product and symmetric forms. Bai et al. [29] constructed H-H and Jensen-type inclusions by combining interval (h1, h2)-
non-convex functions with p-convex mappings. Ahmadini et al. [30] utilized interval preinvex (h1, h2)-Godunova-
Levin functions and produced Trapezium, weighted Fejer, and H-H type inclusions with applications to means and special
functions. Sahoo et al. [31] used interval-valued (m, h1, h2)-Godunova-Levin functions defined on the harmonic set to
develop distinct product forms of Hermite-Hadamard type inclusions. Yasin et al. [32] proposed a notion of (h1, h2, s)-
convex functions defined on an s-convex set and created several product forms of H-H and Fejer’s type results. Jesus
Medina-Viloria [33] presented a notion of (m, h1, h2)-convex functions defined on harmonic-convex set and discussed
different features and developed product forms of H-H and Fejer’s type results. For some other relevant results connected to
the outcomes established in this note using standard and inclusion order relations, see [34–39] and the references therein.

In 2021, the authors [40] show that the inclusion (⊆) relation has problems since they lack the property of
comparability between intervals, which they show in example 3 that was constructed for central Milne type inequality.

Theorem 1.3 Suppose that Ψ, Φ : [0, 1]→ R are two positive and Lebesgue integrable functions. Additionally, if
Ψ, Φ are comonotone functions, the following inequality is not true:

∫ 1

0

ΨΦ
Ψ+Φ

dð
∫ 1

0
(Ψ+Φ)dð ̸≤

∫ 1

0
Ψ dð

∫ 1

0
Φ dð. (2)

To address this problem in 2022, Liu et al. [41] employed a novel kind of order relation known as the cr-total order
relation, which includes a number of additional features such as integral preservation and interval-order comparability
that are absent in inclusion relations in multiple outcomes. Taking motivation from these findings Saeed et al. [42] used
two different forms of generalized (h1, h2)-type mappings defined on convex and harmonic Godunova-Levin convex sets
and developed several outputs linked to these results.
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Theorem 1.4 Let Ψ, Φ : [σ1, σ2]→ R+
I , h1, h2 : (0, 1)→ R+ such thatH

(
1
2
,

1
2

)
̸= 0. If Ψ, Φ ∈ SGHX((cr-h1, h1) ,

[σ1, σ2], R
+
I ) and ΨΦ ∈ IR([σ1, σ2]), then

[
H

(
1
2
,

1
2

)]
2

Ψ
(

2σ1σ2

σ1 +σ2

)
≤CR

σ1σ2

σ2 −σ1

∫ σ2

σ1

Ψ(ð)
ð2 dð≤CR [Ψ(σ1)+Ψ(σ2)]

∫ 1

0

dð
H(ð, 1−ð)

.

Other relevant results obtained by using different classes of convex mappings under cr-total order relation are given
in [43–45] and its references.

1.1 Originality and importance
This study is considered important and original because we developed a new Jensen-type inequality in sequential

form and a new Ostrowki type inequality using a Moore metric Hausdorff distance approach by using a generalized
H(α, 1−α)-Godunova-Levin mappings. Furthermore, we produced Hermite-Hadamard and its different products by
utilizing fractional integral operators, while recently the result obtained by using classical standard integral operators. We
have added a few remarks to show the precision of our findings, which result in a number of additional generalized convex
mappings that have never been shown before, along with a number of intriguing non-trivial cases.

The format of this article is as follows. In Section 2, we should review some crucial ideas connected to fractional
and interval calculus, as well as certain fundamental definitions and results required to proceed with the article. In Section
3, we discuss our main findings, including Jensen, Ostrowski, and distinct product forms of Hermite-Hadamard type
inequalities, with several noteworthy cases and remarks. In Section 4, we relate some of our main findings to show some
applications for special means. In Section 5, we will discuss the results and draw conclusions. Finally, in Section 6, we
forecast some potential future work for interested readers.

2. Preliminaries
This part begins by reviewing several key definitions and results from fractional calculus, interval analysis, and other

relevant results used in creating primary outcomes. The real closed and bounded interval [σ , σ ] is defined as

[σ , σ ] = {x ∈ R : σ ≤ x≤ σ},

where σ ≤σ and σ , σ ∈R. We designate byL(α) the length of the interval [σ , σ ]. IfL(α) = 0, then [σ , σ ] is degenerated.
If σ > 0, then [σ , σ ] is described as a positive interval. Analogously, if σ < 0, then [σ , σ ] denotes a negative interval.
All real intervals of R and all positive intervals are indicated by RI and R+

I , respectively.
If [σ , σ ], [ν, ν] ∈ RI and Γ ∈ R, then the interval Γ [σ , σ ] is represented as follows:

Γ [σ , σ ] =



[Γσ , Γσ ] if Γ > 0,

{0} if Γ = 0,

[Γσ , Γσ ] if Γ < 0
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and the four operations of arithmetic are given as

[σ , σ ]+ [ν, ν] = [σ +ν, σ +ν],

[σ , σ ]− [ν, ν] = [σ −ν, σ −ν],

[σ , σ ] · [ν, ν] = [min{σν, σν, σν, σν}, max{σν, σν, σν, σν}],

[σ , σ ]/[ν, ν] = [min{σ/ν, σ/ν, σ/ν, σ/ν}, max{σ/σ , σ/ν, σ/ν, σ/ν}],

where 0 /∈ [ν, ν].

The Hausdorff metric on R+
I is defined by

M(C, D) = max{d(C, D), d(D, C)}, (3)

where d(C, D) = maxc∈C d(c, D) and d(c, D) = mind∈D d(c, d) = mind∈D |c−d|.
Remark 2.1 An similar form of the Hausdorff metric found in (3) is as follows:

M([σ , σ ], [ν, ν]) = max{|σ −ν|, |σ −ν|}. (4)

For [σ , σ ], [ν, ν] ∈ RI, the center and radius order “⪯CR” is defined as below.
Definition 2.1 (see [43]) The centre and radius form is another way to express intervals. This form of relation

is defined as for some intervals A1 = [σ1, σ2] = ⟨σC, σR⟩ =

〈
σ1 +σ2

2
,

σ2 −σ1

2

〉
, A2 = [ν1, ν2] = ⟨νC, νR⟩ =〈

ν1 +ν2

2
,
ν2 −ν1

2

〉
are represented as:

A1 ⪯CR A2 ⇐⇒

{
σC < νC, if σC ̸= νC;

σR ≤ νR, if σR = νR.

The relation ⪯CR has the following relational features for any three intervals A1 = [σ1, σ2] = ⟨σC, σR⟩, A2 =

[ν1, ν2] = ⟨νC, νR⟩ and H3 = [η1, η2] = ⟨ηC, ηR⟩: Reflexivity: A1 ⪯CR A1. Anti-symmetry: A1 ⪯CR A2 and A2 ⪯CR A1.
Transitivity: A1 ⪯CR A2 and A2 ⪯CR A3 then A1 ⪯CR A3. Comparability: A2 ⪯CR H3 or A3 ⪯CR A2.

Remark 2.2We note that if [σ1, σ2], [ν1, ν2] and [η1, η2] are intervals with positive endpoints, then

[σ1, σ2]≥ [η1, η2]⇔
[σ1, σ2]

[ν1, ν2]
≥ [η1, η2]

[ν1, ν2]
,

[ν1, ν2]≤ [η1, η2]⇔
[σ1, σ2]

[ν1, ν2]
≥ [σ1, σ2]

[η1, η2]
.
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Given a monotone and continuous function Ψ(Ω) over the interval Ω = [σ1, σ2], we may specify as

Ψ([σ1, σ2]) = [min{Ψ(σ1), Ψ(σ2)}, max{Ψ(σ1), Ψ(σ2)}].

2.1 Integral of set-valued functions
If Ψ : Ω → RI is an IVF defined over closed interval Ω = [σ1, σ2], then it is defined as follows:

Ψ(σ) = [Φ(σ), Φ(σ)],

where Φ(σ) ≤Φ(σ), ∀σ ∈ Ω. The functions Φ(σ) and Φ(σ) are called the lower and the upper endpoint functions of
Ψ, respectively. For IVF, it is clear that Ψ : Ω → RI is continuous at σ0 ∈ Ω if

lim
σ→σ0

Ψ(σ) = Ψ(σ0) ,

consequently, Ψ is continuous at σ0 ∈ Ω if and only if its endpoint functionsΦ andΦ are continuous functions at σ0 ∈ Ω.
Theorem 2.1 (see [43]) Let Ψ : [σ1, σ2]→ RI be an interval-valued mapping represented as Ψ(Ω) = [Ψ(σ), Ψ(σ)].

Ψ ∈ IR([σ1, σ2]), iff Ψ(σ), Ψ(σ) ∈ R([σ1, σ2]) and

(IR)
∫ σ2

σ1

Ψ(σ)dσ =

[
(R)

∫ σ2

σ1

Ψ(σ)dσ , (R)
∫ σ2

σ1

Ψ(σ)dσ
]
.

Theorem 2.2 (see [43]) Let Ψ, Φ : [σ1, σ2]→ RI be an interval-valued mapping represented as Φ = [Φ, Φ], Ψ =

[Ψ, Ψ]. If Ψ(σ)⪯CR Φ(σ) for all σ ∈ [σ1, σ2], then

∫ σ2

σ1

Ψ(σ)dσ ⪯CR

∫ σ2

σ1

Φ(σ)dσ .

Example 2.1 Taking into account the assumptions of Theorem 2.2 and let Ψ = [σ , 2σ ] and Φ = [σ2, σ2 +2], then
for σ ∈ [0, 1], we have

ΨC =
3σ
2
, ΨR =

σ
2
, ΦC = σ2 +1 and ΦR = 1.

From Definition 2.1, it follows Ψ(σ)⪯CR Φ(σ) for σ ∈ [0, 1].
Since,

∫ 1

0
[σ , 2σ ]dσ =

[
1
2
, 1
]

and
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∫ 1

0
[σ2, σ2 +2]dσ =

[
1
3
,

7
3

]
.

Also, from Theorem 2.2, we have

∫ 1

0
Ψ(σ)dσ ⪯CR

∫ 1

0
Φ(σ)dσ .

Figure 1. A blue color indicates σ2 +2; an orange color indicates 2σ ; a green color indicates σ ; and a red color indicates σ2

The Figure 1 above clearly illustrates the validity of the ⪯CR-order relationship.

Figure 2. A blue color indicates 2σ +
σ3

3
; an orange color indicates σ2; a green color indicates

σ2

2
; and a red color indicates

σ3

3
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The validity of Theorem 2.2 is evident from the Figure 2.
Definition 2.2 (see [46]) Let Ψ : Ω ⊂ R→ R be defined over convex set Ω; then, Ψ is called to be convex if

Ψ(ðσ1 +(1−ðσ2)≤ ðΨ(σ1)+(1−ð)Ψ(σ2),

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ [0, 1].
Definition 2.3 (see [46]) A mapping Ψ : Ω ⊂ R→ R is called to be h-convex if

Ψ(ðσ1 +(1−ðσ2)≤ h(ð)Ψ(σ1)+h(1−ð)Ψ(σ2),

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h : [0, 1]→ (0, ∞) such that h ̸= 0.
Definition 2.4 (see [46]) A mapping Ψ : Ω ⊂ R→ R is called to be h-Godunova-Levin if and only if

Ψ(ðσ1 +(1−ðσ2)≤
Ψ(σ1)

h(ð)
+

Ψ(σ2)

h(1−ð)
,

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h : (0, 1)→ (0, ∞) such that h ̸= 0.
Definition 2.5 (see [47]) A mapping Ψ : Ω ⊆ R→ R is called to be (h1, h2)-Godunova-Levin, if and only if

Ψ(ðσ1 +(1−ðσ2)≤
Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
,

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h1, h2 : (0, 1)→ (0, ∞) such that h1, h2 ̸= 0.
Definition 2.6 (see [47]) A mapping Ψ : Ω ⊆ R → R is called to be harmonical (h1, h2)-Godunova-Levin, if and

only if

Ψ
(

σ1σ2

ðσ1 +(1−ðσ2

)
≤ Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
,

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h1, h2 : (0, 1)→ (0, ∞) such that h1, h2 ̸= 0.
Note: In our main results, we used interval-valued mappings under center-radius total order relations, so we extend

the above definitions that have intervals as their codomains.
Definition 2.7 (see [47]) AmappingΨ= [Ψ,Ψ] : Ω⊆R→R+

I is called to be interval-valuedCR-(h1, h2)-Godunova-
Levin, if and only if

Ψ(ðσ1 +(1−ðσ2)⪯CR
Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
, (5)

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h1, h2 : (0, 1) → (0, ∞) such that h1, h2 ̸= 0. If the relation (5)
is reversed, then Ψ is said to be CR-(h1, h2)-Godunova-Levin concave. The class of all CR-(h1, h2)-Godunova-Levin
convex mappings are denoted by SGX(CR-(h1, h2), [σ1, σ2], R

+
I ).

Remark 2.3
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• If the mapping fulfill the condition Ψ = Ψ with h1(ð) =
1
ð
, h2(ð) = 1, then Definition 2.7 transforms into classical

convex function [26].
• If the mapping fulfill the condition Ψ = Ψ with h1(ð) = h(ð), h2(ð) = 1, then Definition 2.7 transforms into

h-Godunova-Levin function [48].
• If h1(ð) = h2(ð) = 1, then Definition 2.7 transforms into CR-p-convex function [49].

• If the mapping fulfill the conditionΨ=Ψ with h1(ð) =
1
ðs , h2(ð) = 1, then Definition 2.7 transforms into s-convex

function [50].
• If the mapping fulfill the condition Ψ = Ψ, then Definition 2.7 transforms into Definition 2.5.
• If the mapping fulfill the condition Ψ = Ψ with h1(ð) = ðs, h2(ð) = 1, then Definition 2.7 transforms into s-

Godunova-Levin function [50].
Definition 2.8 (see [47]) A mapping Ψ = [Ψ, Ψ] : Ω ⊆ R → R+

I is called to be interval-valued harmonical
CR-(h1, h2)-Godunova-Levin, if and only if

Ψ
(

σ1σ2

ðσ1 +(1−ðσ2

)
⪯CR

Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
, (6)

holds for all σ1, σ2 ∈ Ω ⊂ R and ð ∈ (0, 1), where h1, h2 : (0, 1) → R+ such that h1, h2 ̸= 0. If the relation (6) is
reversed, then Ψ is said to be harmonical CR-(h1, h2)-Godunova-Levin concave. The class of all harmonical CR-(h1, h2)-
Godunova-Levin convex mappings are denoted by SGHX(CR-(h1, h2), [σ1, σ2], R

+
I ).

Remark 2.4
• If h1(ð) =

1
ð
, h2(ð) = 1, then Definition 2.8 reduces to harmonical CR-convex function [51].

• If h1(ð) = h(ð), h2(ð) = 1, then Definition 2.8 transforms into harmonical CR-h-Godunova-Levin function [52].
• If h1(ð) = h2(ð) = 1, then Definition 2.7 reduces to harmonical CR-p-convex function [41].

• If h1(ð) =
1
ðs , h2(ð) = 1, then Definition 2.7 transforms into harmonical CR-s-convex function [41].

• If the mapping fulfill the condition Ψ = Ψ, then Definition 2.7 transforms into Definition 2.6.
• If the mapping fulfill the condition Ψ = Ψ with h1(ð) =

1
ðs , h2(ð) = 1, then Definition 2.7 transforms into

harmonical s-convex function [53].
We have now defined an interval-valued fractional integral operator which we used in our main results.
Definition 2.9 (see [54]) Let Ψ : [σ1, σ2]→ R+

I be an IVF represented as Ψ = [Ψ, Ψ]. The interval-valued left and
right sided Atangana-Baleanu integrals of function Ψ and order η > 0 are defined as follows

AB
σ1
I

η
t {Ψ(t)}=

[
AB
σ1
I

η
t {Ψ(t)}, ABσ1

I
η
t {Ψ(t)}

]
and

ABI
η
σ2{Ψ(t)}=

[
ABI

η
σ2{Ψ(t)},

ABI
η
σ2{Ψ(t)}

]
,

where
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AB
σ1
I

η
t {Ψ(t)}= 1−η

B(η)
Ψ(t)+

η
B(η)Γ(η)

∫ t

σ1

Ψ(ð)(t−ð)η−1 dð,

ABI
η
σ2{Ψ(t)}= 1−η

B(η)
Ψ(t)+

η
B(η)Γ(η)

∫ σ2

t
Ψ(ð)(ð−t)η−1 dð,

also σ1 < σ2, η ∈ (0, 1], Γ(ð) =
∫ ∞

0 tð−1e−t dt is the Gamma function, B(η)> 0 such that B(0) = B(1) = 1, ∥B(η)∥= 1,
and βa = βa(p, q) =

∫ a
0 ðp−1(1−ð)q−1 dð is the beta integral in incomplete sense.

As part of our main results, we also use the following two inequalities: Hölder’s inequality and its generalized case
at several points.

Theorem 2.3 (see [46]) (Hölder inequality) Let p> 1 and
1
p
+

1
q
= 1. Consider two real-valued functions Ψ andΦ

on [σ1, σ2] with |Ψ|p, |Φ|q are also integrable on [σ1, σ2], then one has

∫ σ2

σ1

|Ψ(ð)Φ(ð)|dð≤
(∫ σ2

σ1

|Ψ(ð)|pdð
) 1

p
(∫ σ2

σ1

|Φ(ð)|qdð
) 1

q

Theorem 2.4 (see [55]) Let q≥ 1 and two real-valued functions Ψ andΦ defined on [σ1, σ2] with |Ψ|, |Ψ||Φ|q are
integrable on [σ1, σ2], then we have

∫ σ2

σ1

|Ψ(ð)Φ(ð)|dð≤
(∫ σ2

σ1

|Ψ(ð)|dð
)1− 1

q
(∫ σ2

σ1

|Ψ(ð)||Φ(ð)|qdð
) 1

q

.

Theorem 2.5 (see [56]) (Young’s inequality) Let p, q be two positive real numbers satisfying
1
p
+

1
q
= 1. Then if

Ψ, Φ are two nonnegative real-valued functions, then one has

ΨΦ≤ Ψp

p
+

Φq

q
,

and equality holds iff Ψp =Φq.
In their paper, Iscan et al. [57] developed new Hermite-Hadamard and Bullen inequalities that were applied to

trapezoidal formulae and special means, and they also introduced the following interesting results that are also essential
to developing the application section of this article.

Lemma 2.1 (see [57]) Let Ψ : Ω◦ ⊂ R→ R is a differentiable mapping on Ω◦, where σ1, σ2 ∈ Ω◦, with σ1 < σ2. If
Ψ′ ∈ L[σ1, σ2] (the class of all Lebesgue measurable functions), then we have
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Ωk(Ψ, σ1, σ2) =
k−1

∑
ζ=0

1
2k

[
Ψ
(
(k−ζ)σ1 +ζσ2

k

)
+Ψ

(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)]

− 1
σ2 −σ1

∫ σ2

σ1

Ψ(η)dη

=
k−1

∑
ζ=0

σ2 −σ1

2k2

[∫ 1

0
(1−2ð)Ψ′

(
ð
(k−ζ)σ1 +ζσ2

k

+(1−ð)
(k−ζ−1)σ1 +(ζ+1)σ2

k

)
dð
]
.

holds.
Using the standard order relation, Fernandez and Mohammed [58] derived the following H-H inequality based on the

Atangana-Baleanu integral operators.
Theorem 2.6 (see [58]) If Ψ : [σ1, σ2] → R is convex over the interval [σ1, σ2] and Ψ ∈ L1 ([σ1, σ2]), then the

inequality stated below

Ψ
(

σ1 +σ2

2

)
≤ B(η)Γ(η)

2
[
(σ2 −σ1)

η +(1−η)Γ(η)
] [ABIη

σ+
1

Ψ(σ2)+
ABI

η
σ2Ψ(σ1)

]
≤ Ψ(σ1)+Ψ(σ2)

2

hold for η ∈ (0, 1).
Onalan et al. [59] developed the following H-H type inequality by using fractional integral operators with Mittag-

Leffler kernels.
Theorem 2.7 (see [59]) If Ψ : [σ1, σ2]→ R is s-convex on [σ1, σ2] and Ψ ∈ L([σ1, σ2]), then the inequality stated

below

2s
Ψ
(

σ2 +σ1

2

)
B(η)Γ(η)

+
1−η

(σ2 −σ1)η

[
Ψ(σ1)+Ψ(σ2)

B(η)

]

≤ 1
(σ2 −σ1)η

[
AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

]

≤
[

Ψ(σ1)+Ψ(σ2)

B(η)Γ(η)

][
η

Γ(η)(η +s)
+

1−η
(σ2 −σ1)η +

ηβ(η , s+1)
Γ(η)

]
,

hold for η ∈ (0, 1).
In Yildiz et al. [60], s-convex mappings were used to develop the following fascinating results that are also used in

our primary findings.
Theorem 2.8 (see [60]) Let Ψ : Ω ⊂ R→ R is a differentiable mapping on Ω◦, where σ1, σ2 ∈ Ω◦, with σ1 < σ2. If

|Ψ′|q is s-convex on [σ1, σ2] for some q> 1, then one has
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|Ωk(Ψ, σ1, σ2)|

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

(
1

p+1

) 1
p
(

1
s+1

) 1
q

×
[∣∣∣∣Ψ′

(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q+ ∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q] 1
q

holds, where
1
p
+

1
q
= 1.

Here is the lemma that will be used in several main results:
Lemma 2.2 (see [59]) Let σ1 < σ2, σ1, σ2 ∈ R+, Ψ : R+ → R+ is a differentiable mapping. If Ψ′′ ∈ L[σ1, σ2], for

each η ∈ (0, 1], then one has

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[Ψ(σ1)+Ψ(σ2)]−
(σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

=
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

∫ 1

0
wη(ð)

[
Ψ′′(ðσ1 +(1−ð)σ2)+Ψ′′(ðσ2 +(1−ð)σ1)

]
dð,

where

wη(ð) =


ðη+1, ð ∈

[
0,

1
2

)
,

(1−ð)η+1, ð ∈
[

1
2
, 1
]
.

3. The main results
This section develops our main findings, specifically H-H, Jensen and Ostrowski-type inequalities for theH(α, 1−α)-

Godunova-Levin mappings via AB integral Operators.

Proposition 3.1 Let fi, σi ∈R+ and h1, h2 : (0, 1]→ (0, ∞) be a supermutiplicative mapping such that ∑d
i=1 h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)
⪯CR (0, 1]. If Ψ ∈ SGHX(CR-(h1, h2), [σ1, σ2], R

+
I ), then we have
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Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR Ψ(σ1)+Ψ(σd)−
d

∑
i=1

 Ψ(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 . (7)

Proof. Since Fd = ∑d
i=1 fi and Ψ ∈ SGHX(CR-(h1, h2), [σ1, σ2], R

+
I ), and taking into account [61], Theorem 2.5, we

obtain

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

= Ψ

 1

∑d
i=1

fi

Fd

(
1

σ1
+

1
σd

− 1
σi

)
⪯CR

d

∑
i=1



Ψ

 1
1

σ1
+

1
σd

− 1
σk


h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


.

Since, ∑d
i=1 h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)
⪯CR (0, 1], then we have

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR

d

∑
i=1



Ψ

 1
1

σ1
+

1
σd

− 1
σk


h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


⪯CR

d

∑
i=1

Ψ(σ1)+Ψ(σd)−Ψ(σi)

h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


⪯CR

d

∑
i=1

 Ψ(σ1)+Ψ(σd)

h1

(
fi

Fd

)
h2

(
Fi−1

Fd

) − Ψ(σi)

h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


⪯CR Ψ(σ1)+Ψ(σd)−
d

∑
i=1

 Ψ(σi)

h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


= Ψ(σ1)+Ψ(σd)−
d

∑
i=1

 Ψ(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 .
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Next, we demonstrate that the mappings ΨC and ΨR are harmonic (h1, h2)-Godunova-Levin convex in the Jensen
sense.

ΨC

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR ΨC(σ1)+ΨC(σd)−
d

∑
i=1

 ΨC(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 ,

and

ΨR

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR ΨR(σ1)+ΨR(σd)−
d

∑
i=1

 ΨR(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 .

Now, if

ΨC

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

 ̸= ΨC(σ1)+ΨC(σd)−
d

∑
i=1

 ΨC(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 ,

then for each fi, Fd ∈ (0, 1) and for all σi ∈ [σ1, σ2],

ΨC

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

< ΨC(σ1)+ΨC(σd)−
d

∑
i=1

 ΨC(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 ,

then

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR

d

∑
i=1



Ψ

 1
1

σ1
+

1
σd

− 1
σk


h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


.

Otherwise, for each fi, Fd ∈ (0, 1) and for all σi ∈ [σ1, σ2],
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ΨR

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR ΨR(σ1)+ΨR(σd)−
d

∑
i=1

 ΨR(σi)

H

(
fi

Fd
,
Fi−1

Fd

)
 ,

Combining all of the aforementioned and from Definition 2.7 it can be written as:

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR

d

∑
i=1



Ψ

 1
1

σ1
+

1
σd

− 1
σk


h1

(
fi

Fd

)
h2

(
Fi−1

Fd

)


.

The proof is now complete.
Corollary 3.1 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.1 reduces to harmonical CR-h-Godunova-Levin function

which is also new.

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR Ψ(σ1)+Ψ(σd)−
d

∑
i=1

 Ψ(σi)

h

(
fi

Fd

)
 . (8)

Remark 3.1 If the mapping fulfill the condition Ψ = Ψ with h1(ð) = h2(ð) = 1, then Theorem 3.1 reduces to Lemma
2.1 for harmonical p-convex function which is obtained by the authors in [61].

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR Ψ(σ1)+Ψ(σd)−Ψ(σi). (9)

Remark 3.2 If the mapping fulfill the condition Ψ = Ψ with h1(ð) =
1

h(ð)
, h2(ð) = 1, then Theorem 3.1 reduces to

Theorem 2.8 for harmonical h-convex function which is obtained by the authors in [61].

Ψ

 1
1

σ1
+

1
σd

− 1
Fd

∑d
i=1

fi

σi

⪯CR Ψ(σ1)+Ψ(σd)−
d

∑
i=1

[
h

(
fi

Fd

)]
Ψ(σi). (10)

Contemporary Mathematics 2186 | Jorge E. Macías-Díaz, et al.



3.1 New Ostrowski-type inequality via interval CR-ordering relation for H(α, 1 − α)-Godunova-
Levin mappings

In this section, we used Definition 2.8 to develop a new type of generalized Ostrowski-type inequality via CR-
orderning relation. To further develop this new result, we can use the authors’ lemma for h-convex mappings in classical
standard order relation [62].

Lemma 3.1 (see [62]) Let Ψ : Ω ⊆ (0, ∞) → R be a differentiable mapping on Ωo. If Ψ′ is integrable on interval
[σ1, σ2], then one has:

Ψ(ν)− 1
σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð

=
(ν−σ1)

2

σ2 −σ1

∫ 1

0
ðΨ′(ðν+(1−ð)σ1)dð−

(σ2 −ν)2

σ2 −σ1

∫ 1

0
ðΨ′(ðν+(1−ð)σ2)dð, ∀ν ∈ [σ1, σ2].

Theorem 3.1 Let three super-multiplicative mappings h, h1, h2 : (0, 1) → R with ð ⪯CR
1

H(ð, 1−ð)
for each

ð ∈ (0, 1). Let Ψ = [Ψ, Ψ] : R→ R+
I be an IVF such that Ψ, Ψ are continuously differentiable functions on Ωo. If |Ψ′|

be an interval-valued (h1, h2)-Godunova-Levin function and satisfying |Ψ′(ν)|=
∣∣∣[Ψ′(ν), Ψ

′
(ν)]

∣∣∣⪯CR [Σ, Σ] for each ν,
then we have

M
([

Ψ(ν), Ψ(ν)
]
,

[
1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð,
1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
])

= max
{∣∣∣∣Ψ(ν)− 1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
∣∣∣∣ , ∣∣∣∣Ψ(ν)− 1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
∣∣∣∣}

⪯CR
Σ
[
(ν−σ1)

2 +(σ2 −ν)2
]

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1
H(ð−ð2, ð2)

]
dð.

Proof. Taking into account Lemma 3.1 and the Moore metric described in equation (4) in interval space, further we
know that if |Ψ′| ∈ SGX(CR-(h1, h2), [σ1, σ2], R

+
I ), then we have

M
([

Ψ(ν), Ψ(ν)
]
,

[
1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð,
1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
])

= max
{∣∣∣∣Ψ(ν)− 1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
∣∣∣∣ , ∣∣∣∣Ψ(ν)− 1

σ2 −σ1

∫ σ2

σ1

Ψ(ð)dð
∣∣∣∣}

⪯CR max
{
(ν−σ1)

2

σ2 −σ1

∫ 1

0
ð
∣∣Ψ′(ðν+(1−ð)σ1)

∣∣dð+ (σ2 −ν)2

σ2 −σ1

∫ 1

0
ð
∣∣Ψ′(ðν+(1−ð)σ2)

∣∣dð ,
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(ν−σ1)
2

σ2 −σ1

∫ 1

0
ð
∣∣∣Ψ′

(ðν+(1−ð)σ1)
∣∣∣dð+ (σ2 −ν)2

σ2 −σ1

∫ 1

0
ð
∣∣∣Ψ′

(ðν+(1−ð)σ2)
∣∣∣dð}

⪯CR max
{
(ν−σ1)

2

σ2 −σ1

∫ 1

0
ð
[

|Ψ′(ν)|
H(ð, 1−ð)

+
|Ψ′(σ1)|

H(1−ð, ð)

]
dð+

(σ2 −ν)2

σ2 −σ1

∫ 1

0
ð
[

|Ψ′(ν)|
H(ð, 1−ð)

+
|Ψ′(σ2)|

H(1−ð, ð)

]
dð ,

(ν−σ1)
2

σ2 −σ1

∫ 1

0
ð

[
|Ψ′

(ν)|
H(ð, 1−ð)

+
|Ψ′

(σ1)|
H(1−ð, ð)

]
dð+

(σ2 −ν)2

σ2 −σ1

∫ 1

0
ð

[
|Ψ′

(ν)|
H(ð, 1−ð)

+
|Ψ′

(σ2)|
H(1−ð, ð)

]
dð

}

⪯CR max

{
Σ(ν−σ1)

2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð+

(σ2 −ν)2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð ,

Σ(ν−σ1)
2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð+

(σ2 −ν)2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð

}

=
Σ(ν−σ1)

2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð+

(σ2 −ν)2

σ2 −σ1

∫ 1

0

[
1

H(ð2, ð−ð2)
+

1

H(ð−ð2, ð2)

]
dð.

The proof is finished.
Remark 3.3
• If the mapping fulfill the condition Ψ = Ψ with h(ð) =

1
ð
, h1(ð) =

1
h(ð)

, h2(ð) = 1 with Ψ = Ψ, then Theorem

3.1 reduces to Theorem 2 for h-convex-mapping, as developed by the author [62].
• If the mapping fulfill the condition Ψ = Ψ with h(ð) =

1
ðs , h1(ð) = 1, h2(ð) = 1, then Theorem 3.1 transforms

into Theorem 2 for s-convex-mapping, as developed by the author [63].

3.2 New fractional Hermite-Hadamard and Pachpatte-type type inequalities via interval CR-
ordering relation

In this part, we used Definition 2.7 to build a new form of generalized Hermite-Hadamard and Pachpatte-type integral
inequalities using the center-radius ordering relation.

Theorem 3.2 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, andΦ : [σ1, σ2]→ R+ is symmetric function about

σ1 +σ2

2
. If Ψ ∈ SGX(CR-(h1, h2), [σ1, σ2], R

+
I ), then we have
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H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]
−

H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
⪯CR

AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]
×
∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
, (11)

where η ∈ (0, 1].
Proof. As Ψ ∈ SGX(CR-(h1, h2), [σ1, σ2], R

+
I ), we have

Ψ
(

σ2 +σ1

2

)
≤ 1

H

(
1
2
,

1
2

)[Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)
]
. (12)

Multiplying the equation (12) with H
(

1
2
,

1
2

)
ðη−1Φ(ðσ2 +(1−ð)σ1), and integrating over (0, 1), we have

H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)∫ 1

0
ðη−1Φ(ðσ2 +(1−ð)σ1)dð

⪯CR

∫ 1

0
ðη−1[Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)

]
Φ(ðσ2 +(1−ð)σ1)dð.

Assuming u= ðσ2 +(1−ð)σ1, the above relation becomes

H

(
1
2
,

1
2

)
1

(σ2 −σ1)η Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(u−σ1)
η−1Φ(u)du

⪯CR
1

(σ2 −σ1)η

[∫ σ2

σ1

(u−σ1)
η−1Ψ(σ2 +σ1 −u)Φ(u)du

+
∫ σ2

σ1

(u−σ1)
η−1Ψ(u)Φ(u)du

]
.

Making a modification in the foregoing relation, Ψ= σ2 +σ1 −u, then Φ(σ2 +σ1 −Ψ) =Φ(Ψ), becomes
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H

(
1
2
,

1
2

)
1

(σ2 −σ1)η Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(u−σ1)
η−1Φ(u)du

⪯CR
1

(σ2 −σ1)η

[∫ σ2

σ1

(σ2 −Ψ)η−1Ψ(Ψ)Φ(Ψ)dΨ+
∫ σ2

σ1

(u−σ1)
η−1Ψ(u)Φ(u)du

]
.

Multiplying above relation with
η(σ2 −σ1)

η

B(η)Γ(η)
and adding the expression

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]
to the both sides,

we get

H

(
1
2
,

1
2

)
η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(u−σ1)
η−1Φ(u)du+

1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
η

B(η)Γ(η)

[∫ σ2

σ1

(σ2 −Ψ)η−1Ψ(Ψ)Φ(Ψ)dΨ+
∫ σ2

σ1

(u−σ1)
η−1Ψ(u)Φ(u)du

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
.

From this, it can be follows as

H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)
ABI

η
σ2{Φ(σ1)}

−H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)
1−η
B(η)

Φ(σ1)+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}. (13)

Similarly, multiplying H
(

1
2
,

1
2

)
ðη−1Φ(ðσ1 +(1−ð)σ2) on both sides of (12) and integrating, we have

H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)∫ 1

0
ðη−1Φ(ðσ1 +(1−ð)σ2)dð

⪯CR

∫ 1

0
ðη−1[Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)

]
Φ(ðσ1 +(1−ð)σ2)dð.

Let u= ðσ1 +(1−ð)σ2, then the above relation becomes
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H

(
1
2
,

1
2

)
1

(σ2 −σ1)η Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(σ2 −u)η−1Φ(u)du

⪯CR
1

(σ2 −σ1)η

[∫ σ2

σ1

(σ2 −u)η−1Ψ(u)Φ(u)du

+
∫ σ2

σ1

(σ2 −u)η−1Ψ(σ2 +σ1 −u)Φ(u)du
]
.

Same as earlier, making a modification in the foregoing relation, Ψ = σ2 +σ1 − u, then Φ(σ2 +σ1 −Ψ) = Φ(Ψ),
becomes

H

(
1
2
,

1
2

)
1

(σ2 −σ1)η Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(σ2 −u)η−1Φ(u)du

⪯CR
1

(σ2 −σ1)η

[∫ σ2

σ1

(σ2 −u)η−1Ψ(u)Φ(u)du+
∫ σ2

σ1

(Ψ−σ1)
η−1Ψ(Ψ)Φ(Ψ)dΨ

]
.

As before, multiplying the aforementioned relation with
η(σ2 −σ1)

η

B(η)Γ(η)
and adding the expression

1−η
B(η)

[
Ψ(σ1)+

Ψ(σ2)
]
to the both sides, we get

H

(
1
2
,

1
2

)
η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)∫ σ2

σ1

(σ2 −u)η−1Φ(u)du

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
η

B(η)Γ(η)

[∫ σ2

σ1

(σ2 −u)η−1Ψ(u)Φ(u)du+
∫ σ2

σ1

(Ψ−σ1)
η−1Ψ(Ψ)Φ(Ψ)dΨ

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
.

From this, it can be follows that
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H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)
AB
σ1
I

η
σ2{Φ(σ2)}

−H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)
1−η
B(η)

Φ(σ2)+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}. (14)

Adding (13) and (14), we can get the first relation in (11) that is

H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]

−
H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
. (15)

Once more considering Definition 2.7 for the second relation, we have

Ψ(ðσ1 +(1−ð)σ2)⪯CR
Ψ(σ1)

H(ð, 1−ð)
+

Ψ(σ2)

H(1−ð, ð)
,

Ψ(ðσ2 +(1−ð)σ1)⪯CR
Ψ(σ2)

H(ð, 1−ð)
+

Ψ(σ1)

H(1−ð, ð)
.

Adding the above two relations we have

Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)⪯CR

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

][
Ψ(σ1)+Ψ(σ2)

]
. (16)

Multiplying relation (16) with ðη−1Φ(ðσ2 +(1−ð)σ1) and integrating, we have

∫ 1

0
ðη−1[Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)

]
Φ(ðσ2 +(1−ð)σ1)dð

⪯CR
[
Ψ(σ1)+Ψ(σ2)

]∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð.
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Making a change to the previously mentioned relationship, Ψ= σ2+σ1−u, thenΦ(σ2+σ1−Ψ) =Φ(Ψ), becomes

1
(σ2 −σ1)η

[∫ σ2

σ1

(σ2 −Ψ)η−1Ψ(Ψ)Φ(Ψ)dΨ+
∫ σ2

σ1

(u−σ1)
η−1Ψ(u)Φ(u)du

]

⪯CR
[
Ψ(σ1)+Ψ(σ2)

]∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð.

Multiplying above relation with
η(σ2 −σ1)

η

B(η)Γ(η)
and adding the expression

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]
, we have

η
B(η)Γ(η)

[∫ σ2

σ1

(σ2 −Ψ)η−1Ψ(Ψ)Φ(Ψ)dΨ+
∫ σ2

σ1

(u−σ1)
η−1Ψ(u)Φ(u)du

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]

×
∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
,

it follows that

AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]

×
∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
. (17)

Taking into account relation (15) and (17), we obtain the needed relation (11).
Example 3.1 Taking into account the assumptions of Theorem 3.2.
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Let Ψ(σ) =

[
2eð+1, 3eð+

√
ð

3

]
defined over [σ1, σ2] = [1, 2] with h1(ð) =

1
σ
, h2(ð) = 1, B(η) = 1, η =

1
2
and

a symmetric functionsΦ(ð) = ð−1 for ð ∈
[

1,
5
2

]
andΦ(ð) =−ð+4 for ð ∈

[
5
2
, 4
]
, then we have

H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]

−
H

(
1
2
,

1
2

)
2

Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

= Ψ

(
5
2

)[
1
2
Φ

(
5
2

)
+

1
2
√
Π

∫ 5
2

1
(ð−1)

(
5
2
−ð
)−1

2
+

1
2
Φ

(
5
2

)
+

1
2
√
Π

∫ 4

5
2

(−ð+4)
(
ð− 5

2

)−1
2
]
dð

=

[
3e

5
2 +

3
2
+2e

5
2

(
6
Π

) 1
2
+

(
6
Π

) 1
2
,

9e
5
2

2
+

5
1
2

2 ·2 1
2
+

5
1
2

3
1
2 Π

1
2
+3e

5
2

(
6
Π

) 1
2
]

≈ [73.10130, 106.84792].

And

AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

=

[
1
2
Ψ

(
3
2

)
+

1
2
√
Π

∫ 5
2

1

[
2eð+1, 3eð+

√
ð

3

]
(ð−1)

(
5
2
−ð
)−1

2
+

1
2
Ψ

(
3
2

)

+
1

2
√
Π

∫ 4

5
2

[
2eð+1, 3eð+

√
ð

3

]
(−ð+4)

(
ð− 5

2

)−1
2
]
dð

≈ [81.16120, 111.35182] .

Also, we have
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η(σ2 −σ1)
η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]
×
∫ 1

0
ðη−1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

≈ [85.14621, 115.36241] .

Consequently, Theorem 3.2 is correct.

[73.10130, 106.84792]⪯CR [81.16120, 111.35182]⪯CR [85.14621, 115.36241] .

Corollary 3.2 If h1(ð) =
1
ðs , h2(ð) = 1, then Theorem 3.2 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

2s−1Ψ
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]

−2s−1Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]

×
∫ 1

0
ðη−1[ðs +(1−ð)s]Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
. (18)

Corollary 3.3 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.2 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:
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h
(

1
2

)
2

Ψ
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]

− 1

2h
(

1
2

)Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]

×
∫ 1

0
ðη−1

[
1

h(ð)
+

1
h(1−ð)

]
Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
.

Corollary 3.4 If h1(ð) = h2(ð) = 1, then Theorem 3.2 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1
2

f
(

σ2 +σ1

2

)[
AB
σ1
I

η
σ2{Φ(σ2)}+ ABI

η
σ2{Φ(σ1)}

]
− 1

2
Ψ
(

σ2 +σ1

2

)
1−η
B(η)

[
Φ(σ1)+Φ(σ2)

]

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{(ΨΦ(σ2)}+ ABI

η
σ2{(ΨΦ(σ1)}

⪯CR
2η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)+Ψ(σ2)

]

×
∫ 1

0
ðη−1Φ(ðσ2 +(1−ð)σ1)dð

+
1−η
B(η)

[
Ψ(σ1)Φ(σ1)+Ψ(σ2)Φ(σ2)

]
.
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Theorem 3.3 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ), then we have

H

(
1
2
,

1
2

)
(σ2 −σ1)

η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

⪯CR

[
Ψ(σ1)+Ψ(σ2)

B(η)

][
1−η +

η(σ2 −σ1)
η

Γ(η)

×
∫ 1

0
ðη−1

(
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

)
dð
]
, (19)

where η ∈ (0, 1).
Proof. As Ψ ∈ SGX(CR-(h1, h2), [σ1, σ2], R

+
I ), we have

[
H

(
1
2
,

1
2

)]
Ψ
(
ν1 +ν2

2

)
⪯CR Ψ(ν1)+Ψ(ν2),

let ν1 = ðσ1 +(1−ð)σ2, ν2 = ðσ2 +(1−ð)σ1, the above relation becomes

H

(
1
2
,

1
2

)
Ψ
(

σ2 +σ1

2

)
⪯CR

[
Ψ(ðσ1 +(1−ð)σ2)+Ψ(ðσ2 +(1−ð)σ1)

]
. (20)

Multiplying by ðη−1 in (20) and integrating, we have

1
η

Ψ
(

σ2 +σ1

2

)
⪯CR

1

H

(
1
2
,

1
2

) [∫ 1

0
ðη−1Ψ(ðσ1 +(1−ð)σ2)dð+

∫ 1

0
ðη−1Ψ(ðσ2 +(1−ð)σ1)dð

]
,

it follows that

H

(
1
2
,

1
2

)
η

Ψ
(

σ2 +σ1

2

)
⪯CR

∫ 1

0
ðη−1Ψ(ðσ1 +(1−ð)σ2)dð

+
∫ 1

0
ðη−1Ψ(ðσ2 +(1−ð)σ1)dð.

Multiplying the above relation with
η(σ2 −σ1)

η

B(η)Γ(η)
and adding the expression

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]
, we get
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H

(
1
2
,

1
2

)
(σ2 −σ1)

η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

∫ 1

0
ðη−1Ψ(ðσ1 +(1−ð)σ2)dð

+
η(σ2 −σ1)

η

B(η)Γ(η)

∫ 1

0
ðη−1Ψ(ðσ2 +(1−ð)σ1)dð+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]
.

It follows that

H

(
1
2
,

1
2

)
(σ2 −σ1)

η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]
⪯CR

AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)},

so the first relation of (19) holds.
Considering Definition 2.7 for the second relation, we have

Ψ(ðσ1 +(1−ð)σ2)⪯CR
Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
.

Multiplying aforementioned relation with ðη−1, and integrating, we have

∫ 1

0
ðη−1Ψ(ðσ1 +(1−ð)σ2)dð

⪯CRΨ(σ1)
∫ 1

0

ðη−1dð
h1(ð)h2(1−ð)

+Ψ(σ2)
∫ 1

0

ðη−1dð
h1(1−ð)h2(ð)

. (21)

Multiplying both sides of (21) by
η(σ2 −σ1)

η

B(η)Γ(η)
and adding the expression

1−η
B(η)

Ψ(σ2) to both sides, we get

η(σ2 −σ1)
η

B(η)Γ(η)

∫ 1

0
ðη−1Ψ(ðσ1 +(1−ð)σ2)dð+

1−η
B(η)

Ψ(σ2)

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ1)

∫ 1

0

ðη−1dð
h1(ð)h2(1−ð)

+Ψ(σ2)
∫ 1

0

ðη−1dð
h1(1−ð)h2(ð)

]
+

1−η
B(η)

Ψ(σ2). (22)

Making a change to the previously mentioned relationship, Ψ= σ2+σ1−u, thenΦ(σ2+σ1−Ψ) =Φ(Ψ), becomes
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AB
σ1
I

η
σ2{Ψ(σ2)} ⪯CR

η(σ2 −σ1)
η

B(η)Γ(η)

[
Ψ(σ1)

∫ 1

0

ðη−1dð
H(ð, 1−ð)

+Ψ(σ2)
∫ 1

0

ðη−1dð
H(1−ð, ð)

]
+

1−η
B(η)

Ψ(σ2). (23)

Again by Definition 2.7, we have

Ψ(ðσ1 +(1−ð)σ2)⪯CR
Ψ(σ1)

h1(ð)h2(1−ð)
+

Ψ(σ2)

h1(1−ð)h2(ð)
.

Multiplying aforementioned relation with ðη−1, and integrating, we have

η(σ2 −σ1)
η

B(η)Γ(η)

∫ 1

0
ðη−1Ψ(ðσ2 +(1−ð)σ1)dð+

1−η
B(η)

Ψ(σ1)

⪯CR
η(σ2 −σ1)

η

B(η)Γ(η)

[
Ψ(σ2)

∫ 1

0

ðη−1dð
h1(ð)h2(1−ð)

+Ψ(σ1)
∫ 1

0

ðη−1dð
h1(1−ð)h2(ð)

]
+

1−η
B(η)

Ψ(σ1).

Same as earlier, making a modification in the foregoing relation, Ψ = σ2 +σ1 − u, then Φ(σ2 +σ1 −Ψ) = Φ(Ψ),
becomes

ABI
η
σ2{Ψ(σ1)} ⪯CR

η(σ2 −σ1)
η

B(η)Γ(η)

[
Ψ(σ2)

∫ 1

0

ðη−1dð
H(ð, 1−ð)

+Ψ(σ1)
∫ 1

0

ðη−1dð
H(1−ð, ð)

]
+

1−η
B(η)

Ψ(σ1). (24)

Adding (23) and (24), we can get that the second relation of (19). This completes the evidence.

Example 3.2 Taking into account the assumptions of Theorem 3.3. Let Ψ(σ) =

[
2eð+1, 3eð+

√
ð

3

]
defined over

[σ1, σ2] = [1, 4] with h1(ð) =
1
σ
, h2(ð) = 1, B(η) = 1, η =

1
2
, then we have
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H

(
1
2
,

1
2

)
(σ2 −σ1)

η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

=

√
3√
Π

[
e4 + e+2e

5
2 +2,

3e4 +3e+1
2

+ e
5
2

√
5
2

]

≈ [81.77390, 103.32659] .

And

AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

=

[
1
2
+Φ

(
5
2

)
+

1
2
√
Π

](∫ 5
2

1

[
2eð+1, 3eð+

√
ð

3

](
−ð+

5
2

)−1
2

+
∫ 4

5
2

[
2eð+1, 3eð+

√
ð

3

](
ð− 5

2

)−1
2
)

dð

=

2e
5
2 +

3
2
+

1
2
√
Π
, 3e

5
2 +

√
5
2

3
+

1√
Π



×

([
2e

5
2
√
Πerf

(√
3√
2

)
+
√

2
√

3,
−27

√
2e+27

√
2e

5
2 +5

3
2 −2

3
2

9
√

2

]

+

[
√

2
√

3−2e
5
2
√
Πerf

(√
3√
2

)
,

27
√

2e4 −27
√

2e
5
2 −5

3
2 +2

9
2

9
√

2

])

≈ [90.33565, 131.54364] .

Also, we have
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[
Ψ(σ1)+Ψ(σ2)

B(η)

][
1−η +

η(σ2 −σ1)
η

Γ(η)

×
∫ 1

0
ðη−1

(
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

)
dð
]

=

[
e4 + e+

√
3
√
Π
(
2e4 +2e+2

)
3Π

+1,
(
3e4 +3e+1

)(1
2
+

√
3
√
Π

3Π

)]

≈ [96.30783, 142.81028].

Consequently, Theorem 3.3 is correct.

[81.77390, 103.32659]⪯CR [90.33565, 131.54364]⪯CR [96.30783, 142.81028].

Corollary 3.5 If h1(ð) =
1
ðs , h2(ð) = 1, then Theorem 3.3 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

2s (σ2 −σ1)
η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

⪯CR

[
Ψ(σ1)+Ψ(σ2)

B(η)

][
1−η +

η(σ2 −σ1)
η

Γ(η)(s+η)
+

η(σ2 −σ1)
η

Γ(η)

Γ(η)Γ(s+1)
Γ(η +s+2)

]
.

Corollary 3.6 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

h
(

1
2

)
(σ2 −σ1)

η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

⪯CR

[
Ψ(σ1)+Ψ(σ2)

B(η)

][
1−η +

η(σ2 −σ1)
η

Γ(η)

∫ 1

0
ðη−1

(
1

h(ð)
+

1
h(1−ð)

)
dð
]
.

Corollary 3.7 If h1(ð) = h2(ð) = 1, then Theorem 3.3 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:
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(σ2 −σ1)
η

B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
+

1−η
B(η)

[
Ψ(σ1)+Ψ(σ2)

]

⪯CR
AB
σ1
I

η
σ2{Ψ(σ2)}+ ABI

η
σ2{Ψ(σ1)}

⪯CR

[
Ψ(σ1)+Ψ(σ2)

B(η)

][
1−η +

2(σ2 −σ1)
η

Γ(η)

]
.

3.3 Upper bounds for Hermite-Hadamard type inequality for twice differentiable mappings
Based on the identity in Lemma 2.2, we present a novel refinement of H-H type fractional integral inequalities when

the function Ψ is twice differentiable.
Theorem 3.4 Let h1, h2 : (0, 1)→ R+ such that H

(
1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ), then we have

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]

×
∫ 1

2

0
ðη+1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
dð, (25)

where η ∈ (0, 1].
Proof. By considering Lemma 1 in [59], we have

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)
×
∫ 1

0
|wη(ð)|

[
|Ψ′′(ðσ1 +(1−ð)σ2)|+|Ψ′′(ðσ2 +(1−ð)σ1)|

]
dð. (26)

Since Ψ′′ ∈ SGX(CR-(h1, h2), [σ1, σ2], R
+
I ), then we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

≤ (σ2 −σ1)
η−1

2(η +1)B(η)Γ(η)
×

{∫ 1
2

0
ðη+1

[
|Ψ′′(σ1)|

h1(ð)h2(1−ð)
+

|Ψ′′(σ2)|
h1(1−ð)h2(ð)

]
dð

+
∫ 1

1
2

(1−ð)η+1
[

|Ψ′′(σ1)|
h1(ð)h2(1−ð)

+
|Ψ′′(σ2)|

h1(1−ð)h2(ð)

]
dð

+
∫ 1

2

0
ðη+1

[
|Ψ′′(σ2)|

h1(ð)h2(1−ð)
+

|Ψ′′(σ1)|
h1(1−ð)h2(ð)

]
dð

+
∫ 1

1
2

(1−ð)η+1
[

|Ψ′′(σ2)|
h1(ð)h2(1−ð)

+
|Ψ′′(σ1)|

h1(1−ð)h2(ð)

]
dð
}

=
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)

×

{∫ 1
2

0
ðη+1

[
|Ψ′′(σ1)|

h1(ð)h2(1−ð)
+

|Ψ′′(σ2)|
h1(1−ð)h2(ð)

]
dð

+
∫ 1

2

0
ðη+1

[
|Ψ′′(σ2)|

h1(ð)h2(1−ð)
+

|Ψ′′(σ1)|
h1(1−ð)h2(ð)

]
dð

}

=
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]∫ 1
2

0
ðη+1

[
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

]
dð.

Example 3.3 Taking into account the assumptions of Theorem 3.4. Let Ψ(σ) =

[
2eð+1, 3eð+

√
ð

3

]
defined over

[σ1, σ2] = [1, 4] with h1(ð) =
1
σ
, h2(ð) = 1, B(η) = 1, η =

1
2
.

Then, all the hypothesis of Theorem 3.4 are satisfied.
Corollary 3.8 If h1(ð) =

1
ðs , h2(ð) = 1, then Theorem 3.4 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

≤ (σ2 −σ1)
η−1

(η +1)B(η)Γ(η)

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]

(

1
2

)η+s+2

η +s+2
+β 1

2
(η +2, s+1)

 .

Corollary 3.9 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.4 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

≤ (σ2 −σ1)
η−1

(η +1)B(η)Γ(η)

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]∫ 1
2

0
ðη+1

[
1

h(1−ð)
+

1
h(ð)

]
dð.

Corollary 3.10 If h1(ð) = h2(ð) = 1, then Theorem 3.4 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

≤

(
1
2

)η+1

(η +1)(η +2)
(σ2 −σ1)

η−1

B(η)Γ(η)

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]
.

Theorem 3.5 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ), then we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)ηp+2p

ηp+p+1


1
p

[
|Ψ′′(σ1)|+|Ψ′′(σ2)|

]
×

[(∫ 1

0

dð
H(ð, 1−ð)

) 1
q

+

(∫ 1

0

dð
H(1−ð, ð)

) 1
q

]
, (27)

where η ∈ (0, 1],
1
p
+

1
q
= 1.

Proof. According to Lemma 2.2 and taking into account Hölder’s inequality and result (26), we have

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

(∫ 1

0
|wη(ð)|pdð

) 1
p

[(∫ 1

0
|Ψ′′(ðσ1 +(1−ð)σ2)|qdð

) 1
q

(28)

+

(∫ 1

0
|Ψ′′(ðσ2 +(1−ð)σ1)|qdð

) 1
q

]
. (29)

As Ψ′′ ∈ SGX(CR-(h1, h2), [σ1, σ2], R
+
I ), then we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)ηp+2p

ηp+p+1


1
p

×

{[∫ 1

0

(
|Ψ′′(σ1)|q

h1(ð)h2(1−ð)
+

|Ψ′′(σ2)|q

h1(1−ð)h2(ð)

)
dð
] 1

q

+

[∫ 1

0

(
|Ψ′′(σ2)|q

h1(ð)h2(1−ð)
+

|Ψ′′(σ1)|q

h1(1−ð)h2(ð)

)
dð
] 1

q

}
.

Then, we apply the fact that

σ2

∑
k=1

(uk+vk)
σ1 ≤

σ2

∑
k=1

uk
σ1 +

σ2

∑
k=1

vk
σ1 ,

for 0 < σ1 < 1, u1, u2s, uσ2 ≥ 0, Ψ1, Ψ2s, Ψσ2 ≥ 0. So, we have the following inequality:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)ηp+2p

ηp+p+1


1
p

×

[(∫ 1

0

|Ψ′′(σ1)|q

h1(ð)h2(1−ð)
dð
) 1

q

+

(∫ 1

0

|Ψ′′(σ2)|q

h1(1−ð)h2(ð)
dð
) 1

q
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+

(∫ 1

0

|Ψ′′(σ2)|q

h1(ð)h2(1−ð)
dð
) 1

q

+

(∫ 1

0

|Ψ′′(σ1)|q

h1(1−ð)h2(ð)
dð
) 1

q

]

=
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)ηp+2p

ηp+p+1


1
p [

|Ψ′′(σ1)|+|Ψ′′(σ2)|
]

×

[(∫ 1

0

dð
H(ð, 1−ð)

) 1
q

+

(∫ 1

0

dð
H(1−ð, ð)

) 1
q

]
.

The proof is completed.

Example 3.4 Taking into account the assumptions of Theorem 3.5. Let Ψ(σ) =

[
4eð+7+ð,

√
2+ð
5

]
defined over

[σ1, σ2] = [1, 3] with h1(ð) =
1
σ
, h2(ð) = 1, B(η) = 1, η =

1
2
, p= q= 2.

Then, all the hypothesis of Theorem 3.5 are satisfied.
Corollary 3.11 If h1(ð)=

1
ðs , h2(ð)= 1, then Theorem 3.5 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)η+1

η +2


1
p [

|Ψ′′(σ1)|q+|Ψ′′(σ2)|q
] 1
q

×


(

1
2

)η+s+2

η +s+2
+β 1

2
(η +2, s+1)


1
q

. (30)

Corollary 3.12 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)η+1

η +2


1
p [

|Ψ′′(σ1)|q+|Ψ′′(σ2)|q
] 1
q

×

[∫ 1
2

0
ðη+1

(
1

h(ð)
+

1
h(1−ð)

)
dð

] 1
q

. (31)

Corollary 3.13 If h1(ð) = h2(ð) = 1, then Theorem 3.3 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)

(
1
2

)η+1

η +2
[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

] 1
q . (32)

Theorem 3.6 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ), then we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)(η+1)
(
q−p
q−1

)
(q−1)

(η +1)(q−p)+q−1


1− 1

q

×
[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

] 1
q

[∫ 1
2

0

ðηp+pdð
H(ð, 1−ð)

+
∫ 1

2

0

ðηp+pdð
H(1−ð, ð)

] 1
q

, (33)

where η ∈ (0, 1], q≥ p> 1.
Proof. By applying Hölder’s inequality and taking into account relation (26), we have

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
=

(σ2 −σ1)
η−1

2(η +1)B(η)Γ(η)

×
∫ 1

0
|wη(ð)|

q−p
q ·|wη(ð)|

p
q
[
|Ψ′′(ðσ1 +(1−ð)σ2)|+|Ψ′′(ðσ2 +(1−ð)σ1)|

]
dð

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

(∫ 1

0
|wη(ð)|

q−p
q−1 dð

)1− 1
q

×

[(∫ 1

0
|wη(ð)|p|Ψ′′(ðσ1 +(1−ð)σ2)|qdð

) 1
q

+

(∫ 1

0
|wη(ð)|p|Ψ′′(ðσ2 +(1−ð)σ1)|qdð

) 1
q

]
.

As |Ψ′′|q is an (h1, h2)-Godunova-Levin function, we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)
=

(σ2 −σ1)
η−1

2(η +1)B(η)Γ(η)

×
∫ 1

0
|wη(ð)|

q−p
q ·|wη(ð)|

p
q
[
|Ψ′′(ðσ1 +(1−ð)σ2)|+|Ψ′′(ðσ2 +(1−ð)σ1)|

]
dð

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

(∫ 1

0
|wη(ð)|

q−p
q−1 dð

)1− 1
q

×
[(∫ 1

0

|wη(ð)|p|Ψ′′(σ1)|qdð
h1(ð)h2(1−ð)

+
∫ 1

0

|wη(ð)|p|Ψ′′(σ2)|qdð
h1(1−ð)h2(ð)

) 1
q

+

(∫ 1

0

|wη(ð)|p|Ψ′′(σ2)|qdð
h1(ð)h2(1−ð)

+
∫ 1

0

|wη(ð)|p|Ψ′′(σ1)|qdð
h1(1−ð)h2(ð)

) 1
q

]

=
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)


(

1
2

)(η+1)
(
q−p
q−1

)
(q−1)

(η +1)(q−p)+q−1


1− 1

q {[
|Ψ′′(σ1)|q

(∫ 1
2

0

ðηp+pdð
h1(ð)h2(1−ð)

+
∫ 1

1
2

(1−ð)ηp+pdð
h1(ð)h2(1−ð)

)
+ |Ψ′′(σ2)|q

(∫ 1
2

0

ðηp+pdð
h1(1−ð)h2(ð)

+
∫ 1

1
2

(1−ð)ηp+pdð
h1(1−ð)h2(ð)

)] 1
q

+

[
|Ψ′′(σ2)|q

(∫ 1
2

0

ðηp+pdð
h1(ð)h2(1−ð)

+
∫ 1

1
2

(1−ð)ηp+pdð
h1(ð)h2(1−ð)

)
+ |Ψ′′(σ1)|q

(∫ 1
2

0

ðηp+pdð
h1(1−ð)h2(ð)

+
∫ 1

1
2

(1−ð)ηp+pdð
h1(1−ð)h2(ð)

)] 1
q

}
=

(σ2 −σ1)
η−1

(η +1)B(η)Γ(η)


(

1
2

)(η+1)
(
q−p
q−1

)
(q−1)

(η +1)(q−p)+q−1


1− 1

q

×
[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

] 1
q

[∫ 1
2

0

ðηp+pdð
H(ð, 1−ð)

+
∫ 1

2

0

ðηp+pdð
H(1−ð, ð)

] 1
q

.

Example 3.5 Taking into account the assumptions of Theorem 3.6. Let Ψ(σ) =

[
5eð+ð,

√
5+ð
2

+1
]
defined over

[σ1, σ2] = [1, 3] with h1(ð) =
1
σ
, h2(ð) = 1, B(η) = 1, η =

1
2
, p= q= 4.
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Then, all the hypothesis of Theorem 3.6 are satisfied.
Corollary 3.14 If h1(ð)=

1
ðs , h2(ð)= 1, then Theorem 3.6 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)(η+1)
(
q−p
q−1

)
(q−1)

(η +1)(q−p)+q−1


1− 1

q

(34)

×
[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

] 1
q

[∫ 1
2

0
ðηp+p

(
1

h(ð)
+

1
h(1−ð)

)
dð

] 1
q

. (35)

Corollary 3.15 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)(η+1)
(
q−p
q−1

)
(q−1)

(η +1)(q−p)+q−1


1− 1

q

×


(

1
2

)ηp+p

ηp+p+1


1
q [

|Ψ′′(σ1)|q+|Ψ′′(σ2)|q
] 1
q .

Theorem 3.7 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ), then we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)


(

1
2

)ηp+p−1

(ηp+p+1)p

+
1
q

[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

]∫ 1

0

(
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

)
dð
}
,

where η ∈ (0, 1].
Proof. By applying Hölder’s inequality and taking into account result (26), based on the Young’s inequality: ab ≤

1
p
ap+

1
q
bq, we obtain

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

[
2
p

∫ 1

0
|wη(ð)|pdð

+
1
q

(∫ 1

0
|Ψ′′(ðσ1 +(1−ð)σ2)|qdð+

∫ 1

0
|Ψ′′(ðσ2 +(1−ð)σ1)|qdð

)]
.

As |Ψ′′|q is an (h1, h2)-Godunova-Levin, we have
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1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)

{
2
p

∫ 1

0
|wη(ð)|pdð

+
1
q

[∫ 1

0

|Ψ′′(σ1)|qdð
h1(ð)h2(1−ð)

+
∫ 1

0

|Ψ′′(σ2)|qdð
h1(1−ð)h2(ð)

+
∫ 1

0

|Ψ′′(σ2)|qdð
h1(ð)h2(1−ð)

+
∫ 1

0

|Ψ′′(σ1)|qdð
h1(1−ð)h2(ð)

]}

=
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)


(

1
2

)ηp+p−1

(ηp+p+1)p
+

1
q

[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

]

×
∫ 1

0

(
1

H(ð, 1−ð)
+

1
H(1−ð, ð)

)
dð
}
.

The proof is completed.
Corollary 3.16 If h1(ð)=

1
ðs , h2(ð)= 1, then Theorem 3.7 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

2(η +1)B(η)Γ(η)


(

1
2

)ηp+p−1

(ηp+p+1)p

+
1
q

[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

]∫ 1

0

(
1

h(ð)
+

1
h(1−ð)

)
dð
}
.
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Corollary 3.17 If h1(ð) = h(ð), h2(ð) = 1, then Theorem 3.7 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1
σ2 −σ1

[
ABI

η
σ2+σ1

2
{Ψ(σ1)}+ AB

σ2+σ1
2

I
η
σ2{Ψ(σ2)}

]

− 1
(σ2 −σ1)B(η)

[
Ψ(σ1)+Ψ(σ2)

]
− (σ2 −σ1)

η−1

2η−1B(η)Γ(η)
Ψ
(

σ2 +σ1

2

)

⪯CR
(σ2 −σ1)

η−1

(η +1)B(η)Γ(η)


(

1
2

)ηp+p

(ηp+p+1)p
+

1
q(s+1)

[
|Ψ′′(σ1)|q+|Ψ′′(σ2)|q

]
 .

3.4 Some new upper bounds for differentiable H(α, 1 − α)-Godunova-Levin mappings involving
power mean and Hölder inequality

Theorem 3.8 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ) with 0 ≤ σ1 < σ2 and [H(ð, 1−ð)]q ∈ L[0, 1] (space of all measurable functions), then we have

|Ωk(Ψ, σ1, σ2)|=
k−1

∑
ζ=0

σ2 −σ1

2k2

(1
2

) q−1
q
(∫ 1

0

|1−2ð|
H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q dð

+
∫ 1

0

|1−2ð|
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q dð
) 1

q

]

holds, where 1 < p and
1
p
+

1
q
= 1, where

Ωk(Ψ, σ1, σ2) =
k−1

∑
ζ=0

1
2k

[
Ψ
(
(k−ζ)σ1 +ζσ2

k

)
+Ψ

(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)]

− 1
σ2 −σ1

∫ σ2

σ1

Ψ(η)dη

=
k−1

∑
ζ=0

σ2 −σ1

2k2

[∫ 1

0
(1−2ð)Ψ′

(
ð
(k−ζ)σ1 +ζσ2

k

+(1−ð)
(k−ζ−1)σ1 +(ζ+1)σ2

k

)
dð
]
.
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Proof. Assume that q≥ 1, further considering Lemma 2.1 and Theorem 2.4, we have

|Ωk(Ψ, σ1, σ2)|

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

(∫ 1

0

∣∣∣∣(1−2ð)Ψ′
(
ð
(k−ζ)σ1 +ζσ2

k
+(1−ð)

(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣dð)

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

(∫ 1

0
|1−2ð|dð

)1− 1
q

×
(∫ 1

0
|1−2ð|

∣∣∣∣Ψ′
(
ð
(k−ζ)σ1 +ζσ2

k
+(1−ð)

(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q dð
) 1

q

.

As |Ψ′|q ∈ SGX(CR-(h1, h2), [σ1, σ2], R
+
I ) is (h1, h2), we have

|Ωk(Ψ, σ1, σ2)|

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[∫ 1

0
|1−2ð|dð

]1− 1
q
[∫ 1

0
|1−2ð|

(
1

H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q

+
1

H(1−ð, ð)
·
∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q)dð
] 1

q

=
k−1

∑
ζ=0

σ2 −σ1

2k2

(∫ 1

0
|1−2ð|dð

)1− 1
q
(∫ 1

0

|1−2ð|
H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q dð

+
∫ 1

0

|1−2ð|
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q dð
) 1

q

=
k−1

∑
ζ=0

σ2 −σ1

2k2

(1
2

) q−1
q
(∫ 1

0

|1−2ð|
H(ð, 1−ð)

·
∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q dð

+
∫ 1

0

|1−2ð|
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q dð
) 1

q

]
.

Corollary 3.18 In Theorem 3.8, if we apply h1(ð) =
1
ð
, h2(ð) = 1, we get
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|Ωk(Ψ, σ1, σ2)|=
k−1

∑
ζ=0

σ2 −σ1

k2(2)2+ 1
q

(∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

z

)∣∣∣∣q

+

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q) 1
q

which has been derived by authors in [57].
Corollary 3.19 In Theorem 3.8, if we apply h1(ð) =

1
ðs

, h2(ð) = 1, we get

|Ωk(Ψ, σ1, σ2)| ≤
k−1

∑
σ=0

σ2 −σ1

k222− 1
q

(
1

2s(s+1)(s+2)
+

s
(s+1)(s+2)

) 1
q

×
[∣∣∣∣Ψ′

(
(k−σ)σ1 +σr

k

)∣∣∣∣q+ ∣∣∣∣Ψ′
(
(k−σ −1)σ1 +(σ +1)σ2

k

)∣∣∣∣q] 1
q

,

which has been proved by Yildiz et al. in [60].

Theorem 3.9 Let h1, h2 : (0, 1)→ R+ such that H
(

1
2
,

1
2

)
̸= 0, and Ψ : [σ1, σ2]→ R+

I . If Ψ′′ ∈ SGX(CR-(h1, h2),

[σ1, σ2], R
+
I ) with 0 ≤ σ1 < σ2 and [H(ð, 1−ð)]q ∈ L[0, 1] (space of all measurable functions), then we have

|Ωk(Ψ, σ1, σ2)| ≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[(
1

1+p

) 1
p

×
(∫ 1

0

(
1

H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q

+
1

H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q)dð
) 1

q

]
.

holds, where
1
q
+

1
p
= 1.

Proof. Assume that p> 1. Taking into account Lemma 2.1 and applying Hölder inequality, we have
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|Ωk(Ψ, σ1, σ2)|=
k−1

∑
ζ=0

1
2k

[
Ψ
(
(k−ζ)σ1 +ζσ2

k

)
Ψ
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)]

− 1
σ2 −σ1

∫ σ2

σ1

Ψ(η)dη

=
k−1

∑
ζ=0

σ2 −σ1

2k2

[∫ 1

0
(1−2ð)Ψ′

(
ð
(k−ζ)σ1 +ζσ2

k

+(1−ð)
(k−ζ−1)σ1 +(ζ+1)σ2

k

)
dð
]

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[(∫ 1

0

∣∣∣∣(1−2ð)Ψ′
(
ð
(k−ζ)σ1 +ζσ2

k

+(1−ð)
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣dð)]

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[(∫ 1

0
|1−2ð|pdð

) 1
p

×
(∫ 1

0

∣∣∣∣Ψ′
(
ð
(k−ζ)σ1 +ζσ2

k
+(1−ð)

(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q dð
) 1

q

]
.

As |Ψ′|q ∈ SGX(CR-(h1, h2), [σ1, σ2], R
+
I ) is (h1, h2), we have

∫ 1

0

∣∣∣∣Ψ′
(
ð
(k−ζ)σ1 +ζσ2

k
+(1−ð)

(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣dð
≤
∫ 1

0

(
1

H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q+ 1
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣)dð.

Therefore, we deduce
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|Ωk(Ψ, σ1, σ2)|

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[(∫ 1

0
|1−2ð|pdð

) 1
p

×
(∫ 1

0

(
1

H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q+ 1
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q)dð
) 1

q

]

≤
k−1

∑
ζ=0

σ2 −σ1

2k2

[(
1

1+p

) 1
p

×
(∫ 1

0

(
1

H(ð, 1−ð)

∣∣∣∣Ψ′
(
(k−ζ)σ1 +ζσ2

k

)∣∣∣∣q+ 1
H(1−ð, ð)

∣∣∣∣Ψ′
(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)∣∣∣∣q)dð
) 1

q

]
.

Remark 3.4 If we apply h1(ð) =
1
ðs

, h2(ð) = 1 in Theorem 3.9, we obtain Theorem 6 in [60].

4. Applications to special means
In this section, we present several specific means that can be utilized to analyze our major results from section 3.4.

Let σ1, σ2 ∈ R,
• The arithmetic mean between two non-negative numbers is defined as follows:

A= A(σ1, σ2): =
σ1 +σ2

2
, σ1, σ2 ≥ 0.

• The harmonic mean between two non-negative numbers is defined as follows:

H= H(σ1, σ2): =
2σ1σ2

σ1 +σ2
, σ1, σ2 > 0.

• The logarithmic mean between two non-negative numbers is defined as follows:

L= L(σ1, σ2): =


σ1, if σ1 = σ2

σ2 −σ1

lnσ2 − lnσ1
, if σ1 ̸= σ2,

σ1, σ2 > 0.

Proposition 4.1 Let σ1, σ2 ∈ R, 0 < σ1 < σ2, and r ∈ N, r≥ 2. Then, the following
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∣∣∣∣∣k−1∑
ζ=0

1
kζ

A

((
(k−ζ)σ1 +ζσ2

k

)r( (k−ζ−1)σ1 +(ζ+1)σ2

k

)r)
−Lm

r(σ1, σ2)

∣∣∣∣∣
≤

k−1

∑
ζ=0

(σ2 −σ1)r

22− 1
q k2

[(∫ 1

0

|1−2ð|
H(ð, 1−ð)

dð
)(

(k−ζ)σ1 +ζσ2

k

)(r−1)q

+

(∫ 1

0

|1−2ð|
H(1−ð, ð)

dð
)(

(k−ζ−1)σ1 +(ζ+1)σ2

k

)(r−1)q
)] 1

q

holds, for all q> 1.
Proof. In order to prove this proposition, we need to satisfy the following conditions in Theorem 3.8 that is Ψ(ð) =

ðr, ð ∈ [σ1, σ2], r ∈ N, r≥ 2.
Proposition 4.2 Let σ1, σ2 ∈ R, 0 < σ1 < σ2, and r ∈ N, r≥ 2. Then, the following

∣∣∣∣∣k−1∑
ζ=0

1
k
A

((
(k−ζ)σ1 +ζσ2

k

)r( (k−ζ−1)σ1 +(ζ+1)σ2

k

)r)
−Lm

r(σ1, σ2)

∣∣∣∣∣
≤

k−1

∑
ζ=0

(σ2 −σ1)r

22− 1
q k2

(
1

p+1

) 1
p

×

[(∫ 1

0

dð
H(ð, 1−ð)

)(
(k−ζ)σ1 +ζσ2

k

)(r−1)q

+

(∫ 1

0

dð
H(1−ð, ð)

)(
(k−ζ−1)σ1 +(ζ+1)σ2

k

)(r−1)q
)] 1

q

holds, for all q> 1.
Proof. In order to prove this proposition, we need to satisfy the following conditions in Theorem 3.9 that is Ψ(ð) =

ðr, ð ∈ [σ1, σ2], r ∈ N, r≥ 2.

5. Conclusion
Our work develops and analyzes various convex integral inequalities, extending classical inequalities and enlarging

our understanding of the relationship between convexity and integrability. The obtained inequalities contribute to
theoretical understanding and real-world applications by giving convex functions in integral form tighter bounds.
Additionally, the authors [48] of the subsequent results used classical integral operators, but we used full-order interval
mappings and a fractional integral operator in this study. Furthermore, we established a new type of Jensen-type inequality
in sequential form, as well as an Ostrowki type inequality, utilizing a unique Moore metric Hausdorff distance technique,
which is genuinely fresh notion for such inequality with this type of generalized mappings that generalized the following
results [61–63]. Furthermore, we developed new upper bounds for differentiable H(α, 1−α)-Godunova-Levin mappings
involving Power mean and Hölder inequality that generalize the conclusions of the following authors [57, 60] in different
circumstances.
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6. Future directions
Building on these first findings, there are still a number of directions to investigate. The application of convex

integral inequalities to functions defined on non-Euclidean spaces, like Riemannian manifolds [64], where curvature may
affect inequality bounds, is a potential avenue. An alternative approach is to investigate probabilistic interpretations
and applications, namely in information theory [45] and stochastic analysis [37], where convex inequalities may offer
more precise expectations bounds. Additionally, the authors extend these findings in the context of Hilbert and variable
exponent spaces [65], and they could close the gap between theoretical advancements and real-world applications by
investigating numerical methods for approximating these integral inequalities and their applications in machine learning
and data science.

Author’s contributions
All authors equally contributed and approved the final manuscript.

Acknowledgement
The authors wish to acknowledge the financial support from the University of Guadalajara, Mexico, through the

program PROSNI.

Use of AI tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Conflict of interest
The authors declare that they have no competing interests.

References
[1] Shi X, Ishtiaq U, Din M, Akram M. Fractals of interpolative Kannan mappings. Fractal and Fractional. 2024; 8(8):

493. Available from: https://doi.org/10.3390/fractalfract8080493.
[2] Zhang T, Xu S, Zhang W. New approach to feedback stabilization of linear discrete time-varying stochastic systems.

IEEE Transactions on Automatic Control. 2025; 70(3): 2004-2011. Available from: https://doi.org/10.1109/TAC.
2024.3482119.

[3] Xiao Y, Yang Y, Ye D, Zhang J. Quantitative precision second-order temporal transformation based pose control
for spacecraft proximity operations. IEEE Transactions on Aerospace and Electronic Systems. 2024; 2024: 1-11.
Available from: https://doi.org/10.1109/TAES.2024.3469167.

[4] Guo Y,Wu Y, GuiW. Stability of discrete-time systems under restricted switching via logic dynamical generator and
stp-based mergence of hybrid states. IEEE Transactions on Automatic Control. 2022; 67(7): 3472-3483. Available
from: https://doi.org/10.1109/TAC.2024.3482119.

[5] Hou T, Liu X, Li Z, Wang Y, Chen T, Huang B. Numerical investigation of cavitation induced noise and noise
reduction mechanism for the leading-edge protuberances. Applied Ocean Research. 2025; 154: 104361. Available
from: https://doi.org/10.1016/j.apor.2024.104361.

Contemporary Mathematics 2220 | Jorge E. Macías-Díaz, et al.

https://doi.org/10.3390/fractalfract8080493
https://doi.org/10.1109/TAC.2024.3482119
https://doi.org/10.1109/TAC.2024.3482119
https://doi.org/10.1109/TAES.2024.3469167
https://doi.org/10.1109/TAC.2024.3482119
https://doi.org/10.1016/j.apor.2024.104361


[6] Zhu Y, Zhou Y, Yan L, Li Z, Xin H, Wei W. Scaling graph neural networks for large-scale power systems analysis:
Empirical laws for emergent abilities. IEEE Transactions on Power Systems. 2024; 39(6): 7445-7448. Available
from: https://doi.org/10.1109/TPWRS.2024.3437651.

[7] Lu X, Zhao J, Markov V, Wu T. Study on precise fuel injection under multiple injections of high pressure common
rail system based on deep learning. Energy. 2024; 307: 132784. Available from: https://doi.org/10.1016/j.energy.
2024.132784.

[8] Xiao Y, Yang Y, Ye D, Zhao Y. Scaling-transformation-based attitude tracking control for rigid spacecraft with
prescribed time and prescribed bound. IEEE Transactions on Aerospace and Electronic Systems. 2025; 61(1): 433-
442. Available from: https://doi.org/10.1109/TAES.2024.3451454.

[9] Gao D, Liu S, Gao Y, Li P, Zhang H, Wang M, et al. A comprehensive adaptive interpretable Takagi-Sugeno-Kang
fuzzy classifier for fatigue driving detection. IEEE Transactions on Fuzzy Systems. 2025; 33(1): 108-119. Available
from: https://doi.org/10.1109/TFUZZ.2024.3399400.

[10] He Y, Zio E, Yang Z, Xiang Q, Fan L, He Q, et al. A systematic resilience assessment framework for multi-state
systems based on physics-informed neural network. Reliability Engineering & System Safety. 2025; 257: 110866.
Available from: https://doi.org/10.1016/j.ress.2025.110866.

[11] Borwein JM, Penot JP, Thera M. Conjugate convex operators. Journal of Mathematical Analysis and Applications.
1984; 102(1): 399-414. Available from: https://doi.org/10.1016/0022-247X(84)90184-7.

[12] Sharma N, Singh SK, Mishra SK, Hamdi A. Hermite-Hadamard-type inequalities for interval-valued preinvex
functions via Riemann-Liouville fractional integrals. Journal of Inequalities and Applications. 2021; 2021: 98.
Available from: https://doi.org/10.1186/s13660-021-02634-7.

[13] Mohsin BB,AwanMU, JavedMZ, BudakH,KhanAG,NoorMA. Inclusions involving interval-valued harmonically
co-ordinated convex functions and Raina’s fractional double integrals. Journal of Mathematics. 2022; 2022:
5815993. Available from: https://doi.org/10.1155/2022/5815993.

[14] Ahmadini AAH, Afzal W, Abbas M, Aly ES. Weighted Fejér, Hermite-Hadamard, and Trapezium-type inequalities
for (h1, h2)-Godunova-Levin preinvex function with applications and two open problems.Mathematics. 2024; 12(3):
382. Available from: https://doi.org/10.3390/math12030382.

[15] Saeed T, Afzal W, Shabbir K, Treanta S, De la Sen M. Some novel estimates of Hermite Hadamard and Jensen
type inequalities for (h1, h2)-convex functions pertaining to total order relation. Mathematics. 2022; 10(24): 4777.
Available from: https://doi.org/10.3390/math10244777.

[16] Shi F, Ye G, Zhao D, Liu W. Some integral inequalities for coordinated log-h-convex interval-valued functions.
AIMS Mathematics. 2022; 7(1): 156-170. Available from: https://doi.org/10.3934/math.2022009.

[17] Zhao D, Ali MA, Murtaza G, Zhang Z. On the Hermite-Hadamard inequalities for interval-valued coordinated
convex functions. Advances in Difference Equations. 2020; 2020: 570. Available from: https://doi.org/10.1186/
s13662-020-03028-7.

[18] Guo Y, Wang P, Gui W, Yang C. Set stability and set stabilization of boolean control networks based on invariant
subsets. Automatica. 2015; 61: 106-112. Available from: https://doi.org/10.1016/j.automatica.2015.08.006.

[19] Wu Y, Shen T. A finite convergence criterion for the discounted optimal control of stochastic logical networks.
IEEE Transactions on Automatic Control. 2018; 63: 262-268. Available from: https://doi.org/10.1109/TAC.2017.
2720730.

[20] Gao J, Wu Y, Shen T. A statistical combustion phase control approach of SI engines. Mechanical Systems and Signal
Processing. 2017; 85: 218-235. Available from: https://doi.org/10.1016/j.ymssp.2016.08.007.

[21] Hu BQ, Wang S. A novel approach in uncertain programming part I: New arithmetic and order relation for interval
numbers. Journal of Industrial and Management Optimization. 2016; 2(4): 351-371. Available from: https://doi.
org/10.3934/jimo.2006.2.351.

[22] Lv Z, Zhao Q, Li S, Wu Y. Finite-time control design for a quadrotor transporting a slung load. Control Engineering
Practice. 2022; 122: 105082. Available from: https://doi.org/10.1016/j.conengprac.2022.105082.

[23] Varošanec S. On h-convexity. Journal of Mathematical Analysis and Applications. 2007; 326(1): 303-311. Available
from: https://doi.org/10.1016/j.jmaa.2006.02.086.

[24] Awan MU, Noor MA, Noor KI, Khan AG. Some new classes of convex functions and inequalities. Miskolc
Mathematical Notes. 2018; 19(1): 77-94. Available from: https://doi.org/10.18514/MMN.2018.2179.

[25] AnY,YeG, ZhaoD, LiuW. Hermite-Hadamard type inequalities for interval (h1, h2)-convex functions.Mathematics.
2019; 7(5): 436. Available from: https://doi.org/10.3390/math7050436.

Volume 6 Issue 2|2025| 2221 Contemporary Mathematics

https://doi.org/10.1109/TPWRS.2024.3437651
https://doi.org/10.1016/j.energy.2024.132784
https://doi.org/10.1016/j.energy.2024.132784
https://doi.org/10.1109/TAES.2024.3451454
https://doi.org/10.1109/TFUZZ.2024.3399400
https://doi.org/10.1016/j.ress.2025.110866
https://doi.org/10.1016/0022-247X(84)90184-7
https://doi.org/10.1186/s13660-021-02634-7
https://doi.org/10.1155/2022/5815993
https://doi.org/10.3390/math12030382
https://doi.org/10.3390/math10244777
https://doi.org/10.3934/math.2022009
https://doi.org/10.1186/s13662-020-03028-7
https://doi.org/10.1186/s13662-020-03028-7
https://doi.org/10.1016/j.automatica.2015.08.006
https://doi.org/10.1109/TAC.2017.2720730
https://doi.org/10.1109/TAC.2017.2720730
https://doi.org/10.1016/j.ymssp.2016.08.007
https://doi.org/10.3934/jimo.2006.2.351
https://doi.org/10.3934/jimo.2006.2.351
https://doi.org/10.1016/j.conengprac.2022.105082
https://doi.org/10.1016/j.jmaa.2006.02.086
https://doi.org/10.18514/MMN.2018.2179
https://doi.org/10.3390/math7050436


[26] Afzal W, Alb Lupaş A, Shabbir K. Hermite-Hadamard and Jensen-type inequalities for harmonical (h1, h2)-
Godunova-Levin interval-valued functions. Mathematics. 2022; 10(16): 2970. Available from: https://doi.org/
10.3390/math10162970.

[27] Afzal W, Shabbir K, Botmart T, Treanţa S. Some new estimates of well known inequalities for (h1, h2)-Godunova-
Levin functions by means of center-radius order relation. AIMS Mathematics. 2023; 8(2): 3101-3119. Available
from: https://doi.org/10.3934/math.2023160.

[28] KhanMB,NoorMA,NoorKI, ChuYM. NewHermite-Hadamard-type inequalities for convex fuzzy-interval-valued
functions. Advances in Difference Equations. 2021; 2021: 149.

[29] Bai H, Saleem MS, Nazeer W, Zahoor MS, Zhao T. Hermite-Hadamard and Jensen-type inequalities for interval
(h1, h2) nonconvex function. Journal of Mathematics. 2020; 2020: 1-6. Available from: https://doi.org/10.1155/
2020/3945384.

[30] Sahoo SK, Mohammed PO, OŔegan D, Tariq M, Nonlaopon K. New Hermite-Hadamard type inequalities in
connection with interval-valued generalized harmonically (h1, h2)-Godunova-Levin functions. Symmetry. 2022;
14(10): 1964. Available from: https://doi.org/10.3390/sym14101964.

[31] Yasin S, Misiran M, Omar Z. Extended Hermite-Hadamard (H −H) and Fejer’s inequalities based on (h1, h2, s)-
convex functions. International Journal of Nonlinear Analysis and Applications. 2022; 13(1): 2885-2895. Available
from: https://doi.org/10.22075/ijnaa.2022.6015.

[32] Medina-Viloria J. Properties and Hermite-Hadamard type inequalities for the (m, H1, H2)-HA-convex functions.
Applied Mathematics & Information Sciences. 2022; 14(2): 169-175. Available from: http://dx.doi.org/10.18576/
amis/140201.

[33] Stojiljković V, Ramaswamy R, Abdelnaby OAA, Radenović S. Some novel inequalities for LR-(k, h−m)-p convex
interval-valued functions by means of pseudo order relation. Fractal and Fractional. 2022; 6(12): 726. Available
from: https://doi.org/10.3390/fractalfract6120726.

[34] Treanta S, Alsalami OM. Results on solution set in certain interval-valued controlled models. Mathematics. 2025;
13(2): 202. Available from: https://doi.org/10.3390/math13020202.

[35] Afzal W, Abbas M, Meetei MZ, Bourazza S. Tensorial maclaurin approximation bounds and structural properties
for mixed-norm Orlicz-Zygmund spaces. Mathematics. 2025; 13(6): 917. Available from: https://doi.org/10.3390/
math13060917.

[36] Kalsoom H, Latif M, Khan Z, Vivas-Cortez M. Some new Hermite-Hadamard-Fejér fractional type inequalities
for h-convex and harmonically h-convex interval-valued functions. Mathematics. 2022; 10(1): 74. Available from:
https://doi.org/10.3390/math10010074.

[37] Afzal W, Prosviryakov EY, El-Deeb SM, Almalki Y. Some new estimates of hermite-hadamard, ostrowski and
Jensen-type inclusions for h-convex stochastic process via interval-valued functions. Symmetry. 2023; 15(4): 831.
Available from: https://doi.org/10.3390/sym15040831.

[38] Khan ZA, AfzalW. An estimation of different kinds of integral inequalities for a generalized class of godunova-levin
convex and preinvex functions via pseudo and standard order relations. Journal of Function Spaces. 2025; 2025:
3942793. Available from: https://doi.org/10.1155/jofs/3942793.

[39] Almalki Y, Afzal W. Some new estimates of Hermite-Hadamard inequalities for harmonical cr-h-convex functions
via generalized fractional integral operator on set-valued mappings. Mathematics. 2023; 11(19): 4041. Available
from: https://doi.org/10.3390/math11194041.

[40] Román-Flores H, Ayala V, Flores-Franulič A. Milne type inequality and interval orders. Computational and Applied
Mathematics. 2021; 40: 130. Available from: https://doi.org/10.1007/s40314-021-01500-y.

[41] Liu W, Shi F, Ye G, Zhao D. The properties of harmonically cr-h-convex function and its applications. Mathematics.
2022; 10(12): 2089. Available from: https://doi.org/10.3390/math10122089.

[42] Saeed T, AfzalW,AbbasM, Treanţă S, De la SenM. Some new generalizations of integral inequalities for harmonical
cr-(h1, h2)-Godunova-Levin functions and applications. Mathematics. 2022; 10(23): 4540. Available from: https:
//doi.org/10.3390/math10234540.

[43] Javed MZ, Awan MU, Ciurdariu L, Dragomir SS, Almalki Y. On extended class of totally ordered interval-valued
convex stochastic processes and applications. Fractal and Fractional. 2024; 8(10): 577. Available from: https:
//doi.org/10.3390/fractalfract8100577.

Contemporary Mathematics 2222 | Jorge E. Macías-Díaz, et al.

https://doi.org/10.3390/math10162970
https://doi.org/10.3390/math10162970
https://doi.org/10.3934/math.2023160
https://doi.org/10.1155/2020/3945384
https://doi.org/10.1155/2020/3945384
https://doi.org/10.3390/sym14101964
https://doi.org/10.22075/ijnaa.2022.6015
http://dx.doi.org/10.18576/amis/140201
http://dx.doi.org/10.18576/amis/140201
https://doi.org/10.3390/fractalfract6120726
https://doi.org/10.3390/math13020202
https://doi.org/10.3390/math13060917
https://doi.org/10.3390/math13060917
https://doi.org/10.3390/math10010074
https://doi.org/10.3390/sym15040831
https://doi.org/10.1155/jofs/3942793
https://doi.org/10.3390/math11194041
https://doi.org/10.1007/s40314-021-01500-y
https://doi.org/10.3390/math10122089
https://doi.org/10.3390/math10234540
https://doi.org/10.3390/math10234540
https://doi.org/10.3390/fractalfract8100577
https://doi.org/10.3390/fractalfract8100577


[44] Afzal W, Abbas M, Macías-Díaz JE, Treanţă S. Some H-Godunova-Levin function inequalities using center
radius (Cr) order relation. Fractal and Fractional. 2022; 6(9): 518. Available from: https://doi.org/10.3390/
fractalfract6090518.

[45] Khan D, Butt SI. Superquadraticity and its fractional perspective via center-radius cr-order relation. Chaos, Solitons
& Fractals. 2024; 182: 114821. Available from: https://doi.org/10.1016/j.chaos.2024.114821.

[46] Afzal W, Abbas M, Hamali W, Mahnashi AM, Sen MDL. Hermite-Hadamard-type inequalities via Caputo-Fabrizio
fractional integral for h-Godunova-Levin and (h1, h2)-convex functions. Fractal and Fractional. 2023; 7(9): 687.
Available from: https://doi.org/10.3390/fractalfract7090687.

[47] Afzal W, Shabbir K, Botmart T. Generalized version of Jensen and Hermite-Hadamard inequalities for interval-
valued (h1, h2)-Godunova-Levin functions. AIMS Mathematics. 2022; 7(10): 19372-19387. Available from: https:
//doi.org/10.3934/math.20221064.

[48] Almutairi O, Kılıçman A. Some integral inequalities for h-Godunova-Levin preinvexity. Symmetry. 2019; 11(12):
1500. Available from: https://doi.org/10.3390/sym11121500.

[49] Vivas-Cortez M, Ramzan S, Awan MU, Javed MZ, Khan AG, Noor MA. I.V-CR-Γ -convex functions and their
application in fractional hermite-hadamard inequalities. Fractal and Fractional. 2023; 15(7): 1402. Available from:
https://doi.org/10.3390/sym15071405.

[50] Özdemir ME. Some inequalities for the s-Godunova-Levin type functions. Mathematical Sciences. 2015; 9: 27-32.
Available from: https://doi.org/10.1007/s40096-015-0144-y.

[51] AfzalW, Cotîrlă LI. New numerical quadrature functional inequalities on hilbert spaces in the framework of different
forms of generalized convex mappings. Symmetry. 2025; 17(1): 146. Available from: https://doi.org/10.3390/
sym17010146.

[52] Afzal W, Nazeer W, Botmart T, Treanţă S. Some properties and inequalities for generalized class of harmonical
Godunova-Levin function via center radius order relation. AIMS Mathematics. 2023; 8(1): 1696-1712. Available
from: https://doi.org/10.3934/math.2023087.

[53] Ali RS, Mukheimer A, Abdeljawad T, Mubeen S, Ali S, Rahman G, et al. Some new harmonically convex function
type generalized fractional integral inequalities. Fractal and Fractional. 2021; 5(2): 54. Available from: https:
//doi.org/10.3390/fractalfract5020054.

[54] Mohsin B, JavedMZ, AwanMU,Kashuri A. On some newAB-fractional inclusion relations. Fractal and Fractional.
2023; 7(10): 725. Available from: https://doi.org/10.3390/fractalfract7100725.

[55] Wang MK, He ZY, Chu YM. Sharp power mean inequalities for the generalized elliptic integral of the first
kind. Computational Methods and Function Theory. 2020; 20: 111-124. Available from: https://doi.org/10.1007/
s40315-020-00298-w.

[56] Boas RP, Marcus MB. Generalizations of Young’s inequality. Journal of Mathematical Analysis and Applications.
1974; 46(1): 36-40. Available from: https://doi.org/10.1016/0022-247X(74)90279-0.

[57] İscan I, Toplu T, Yetgin F. Some new inequalities on generalization of Hermite-Hadamard and bullen type
inequalities, applications to trapezoidal and midpoint formula. Konuralp Journal of Mathematics. 2021; 45: 647-
657.

[58] Fernandez A, Mohammed P. Hermite-Hadamard inequalities in fractional calculus defined using Mittag-Leffler
kernels. Mathematical Methods in the Applied Sciences. 2021; 44(10): 8414-8431. Available from: https://doi.org/
10.1002/mma.6188.

[59] Kavurmacı Önalan H, Akdemir AO, Avcı Ardıç M, Baleanu D. On new general versions of Hermite-Hadamard
type integral inequalities via fractional integral operators with Mittag-Leffler kernel. Journal of Inequalities and
Applications. 2021; 2021: 186. Available from: https://doi.org/10.1186/s13660-021-02721-9.

[60] Yildiz C, Yergöz B, Yergöz A. On new general inequalities for s-convex functions and their applications. Journal
of Inequalities and Applications. 2023; 2023: 114. Available from: https://doi.org/10.1186/s13660-023-02914-4.

[61] Khan ZA, Afzal W, Abbas M, Nantomah K. Some novel inequalities for godunova-levin preinvex functions via
interval set inclusion relation. Journal of Mathematics. 2025; 2025: 5570638. Available from: https://doi.org/10.
1155/jom/5570638.

[62] Tunç M. Ostrowski-type inequalities via h-convex functions with applications to special means. Journal of
Inequalities and Applications. 2013; 2013: 326. Available from: https://doi.org/10.1186/1029-242X-2013-326.

Volume 6 Issue 2|2025| 2223 Contemporary Mathematics

https://doi.org/10.3390/fractalfract6090518
https://doi.org/10.3390/fractalfract6090518
https://doi.org/10.1016/j.chaos.2024.114821
https://doi.org/10.3390/fractalfract7090687
https://doi.org/10.3934/math.20221064
https://doi.org/10.3934/math.20221064
https://doi.org/10.3390/sym11121500
https://doi.org/10.3390/sym15071405
https://doi.org/10.1007/s40096-015-0144-y
https://doi.org/10.3390/sym17010146
https://doi.org/10.3390/sym17010146
https://doi.org/10.3934/math.2023087
https://doi.org/10.3390/fractalfract5020054
https://doi.org/10.3390/fractalfract5020054
https://doi.org/10.3390/fractalfract7100725
https://doi.org/10.1007/s40315-020-00298-w
https://doi.org/10.1007/s40315-020-00298-w
https://doi.org/10.1016/0022-247X(74)90279-0
https://doi.org/10.1002/mma.6188
https://doi.org/10.1002/mma.6188
https://doi.org/10.1186/s13660-021-02721-9
https://doi.org/10.1186/s13660-023-02914-4
https://doi.org/10.1155/jom/5570638
https://doi.org/10.1155/jom/5570638
https://doi.org/10.1186/1029-242X-2013-326


[63] Alomari M, Darus M, Dragomir SS, Cerone P. Ostrowski type inequalities for functions whose derivatives are s-
convex in the second sense. Journal of Inequalities and Applications. 2010; 23(9): 1071-1076. Available from:
https://doi.org/10.1016/j.aml.2010.04.038.

[64] Ahmad I, Khan MA, Ishan AA. Generalized geodesic convexity on riemannian manifolds. Mathematics. 2019; 7(6):
547. Available from: https://doi.org/10.3390/math7060547.

[65] Afzal W, Abbas M, Alsalami OM. Bounds of different integral operators in tensorial hilbert and variable exponent
function spaces. Mathematics. 2024; 12(16): 2464. Available from: https://doi.org/10.3390/math12162464.

Contemporary Mathematics 2224 | Jorge E. Macías-Díaz, et al.

https://doi.org/10.1016/j.aml.2010.04.038
https://doi.org/10.3390/math7060547
https://doi.org/10.3390/math12162464

	Introduction
	Originality and importance

	Preliminaries
	Integral of set-valued functions

	The main results
	New Ostrowski-type inequality via interval CR-ordering relation for H(α, 1 − α)-Godunova-Levin mappings
	New fractional Hermite-Hadamard and Pachpatte-type type inequalities via interval CR-ordering relation
	Upper bounds for Hermite-Hadamard type inequality for twice differentiable mappings
	Some new upper bounds for differentiable H(α, 1 − α)-Godunova-Levin mappings involving power mean and Hölder inequality

	Applications to special means
	Conclusion
	Future directions 

