Contemporary Mathematics

https://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Computing the Neighbourhood Multiple Topological Indices of
Dendritic Graphs

1 1,2%

Tumiso Kekana" ', Kazeem Olalekan Aremu , Maggie Aphane!

'Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University, Ga-Rankuwa, P.O Box 60,
Pretoria, 0204, South Africa

2Department of Mathematics, Usmanu Danfodiyo University, Sokoto, P.M.B 2346, Sokoto State, Nigeria
E-mail: aremu.kazeem@udusok.edu.ng

Received: 5 November 2024; Revised: 16 December 2024; Accepted: 19 December 2024

Abstract: In this article, we extend the traditional multiple degree-based topological indices (TIs) to neighborhood
multiple degree-based TIs with the aim of studying the branching and generation of three distinct dendrimers namely,
poly (propyl ether imine) (PETIM), zinc porphyrin, and porphyrin. We defined and computed six existing neighborhood
versions of multiple degree-based TIs for the dendrimers. The computational analysis revealed that our TIs display
exponential or linear growth as the dendrimer generations increase. Our findings reveal that the extended TIs such as
the second Zagreb index (I'yyM>(®)) and forgotten index (I'y F (®)) effectively capture the highest structural complexity,
showing rapid exponential growth with each generation. In contrast, TIs; atom bond connectivity index (I'yyABC(®))
and Randic index (I'yyR(®)) exhibit more moderate or linear growth, indicating their focus on more localized structural
characteristics. These results contribute to a broader understanding of the dendrimer’s structural complexity and
connectivity highlighting their potential in drug delivery applications. The research also reveals critical insights on
the neighborhood multiple degree-based TI’s role as an efficient molecular descriptor that can characterize connectivity
patterns of complex graphs. The analytical results have a further implication on the quantitative structure-property
relationship (QSPR) modeling of these dendrimers.

Keywords: neighborhood multiple topological indices, porphyrin dendrimer, zinc porphyrin dendrimer, PETIM dendrimer
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1. Introduction

Dendrimers are nanoparticles with diameters ranging from 1 to 100 nm, and they are synthesized macromolecules
or polymers that play a significant role in chemical research. Their highly branching, tree-like structure, where each
generation of branching adds new layers or branches to the central molecule in a gradual and repeating process, gives
them unique properties and versatility. Dendrimers were first synthesized in 1978 by the German chemist Fritz Vogtle [1]
and have since found applications in chemistry, biology, and nanosciences. Due to their unique structure and properties,
dendrimers present significant opportunities for designing innovative materials, drug delivery systems, and nanoscale
devices [2]. Ethirajan et al. [3] highlighted the significance of porphyrin dendrimers in photodynamic therapy and
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nanodevices, attributing their importance to their unique capability to transfer excitation energy when exposed to light.
Their versatility is particularly evident in drug delivery, where they enhance drug solubility, bioavailability, and targeting
precision. The foundational principles of modern chemical graph theory (CGT) are credited to the innovative work of
mathematicians Arthur Cayley (1821-1895) and James Sylvester (1814-1897). In their attempt to represent chemical
structures through mathematical concepts, they established that there is an isomorphism between chemical structures and
mathematical graphs [4]. A fundamental tool in CGT is the use of topological indices (TIs), which are numerical values
derived from the properties of chemical graphs. TIs are generally classified into four categories: distance-based, entropy-
based, spectral-based, and degree-based TIs. These TIs capture important structural information about molecules and can
be used to predict various chemical and physical properties. These TIs enable dimensionality reduction, allowing for the
exploration of structure-property relationships in a more manageable and interpretable manner [5].

The concept of Tls dates back to 1947 when Harold Wiener introduced the Wiener index to study molecular branching.
Wiener’s work demonstrated a strong correlation between the boiling points of alkane molecules and their corresponding
Wiener index values [6]. Building on this foundation, two degree-based graph invariants-the first and second Zagreb
indices-were introduced in the 1970s and have since become key tools in CGT (see Gutman [7]). These indices are
widely used to characterize molecular structures, capturing information about their complexity and connectivity. The first
and second Zagreb indices for a graph & are defined as follows:

M(@®)= Y d= Y (d+d),

vev(®) uveE(®)

M2(6): Z (dudV)v
uveE(®)

where & = (V, E) is a graph with vertex set V and edge set E. Here, d,, and d, represent the degrees of vertices u and v,
respectively. The degree d, of a vertex u € V is defined as the number of edges incident to u.

The same study also showcased the impact of the sum of cubes of vertex degrees in a molecular graph. However,
the specific TI associated with this observation was not further explored and remained largely forgotten. Subsequently,
Furtula and Gutman conducted an investigation into this “forgotten TI”” and demonstrated its significant improvement in
relevance compared to the first Zagreb index in physicochemical applications. Their research revealed that both the first
Zagreb index and the forgotten index exhibit strong predictive capabilities for entropy and acetic factors of Alkanes, with
correlation coefficients surpassing 0.95 [8]. The forgotten TI can be computed using the following formula:

Fe)= Y d= Y d;+d;.
uev(®) uveE(®)

In 1975, Randi¢ [9] introduced a TI that computes the degrees of edges in a molecular graph, in his article titled “On
characterization of molecular branching”. This index, widely known as the Randi¢ index or the Connectivity index is
certainly the most widely applied index in chemistry and pharmacology, in particular for designing quantitative structure-
property and structure-activity relations. This index is given by

R(®)= )

uveE(®) dudy

Additional degree-based TIs include the atom-bond connectivity (ABC) index, the geometric-arithmetic (GA) index,
and their variants (see [10—17]). In 2018, Gao et al. [18] introduced new variants of the ABC and GA indices, these

Volume 6 Issue 2|2025| 2467 Contemporary Mathematics



variant paved way for the multiple degree-based TIs. These TIs were computed for three grid structures: octagonal,
hexagonal, and square grids. Zaman et al. analyzed various degree-based irregularity TIs for three types of dendrimers:
the first kind (D [n]), the third kind (D3n) across generations 1 to 3 with three growth stages, and the tetrathiafulvalene
dendrimer (T'D;[n]) [19]. In another study, Zaman et al. [20] provided a comprehensive analysis of degree-based TIs for
dominating David derived networks (DDDN), assessing their utility and performance in honeycomb networks. Liaqat
et al. [21] recently extended the misbalance prodeg index from crisp to fuzzy graphs, where vertices and edges have
varying membership values. They established bounds for this index across various graph classes, including paths, cycles,
complete, bipartite, and star graphs. Similarly, Noureena et al. [22] addressed the problem of identifying tricyclic graphs
of fixed order that maximize the atom-bond sum-connectivity (ABS) index, a degree-based TI. They characterized the
graphs with the largest ABS index among connected tricyclic graphs of order n > 5, building on prior work in this area
(see [23-25] for similar works).

Recently, researchers have focused on developing TIs based on the neighborhood degrees of vertices. The
neighborhood of a vertex u, denoted by N(®),, is the set of all vertices v directly connected to u. The neighborhood
sum degree of u is defined as the sum of the degrees of its neighboring vertices and is expressed as:

A=Y d,.

VEN(®),

Mondal et al. [26] introduced the concept of neighborhood sum degree-based TIs, which extend classical TIs
by incorporating the degrees of neighboring vertices into the computation. Their work explored variations such as
the neighborhood second Zagreb index, neighborhood forgotten index, modified neighborhood forgotten index, and
neighborhood hyper Zagreb index, each designed to characterize molecular structures in greater detail. These indices
are defined as follows for a graph &:

ueV(®)

Fy@)= Y [(W)*+ ()], and

uveE(®)

HMy(®)= Y (A+4)%

uveE(®)

In their application to quantitative structure-property relationship (QSPR) analysis, Mondal et al. [26] observed that
the newly introduced neighborhood TIs outperformed their degree-based TIs counterparts when applied to model the
physicochemical properties of octane isomers. Following this, Mondal et al. [27] extended this concept by introducing
neighborhood variations of several degree-based TIs, including the second modified Zagreb index, general Randié¢
index, harmonic index, and inverse sum index. These TIs were derived from the neighborhood M-polynomials of
crystallographic structures. Abubakar et al. [28] studied the bounds of the neighborhood geometric arithmetic index
and the neighborhood atom bond connectivity index, investigating their graph theoretic properties on various graphs such
as star graphs, cycle graphs, and complete graphs. Ullah et al. computed novel neighborhood-based molecular descriptors
for two carbon nanosheets and derived corresponding formulas for these descriptors [29] (see [30-32] for the applications
of neighborhood degree-based TIs in drug property modeling using machine learning).
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This study focuses on characterizing the branching and generation of dendrimers through the computation of
neighborhood multiple degree-based TIs. These indices present an important contribution to study of TIs, extending
beyond traditional degree-based TIs, multiple degree-based TIs, and neighborhood sum degree-based TIs. While degree-
based TIs rely solely on the degrees of each vertex, and neighborhood sum T1Is incorporate the sum of neighboring vertex
degrees, the proposed neighborhood multiple TIs introduce a framework by considering the multiplicative product of
the degrees of neighboring vertices for a given vertex. This allows the TIs to capture the global structural properties of
chemical graphs, which will be particularly useful for structures with complex branching, particularly dendrimers and
nanotubes. Using neighborhood multiple TIs, this work explicitly traces dendrimers’ complex branching patterns and
growth mechanisms from generation to generation.

Finally, this study applies the proposed neighborhood multiple TIs to analyze three specific dendritic graph types:
poly propyl ether imine (PETIM), zinc porphyrin (DPZ,), and porphyrin (D,P,) dendrimers. These graphs have
been previously studied using degree-based and neighborhood sum degree-based TIs, but this approach provides new
perspectives and extends the scope of these analyses. By leveraging the enhanced sensitivity of neighborhood multiple
TIs, the work uncovers new insights into the structural and generative properties of these dendrimers. Building on
the foundational work of Gao et al. [18] and Mondal et al. [26, 27], researchers [33—43] have demonstrated the
utility of diverse TIs in characterizing the structural complexities of dendrimers, including zinc porphyrin, porphyrin,
Poly(amidoamine) (PAMAM), nanostar, fractal, and Cayley tree types. These studies establish critical connections
between dendrimer structures and their physicochemical properties. However, the full potential of neighborhood sum
degree-based TlIs, particularly their multiplicative extensions, remains unexplored. This work bridges that gap by
defining and computing six neighborhood multiple degree-based TIs, demonstrating their applicability and significance
in analyzing dendrimer growth and branching patterns.

2. Preliminaries

Consider a graph & = (V, E). The following definitions represent adaptations of the multiple degree-based TIs
originally introduced by Gao et al. in their seminal work [18].

Definition 1 The neighborhood multiple degree function &, = [],c N(®), dv 1s defined as the product of the degrees
of all vertices v in the neighborhood of vertex u.

Definition 2 In a graph $), the neighborhood multiple-edge partition sets for all edges uv € E($)) are defined by the
pairs (&, &).

Definition 3 [18] Let & be a chemical graph.

(i) The neighborhood multiple Atom-bond connectivity index is defined by

-2
TwABC(®)= ) ﬂ. (1)
uveE(®) éuév
(i1) The neighborhood multiple Geometric arithmetic index is defined by
2 uSov
IyGA(®)= ) =¥ Su )

uveE(®) €”+€V .

(ii1) The neighborhood multiple first Zagreb index is defined by
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TuMi(8)= ), (&+8). 3)

uveE(®)

(iv) The neighborhood multiple second Zagreb index is defined by

Tudr (&)=} (&&) S

uwek (®)

(v) The neighborhood multiple Randi¢ index is defined by

|
IyR(®)= Y . 5)
uveE(®) m
(vi) The neighborhood multiple Forgotten index is defined by
TuF(®)= ) (&+&) ©)

uveE(®)

Remark 1 The six neighborhood multiple TIs in Definition 3 are neighborhood multiple degree-based descriptors
that capture diverse structural properties of chemical graphs. These TIs are interconnected as they are all derived from
the neighborhood multiple degree functions &, and &, associated with the vertices u and v of each edge uv € E(&). They
emphasize additive (3), multiplicative (4), ratio-based (1), (2), inverse (5), and extreme (6) degree contributions.

The subsequent lemmas are used to determine the number of vertices and edges of the arbitrary graph &.

Lemma 1 (Handshaking Lemma [41]) Consider the graph &. Then

Zvev(eﬁ)dv
— = |E|.
2=~ g

In this context, V (&) represents the vertex set of &, d, stands for the degree of a vertex v, and |E| indicates the total
number of edges in the graph &.

Lemma 2 (Tree Lemma [41]) For a tree graph &, the formula for determining the total number of vertices is expressed
as |[E| + 1, where |E| represents the total number of edges. That is

V| =|E|+1.

Remark 2 The Handshaking Lemma is an important tool utilized in this research as it ensures that the total degree sum
across all vertices equals twice the number of edges. For dendrimers, this validates the branching structure and consistency
of the graph’s structure. While the Tree Lemma validates the tree-like structures of the dendrimers by ensuring that the
dendrimer’s edge count is consistent with its acyclic nature, confirming it is a valid tree.
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3. Methodology

This study computes neighborhood multiple degree-based TIs for poly propyl ether imine (PETIM), zinc porphyrin
(DPZ,), and porphyrin (D, P,) dendrimers. We begin by presenting the molecular structures of the dendrimers, followed
by partitioning the neighborhood multiple degrees of the end-vertices of each edge. In Figure 1, we present the flowchart
for the computational process of our methodology.

Molecular graphs of dendrimers:
PETIM, DPZ,, D,P,

Structural characterization
of molecular graphs of dendrimers

Computation of edge set partition
of the dendritic graphs
via neighborhood multiple
degrees of end-vertices of every edge, i.e.,
&8, v € E(®)

Computation of neighborhood multiple TIs:
I, ABC(®), I',GA(®), I',,M,(®), I',,M,(®), I',R(®), I, F (&)

w

Generation analysis
via computed values of
neighborhood multiple TIs

Figure 1. Flowchart illustrating the computational steps of generation analysis via neighborhood multiple TlIs

4. Main results
4.1 Neighborhood multiple degree-based TIs of poly (propyl) ether imine

The PETIM dendrimer of generation n with n > 1 (see Figure 2) begins its three-dimensional growth from an oxygen
atom at its core, with branches attached to each hydrogen in the tertiary position. These branching points are termed
“generation” points, and each successive generation is separated by an eight-bond spacer.
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Figure 2. nth growth molecular graph of PETIM dendrimer [44]

To compute the structural properties of the PETIM dendrimer, we start by examining the molecular graph $j of the
dendrimer in the following manner:

(i) The central core of $) contains 8 edges.

(ii) Each of the 4 branches in §) has 2"*! x 3 — 8 edges, as derived in Lemma 3.

(iii) Thus, the total number of edges in $) is:

E($)|=4x (2" x3-8)+8=24x2"—24. 7)

Since §) is a tree, the total number of vertices |V (£))| is given by:

[V(9)|=24 x 2" —23, ®)
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as established using Lemma 2.
Next, we determine the number of vertices with specific neighborhood multiple degrees using Definition 1. Then,
we obtain that: the number of vertices with neighborhood multiple degrees of 2 is

fz _ 2n+27 9

the number of vertices with neighborhood multiple degrees of 6 is

Es=3x (sz> =3x2"1 ¢, (10)
k=0

the number of vertices with neighborhood multiple degrees of 8 is

n=2
és:4x<22">+2:2ﬂ+‘—2, (11)

k=0

and the remaining vertices with neighborhood multiple degrees of 4 are given by

G=|V(®H)|-&—E&—E&=6x2""—15. (12)

Lemma 3 Let & be a PETIM dendrimer with 4 branches. Then each branch has a total number of 2"*! x 3 — 8 edges.
Proof. Take the molecular graph of PETIM dendrimer. As illustrated in (refer Figure 2), then

n—2
8 x <Z 2") +4x27 T =8x (20+2" 427 4. +2" %) 44 x 2"
k=0

=8x (2" —1)+4x2m!
=2""1%x3-8.

O
Now we present the partitioning of the neighborhood multiple degrees of the end vertices for each edge of PETIM,
using Definition 2, along with the corresponding number of edges.
Theorem 1 Let & be a molecular graph of PETIM dendrimer. Then
(1) TyABC(®) =2" x 14.191 — 13.812.
(i) Ty GA(®) = 2"+3 x 2.985 — 23.817.
(iii) Ty My (&) = 271 x 114 —240.
(iv) Ty M (®) = 2" x 584 — 624,
(V) TyR(®) =21 x 11.595 — 5.0907.
(vi) Ty F (&) = 2"+2 x 306 — 4 x 324.
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Table 1. Edge set partition of the PETIM dendrimer via neighborhood degrees of end-vertices of every edge

&, & uv € E(8) No. of edges
(27 2) 2n+1
(2,4) 2ntl
(4, 6) 3x2mtl_6
(6, 8) 3x 2 —6
(4,4) 4x2mt—12

Proof. Consider the molecular graph of PETIM dendrimer. As shown from Table 1 the vertex set V(G) is partitioned
into five sets according to multiple degrees of neighbors of end-vertices of every edge.
(i) From (1), we get

242-2 244-2 444-2
TvAB _ 2n+1 sr= = 2n+1 s = 4 2n+1 ~12 -t =
wABC(®) Vo2 T2 s T3 W axa
6+4—-2 6+8—-2
2n+17 Sy rT - 2n+17 bl 1
+(3x 6)1/ e 4 +(3x 6)y/ 68 (13)

Simplifying (13) further, we obtain

I'yABC(®) =2" x 14.191 — 13.812. (14)

(i1) Derived from the equation (2), we obtain

2v2 %2 22 % 4 2V4 x4
r A — 2n+17 2n+17 4 2n+1 ~12
MGA(®) 212 ¥ o e ) 4va
216 x 4 2v6 %8
3x2M 6 3x2m 6 . 15
+(3x ) Texa T ) 6+3 (15)
After simplifying (15) further, we obtain
Ty GA(®) =213 % 2.985 - 23.817. (16)

(ii1) From (3), we get
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TyMi(8) = 2" (242) 42" 1 (2 +4) + (4 x 2" —12)(4 4 4)
+(3x 2" —6)(64+4)+ (3 x 2" —6)(6+8) (17)
=21 % 114 —240. (18)

(iv) From (4), we get

TyMa(8) =21 (2% 2) 42" 1 (2 x 4) 4 (4 x 2" — 12)(4 x 4)

+(3x 2" —6)(6x4)+(3x2" —6)(6x8) (19)
= 2" x 584 — 624. (20)
(v) From (5), we get
TyR(®) = ot Lo L (4x 2" —12) !
V2x2 V2 x4 VA x4
+(3x2”+1—6);+(3><2”+176);. 1)
V6 x4 V6 x8
After simplifying (21) further, we obtain
TyR(®) =2""1 % 11.595 —5.0907. (22)
(vi) From (6), we get
Dy F (6) = 2122 422) 421 (22 4+ 42) 4 (4 x 271 — 12) (4% +4?)
+(3x 2" —6)(6% +4%) + (3 x 2" —6)(6° 4 8%). (23)
After simplifying (23) further, we get
[y F(®) =2""2 %306 —4 x 324. (24)
O
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4.2 Neighborhood multiple degree-based Tls of zinc porphyrin dendrimer

The dendrimer DPZ,, of generation n, where n > 1, is depicted in Figure 3. The molecular graph $ of DPZ, consists

of a central core with 49 vertices and four identical branches. To compute the TIs of the dendrimer DPZ,,, we start by
analyzing the molecular graph $ of DPZ,:

(i) The central core of $) contains 49 vertices.
(ii) Each of the four branches in $) has 7 x 2"T! — 14 vertices, as shown in Lemma 4.

Figure 3. nth growth molecular graph of DPZ, dendrimer [41]

Then, we determine the number of vertices with specific neighborhood multiple degrees by applying Definition 1.
So we get that: the number of vertices with neighborhood multiple degrees of 9 and 18 is

Co,18=2"—1, (25)

the number of vertices with neighborhood multiple degrees of 12 is
n
Ep=2x|Y 2| =212 (26)
k=0
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the number of vertices with neighborhood multiple degrees of 6 is

E=6x2""

the number of vertices with neighborhood multiple degrees of 8 is

&y = 14,

and the remaining vertices with neighborhood multiple degrees of 4 are given by

E=(14x2"—14)—(2"—1)— (2" = 1) — (2" —2) — (6 x 2" 1) =14 =2" x T —24.

Thus, the total number of vertices |V (£))| in the molecular graph DPZ, is:
V®)=4x[2" = 1)+ (2" = 1)+ (2" —2) + (6 x 2" 1) + (7 x 2" —24) +24] + 49,
which simplifies to:
[V($)|=28 x 2"+ 7.
Furthermore, the number of vertices with a degree of 2 is
dr =20x 2" 12,
the number of vertices with a degree of 3 is
dy =8x2"1 44,

and there is one vertex d4 with a degree of 4.
Finally, the total number of edges |E ()| in the molecular graph DPZ, is:

|E($)|=32x2"1 4,

as derived in Lemma 1.

@7

(28)

29)

(30)

€Ly

(32)

(33)

(34

Lemma 4 Let & be a DPZ, dendrimer with 4 branches. Then each branch has a total number of 7 x 2"+ — 14

vertices.
Proof. Consider a molecular graph of DPN; dendrimer. As it shown from (refer Figure 3), then
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n—1
14 x (Z 2") =14x (042" 2%+, 42"
k=0

=7x2(2"—1)
=7x2" 14,

O
Next, the neighborhood multiple degrees of the end vertices for each edge are partitioned according to Definition 2,
and the corresponding edge counts are presented in the Table 2 below.

Table 2. Edge set partition of the DPZ, dendrimer via neighborhood multiple degrees of end-vertices of every edge

&, & uv € E(8) No. of edges
(4_7 4) 2n+3
(4, 6) 8
(6, 6) 4x2"2 12
(6, 8) 2312
(6, 12) 4x2m2 12
(6, 18) 8
(8,9) on+2
9, 12) 4
(9, 18) 22 4
(12, 18) 23 8
(12,27) 4
(18, 27) 8
(18, 36) 8
(36, 81) 4

Theorem 2 Let & be a molecular graph of DPZ,, dendrimer, then
(1) TyyABC(®) =2" x 31.151 —5.733.

(i) Ty GA(®) = 23 x 7.825 — 5.309.

(iii) TyyM, (&) = 2" x 1,072 + 680.

(iv) TyM(®) = 2" x 4,904 + 19,272.

(V) TyR(®) =273 x 1.022 —2.243.

(vi) Ty F (&) =2" x 11,0324 55,232.

Proof. From Table 2, we prove for the following:

(i) From (1), we get
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4+4-2 4+6-2 6+6—2 6+8—2
CyABC(®)=2"13 |~ = 48/ =4 (4x 22 _12)y /| ——— =+ (2"3 —12)y | ———=
MABC(8) V axa T8 i X W 6xe T W "6xs

6112-2 6+18—_2 8+9-_2 9+12-2
n+2 n+2
+Hax2 12)\/ 6x 12 +8\/ 6x18 2 \/ 8x9 +4\/ 9% 12

/94+18—-2 12418 -2 12427-2
2n+2_4 Zre - 2n+3_8 \/ 4\/
+( ) 9x 18 +( ) 12 x 18 * 12 x27

184+27-2 18436 -2 364+81—-2
4 .
8\/ 18 x 27 +8\/ 18 x 36 * \/ 36 x 81 (35)

After simplifying (35) further, we get

TyABC(®) =2" x 31.151 —5.733. (36)
O
(i1) Derived from the equation (1), we obtain
2VAX4  2\4%6 2V/8%9  2\9x12 2/6 %6
[y GA(®) = 2"+3 8 22 4 4x2"2 12
GA(®) a+4 " Taxe s+ tornp T4 ) "6+6
21/6 % 8 2V/6x12 2/6x18 29 % 18
2312 4x2M2_12 8 PUR | kS
+( ) Toyg T ) ox12 861 T )79 18
2V/12x 1 2V/12x27  _2/18x27  _2y/1 2v/ I
(2 _g) x 18 4 x27 . o V18 x +g \/8><36+4 36 x 8
12+18 12+27 18+27 18+36 36481
=23 % 7.825—5.300. (37)
(ii1) From (3), we get
TyMy (&) = 2" (4+4) +8(4+6)
+ (4 x 22— 12)(646) 4 (2" —12)(6+8) + (4 x 2""2 —12)(6 4+ 12) + 8(6 4 18)
+4x2"(849)+4(9+12) + (22 —4)(9+18) + (8 x 2" —8)(12+ 18)
(38)

+4(12427) +8(18+27) + 8(18+36) +4(36 + 81).

Volume 6 Issue 2|2025| 2479 Contemporary Mathematics



After simplifying (38) further, we get
M (6) = 2" x 1,072 4 680. (39)
(iv) From (4), we get
TyMa(B) =23 (4 x 4) +8(4 x 6) + (4 x 22 —12)(6 x 6) + (2" — 12)(6 x 8)
+ (4% 22— 12)(6 x 12) 4+ 8(6 x 18) +4 x 2"(8 x 9) +4(9 x 12)
+ (22 —4)(9 x 18) + (2" —8) (12 x 18) +4(12 x 27)
+8(18 x 27) 4 8(18 x 36) +4(36 x 81). (40)

After simplifying (40) further, we find

TyMy(8) =2" x 4,904 —19,272. 41

(v) From (5), we get

1 1
TyR(&) = 2" +8 +(4x2" 12
R =2 P e )

+ (4% 2" - 12)

1
V6 X6 VO x12

1 1 1 1
+8 +42m+2 +4
V6x8 T 4/6x18 V8x9 Ox12

+(8x2"—12)

1
9x1

1 1

+ (2" -4 +4
( ) VIZXI8 /12 x27

+ (23 —8)

o e}

1 1 1
+8 +8 +4 :
VI8x27  18x36 /36 x 81

(42)

After simplifying (42) further, we obtain

TyR(®) = 2" x 1.022 —2.243. (43)

(vi) Derived from the equation (6), we obtain
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CyMy(6) = 2773 (4% +42) 4 8(4% 4+ 6%) + (4 x 22 — 12) (6% + 67) + (2" — 12) (6% 4 8%)
+ (16 x 2" —12)(6% 4 12%) + 8(6 + 18%) +2"12(8% 4+ 92) 4+ 4(9% 4 12%) + (2""2 — 4) (9% + 18?)
+ (23 —8) (122 + 18%) +4(12% +277) 4+ 8(18% 4 27%)
+8(18% +36%) +4(36% +817). (44)

After simplifying (44) further, we get

Ty F(6) =2"x 11,032 — 55,232. (45)

4.3 Neighborhood multiple degree-based TlIs of porphyrin dendrimer

We examine the third molecular graph, the porphyrin dendrimer (D, P,) of generation n, where n = 2™ and m > 2, as
illustrated in Figure 4. The molecular graph D, P, consists of a central core with five edges and four branches (see Figures
4 and 5). To analyze the structure of the dendrimer D, P,, we consider the following:

(1) The central core of D, P, has 5 edges.

(ii) Each of the four branches in D, P, has 2”2 x 96 — 4 vertices, as derived in Lemma 5.

Figure 4. Molecular graph of porphyrin dendrimer D4 Py [45]
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Figure 5. Molecular graph of D ¢Pj¢ dendrimer [45]

Subsequently, we determine the number of vertices with specific neighborhood multiple degrees using Definition 1.
Then we obtain that: the vertices with neighborhood multiple degrees of 4 is

m—2
Ei=1x (Z 2") +2M2 %28 =2""2%x30—1, (46)
k=0

the vertices with neighborhood multiple degrees of 6 is

k=0

m—2
§6:2x<22k>+2’”2><8:2’"2><12—2, (47)
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the vertices with neighborhood multiple degrees of 8 is

&s =3,

the vertices with neighborhood multiple degrees of 9 is

&g =2""2 % 18,

the vertices with neighborhood multiple degrees of 16 is

Elp=2""2x8,

the vertices with neighborhood multiple degrees of 12 is

512 = 2m_2 X 12a

the vertices with neighborhood multiple degrees of 18 is

5]8 = 2m_2a

the vertices with neighborhood multiple degrees of 27 is:

&y =2"% x4,

and the remaining vertices with neighborhood multiple degrees of 3 are given by

E3=(2"7x96—4) — (2" 2 x85) =2""?x 11 —4.

Additionally, the central core comprises 4 vertices. Such that:

(i) 2 vertices have neighborhood multiple degrees of 6.

(i) 2 vertices have neighborhood multiple degrees of 4.

Thus, the total number of vertices |V ($))| in the molecular graph D, P, is:

IV ($)|= 96 x 2" — 10.

Furthermore, among these vertices:
(1) 26 x 2™ vertices have a degree of 1.
(i1) 34 x 2™ — 8 vertices have a degree of 2.
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(iii) 28 x 2™ — 2 vertices have a degree of 3.
(iv) 8 x 2™ vertices have a degree of 4.
Therefore, by Lemma 1 the total number of edges |E($))| in the molecular graph D, P, is:

|E(§)|=105x2" —11. (56)

Lemma 5 Let & be a Di4Pj¢ dendrimer with 4 branches. Then each branch has a total number of 2”2 x 96 — 4
vertices.
Proof. Consider a molecular graph of Dj¢Pj¢ dendrimer. As it shown from (refer Figure 5), then

n—2
4x<§:ﬁ>+am1x44=4x(ﬁ+aﬁ+?+a“+21ﬂ+zm‘x44
k=0

=2"x24—4
=2""2 %96 —4.

O
Next, the neighborhood multiple degrees of the end vertices for each edge are partitioned according to Definition 2,
and the corresponding edge counts are presented in the Table 3 below.

Table 3. Edge set partition of the D, P, dendrimer via neighborhood multiple degrees of end-vertices of every edge

Eu, &t uv € E(8) No. of edges
(3, 4) 26n
(3, 16) 8n
(4,4) n+1
(4, 6) 9In—6
(4,9) n
(6, 6) 3n
(6, 8) 3n—6
(6, 12) 6n
(9, 12) 18n
(9, 16) 16n
(9, 18) n

(12, 18) n
(12, 27) 1in
(18,27) n

Theorem 3 Let & be a molecular graph of D, P, dendrimer, then
(1) TyABC(®) = 54.128n — 5.851.
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(ii) Ty GA(®) = 100.166n — 10.817.
(iii) Ty My (6) = 1,780n — 143.
)

(iv) Ty M (&) = 10,324n — 416.
(v) TyR(®) = 16.422n — 1.840.
(vi) Ty F (&) = 25,734n — 880.

Proof. We establish the proof using Table 3:
(i) Derived from equation (1), we obtain

[3+4— 2 [3+16— 2
T 3x4 T3x16

'y ABC(®

4+4-2 44¥6-2 449-2
O\ O e Y T

3 6+6— 2 6+8— 2 9+1272le6 \/9+162+ \/9+182
"W ex6 Toxs T oo "V ox1e "V ox18
6+12—2 12+18—2 124272 18+27—2
11 .
+6"\/ 6x12 +"\/ <13 T "\/ 12%27 +"\/ 18 x 27 ©7)
After simplifying (57) further, we get
TyABC(®) = 54.128n — 5.851. (58)
0
(i1) From (2), we get
2/3x4  2/3x16 ix4 2/Ex6  24x9
[y GA(®) = 26 8 1 In—6
MOA(®B) =26n=o = 8n— =+ ) 1ra T et
2,66 2,6x8  2/6x12 2,912 2,/9x 16
$3n Y20 L 3y ) YR X8 6, SVOX 2 g, IV X 2 g, BV X
6+6 618 6+ 12 9112 9116
2,0x18 2/12x18 2/12%x27  2/18x27
+n +n +11n
9+18 12+18 12427 18427
— 100.166n — 10.817. (59)

(iii) From (3), we get
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C

TyM, (&) = 26n(3+4) +8n(34 16) + (n+1)(4+4) + (91— 6)(4+6) +n(4+9)

+3n(646)+ (3n—6)(6+8) +6n(6+12) + 18n(9+ 12)

+16n(9+16)+n(9+18) +n(12+418)

+11n(12+27) +n(18 4-27).

After simplifying (60) further, we obtain

Ty M, (&) = 1,780n — 143.

(iv) From (4), we get

TyM>(8) =26n(3 x4)+8n(3x 16)+ (n+1)(4 x4)+ (In—6)(4 x 6) +n(4 x9)+3n(6 X 6)

+ (31— 6)(6x 8) +6n(6x 12) +181(9 x 12) + 161(9 x 12) +n(9 x 18)
+n(12x 18) + 11n(12 x 27) +n(18 x 27).

After simplifying (62) further, we get

TyM>(®) = 10,324n — 416.
(v) From (5), we get

| | |
26 +8 n (-6
N Axd Ax16 (9n—6)

1
TyR(®) =
uR(®) VA x4 416

(n+1)

1

1 1 1
+n +3n +
V4 x9 V6 X6

In—6 +6
Bn=0) =5t s

1 1

1 1
+18n + 16n +n +n
VI x 12 VIx16  V9x18  12x18

1
+n .
V12 x27 V18 x 27

+11n

(60)

(61)

(62)

(63)

(64)
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After simplifying (64) further, we find

Ty R(®) = 16.422n — 1.840. (65)

(vi) From (6), we get

Ty F () =26n(3%+4%) +8n(32 +16%) + (n+ 1)(4* +4%) + (9n — 6) (4> + 6%) + n(4> +9?)
+3n(6% +6%) + (3n— 6) (6% +8%) 4+ 6n(6% + 12%) + 18n(9% + 12%) + 16n(9* + 16%)
+n(9% +18%) +n(122 + 18%) + 11n(12% +-27) + n(18> +27%). (66)

After simplifying (66) further, we get

Ty F(6) = 25,9340 — 880. (67)

5. Graphical visualization of neighborhood multiple TIs across dendrimer
generations

In this section, we present a graphical visualization of the neighborhood multiple TIs for various dendrimers (PETIM,
DPZ,, and P,P,). Additionally, we discuss the performance of neighborhood multiple TIs in dendrimer generation
analysis.

PETIM: The neighborhood multiple TIs computed from a PETIM dendrimer up to generation 5 reveal distinct
growth patterns across the different TIs. As the number of generations increases, all TIs exhibit an exponential increase in
their values. Notably, I'y/F(®) and T')yM, (&) TIs exhibit a strong exponential increase with each generation, indicating
their sensitivity to the increasing structural complexity of the dendrimer. The other TIs, such as I'yyM; (&), Ty GA(®),
and I'yABC(®), demonstrate more moderate, linear growth, reflecting a steadier response to generational changes. This
suggests that as the PETIM dendrimer expands, certain TIs capture complex branching and connectivity patterns more
distinctly, while others respond in a more restrained and linear manner, as shown in Figure 6.

DPZn: The plotted neighborhood multiple degree-based TIs of the Zinc porphyrin dendrimer exhibit varying growth
behaviors as the generation number #n increases. TIs such as I'yyF () and I'yyM>(®) display exponential growth, driven
by their large multiplicative factors and the exponential term 2". This rapid increase highlights their sensitivity to the
dendrimer’s structural complexity as the generation expands. In contrast, TIs like I'yyABC(&) and I'yyR(®) exhibit more
linear or moderate growth patterns, indicating a more restrained response to the structural changes in the dendrimer.
The linearity in these TIs suggests they capture less complex or more localized topological features, making them less
responsive to the exponential expansion of the dendrimer’s structure, as illustrated in Figure 7.
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Figure 6. Numerical visualization of neighbourhood multiple TIs of PETIM dendrimer
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Figure 7. Numerical visualization of neighborhood multiple TIs of DPZ, dendrimer
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DnPn: The graphs of the neighborhood multiple TIs for the porphyrin dendrimer (D,FP,) reveal a clear linear
relationship between the generation number n and the computed index values. As n increases, all TIs (I'yABC(®),
IT'vGA(®), TyM(8), TyM(6), TyR(B), and I'yF(B)) exhibit a consistent linear growth, indicating that the
complexity of the dendrimer structure expands predictably with each new generation. Notably, the TIs I'yyM»(®) and
'y F(®) increase more rapidly compared to the others, suggesting that these Tls are particularly sensitive to the structural
growth of the dendrimer. In contrast, TIs like I'yM; (&) and I'yyM,(®) reach significantly higher values for larger
generations, highlighting their strong dependence on the dendrimer’s size and complexity. Overall, the consistent upward
trends across all TIs underscore the predictable and structured growth of the porphyrin dendrimer, as illustrated in Figure
8, providing valuable insights into its evolving properties as it increases in generations.

Comparison of neighborhood multiple topological indices
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Figure 8. Numerical visualization of neighbourhood multiple TIs of DsPj¢ dendrimer

5.1 Performance of neighborhood multiple TIs in dendrimers generation analysis

The neighborhood multiple degree-based TIs computed for the PETIM dendrimer, porphyrin dendrimer (D, FP,), and
Zinc porphyrin dendrimer (DPZn) reveal distinct growth patterns closely aligned with the structural expansion of these
dendrimers across generations. For the PETIM dendrimer, exponential growth is observed in all T1s, particularly 'y F ()
and ['yyM;($)), underscoring their high sensitivity to increasing structural complexity. In contrast, the porphyrin dendrimer
exhibits consistent linear growth across all TIs, with Ty/M> () and Ty F ($)) showing slightly steeper increases. The Zinc
porphyrin dendrimer displays exponential growth in I'y/F ($)) and T'yyM>($)), while other TIs, such as I'yyABC($)) and
I'vyR($), follow more moderate, linear trends.

The exponential growth observed in TIs like ['yF ($)) and Ty M, ($)) across all three dendrimer types highlights the
responsiveness of these TIs to increasing structural complexity. This suggests that these TIs are particularly effective at
capturing the complex branching and connectivity patterns that develop as dendrimers grow. Conversely, the linear growth
trends in TIs such as IpyM (), Ty GA($), and Ty ABC($)) suggest that these TIs are more reflective of overall size rather
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than local structural complexities. These findings underscore the varied sensitivity of different TIs to changes in dendrimer
structure, providing a nuanced understanding of how dendrimer complexity can be quantified using neighborhood multiple
degree-based TIs.

6. Result discussion and conclusion

The results of this study provide a detailed examination of six neighborhood multiple TIs for dendrimers, highlighting
their distinct growth patterns across different dendrimer types and generations. Specifically, PETIM dendrimers exhibit
exponential growth in all TIs, with indices such as I'yF(®) and I'yyM>(®) demonstrating exceptional sensitivity to
structural complexity. In contrast, porphyrin dendrimers (D,P,) display linear growth across all indices, reflecting a
consistent structural expansion with generational increases. Zinc porphyrin dendrimers (DPZ,) exhibit a combination of
exponential growth in TIs like Ty F (&) and I'yyM>(®), and seemingly linear trends in TIs such as T'yABC(®), Ty GA(®)
and I'yyR(®), likely due to the slower growth rate of these TIs.

The contrasting behaviors among these TIs underscore their varied sensitivity to the complex topological and
branching patterns of dendrimers. Exponentially growing indices, particularly I'ysF (&) and I'yyM (&), effectively capture
the hierarchical complexity of dendrimers with extensive branching or layered structures. In contrast, TIs with linear
trends provide a more generalized representation of dendrimer size and connectivity. These findings emphasize the
utility of neighborhood multiple TIs in comprehensively characterizing dendrimer structures and their growth dynamics.
It is important to note that, only three dendrimer types (PETIM, D, P,, and DPZ,) were analyzed. Incorporating our
proposed methodology to dendrimers of other families with varying branching factors could enhance the generalizability
of the results and efficiency of our method. Additionally, our analysis was restricted to generations from n =1 to 5 for
PETIM, n =1 to 4 for DPZ,, and n = 2 to 16 for D, P,. Extending this range could reveal additional growth behaviors or
deviations in larger generations. In conclusion, future studies could perform QSPR model analysis to predict the properties
of these dendrimers and complex structures of other types such as nano structures and graphenes to establish the predictive
capability of our method.
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