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Abstract: Convex integral inequalities are an area of substantial interest in mathematical analysis because of their
applications to a variety of fields such as optimization, probability theory, and functional analysis. This study derives
general forms of convex integral inequalities and presents several new results in the context of H(¢t, 1 — a)-Godunova-
Levin mappings via AB fractional integral operators, including Jensen’s, Pachapatte, Ostrowski, and Hermite-Hadamard.
Additionally, we developed a new type of Jensen-type inequality in sequential form as well as a new Ostrowki-type
inequality using a Moore-metric Hausdorff distance approach, which is really an innovative approach to such inequality.
Our analysis of convex integral inequalities introduces novel bounds and constraints that characterize the behavior of
generalized convex functions. We have further developed several remarks to demonstrate the accuracy of our results that
lead to several other generalized convex mappings that have never been introduced so far for this type of generalized
mapping, as well as several interesting non-trivial examples. Additionally, we show that our results also correlated with
special means as an application configured appropriately.

Keywords: Hermite-Hadamard, Pachpatte, Ostrowski-type, Atangana-Baleanu, Jensen-type inequality, H(o, 1 — a)-
Godunova-Levin
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1. Introduction

Fractional calculus represents a significant extension of classical calculus, enabling the analysis of phenomena that
cannot be adequately described by integer-order derivatives and integrals. Over the centuries, mathematicians like Euler,
Laplace, Riemann, and Liouville contributed to its development. However, it wasn’t until the 20th century that fractional
calculus started gaining significant attention and applications. Fractional calculus often provides more accurate and
flexible models for real-world phenomena. It can capture memory effects, non-locality, and complex dynamics that
traditional integer-order calculus might miss. It has numerous applications in various fields of science and engineering,
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including: It is applied in the analysis of electromagnetic fields and waves, where fractional derivatives help model
complex behaviors. Fractional calculus is utilized in control systems to model and analyze dynamical systems, enhancing
the design of controllers for systems with memory effects. In materials science, fractional calculus models the behavior of
viscoelastic materials, which exhibit both viscous and elastic characteristics, allowing for a more accurate representation
of their stress-strain relationships. For some other applications in various domains, check [ 1-5] and the references therein.

Convex analysis provides a powerful mathematical framework for analyzing problems in various fields, especially
due to the well-behaved characteristics of convex functions and sets. Its uses span a variety of fields, including control
theory, economics, machine learning, and optimization. In control theory, systems are often formulated as convex
problems, where the system needs to minimize energy or error subject to dynamic constraints; in signal processing, it
aids in the design of codes that minimize transmission errors, enhancing communication reliability. Convex analysis is
intimately related to economic theory, notably the study of utility functions, which depict rational consumer preferences
in which utility grows with consumption but at a decreasing pace. For more current uses in several disciplines of applied
sciences, we refer to [6—10] and the references therein.

Interval analysis is a mathematical methodology that allows numerical algorithms to address uncertainty more
rigorously. It has applications in a variety of domains, including numerical computation, global optimization, control
systems, engineering, and computer graphics. Borwein et al. [11] initially defined convex interval-valued functions
(IVFs) in 1981, and since then, several researchers have extended and promoted different types of convexity by using
IVFs. For example, include preinvex [12], harmonic convex [13], Godunova-Levin [14], (h;, hy)-convex [15], log-
convex [16], coordinated convex [17], and various others [18-20] and the references therein. It’s important to remember
that the partial order relation defines these convex IVFs, meaning that any two intervals may not be comparable. This
indicates that the maximum-minimum problem cannot be solved since it is impossible to determine which of them is the
greatest or smallest interval using these orderings. Hu and Wang [21] introduced the cr-order, which takes into account the
midpoint and radius of two intervals to address this limitation. This order is total, meaning that any two interval numbers
are comparable. In 2020, the authors in [22] provided the appropriate constrained conditions for the objective function
and provided a novel definition of convex IVFs using cr-order.

Convex inequalities and fractional calculus are intimately related, especially in optimization, stability analysis, and
complex system modeling. Convexity simplifies fractional-order system analysis, allowing tools such as Jensen’s and
Hermite-Hadamard (H-H) inequalities to be used to tackle real-world issues in engineering, economics, and applied
sciences. The inequality is defined as follows:

Suppose ¥ : Q C R — R be a mapping defined on the convex set over the interval Q with o1, 6, € Q. Then, the
inequality stated below is true:

o1+ 0o 1 02 lI’(O'1> +‘I’(O’2>
w( ! ><62_61/cyl ¥(©) do < — 1%, (1)

Inrecent years, academics have proposed numerous versions of the Hermite-Hadamard inequality, taking into account
other convexity classes or applying the inequality to new types of functions. The unifying idea behind these generalizations
is to extend the concept of convexity and apply it to new types of functions, leading to more refined versions of the classical
inequality. Each generalization involves adjusting the bounds or introducing new terms that capture the behavior of the
specific class of functions under consideration. In 2007, Sanja [23] developed the idea of 4-convex mappings and refined
the conventional Hermite-Hadamard inequality in a new way with several interesting applications. Subsequently, several
authors expand and broaden this concept by employing more generalized forms of convexities.

In 2018, Awan et al. [24] proposed a notion of (h;, hy)-convex mappings and created several product forms of
Hermite-Hadamard type inequalities, generalizing Sanja’s idea of h-convex mappings.

1 1
Theorem 1.1 Let ¥ : Q C R — R. If W is (hy, hy)-convex, and h; <2> h, (2) = 0. Then
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P(©) dO < [¥(0)) +¥(0,)] /0 by (@)ha(1 — )ad.

1 1 o2
1 1 \P(Gl—;@)c o
2h (= )hy( = T Re
2 2

Later in 2019, An et al. [25] further generalized the concept of (hy, hy)-convex mappings by introducing interval-
valued mappings utilizing inclusion relations.

11
Theorem 1.2 Let ¥, @ : [0y, 62] — RY, hy, ha : (0, 1) — R such that H (2, 2) #0. If ¥, ® € SX((hy, ha),
[Gl, (72], R;r) and VY € |R([61’62]), then

1 G 1
/ W(0)®(0) dO D M(ai, 62)/ H2(3, 1 —9)ad
02 — 01 Jo JO

1
+N(a, oz)/ H(3, B)H(1 -, 1 —8)dd.
0

Following these results, numerous authors used different forms of generalized convex mappings and created various
sorts of relevant inequalities connected to the presented results in this note. For example, Afzal et al. [26, 27] used
(h1, hy)-Godunova-Levin convex and harmonic convex functions to build numerous integral inequalities, including H-H
and its different variants, as well as Jensen-type inequalities by using classical the Riemann integral operator. Khan et al.
[28] used (hy, hy)-convex fuzzy valued mappings to establish several integral inequalities, including H-H and its different
product and symmetric forms. Bai et al. [29] constructed H-H and Jensen-type inclusions by combining interval (hy, hy)-
non-convex functions with p-convex mappings. Ahmadini et al. [30] utilized interval preinvex (hi, hy)-Godunova-
Levin functions and produced Trapezium, weighted Fejer, and H-H type inclusions with applications to means and special
functions. Sahoo et al. [31] used interval-valued (m, hj, hy)-Godunova-Levin functions defined on the harmonic set to
develop distinct product forms of Hermite-Hadamard type inclusions. Yasin et al. [32] proposed a notion of (hj, hy, s)-
convex functions defined on an s-convex set and created several product forms of H-H and Fejer’s type results. Jesus
Medina-Viloria [33] presented a notion of (m, h;, hy)-convex functions defined on harmonic-convex set and discussed
different features and developed product forms of H-H and Fejer’s type results. For some other relevant results connected to
the outcomes established in this note using standard and inclusion order relations, see [34-39] and the references therein.

In 2021, the authors [40] show that the inclusion (C) relation has problems since they lack the property of
comparability between intervals, which they show in example 3 that was constructed for central Milne type inequality.

Theorem 1.3 Suppose that ¥, @ : [0, 1] — R are two positive and Lebesgue integrable functions. Additionally, if
¥, ® are comonotone functions, the following inequality is not true:

LR (76
o Y+

da/ol(w+q>)d8g/01waz~s/olq>da @)

To address this problem in 2022, Liu et al. [41] employed a novel kind of order relation known as the cr-total order
relation, which includes a number of additional features such as integral preservation and interval-order comparability
that are absent in inclusion relations in multiple outcomes. Taking motivation from these findings Saeed et al. [42] used
two different forms of generalized (hy, h;)-type mappings defined on convex and harmonic Godunova-Levin convex sets
and developed several outputs linked to these results.
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1
Theorem 1.4 Let ¥, @ : [01, 02] — R, hy, hy : (0, 1) — RT such that H (2, 2) #0. If ¥, ® € SGHX ((cr-hy, hy),

[Gl, Gz], R;r) and Y& ¢ |R([Gl70-2]>, then

{H (; ;ﬂ \p( 20102 ) <cr 2 /62 Té?)da <cr [w(ol)+w(oz)]/01 H(5d3

2 o]+ 0n 02— 01 Jg ,1—6)'

Other relevant results obtained by using different classes of convex mappings under cr-total order relation are given
in [43—45] and its references.

1.1 Originality and importance

This study is considered important and original because we developed a new Jensen-type inequality in sequential
form and a new Ostrowki type inequality using a Moore metric Hausdorff distance approach by using a generalized
H(a, 1 — a)-Godunova-Levin mappings. Furthermore, we produced Hermite-Hadamard and its different products by
utilizing fractional integral operators, while recently the result obtained by using classical standard integral operators. We
have added a few remarks to show the precision of our findings, which result in a number of additional generalized convex
mappings that have never been shown before, along with a number of intriguing non-trivial cases.

The format of this article is as follows. In Section 2, we should review some crucial ideas connected to fractional
and interval calculus, as well as certain fundamental definitions and results required to proceed with the article. In Section
3, we discuss our main findings, including Jensen, Ostrowski, and distinct product forms of Hermite-Hadamard type
inequalities, with several noteworthy cases and remarks. In Section 4, we relate some of our main findings to show some
applications for special means. In Section 5, we will discuss the results and draw conclusions. Finally, in Section 6, we
forecast some potential future work for interested readers.

2. Preliminaries

This part begins by reviewing several key definitions and results from fractional calculus, interval analysis, and other
relevant results used in creating primary outcomes. The real closed and bounded interval [o, ©] is defined as

[0,6]={x€R:0 <x<7},

where 0 < G and 0, 6 € R. We designate by L(a) the length of the interval [, T]. IfL(a) =0, then [0, ©] is degenerated.
If 6 > 0, then [0, G] is described as a positive interval. Analogously, if ¢ < 0, then [0, G] denotes a negative interval.
All real intervals of R and all positive intervals are indicated by R| and R;", respectively.

If [0, O], [v, V] € Ry and " € R, then the interval I'[o, G] is represented as follows:

Fo,TG] if T>0,

o, 3] =< {0} if =0,

M6, To] if T<0
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and the four operations of arithmetic are given as
0,6]+[v,V]=[c+V,G+7],
[o,0]-[v,V]=[e~v,0-V],
[0, 6] [v, V] = [min{oV, 06V, GV, 6V}, max{oV, 6V, GV, GV},
[0, 01/[v, V] = [min{c /v, 6/¥,G /v, G/¥}, max{g /o, 6 /¥, G /v, G/V}],

where 0 ¢ [v, V).
The Hausdorff metric on R" is defined by

M(C, D) = max{d(C, D), d(D, C)}, 3)

where d(C, D) = maxcccd(c, D) and d(c, D) = mingepd(c, d) = mingep |c —d|.
Remark 2.1 An similar form of the Hausdorff metric found in (3) is as follows:

M([g, 7], [v, V]) = max{|c —v|, [G —VI}. )

For [0, G], [v, ¥] € R, the center and radius order “<¢r” is defined as below.
Definition 2.1 (see [43]) The centre and radius form is another way to express intervals. This form of relation

. . _ o1+0; O,—0) _

is defined as for some intervals A; = [0y, G2] = (Oc, OR) = <2 , 2>, Ay = [vi, V2] = (v¢, R) =
Vi+V2 V2—V
=Ty ) represented as:

oc < V¢ if o¢c # v¢;
Al Zcr b2 = T
OR < VR, if or = VR.

The relation <cgr has the following relational features for any three intervals A; = [01, G2] = (O, OR), Ar =
[Vi, V2] = (vc, V) and H3 = N1, 2] = (nc, NRr): Reflexivity: A} <cgr A1. Anti-symmetry: A; <cr Az and Ay <cr Ar.
Transitivity: A| <cr Az and Ay <cR Az then A| <cR A3. Comparability: A; <cgr H3 or A3 <R As.

Remark 2.2 We note that if [0y, 03], [V1, V2] and [11, 12] are intervals with positive endpoints, then

[01, 2] _ (M1, M2
[01, 02] > [1, Mm] & 1. vl > 1 val

[o1, 02] _ [o1, 02]
[Vla VZ] < [7717 712] <~ [Vh VZ] > [7117 nz]
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Given a monotone and continuous function W(Q) over the interval Q = [0, 02|, we may specify as
Y([oy, 02]) = [min{¥(0oy), ¥(02)}, max{¥(oy), ¥Y(02)}].

2.1 Integral of set-valued functions

If¥Y: Q — R is an IVF defined over closed interval Q = [0], 03], then it is defined as follows:
¥(o) = [@(0), ®(0)],

where @(0) < @ (o), Vo € Q. The functions @ (o) and @ (o) are called the lower and the upper endpoint functions of
W, respectively. For IVF, it is clear that W : Q — R) is continuous at 6y € Q if

lim ¥(o) =¥ (0y),

G—0y

consequently, ¥ is continuous at oy € Q if and only if its endpoint functions @ and @ are continuous functions at 6y € Q.
Theorem 2.1 (see [43]) Let ¥ : [01, 62] — R: be an interval-valued mapping represented as ¥(Q) = [¥(c), ¥Y(0)].
Ye |R<[61’ AL lffg((i), \P(O') € R([Gl’ o)) and

(IR) GZW(G)dG_[(R) *y(e)do, (R) GZW(o)do}

o] o] o1

Theorem 2.2 (see [43]) Let W, @ : [0}, 02] — R: be an interval-valued mapping represented as ® = [D, O], ¥ =
[V, ¥]. If ¥(0) <cr @(0) for all 6 € [01, 03], then

02 (&)
Y(o)do <cr ®(o)do.
i o

Example 2.1 Taking into account the assumptions of Theorem 2.2 and let ¥ = [o, 26] and ® = [62, 62 + 2], then
for o € [0, 1], we have

3
wczg,wR:%,cDC:ozﬂ and Og = 1.

From Definition 2.1, it follows ¥(o) <¢cr ©(0) for 6 € [0, 1].
Since,

/01[6, 20]do = B, 1}

and
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1 17
2 2

2do = | =, - |.

/0[0,0'4—]0' [3,3]

Also, from Theorem 2.2, we have

1 1
/W(G)dc jCR/ ®(o)do.
0 0

0.2 04 0.6 0.8 1.0

Figure 1. A blue color indicates 62 + 2; an orange color indicates 20; a green color indicates o; and a red color indicates 62
g g g

The Figure 1 above clearly illustrates the validity of the <cr-order relationship.

0.2 0.4 0.6 0.8 1.0

3 2 3
P (o L L. o L (o)
Figure 2. A blue color indicates 20 + 3 ; an orange color indicates 62; a green color indicates -5 and a red color indicates 3

Contemporary Mathematics 2178 | Jorge E. Macias-Diaz, et al.



The validity of Theorem 2.2 is evident from the Figure 2.
Definition 2.2 (see [46]) Let ¥ : Q C R — R be defined over convex set Q; then, ¥ is called to be convex if

Y(00; + (1 —00z) <d¥(oy) + (1 —0)¥(02),

holds forall 6y, 0, € Q CRand d € [0, 1].
Definition 2.3 (see [46]) A mapping ¥ : Q C R — R s called to be h-convex if

(30, + (1 —363) < h()¥(01) +h(1 —8)¥(02),

holds for all 6y, 0, € Q C Rand d € (0, 1), where h : [0, 1] — (0, eo) such that h # 0.
Definition 2.4 (see [46]) A mapping ¥ : Q C R — R s called to be h-Godunova-Levin if and only if

‘P((’icl + (1 —662) < 6) +

holds for all 6y, 0, € Q C Rand 3 € (0, 1), where h : (0, 1) — (0, o) such that h # 0.
Definition 2.5 (see [47]) A mapping ¥ : Q C R — Ris called to be (hy, hy)-Godunova-Levin, if and only if

¥(01) ¥(0)
¥ (901 + (1 -00y) < hi(@)hy(1—0) + hi(1—9)hy(d)’

holds for all 01, 0, € Q C Rand d € (0, 1), where hy, h, : (0, 1) — (0, ) such that hy, hy # 0.
Definition 2.6 (see [47]) A mapping ¥ : Q C R — R is called to be harmonical (h;, hy)-Godunova-Levin, if and
only if

< 0102 > < \P(Gl) ‘P(Gz)
> h](

96, + (1 - 00 ha(1—-0)  m(1—0)h(d)’

holds for all 67, 0o € @ C Rand @ € (0, 1), where hy, hy : (0, 1) — (0, ) such that hy, hy #O0.
Note: In our main results, we used interval-valued mappings under center-radius total order relations, so we extend
the above definitions that have intervals as their codomains.

Definition 2.7 (see [47]) A mapping ¥ = [¥, ¥] : Q C R — R{ is called to be interval-valued CR-(hy, hy)-Godunova-
Levin, if and only if

lP(G]) 4 ‘P(Gz)
hi(@)h2(1-0)  hi(1-0)h2(d)’

¥(d01 + (1 -002) =cr Q)

holds for all 6y, 0, € Q C Rand 0 € (0, 1), where hy, hy : (0, 1) — (0, o) such that h;, hy # 0. If the relation (5)
is reversed, then W is said to be CR-(hj, hy)-Godunova-Levin concave. The class of all CR-(hj, hy)-Godunova-Levin
convex mappings are denoted by SGX(CR-(hy, h2), [o1, 02, RT).

Remark 2.3
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« If the mapping fulfill the condition ¥ = ¥ with h{ (3) = %,
convex function [26].

« If the mapping fulfill the condition ¥ = ¥ with h;(d) = h(d), h(d) = 1, then Definition 2.7 transforms into
h-Godunova-Levin function [48].

* If hy(3) = hp(3) = 1, then Definition 2.7 transforms into CR-p-convex function [49].

« If the mapping fulfill the condition ¥ = ¥ with h{ (0) =
function [50].

« If the mapping fulfill the condition ¥ = P, then Definition 2.7 transforms into Definition 2.5.

« If the mapping fulfill the condition ¥ = ¥ with h;(0) = 0°, hy(3) = 1, then Definition 2.7 transforms into s-
Godunova-Levin function [50].

Definition 2.8 (see [47]) A mapping ¥ = [¥, ¥] : QC R — R;r is called to be interval-valued harmonical
CR- (hy, hy)-Godunova-Levin, if and only if

h,(9) = 1, then Definition 2.7 transforms into classical

h,(9) = 1, then Definition 2.7 transforms into s-convex

1
@7

W ( 0107 > "I"(G]) ‘P(O’z) (6)

<
5o+ (1=005 ) “R b ([@)ha(1=0)  m(1=0)ha(d)’

holds for all 61, 6, € Q C R and 8 € (0, 1), where hy, h, : (0, 1) — R such that hy, hy # 0. If the relation (6) is
reversed, then W is said to be harmonical CR-(hy, hy)-Godunova-Levin concave. The class of all harmonical CR-(hy, h;)-
Godunova-Levin convex mappings are denoted by SGHX(CR-(hy, hy), [01, 03], RY).

Remark 2.4

«Ifh(0) = % 2(0) = 1, then Definition 2.8 reduces to harmonical CR-convex function [51].

«If hy(3) = h(D), ho(3) = 1, then Definition 2.8 transforms into harmonical CR-h-Godunova-Levin function [52].
* If hy(3) = h2(3) = 1, then Definition 2.7 reduces to harmonical CR-p-convex function [41].

«Ifh;(0) = 5 h,(9) = 1, then Definition 2.7 transforms into harmonical CR-s-convex function [41].
« If the mapping fulfill the condition ¥ = P, then Definition 2. 7 transforms into Definition 2.6.
« If the mapping fulfill the condition ¥ = ¥ with h;(0) =

harmonical s-convex function [53].

55 h2(9) = 1, then Definition 2.7 transforms into

We have now defined an interval-valued fractional integral operator which we used in our main results.
Definition 2.9 (see [54]) Let ¥ : [01, 02] — R{ be an IVF represented as ¥ = [¥, ¥|. The interval-valued left and
right sided Atangana-Baleanu integrals of function ¥ and order 11 > 0 are defined as follows

a L {¥(t)} = [oTH{¥(D)}, o I {¥(e)}]

and

13, {¥(6)} = [13, {¥(6)}, 1, (¥(6))]

where
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1-n n ¢ el
B(n)‘P(t)Jr Y(0)(t—0)""" do,

s T {¥() = BT Jo

810 w(e)} = - Do) 4

n)nr(n) /tcz‘I’(fi)(i‘i—t)"*1 do,

also 01 < 62,1 € (0, 1], T(d) = J5°t%"'e* dt is the Gamma function, B(n)) > 0 such that B(0) = B(1) = 1, |[B(n)|| = 1,
and Ba = Ba(p, q) = f3 07 !(1 —3)2* dO is the beta integral in incomplete sense.

As part of our main results, we also use the following two inequalities: Holder’s inequality and its generalized case
at several points.

1 1
Theorem 2.3 (see [46]) (Holder inequality) Let p > 1 and 5 + ;l = 1. Consider two real-valued functions ¥ and @

on [0}, 02 with |[¥|P, |®|? are also integrable on [0}, 0], then one has

L Tz (3) D (3)|dD < ( /G TZ |\P<5)|Pda>‘l’ ( /G 72 (I)(6)|qd5> é

Theorem 2.4 (see [55]) Let q > 1 and two real-valued functions ¥ and @ defined on [0}, 02] with |¥|, [¥||®|¢ are
integrable on [0}, 03], then we have

1

|7 e@om)o < ( I |w<6>d6) B ( I |w<6>||®<6>qd6) :

] o1

1 1
Theorem 2.5 (see [56]) (Young’s inequality) Let p, q be two positive real numbers satisfying — + — = 1. Then if
P q

¥, @ are two nonnegative real-valued functions, then one has

and equality holds iff WP = @1,

In their paper, Iscan et al. [57] developed new Hermite-Hadamard and Bullen inequalities that were applied to
trapezoidal formulae and special means, and they also introduced the following interesting results that are also essential
to developing the application section of this article.

Lemma 2.1 (see [57]) Let ¥ : Q° C R — R s a differentiable mapping on Q°, where o1, 6, € Q°, with 6] < 0,. If
Y’ € L[oy, 02] (the class of all Lebesgue measurable functions), then we have

Volume 6 Issue 2|2025| 2181 Contemporary Mathematics



Ox(¥, 01, 02) = kle [ (W) +1P((k‘5—1>61 +(C+1)62>}

k

— /Tz‘P(n)dn

02 — 01 Jo

—y e Ul(lzé)w’ (z«s(k—c)"ﬁ@
0

2
& 2« k

+(1-9) (k—C— 1)6; (C+ 1)62) dﬁ} |

holds.
Using the standard order relation, Fernandez and Mohammed [58] derived the following H-H inequality based on the
Atangana-Baleanu integral operators.

Theorem 2.6 (see [58]) If ¥ : [01, 02] — R is convex over the interval [0], 02] and ¥ € L ([01, 02]), then the
inequality stated below

Y(o))+¥ (o)
2

o1+ 02 B(n)I'(n)
lP( 2 >§ 2[(e2—01)T+(1—n)I(n)] [

ABIZ#‘P(Gz)qLABIgZ‘P(G]) <
hold for n € (0, 1).

Onalan et al. [59] developed the following H-H type inequality by using fractional integral operators with Mittag-
Leffler kernels.

Theorem 2.7 (see [59]) If ¥ : [01, 03] — R is s-convex on [0, 02] and ¥ € L (|07, 03]), then the inequality stated
below

1
(o2 —o1)"

IN

(6116, {¥(02)} + "1, {¥(01)}]

¥(o1)+¥(02) n 1-n np(n, s+1)
<{ B(n)I'(n) Hf(n)(n+s)+(az—cl>” I'(n) ]

hold for n € (0, 1).

In Yildiz et al. [60], s-convex mappings were used to develop the following fascinating results that are also used in
our primary findings.

Theorem 2.8 (see [60]) Let ¥ : Q C R — R is a differentiable mapping on Q°, where 07, 6, € Q°, with 61 < 0,. If
|¥’|% is s-convex on |01, 0,] for some q > 1, then one has
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|Qk(l}’7 617 62)|

1

lo,— 0 1 \s/ 1 \s
<% (o) (551)
= 2k p+1 s+1

k k

q];

q+ ’\p/ <(k—C— 1oy + (C+ 1)62>

holds, where 1 + 1 =1.

P q
Here is the lemma that will be used in several main results:

Lemma 2.2 (see [59]) Let 01 < 02, 01, 02 € RY, ¥ : RT — R is a differentiable mapping. If ¥’ € L[oy, 03], for
each ) € (0, 1], then one has

! AB+1 AB n
0) — O |: Ichzral {‘P(Gl)} + 0'242»0'1 IO'z {\P(Gz)}

1 (2—o)"! (o2 t0
~ {or—onp() o)+ (o) - zﬂ—lB(nl)F(n)\P ( > )
(0 —o)"!

1
- 2(T?+1)B(n)1"(n)/o w'(9) [P (001 + (1 —0)0n) + ¥ (30, + (1 —-0)0o1)] db,

where

1
n+1 -
) ,56[0, 2>,

(1—)1+. 5 e B 1].

wl(0) =

3. The main results

This section develops our main findings, specifically H-H, Jensen and Ostrowski-type inequalities for the H(at, 1 — t)-
Godunova-Levin mappings via AB integral Operators.

f.
Proposition 3.1 Let f;, 6; € R* and hy, hy : (0, 1] — (0, o) be a supermutiplicative mapping such that Y'¢_; hy (FI)
d

Fi_
ho ( I'I_"dl) =cr (0, 1}. If¥e SGHX(CR—(hl, hz), [61, (72], R;_), then we have
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;P(O'i) ™

1

Y13

(91

Proof. Since Fg =Y | f;

— _ _—yd
+ FdZA:lG

)

and ¥ € SGHX(CR-(hy, hy), [01, 02], R} ), and taking into account [61], Theorem 2.5, we

1 1 £;
Fd’ Fq

d
¥ v -
=cr ¥(01) +¥(0q) |=21 H( i Fio1

Od

obtain
1
¥ 1 1 1
1 1 d o, o4 O
v =¥ =cr Y, oL %Ok
LENERR I R PV SR R Bt 1 P A G
01 04 Fyq =1 Gi =1 Fg\opy o4 O ! Fq 2 Fq
. d fi Fi,l
Since, Y 1 h1 [ =— ) ha | = ) =cr (0, 1], then we have
Fq Fq
1
¥ 1 1 1
! o | \or "o o) | | %o+ %oy ¥
¥ i i _ izd 5 jCR ,zzl h £ h Fi1 jCR |:21 h f; h Fi1
o o4 Fy I=1c7i ! Fq 2 Fq ! Fq 2 Fq
= d ‘P(O‘l)-‘r‘P(O'd) lP(O‘,)
Ser ) f, Fii\ . (f F,
=1 by (= ) by (222 hy (=5 ) hy [ =2
Fq Fq Fq Fq
d ¥(o;)
=cr ¥(01)+¥(0og) - Y, s =
)
Fq Fq
< ¥(0)
=Y¥(o1)+¥(oq)— )
i=1|g fi Fia
Fo' Fq
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Next, we demonstrate that the mappings W¢ and Wr are harmonic (hj, hy)-Godunova-Levin convex in the Jensen

sense.
1 d \I’c Oj
Yol 77 . f ~cr Ye(o1) +¥e(og) — ) —7E PN (F')l ;
—+— =y, = i=1 g Zf it
(o] o4 Fy i O; (Fd7 Fq )
and
1 d ‘I’R O;j
YR 773 ) <cr Yr(01) +'¥R(04) — ) F FN (Ff)l
[ i=1 g2t =
o, O04 Fy in G, (Fd, Fq )
Now, if
1 Ye(o;
Ye - | #¥c(o) +¥e(os) - ), —Zelo) :
1 i,izd i =g fi Fix
01 Oy4 =1 Oj Fq Fyq
then for each £;, Fq € (0, 1) and for all 6; € [0, 03],
v ! <Y¥¢(o))+¥c(o zd: (c1)
¢ l i _ izd E o C d i=1 H f F' 1 ’
o1 oy Fq~lo Fg' Fq
then
1
¥ 1 1 1
1 : o o4 O
v <
11t 1 yd fi _CR; h fi h Fi1
o o049 Fy i=1 O; 1 Fq 2 Fq

Otherwise, for each £;, Fq € (0, 1) and for all o; € [01, 03],
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1 d
TR =cr Yr(01) +¥r(0q) Z (@)

4 Zd i i=1 | g 7| F|71 ’
o1 o4 Fq' Fy

Combining all of the aforementioned and from Definition 2.7 it can be written as:

YR

1
¥ 1 1 1

7+777
1 d 01 04 O

¥ =CR Z
11 1 f; ; f; Fi_
—+———¥, = = by (') ho (' 1)
d i Fq d

F

The proof is now complete. O
Corollary 3.1 If h1 (9) = h(d), hp(9) = 1, then Theorem 3.1 reduces to harmonical CR-h-Godunova-Levin function
which is also new.

d
v i i =CR \P(Gl —l—\P Gd Z

3
1 d £ i=1 £
o} * o4 Fq s O 8 Fy

Remark 3.1 If the mapping fulfill the condition ¥ = ¥ with h; (3) = h,(9) = 1, then Theorem 3.1 reduces to Lemma
2.1 for harmonical p-convex function which is obtained by the authors in [61].

1
Y477 7 | Ser ¥(01) +¥(0q) —¥(ai). ®
d L
— - inzl —
d Oj

01 Od

1

h(9)’
Theorem 2.8 for harmonical h-convex function which is obtained by the authors in [61].

Remark 3.2 If the mapping fulfill the condition ¥ = ¥ with h; (d) = h,(3) = 1, then Theorem 3.1 reduces to

R " jcmol)wwd)—i[h(f‘)]%;). (10

o1 Gd
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3.1 New Ostrowski-type inequality via interval CR-ordering relation for H(a, 1 — a)-Godunova-
Levin mappings

In this section, we used Definition 2.8 to develop a new type of generalized Ostrowski-type inequality via CR-
orderning relation. To further develop this new result, we can use the authors’ lemma for s-convex mappings in classical
standard order relation [62].

Lemma 3.1 (see [62]) Let W : Q C (0, «) — R be a differentiable mapping on Q°. If ¥’ is integrable on interval
[01, 03], then one has:

W(v) - — / * (@)

07 — 01 Joy

_ 2 1 —v)2 rl
_v=o) / OV (3v + (1 — )0y )dd — M/ IV (v + (1 — 3)02)dd, Vv € o1, 63].
62 —01 Jo 02— 01 Jo
1
Theorem 3.1 Let three super-multiplicative mappings h, hy, hy : (0, 1) — R with @ <cgr @, 1-0) for each

€ (0,1). Let W =[¥, ¥] : R— R{ be an IVF such that ¥, ¥ are continuously differentiable functions on Q°. If [{/|
be an interval-valued (h;, hy)-Godunova-Levin function and satisfying [V (v)| = ‘[E'(V), ‘?/(V)]’ =cr [, ] for each v,
then we have

M <[‘P(v), )], [62161 :g(a)da 62161 / * () dBD

o1

Y V' [Pyw)ao|. v '[9y

—max{](v)—cz_m w0l [ - L ["w) ‘}
Z[(V—O‘l)z-l-((&—\/)z] 1 1 1

=< .

=CR o —on /o [H(62,582)+H(552,52)} a9

Proof. Taking into account Lemma 3.1 and the Moore metric described in equation (4) in interval space, further we
know that if [¥'| € SGX(CR-(hy, hy), [01, 02], RY), then we have

M (), 0], [ [Pwee L [Pwo] )
1 02 _ 1 Oy
max{“i’(v) oo o @ ) - [ ‘P(ﬁ)dﬁ‘}
_ 2 41 _v)2 rl
<CRmax{(”®_‘2/o 5;\£/(5v+(1—5)ol);d6+%/0 3|V v+ (1—0)oy)|dd ,
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(‘V — 61)2
Oy — O]

(o) —V)2

/016“1’/(8v+(1—5)61)‘d6+(62_61 /()16“P/(8v+(1—§)62)‘d6}

(v=—01)* ! W' (v)] ¥ (01)] (o2 —v)* ! W' (v)| |¥'(02)]
jCRma"{ p—— /05{1{(5,15)%(16, 6)}&” p— /0 6{H(6,18)+H(16, 5)]“5’

' (v)| ¥ (01))] (02— V)2 !
H(c’),1—E§)+H(1—6,<’:§)]dé+ 0, — 0 /06

_ 2 41
(V O']) / 5
02— 01 Jo

@ (v)] ¥ (o)
H©, 1-0)  H(1-0, 6)] dﬁ}

<R Mmax ;(Vial)z/l ! + ! dé—i—(dziv)z/1 ! + ! do
—CR oy—o1 Jo |B@,0-) uo-02, o) oy—o1 Jo |H(©%,0-0%)  HOG-02,0%)|

Z(v—61)2/1 1 N 1 d6+(62—v)2 /1 1 N 1 &
oy—o1 Jo |H(0%,0-0%) H@-82,0%) oy—01 Jo |H(D2,0-0%) H(©-—2,0°)

_Z(v—61)2/1 1 N 1 d6+(62—v)2/‘ 1 N 1 .
~ o-o1 Jo |H@,0-0%) mH@O-2 0% o—o1 Jo |H(©0%0-9%) HO-02,00)|

The proof is finished. O
Remark 3.3 |
+ If the mapping fulfill the condition ¥ = ¥ with h(d) = =, h{(0) hy(0) = 1 with ¥ = ¥, then Theorem

5’ 1)
3.1 reduces to Theorem 2 for h-convex-mapping, as developed by the author [62].

— 1
« If the mapping fulfill the condition ¥ = ¥ with h(d) = 5 h;(0) = 1, hp(0) = 1, then Theorem 3.1 transforms
into Theorem 2 for s-convex-mapping, as developed by the author [63].

3.2 New fractional Hermite-Hadamard and Pachpatte-type type inequalities via interval CR-
ordering relation

In this part, we used Definition 2.7 to build a new form of generalized Hermite-Hadamard and Pachpatte-type integral
inequalities using the center-radius ordering relation.

11
Theorem 3.2 Let hy, hy : (0, 1) — R such that H (2, 2) #0,and @ : [01, 0] — R is symmetric function about
o] +0p

. If ¥ € SGX(CR-(hy, hy), [01, 02], RY), then we have
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11

(23) w (250 (B (o) + Pl (o)) - i (22 ) ¥ (25%0) gt 00 + o)

+—1 [¥(01)@(01) +¥(02)D(02)] Zcr 6 1 {(¥D(02)} + "1, {(PD(01)}

B(n)
iCRW [¥(01) +¥(02)] x /01 on-! {H(a 11 5 + HG _16, 5)} O (00, + (1 —0)oy)dd
+ }3(_7171;’ [‘P(O’l)q)(cl) +\P(62)(D(02)], (11)

where 1 € (0, 1].
Proof. As ¥ € SGX(CR-(hy, hy), [01, 03], R}), we have

L11<62+"1)< L (@01 + (1~ 8)02) + (0 + (1~ D)) (12)

2 - 11
H(= =
(=3)

11
Multiplying the equation (12) with H (2, 2> O"-1®(do, + (1 —0)0o1), and integrating over (0, 1), we have

11 1
H<>‘P<M>/ 10 (90, + (1 — 0)01)dd
2°2 2 0

jCR/Ol " [¥ (301 + (1 —0)02) +¥(Jor + (1 — d)01)| @ (D02 + (1 — 3)07)dd.

Assuming u = 00, + (1 — 9) 0y, the above relation becomes

H <;’ ;) (62—101)an (GZJZFGI) /:(u_m)nilq)(u)du

jCR(cz—lcl)n [/: (u—01)""¥ (0 + 01 —u) @ (u)du

+ * (u— Gl)n_l‘P(u)(D(u)du} .

o]

Making a modification in the foregoing relation, ¥ = 6, + 01 — u, then @ (0, + 01 —¥) = O(¥), becomes
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(e (57) o o

1 02 B (o) B
jCRm |:\/Gl (o —W)" I‘P(‘P)(D(W)d‘ll—l-'cl (u—oy)" llI—‘(u)q)(u)du .

— o) 1—
Multiplying above relation with M and adding the expression = (771)7

B(mI'(n)

[¥(01) 4+ ¥(02)] to the both sides,

we get

(o) —

11 n 02+ 0 - l—n
H<2’2>B(n)r(n)w< 2 )/ (a= o) T O u)du+ Fo [¥(01) 0 (1) + H(02) 0(c2)]

o1

/Gz(oz—W)”’l‘P(W)d)(‘P)d‘Y—i— ” (u— 01)" "W (w) D (u)du

_n
jCRB(TI)F(T]) |: o1 (o]
+ 1 [¥(01)D(01) +¥(02) D(02)].

From this, it can be follows as

H (; ;)w ("22") 81 (0(01)}

—H (; ;)lp (@;m) }3(—7’)7@(61) + }3(‘7’)7 [W(01)®(01) +¥(02) D (02)]

=cre, 16, { (¥ (02)} + 15, {(¥D(01)}. (13)

1

Similarly, multiplying H ( )6”1 ® (00 + (1 —9)0o2) on both sides of (12) and integrating, we have

1
22
11 0> + 07 1 _1
H{Z, - w (29 /8" O(361 + (1 —0)0)dd
2°2 2 0

5CR/01 0" ¥ (901 + (1 -9)02) + P (302 + (1 —0)01) | @ (Do + (1 — D) 02)dd.

Letu = 00; + (1 — 3) 0y, then the above relation becomes
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(34 (52) [

1 b _
S | (02w w0

+ 02(0'2 —u)"'¥(0, + 0 —u)(D(u)du} :

Ol

Same as earlier, making a modification in the foregoing relation, ¥ = 6, + 6] —u, then ® (02 + 01 — V) = O(V¥),
becomes

" (;’ ;> (02 _lcn)n\P <62;(71 ) /:(Gz—u)n_lq’(u)du

1 o2 _ ) B
< g | (0w o [ ¢ o) e o

(o — o) 1—

As before, multiplying the aforementioned relation with n and adding the expression

B(mI'(n)

[‘P(G 1)+
W¥(07)] to the both sides, we get

(2 (757)
(m)I(n)

/ ® (00T W)W dut [ (W= o) B (W) D (W)aw

O O

From this, it can be follows that
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C

11 02+ 0]
H(53)7 (25 ) b))

Ty (; ;)w <62+C71> I_Jq)(cz)+L_J[\P(Gl)(b(cl)+‘ll(62)(b(cz)}

=cre, 16, { (¥ (02)} + 15, {(¥D(01)}. (14)

Adding (13) and (14), we can get the first relation in (11) that is

i (i D ¥ (62;61> 110, {0(02)} + 1, {®(01))]

2 2 B(n)
+ }3(_7’)7 [¥(01)®(01) + ¥(62) D ()] (15)

Once more considering Definition 2.7 for the second relation, we have

¥(o1) i ¥(0o,)
(0,1-0) H(1-9,9)’

‘P(Eﬁm + (1 —6)0’2) =CR i

Y (o) n Y(op)
(0,1-9) H(1-0,9)

¥(002+ (1 -0)0o1) Zcr m

Adding the above two relations we have

1 1

\P(3G]—|—(1—8)GZ)+‘P(662+(1—8)61)jCR H(6 1—6)+H(1—6 6)

[¥(01) +¥(02)]. (16)
Multiplying relation (16) with 97~ !® (80, + (1 — 3)07) and integrating, we have
1
/0 3" [W(@01 + (1 -9)02) + P (302 + (1 —0)01) | @ (Dos + (1 — D) 01)dD

< [¥(01) +¥()] /01817—1 {H(6711_6)+H(1_16’ 57| @302+ (1-8)01)d0.
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Making a change to the previously mentioned relationship, ¥ = 6, + 0] —u, then ®(0, + 67 —¥) = O(¥), becomes

Tt s, (e reeneenar s [P oy teeo )

=CR [T(O’l) +1P(()'2ﬂ /Ol -1 |:H(3, 11 5 + 0 —18, 6):| ® (0o, + (1 —5)0’1)(15.

(or—op)" 1—n

Multiplying above relation with il and adding the expression B(1) [¥(01)+¥(02)], we have

B(mI'(n)

n %2 B o B
B(n)T'(n) Uol (0 =) (W) O (W)d¥ + A (u—07)" P (u) D (u)du

+ 1 19(6))D(01) + ¥(02)D(02)]

n(o,—o01)"

BTIE) [¥(01)+¥(02)]

=CR

! 1 1
n-1 —
x/o 0 {H(671—5)+H(1—a5) ® (90, + (1 —0)01)d0

+ L [¥(01)0(01) + ¥(02) @ (02)],
it follows that

o 16, { (¥ 0 (02)} + 15, {(¥D(01)}

n(o,—oy)"

B(n)L(1) [lp<o-1) +T<62)]

=CR

! 1 1
n-1 —
X/o 0 [ 6.1-0) + 1-9.9) ®(d0,+ (1 —8)0y)do

+ 3 [¥(01)@(01) +¥(02)D(02)]- 17)

Taking into account relation (15) and (17), we obtain the needed relation (11). O
Example 3.1 Taking into account the assumptions of Theorem 3.2.

Volume 6 Issue 2|2025| 2193 Contemporary Mathematics



1

1
2¢9 41, 3864—? defined over [07, 02] = [1, 2] with h;(8) = o h,(8)=1,B(n)=1,n= < and

LetW(o) =
et ¥(o) 2

, 4} , then we have

NNV

a symmetric functions ®(0) =9 — 1 ford € [l, ﬂ and ®(0) = —0+4ford e [

11
H( 5 5
<22 2)111(62;(”) (616, {®(02)} +*°13, {®(01)}]

" <;2 ;) p (ngm) }3(_r11)7 [@(01) + @ (02)]

+ 1 [W(01)D(01) +¥(02) D(02)]
~u(3) [i@(i)z& [on(3-0)" +lo(3) i s (5_;)2‘] @

303 451208 (8 %+ 6 : %Jr—ﬁ +—5% L3l (8
2 n M) " 2 .04 34t i

~ [73.10130, 106.84792].

Bl—

And

o1 1, {(¥O(02)} + 15, {(¥D(01)}

1

1. (3 1 3, 5 Vo 5 21, (3
-1
145 5 VO 5\7

~ [81.16120, 111.35182].

Also, we have
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WMG]H%Q)] <f o {H(a T g ) @00 (-9
+}3(_71)7[‘1‘(61)<D(61)+‘P(62)®(02)}

~~ [85.14621, 115.36241].

Consequently, Theorem 3.2 is correct.

73.10130, 106.84792] =<cg [81.16120, 111.35182] =g [85.14621, 115.36241].

1
Corollary 3.2 Ifh; (0) = 5

, h2(9) = 1, then Theorem 3.2 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

o (219 1y (0000 + 2 (0(c1)

—2ly (GZ;G‘ ) }3(_71)7 [@(01) + @(02)]

4N [¥(01)D(01) +¥(02)D(02)]

=cre, 16, {(PD(02)} + P15, { (YD (01)}

n(oy—op)"

B(M)I(n) [lP(Gl) + lP(GZ)}

=CRr
X /0.15”" [5S—|—(l —8)S]®(502+(1 —0)o;)do

+——[¥(61)®(01) + ¥(02) D (02)] (18)

Corollary 3.3 If h (0) = h(d), h2(8) = 1, then Theorem 3.2 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:
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/() v (217 Bk (o)) + L (0(e)]

2eRe 1L {(YO(02)} + 1, {(¥D(01)}

n(oy—o)"

B(7)T() [¥(01)+¥(02)]

=CR

1
x/o —_ {h(l(”))+ h(115)} O(502 + (1—)01)dd

+ L [W(01)D(01) + W(02) D (02)].

Corollary 3.4 If h; (0) = h2(0) = 1, then Theorem 3.2 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1

3 (252 ) 81 (o) + 21 o)) - 3o (252 ) g [0 + o(e)

+ ——[¥(01)®(01) + ¥ (02) D (02)]

l-n
B(n)

=crg 16 { (PO (02)} + 18, {(¥@(01)}

2n(oy—o1)"

B(TIE0) [¥(01)+¥(02)]

=CRrR

St
></ 91056, + (1 — 0)0y)dd
0

1-n

) [H(E)®(0) +¥(02)0(02)].
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11
Theorem 3.3 Let hy, h; : (0, 1) — R™ such that H <2, 2) #0,and ¥ : [01, 03] — Rf. If ¥ € SGX(CR-(hy, hy),

[01, 02], RY ), then we have

11 (GQ—G])n Oy + O] 1—n
H (2’ 2) B(T)T(n) ‘P( 2 )* By LT (00 +¥(0)

=crg 1, {¥(02)} +*°1g,{¥(01)}

‘P(Gl)+‘}'(02)} [1 Cn+ n(ox—oy)"

=CR { B(1) ()

L on_1 1 1
X/O ” (H(671—5)+H(1—6,6))d5}’ (19)

where 1 € (0, 1).
Proof. As ¥ € SGX(CR-(hy, hy), [01, 03], R{), we have

[H (;, ;)}‘I’ <V1 ;VZ) =cr P(vi) +¥(v2),

let vi = 001 + (1 —9) 0y, v = 003 + (1 — 0) 0y, the above relation becomes

H <; ;) N (GszrGl) =cr [¥(00)+(1-0)02) + (3o + (1 —D)oy)]. (20)

Multiplying by 3"7~! in (20) and integrating, we have

1 1
%w (‘”;"‘) 5CR% [/ 6"’1‘P(561+(1—3)62)d5+/ 9" 1¥ (50, + (1—0)01)dd | ,
H (7 ) | 0 | 0
2°2

it follows that

(1 1)

11 |

217 2 ‘P<®;Gl> jCR/ "G, + (1 - 8)0)d0
0

1
+/ 3" W (D0y + (1 — D)o, )dd.
0

(62 —o1)" 1-n

Multiplying the above relation with n and adding the expression B7) [¥(01)+P(02)], we get

B(mI'(n)
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1 1\ (op—0o)" 0+ 0y 1-n
H (2’ 2) B(TIT(n) ‘P( 2 )* By LT (O +¥(e2)]

‘<CRTII§<G;_O-1/ 0" "W (901 + (1 —0)0)dD
n(c:—o 1—-n
T/ 0" ¥ (9o, + (1 5)61)d6+w[‘}’(61)+‘}’(62)].

It follows that

1 1\(ca—0o)" (ot 1-7 1
H <2, 2) B(211)F(1n) ‘P< 2 5 1) + 30 [¥(01) +¥(02)] Zcr .1, {¥(02)} +*21d {¥(a1)},

so the first relation of (19) holds.
Considering Definition 2.7 for the second relation, we have

¥(o1) ¥(0,)

¥(d0; + (1 -0)02) =cr b (3)ha(1 —0) + hi(1—0)hy(d)

Multiplying aforementioned relation with 37!, and integrating, we have
1
/ 91 (90, + (1 — 0)02)dD
JO

L 1D L 1o
jCRT(O'l)/O W+T(GZ)/() h (=) () 21

n(o,—o0)"

B(mI'(n)

. .o 1= .
and adding the expression l ¥(0,) to both sides, we get

Multiplying both sides of (21) by Bn)

_ n rl _
e [0 (@0 + (1-B)02)d0+ (o)

B(m)L(n) Jo B(n)

_ gn-1
jCRn(Gz 61 { /hl do

B(n)I d)hy(1—0

1 1,11
(o) /O n o | B YO 22)

on-1dd }
B(n)

Making a change to the previously mentioned relationship, ¥ = 0, + 0] —u, then ® (0, + 67 —¥) = O(¥), becomes
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1‘[(62 |: on- ‘dEi

16, {¥(02)} R 7 B(n)T H©.1-0)

an- 1d6 -n
¥ 2
Again by Definition 2.7, we have
¥(o1) ¥(o2)

+

\P(561+(1—8)62) =CR h1(5)hz(1—6) hl(l—ﬁ)hz(a)

Multiplying aforementioned relation with 37!, and integrating, we have

—-n

By T o

"B(g;“"/ Y305 + (1 — )01 )45 + 2

n(o, — o))" L 1143
EEETENNC) [‘”"2)/0 i (@)ha(1—0)

1 3n—1d5 17”
+‘P(61)/0 hi(1 —3)h2(5)}

Same as earlier, making a modification in the foregoing relation, ¥ = 0 + 6] — u, then ® (0, + 01 — ¥) = O(V¥),
becomes

on- lda
MBI (g n(oy —
AY(01)} SR = B(n)T H@, 1-0)
on-1do -n
¥ 24
¥(0) Hl_m] 5 o) 09
Adding (23) and (24), we can get that the second relation of (19). This completes the evidence. O

0
Example 3.2 Taking into account the assumptions of Theorem 3.3. Let ¥(0) = 2¢9 41, 3¢9 + g defined over

[o1, 02] = [1, 4] with h{(0) = é, h,(8)=1,B(n)=1,n= %, then we have
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H(i, ;) (0261)”\P<62+61>+ 1-n [¥(01) +¥(c2)]

B(n)I'(n) 2 B(n)
V3|, 5 3e*+3e+1 5 /5
—ﬁ € +e+262+2,f+62 5

~ [81.77390, 103.32659].

And

6,16, {¥(02)} + 15, {¥(01)}

1 5 1 3 V3 5\ 7
2
= |z4®(Z)+—— 269 41,39+ | -8+
o (D)o gt (50 7] (043)
4 =+
+/ 2e5+1,3e5+@ (55) do
3 3 2
5
2 1

3001
S S L S N R

2 2T 3 VT

VAVA 20t Vit [ V3 ), 22 27263 5E 428
V2)’ 92

Ze%\/ﬁerf (é) +V2V/3, _27\/§e+279£e2 +52 —22]

+

~ [90.33565, 131.54364].

Also, we have
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X/Oléml <H(E§, 11 ~5) TH( —18, a)) d‘y’}

V3V (264 +2e+ 2)
+ 31

e4—|—e

1 V3VT
+1, (3¢* +3e+1) <2+ 3 )

~ [96.30783, 142.81028).

Consequently, Theorem 3.3 is correct.

[81.77390, 103.32659] =g [90.33565, 131.54364] <cr [96.30783, 142.81028].

1
Corollary 3.5Ifh;(0) = 5

, h2(9) = 1, then Theorem 3.3 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

o= (oator\ 1-7
2 B(n)[(7) \P< 2 >+ B(n) (¥(01)+¥(02)]

=cre 16, {¥(02)} + 18, {¥(01)}

<CR {W] [1_ 77(62761)77 n(czfcl)n F(n)F(SH)

B(n) I(n)(s+n) I(n) T(n+s+2)

Corollary 3.6 If h; (3) = h(9), h,(3) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

l (0'2—01)77 o)+ 0 1—-7n
#(2) st (Z52) + 5y o0 +w(ou)]

=cre, 16, {¥(02)} +*°18,{¥(01)}

. {‘P(m;&‘;’(m)} {1 - n(c;(—n;m" /0 -1 (@*M) da] ,

Corollary 3.7 If h; (9) = h2(d) = 1, then Theorem 3.3 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:
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(GgG])n\P<Gz+Gl>+ 1—-n

B(n)L(n) 2 50y L2 (01 +¥(02)]

<cre 16, {¥(02)} +*°18 {¥(01)}

‘P(G])+‘P(62)] {1_174_2(02—01)71}

5“[ B(n) ()

3.3 Upper bounds for Hermite-Hadamard type inequality for twice differentiable mappings

Based on the identity in Lemma 2.2, we present a novel refinement of H-H type fractional integral inequalities when
the function W is twice differentiable.

11
Theorem 3.4 Let hy, hy : (0, 1) — R™ such that H (2, 2) #0,and ¥ : [01, 02] = RY. If ¥ € SGX(CR-(hy, hy),

[01, 03], RY), then we have

1
E—— ABIZZ+61 {¥(op)}+4 0'2+o-1 Ig {'{’(62)}]

1 (02 —0p)1! 0, +0
‘X@—mmmﬂw“”+”®”‘wam$nmw(221)

5CR( (02— o)1 (¥ (01)|+[¥" (02)]]

n+1)B(n)I'(n)

1 1
/Ejn+ { H, 1—6)+H(1—6,6)}d6’ (25)

where 1 € (0, 1].
Proof. By considering Lemma 1 in [59], we have

1 AB
ﬁ l: IZQ+6| {\P(Gl)} + c;2+61 Ig {T(Gz)}]

1 (op —op)1! o, +0
oo o) o] -y (2

(62_01 77 ! 71 " "
<R3 1175 |w (19361 + (1 0)02) |+ [#" (905 + (1 - 0)01)[] dO. 26)

Since ¥ € SGX(CR-(hy, hy), [01, 03], RY), then we have
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1 ABtT AB n
o) — 0] { Iffz;"l {¥(o)}+ %101 IGz{lP(GZ)}

1 (op —op)1! o+0o
e e+ ¥le] -3 e (20

(02— )" Lol (o) (o)
= 200+ DB {/o | ) o)
! ¥(01)] ()]
+A (1—g)nt! {hl(mhz(l_a) h1(1—5)h2(5)]d6
P [ 19(0)] ¥ (1))
+./0 or {hl(a)hz(l5)+h1(15)h2(5)}d6
! ¥ (02)] ¥ (o1)|
AT s s )
_ (op—o)!
~ (m+1)B(M)I(n)

LI ¥ (01)] [P (02)]
X{/O g l[h1(6)h2(1—8)+h1(1—5)h2(6)}d6

: ¥ () [#7(on)]
“ o {hl(fﬁ)hz(l ~9) il —5)"2(5)} dg}

_ —1 %

1 1
@ 1-9)  H(1-9,0)

Ja.

O

L . 0
Example 3.3 Taking into account the assumptions of Theorem 3.4. Let ¥(0) = [2¢% + 1, 3¢% + g defined over

. 1 1
[G[, Gz] = [1, 4] with h](ﬁ) = g, hg(a) =1, B(T[) =1,n= E

Then, all the hypothesis of Theorem 3.4 are satisfied.

1
Corollary 3.8 If h; (0) =

5 h2(9) = 1, then Theorem 3.4 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:
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1

ABITI
Oy — O]

oo {qj(cl)}‘F 2o Ig {T(GZ)}:|

1 (03 —op)1! o +o
ozt e+ v - g (252
1 N+s+2
M“qﬂ/(a )| +¥" (o (2> 2 51
= (n+1)B(n)L(n) ! | = e TR 2 st

Corollary 3.9 If h; (3) = h(3), h2(3) = 1, then Theorem 3.4 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1
ﬁ ABI?,2+61 {‘P(Gl)}'F ()'2+o'1 Ig {LP(O-2)}:|

- m (¥(01) +¥(02)] —

(02 —07)1! 0+ 0
2nls<n>r<n>‘*'< 2 >

(op—0 )n—l " " : 1 1
< G sty [ 0 @] [T [h(l—m *h(éﬂ 0.

Corollary 3.10 If h; (3) = h,(3) = 1, then Theorem 3.4 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1 B
o —01 {A I’ZW1 {¥(o1)}+5 AT I, {‘I‘(Gz)}]

~ (or—oEm) ;1)3(77) [¥(0))+¥(02)] —

(0 —0y)1! o)+ 0
2nlB<n>r<n>q’( 2 )

( l)n—H
! o
< G s e

1 1
Theorem 3.5 Let hy, hy : (0, 1) — R™ such that H (2, 2> #0,and ¥ : [01, 02] — RY. If P € SGX(CR-(hy, hy),

[01, 02], RY), then we have
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1

ABIn
0y — O]

ato {T(Gl)}+ 2to Ig {\P(G2)}:|

1 (0y —op)1! o+0o
o manya o)+ Wow] - 3w (250

1 np+2p %
~ (02 —0y)1! (2)
“Rm+1BmI(M) | np+p+1

[1#"(0)l+1¥"(02)] [(/ H81— ) (/ H1—56> ] @7)

1 1
where 1 € (0, 1], —+—-=1.

q
Proof. According to Lemma 2.2 and taking into account Holder’s inequality and result (26), we have

1 B
o —01 [A I’Z,M {Plo)}+5 %10 12, {‘P(o-z)}}

1 (62—61)1771 Oy + O]
o —enp(m LT O+ ¥ew)] - 2n18<n>r<n>‘*'< 2 >
(62_0—1)11_1 ! % ! 1" é
<oz s ([ @pa) [( [ 1@+ (1-0)0)00) e8)
+ (/01|‘P”(662+(1 8)61)|qd5) q] . (29)

As ¥ € SGX(CR-(hy, hy), [01, 02], RT), then we have
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1

ABITI
Oy — 01

oo {¥(o1)} +% 62“’1 Ig {W(GZ)}]

1 (op —op)1! o +o
e e+ ¥le] - o (20

1 np+2p %
L (o—op)"! (2)
“Rm+1)BMI() | np+p+1t

[ (e iy )

L (it i )o]'}

Then, we apply the fact that

(o)) (o)) (o))
Y (a4 vi)? <Y w+ Y v,
k=1 k=1 k=1

for 0 < o1 <1, uy, s, ug, >0, ¥y, W5, W5, > 0. So, we have the following inequality:

1
— ABIZ—Zﬂ;l {¥(o1)} +54 62+0'1 Igz{‘I’(oz)}]

=~ (or—oB0n) ;1)13(77) [¥(01)+¥(02)] —

1 np+2p %
(6y—oy)1! (2>
=CR
(m+1)B(MI(M) [ np+p+1

(0 —0y)"! o)+ 0y
anB<n>r<n>‘P( 2 )

[ e ) ([ et )’
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([ et ) ([ e )]

1 np+2p %
_ (=)™ (2>
(n+1)B(n)I'(n) | np+p+1

K/HE‘“— ) </H1_55)]'

The proof is completed. O
V2+0
5

(1% (01)[+¥"(02)]]

defined over

Example 3.4 Taking into account the assumptions of Theorem 3.5. Let ¥(0) = {486 +7+0,

. 1 1
[61762]:[1,3] Wlthhl(é)zgah2(8):l7B(n)*l n= 7p q=2.
Then, all the hypothesis of Theorem 3.5 are satisfied.

Corollary 3.11 Ifh; (3) =
Baleanu integral operators:

h2(9) = 1, then Theorem 3.5 yields an outcome for the s-convex function for Atangana-

1
o’ )

1

ﬁ ABIZZ+G| {\P(Gl)} + O'2+(y] Ig {T(Gz)}]

1 (62—61)77_1 Oy + 01
o= MO0+ ¥l - (25)
1 n+1\ p
_ -1 ) 1
=CR (n(—ciy—zl)B(E]))nF(n) (52_ 2 [[¥"(01)|3+]¥" (02)[4] @
1 n+s+2 é
(3)
ra— +B1(M+2,s+1)| . (30)

Corollary 3.12 If h; (0) = h(9), h(9) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:
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1

ABITI
Oy — 01

oo {¥(o1)} +% 62“’1 Ig {W(GZ)}]

1 (op —op)1! o +o
oo o) W] -y (2

(1)n+1 P
(62_61)117 2 [|\P//(Gl)|q+|\lﬂ/(62)|q]é

SR G+ B(T(N) | n+2

x[/jzﬁ"*‘ (h(la)+h(1l—z~j)>d6r' 31

Corollary 3.13 If h; (0) = hy(0) = 1, then Theorem 3.3 yields an outcome for the p-convex function for Atangana-
Baleanu integral operators:

1 B
o —01 [A I’lzwl {¥(o1)}+5 o 1, {‘y(oz)}]

1 ((72—61)1771 Oy + O]
'Xmmmmﬂww”yﬂqﬂ‘wlmmnmw( 2 )
[\ 1+
_ -1 " 1
5ayéfD§2;Un(;zz[H”wﬂﬂﬂwﬂwﬂﬂm (2

1 1
Theorem 3.6 Let hy, hy : (0, 1) — R™ such that H (2, 2> #0,and ¥ : [01, 02] = RY. If ¥ € SGX(CR-(hy, hy),

[01, 02, RY), then we have
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1

ABIH
Oy — 01

opto {¥(o1)} +% 62+61 IGz{lP(GZ)}]

1 (op —op)1! o +0o
(o aym He0 + ¥l g (25)

1y (0 (§) s
< (63 —oy)! (2> (a=1)
“Rm+nBMIM) | M+1)(q—p)+q—1

1
1 1 q
1| 2 Q"PTP4Y 1 Q"PtPdo | *
" q " q
* ¥ o) H¥ )] l o H@.1-0) Jo H{I-0, 6)]

; (33)

wheren € (0, 1],q>p > 1.
Proof. By applying Holder’s inequality and taking into account relation (26), we have

1 AB
ﬁ [ I?’ﬁﬁl {‘P(Gl)}+ 2301 Ig {T(GZ)}}

S GErar ;1)3("1) [¥(01)+¥(0n)] -

((72—01)”71 lP<02‘|'0'1> _ (0-2_61)717]
21-1B(n)T(n) 2 2(n+1)B(n)I(n)

/|w" T (0) 5 [ (961 + (1 - 8)02)|+ " (365 + (1 - D)01)[] D

<CR (02—61 )11 /‘ (o L1 "
—2(n+1)B

1

X [(/01|wn(3)|p|‘l‘”(561 +(1 8)02)|qd5> ’

+ (/01|Wn (0)]P|¥" (o2 + (1 5)61)|qd3> q] .

As [¥"|%is an (hy, hy)-Godunova-Levin function, we have
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1 AB
ﬁ |: Irc];2+cl {T(Gl)}—F 52+5| Ig {\P(Gz)}:|

- m (¥(01)+¥(02)] —

((72—0'1)”71 lP<0-2+61> _ ((72_61)”71
21-1B(n)I(n) 2 2(n+1)B(n)I'(n)

/ lw" (0 |w’7 % )4 [[¥" (801 + (1 —0)02)|[+|¥" (002 + (1 — 0)oy)|]dD

g P (i) ([

[ (3)[P| %" (05)|90 | 3 ! w'(0)[P|¥"(02)|9dd !l (3)[P ¥ (01)|98 \ &
+/0 hi(1—0)h2(0) ) +</0 h1(0)ha(1—0) +/0 hi(1—0)hs(0) )]

1
-3

1\ 0(E%)
- 5 (a—1) 1
(02 —o1)""! (2> {[|T//(Gl)|q (/02 h1(8WP+Pd6

T2+ 1BMI(M) | (n+1)(q—p)+q—1 9)h2(1-0)

1— ’7P+Pd6 Y 3 9"PtPdD 1 (1 —0)"PHPdD 3
“J; o)t (62)|q</0 EGORY) h1(1—5)h2(6)>]

1 1

., b gmwedy I (1—8)™®+dd , b ey
e (62)|q</0 I h1<6>h2<1—6>>+"" (Gl)|q</o (1= 0)ha(0)

1 (n+l)( )
+ 1 9) np+pd5>} (o=} <2> (a=1)
3 hi(1-0)h2(0 ~ (m+1BMI(M) [ (n+1)(q—p)+q—1

> [|\P/l(cl)|q+|lpll(62)|q]é [ % 5nP+Pd3 8"P+Pd8 ‘|

0H618 H1 0,0

O

1| defined over

V540
2 7

Example 3.5 Taking into account the assumptions of Theorem 3.6. Let ¥(0) = [565 +3,

. 1 1
[0'17 0'2] = [1, 3] with h1(5) = E, hz(a) = LB(TI) =1,n= 5 p=q=4.
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Then, all the hypothesis of Theorem 3.6 are satisfied.

Corollary 3.141fh; (0) = 5 h,(3) = 1, then Theorem 3.6 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

1 AB+7 AB n
0y — 0] Iw{w(ol)} + 02450'1 Io-z{lP(Gz)}

- m [¥(01)+¥(02)]

_ (;—oy)"! 02+ 0]
2nls<n>r<n>‘*'( 2 )

5) )

(0o —o7)1! 2
SR DB | (n+D(a—p)+a—1 Y
% U‘I’”(Glﬂq""qﬂ/(cz)'q}é [/{)2 Jnetp <h(15)+ h(11—5)> d5] ' . 395

Corollary 3.15If h; (3) = h(9), h2(9) = 1, then Theorem 3.3 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1 AB+7 AB n
0, — 0] IO’Z;GI {‘P(Gl)} + 624501 Io-z{lI’(Gz)}

- m [¥(01)+¥(02)]

(0 —0y)"! o)+ 0y
- 2nls<n>r<n>q'( 2 )

(o3 —oy)!
n+1)B(mImn) | (n+1)(q—p)+q—1

jCR(

1 np+p \ q
<2) U q 1 q L
“| mptpri [[W(01)[4+|¥" (02)[4] 2.

11
Theorem 3.7 Let hy, hy : (0, 1) — R™ such that H (2, 2) #0,and ¥ : [01, 03] — RY. If P € SGX(CR-(hy, hy),

[01, 03], RY), then we have
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1 AB
ﬁ |: I1Zyz+crl {\P(Gl)}—F 0'2+o'1 Ig {\P(Gg)}:|

1 ((72—0'1)1771 0>+ 07
~To o oD+ o] - zn‘B<n>r<n>‘P< 2 )

1 np+p—1
= (02— oy)"! (2)
R+ )BT () | (mp+p+1)p

1 " " " 1 ]
+§[|‘P (01)| %+ (oz)\q]/o <H(E§, 1_5)+ H(1 -, 6)>d6}

where 1 € (0, 1].
Proof. By applying Holder’s inequality and taking into account result (26), based on the Young’s inequality: ab <

1 1
—aP + —b9, we obtain
q

ﬁ {ABI’JW1 {¥(o1)}+5 w 12, {‘P(oz)}}

1

(02 —oy)1! o) + 0]
~ ety o0 o] 5w (25)
((72—0'1)”71 2 i
SRS 1 BT () [p/o @)D

+% (/01 ¥ (Do + (1 —6)62)|‘1d6+/0' 9" (B0 + (1 — 5)Gl)|qd5>} _

As [¥"|%is an (hy, hy)-Godunova-Levin, we have
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1 AB+T AB n
e [ Thin (00} + B T )

1 (0'2—(71)7771 Oy + O]
e e+ ¥le] - o (20
(6 —07)1"! 2 [l
=R a0 Ta(n)R) {p/o ¥ (@)FdD

1[/1 ¥ (01)|%dD +/1 ¥"(0,)|%dD
0 0

q hi(d)ha(1—0) hi(1—9)hy ()

1 W (Gy)dd [t |(01)[%dD
) m@hz(l—a)*/o h1<1—8>h2<6>”

1 np+p—1
e | ()
2(n+1)B(mI(n) | (mp+p+1)p

+c11 (¥ (01)[%4 %" (02)]9]

X./ol (H(B,ll(’)) * H(1ja, 5))@}.

The proof is completed. O

1
Corollary3.16 It h; (0) = —

5 h(9) = 1, then Theorem 3.7 yields an outcome for the s-convex function for Atangana-

Baleanu integral operators:

1 AB+1 AB n
0, — 0] |: Icrz;al {‘P(Gl)} + 0'242»0'1 10-2 {T(Gz)}

- m [¥(01)+¥(02)]

1 np+p—1
< (62—01)"! (2>
2+ 1BMI(M) | Mp+p+1)p

(oy—op)! o +0
- 2nls<n>r<n>qj( 2 )

1
+é ([ (01)|%+[¥" (02)]4] /o (h(li‘i) " h(ll_a)> dé} |
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Corollary 3.17 If h (3) = h(9), h2(9) = 1, then Theorem 3.7 yields an outcome for the h-Godunova-Levin function
for Atangana-Baleanu integral operators:

1 B
ﬁ |:A IT(7)-2+0'1 {lP(O'l)} "‘ o'2+o'1 Icz{lP(GZ)}:|

I (2—o)"! ,(oato0
‘«nomMnﬂT“”+T“”y‘waBmﬁwnw<22 j

1 np+p
(0 —oy)1! (2> 1
n+1B(MI(MN) | (mp+p+1)p  q(s+1)

Sery [[¥"(01) %+ ¥"(02) ]

3.4 Some new upper bounds for differentiable H(a, 1 — a)-Godunova-Levin mappings involving
power mean and Hélder inequality

11
Theorem 3.8 Let hy, hy : (0, 1) — R™ such that H (2, 2> #0,and ¥ : [01, 03] — RY. If P € SGX(CR-(hy, hy),

[01, 03], RT) with 0 < 07 < 0, and [H(9, 1 —)]? € L[0, 1] (space of all measurable functions), then we have

do

oo § 258 [< ) (Lt (s

= H(©, 1-0) K

qd8>;]

|1 —20| (k—C—1)o1+(C+1)o,
H(1-9,0) k

11
holds, where 1 < p and — + — = 1, where
P q

Ox(¥, 01, 02) = ii‘;;k [\p (G‘—C)"l*@) +1P((k—C— Do+ (C+ 1)02”

k k
— [T
a 02 — 01 Jo nen
k—1 _ 1 _
-y (o7} 201 V (1 20)% <3(k ¢)o1+(or
=0 2k 0 k
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Proof. Assume that q > 1, further considering Lemma 2.1 and Theorem 2.4, we have

|Qx (¥, 01, 02))|
Z Oy — O] /1
B 2k?2 0
= (/ I —26|d6)

x </01 126|‘1P’ (3(1‘—5)‘;+C"2+(15)(k_5—1)6i{+(c+1)62>

1

4 \a
)

As |¥'|% € SGX(CR-(hy, hy), [01, 02], RY) is (hy, hy), we have

|Qk(\y7 o1, 62)|

szi e U"u_mdﬂ]{/|lzm< o | (e
Yo

i _[1-20] (k—Q)o1 + Con \ |?
o () ([ e ()

1 \q

d5>
_kilcfz—o-l ‘*T \1725| (k—0)o1+ L0y | |
= H(@O,1-0 k

qd6>;1.

, ho(0) =1, we get

n 1 ‘q,/<(k—é—l)cl+(c+1)az>

H(1-0,0) K

do

[ e (i)

do

o[ L (e )

Q| =

Corollary 3.18 In Theorem 3.8, if we apply h;(9) =
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0¥, 01, 02 = Y 2% (‘l}' <<k—6>61+602) ;
C:Ok2(2)2+é z
q)f1

i “I” ((k—C— I)Gi(-i-(C—i-l)Gz)

which has been derived by authors in [57].

1
Corollary 3.19 In Theorem 3.8, if we apply h1(0) = —, h2(d) = 1, we get

(V)s
(¥, 0 o><kf“2‘“1( I hae=y )é
BT = a0 T\ (s 4 1)(s+2) | (s+1)(s+2)

k k

" H\P, ((kc)cn +cr)

1
4 q
"

11
Theorem 3.9 Let hy, hy : (0, 1) — R™ such that H (2, 2) #0,and ¥ : [01, 02] = RY. If 9" € SGX(CR-(hy, hy),

q+ ‘\P/ <(ko l)o1+ (o + 1)52)

which has been proved by Yildiz et al. in [60].

[01, 03], RT) with 0 < 07 < 0, and [H(3, 1 —0)]% € L[0, 1] (space of all measurable functions), then we have

1

()
< (s [ (%)

L1 ‘T,<(kC1)61+(C+1)62> q)ﬁ)é]

k—1
Oy — O]
Ox(¥, 01, 00)| <
‘ k( y O1, 2)|f£0 2k2

q

H(1-9,0) K

1 1
holds, where — + — = 1.

q bp
Proof. Assume that p > 1. Taking into account Lemma 2.1 and applying Holder inequality, we have O
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_ C;O " UO (1-20)% (5k

t-g) & 1)6:(“1)62)%]
e
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AN
Q

k

k-1 !
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;0 2x? [ 0

<

As |¥'|? € SGX(CR-(hy, h2), [01, 03], RY) is (hy, h2), we have
1
)
! 1
<
_./0 (H(fi 1-9)

Therefore, we deduce

IN

p (5(k—CM‘1+C62

(k—C—1)o1+(C+1)o
- +(1-9) ! 2)

k

qd6>;] |

+(1—8)(

N (6 (k—C)o1+ (o

L k—C—l)GlJr(CJrl)Gz)’d8

k

1 1
THI=9,9)

k k

> ((k—C)Gl + C02)

3 ((k—C— Do+ (C+ 1)62) D 0.
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Ty H(1—16,8) ‘T/ <(k—C— 1)GL+ (C+ 1)02)

|—
| S|

Yo

1
Remark 3.4 If we apply h;(0) = 5 h2(9) = 1 in Theorem 3.9, we obtain Theorem 6 in [60].

4. Applications to special means

In this section, we present several specific means that can be utilized to analyze our major results from section 3.4.
Let 01,00 €R,

* The arithmetic mean between two non-negative numbers is defined as follows:

01+ 0p

AZA(()'l,()'z)Z: >

70-170-220~

* The harmonic mean between two non-negative numbers is defined as follows:

20'1(72
01+ 02

HZH(Gth):: , 01,02 >0.

* The logarithmic mean between two non-negative numbers is defined as follows:

o1, ifor =0y
LZL(Gth):: o1, 00 > 0.

02 — O .
———  ifo] £ oy,
Inoy —Inoy

Proposition 4.1 Let 61, 0o € R, 0 < 0] < 03, and r € N, r > 2. Then, the following
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(( (k—0)o +Ccz>r ((k—C— 1)oy +(C+1)0'2)r) ~La* (01, 02)

k k

- 0'2—(71 \1—26| (k—0)o1 + (o =1
ST ([ ) ()

1

1228\ ((e=C=Doi +(+ Doz 4]
H(1-9,9) k
holds, for all g > 1.

Proof. In order to prove this proposition, we need to satisfy the following conditions in Theorem 3.8 that is ¥(9) =
0%,0€[o],00],reN, r >2. O
Proposition 4.2 Let 61, 0, € R, 0 < 0] < 03, and r € N, r > 2. Then, the following

1, (<(k_C)G1 +Coz>r ((k—c— Doy +(C+ 1><’2>r> L (01, )

k k

I
ol
S
!
Q
5
7N
o)
—+ |~
AR
N———
Y=

1

0 ) () ] ) (st

holds, for all g > 1.
Proof. In order to prove this proposition, we need to satisfy the following conditions in Theorem 3.9 that is ¥ (9) =
0,0€lo),0m], reN, r>2. O

5. Conclusion

Our work develops and analyzes various convex integral inequalities, extending classical inequalities and enlarging
our understanding of the relationship between convexity and integrability. The obtained inequalities contribute to
theoretical understanding and real-world applications by giving convex functions in integral form tighter bounds.
Additionally, the authors [48] of the subsequent results used classical integral operators, but we used full-order interval
mappings and a fractional integral operator in this study. Furthermore, we established a new type of Jensen-type inequality
in sequential form, as well as an Ostrowki type inequality, utilizing a unique Moore metric Hausdorff distance technique,
which is genuinely fresh notion for such inequality with this type of generalized mappings that generalized the following
results [61-63]. Furthermore, we developed new upper bounds for differentiable H( ¢, 1 — @)-Godunova-Levin mappings
involving Power mean and Holder inequality that generalize the conclusions of the following authors [57, 60] in different
circumstances.
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6. Future directions

Building on these first findings, there are still a number of directions to investigate. The application of convex
integral inequalities to functions defined on non-Euclidean spaces, like Riemannian manifolds [64], where curvature may
affect inequality bounds, is a potential avenue. An alternative approach is to investigate probabilistic interpretations
and applications, namely in information theory [45] and stochastic analysis [37], where convex inequalities may offer
more precise expectations bounds. Additionally, the authors extend these findings in the context of Hilbert and variable
exponent spaces [65], and they could close the gap between theoretical advancements and real-world applications by
investigating numerical methods for approximating these integral inequalities and their applications in machine learning
and data science.
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