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Abstract: In this work, we propose a new efficient iterative method to find multiple roots of nonlinear equations with
unknown multiplicity n. The new scheme is free from the second derivative and consists of three steps derived from
Enhanced Halley’s method introduced by the contributors and a Newton step. To increase efficiency, the first derivatives
were approximated using forward difference, central difference, and Hermite interpolation techniques. It is demonstrated
that the implemented method achieves sixth order of convergence. As an application, we apply the new method to chemical
engineering problem (volume from van der Waals), biomedical engineering (blood rheology model) and ten academic
problems. Comparisons and examples clarify that the new method outperforms existing methods with the same order of
convergence.
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1. Introduction

Finding approximate solutions is the only way to resolve most of real-world applications, such as chemical
engineering problems [1-3], fluid mechanics [4, 5] and mathematical modeling [6, 7]. Consequently, finding a solution
to the non-linear equation f(x) = 0, is a fundamental inquiry. One of the basic and important methods for solving such
equations is Newton method [8]

f(xi)

Xit1 = Xi —

which converges quadratically to the simple root. A lot of researchers endeavor to modify Newton’s method to achieve
greater precision and a higher degree of convergence, for example, [9-12]. Very recently, Solaiman and Hashim [13]

Copyright ©2025 Lama Alhaj Mohammad, et al.

DOI: https://doi.org/10.37256/cm.6220256029

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Co iporary Math tics 1636 | Lama Alhaj Mohammad, et al.



https://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0009-0006-9408-1519
https://orcid.org/0000-0003-4237-7140
https://orcid.org/0000-0001-8674-2934
https://doi.org/10.37256/cm.6220256029
https://creativecommons.org/licenses/by/4.0/

presented an optimal eighth-order iterative scheme of three steps using modified Halley’s method and Newton’s method.
All of these modifications of different methods and techniques are only applicable for simple roots, not multiple roots.

The conventional Newton’s method exhibits linear convergence when locating multiple roots, prompting Schroder’s
proposal of the modified Newton method [14]

f (x:)
fx)’

Xiy] =X —n

2

which achieves second-order convergence but necessitates prior knowledge of the root multiplicity n. In case of known
multiplicity n, numerous methods with optimal higher-order have been introduced in the scholarly literature, for instance,
see [15—18] and non-optimal see [19-22]. Conversely, in cases where the multiplicity # is not known explicitly, Traub [8]
proposed a straightforward transformation:

L0 it s £
Fx) = G
0, if £(x) = 0.

Applying this transformation to Newton’s method in equation (1), we obtain:

Xipl = Xi— f(xi)f/ (xi) ' (4)

I ) = f () 7 (xi)

This method transformed the nonlinear equation with multiple roots into a simple root problem. Since this
transformation (3) preserves the original order of convergence, so scheme (4) has a second order of convergence as well.
Despite the independent knowledge of the multiplicity, scheme (4) has limited efficiency, as it requires the evaluation of
three nonlinear functions per iteration f(x), f’(x) and f”(x).

To overcome this problem, some scholars proposed derivative-free transformations with unknown multiplicity to
develop more efficient multiple root finders. King [23] introduced secant method of order 1.618 for finding multiple
roots of nonlinear equations, by using another free-derivative transformation. This method requires only two functional
evaluations and has higher efficiency than the method in equation (4). Parida and Gupta [24] proposed an alternative
transformation which simplifies the task of solving multiple zeros to that of solving a simple zero. They obtained a
quadratically convergent derivative-free Newton-like iterative method. Yun [25] has implemented a new Steffensen-type
iterative method based on another transformation, which does not require any derivatives of f(x). Yun showed that the
proposed scheme is second-order convergence. By using transformation (3), Qudsi et al. [26] established sixth order
iterative method, based on three-step Newton-like method. They approximated the derivatives by using central difference
and divided difference. Sharma and Bahl [27] developed a transformation method of sixth order. More recently, Sharma
and Bahl [28] have improved the efficiency of the method in [27] using divided differences of order one and two. Although
the method in [27] requires fewer function evaluations (a total of 4) compared to the method in [28] (which requires a
total of 5), the method in [28] still achieved greater efficiency.

Construction of iterative schemes that do not essentially require the value of the second-order derivative in case
multiplicity n is not known explicitly is one of the difficult issues in the region of numerical analysis. Some high-order
variants and modifications of Newton’s method that can solve multiple roots are proposed and studied in the literature. Out
of them, only three iterative methods by [26, 27, 29] have a high order of convergence that satisfies the above requirements.

Volume 6 Issue 2|2025| 1637 Contemporary Mathematics



Therefore, we have limited methods that are capable of solving multiple roots with unknown multiplicity and are free of
second derivatives.

Inspired by the ongoing efforts in this direction, we introduce a new transformation method of order six for solving
multiple roots without prior knowledge of multiplicity and does not depend on second derivative evaluation. The paper is
organized as follows. In Section 2, the new algorithm is derived and explained. In Section 3, the order of convergence is
analyzed. In Section 4, a variety of numerical tests are conducted to compare the performance of the new algorithm with
the same order transformation methods. Finally, conclusion of the research work is presented in Section 5.

2. The new method

We consider the following iteration scheme proposed by [30]:

N iC))
ST )

(5)

Niot = yi— fi) 2(f(i))>f" () Q(xi, yi)
T ) AP 00— 4AF00) (1 00)2Q i, vi) + (F ()2 (Q(xi, 1))
where Q(x;, y;) is Hermite’s approximation of the second derivative f”(y;)
11 2 J ) = f(i) TN e o
P10 = I 07 00 - f ()| = QG ) ©6)

Said Solaiman et al. [13] named Algorithm (5) as enhanced Hally’s method (MH2). They derived MH2 by using
Taylor’s expansion of f(x), incorporating Newton’s and Halley’s methods. Method of [30] has sixth order of convergence.
Furthermore, it is suitable exclusively for solving non-linear equations with simple roots.

Now to develop an efficient method for solving non-linear equations with multiple roots without the knowledge of
its multiplicity n. We consider the transformation (3) and the composition of algorithm (5) with Newton’s method:

F(x;)
Yi=Xi — F,(xi)v
Wi =yi— Fli) _ 2(F (v:))*F' (y1) Q(xi, yi) ™
TN F () AF (i)t —AF (i) (F' (1) 2O (i, vi) + (F (3i))2(O(xi, vi))?
Xjt] =W — F(wi)
i+1 = Wi F/(Wi)-

To avoid computing the first derivatives of the function F’(x;), F'(y;) and F’(w;) we approximate them by using
forward difference, central difference, and Hermite’s interpolating respectively as follows:
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F! (xi) P - S, ®)

F )~ © (yi+F(yi;;—(yIj) Gi=F 1) _ 00, o
)~ Flhwr Xi—wi\ (xi — w;)? . Vi e

) Fl, 3] <2+yi_Wi> (xi—yi)()’i—wi)F[ S l)xi_Yi = R(wi) (10)

(see [13] for the detailed discussions of (10)).
Replacing the approximation from (8), (9) and (10) in Algorithm (7) and (6) respectively, we propose the following
new iterative method:

_ . F)
Yi = Xi S()Ci) ;
Wi =y — F(yi) 2(F (v1))*A (i) Q(xi, yi) (11)
TN A AAL) —4F () (A(i)) 20, yi) + (F (3i)2(Q(xi, yi))?
Xitl = W; Fwi)
i+1 = Wi R(W,‘)

We refer to scheme (11) the new Multiple roots method, denoted MR, which demonstrates sixth-order convergence,
as detailed in the next section.

3. Convergence analysis

In this section, we will demonstrate the convergence properties by utilizing Mathematica code and proving the
following convergence theorem of the developed Algorithm 11.

Theorem 1 Assuming F € C%(L) (where L C R — R) has a simple zero a € L, with L being an open interval. If the
initial guess x is close enough to a, then the proposed iterative scheme given by (11) is of sixth-order convergence.

Proof. We suppose that f(x) can be written as

fx) = (x—a)"h(x), (12)

where « is a multiple root of equation (12) with multiplicity n, h(x) is a continuous function with () # 0. Differentiating
f with respect to x, we have

f'(x) = n(x—a)"'h(x) + (x— 0)"H (x). (13)

Dividing (12) by (13), we obtain
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AW )
PO =50 = w1 )i () ()

Therefore, the problem of computing multiple zero of f(x) = 0 has been transformed into an equivalent problem of
computing a simple zero a of F(x) = 0.
Let ¢; = x; — ot Using Taylor’s expansion about x; = ¢, we have

h(x,') = h(a) [1 +Aje; +A2€1'2 +A3e;?’ +A4€? +A5€? +A6e? +A7e,7 + 0(6?)] , (15)
K (xi) = h(c) [Al 4 2Ase;i +3A32 +4A4E3 + 5Aset + 6Aged +TA7€0 + O(eZ)} : (16)
h(k)(a) . . ip .
where Ay, = W’ k=1,2,.... Using (14), (15) and (16) and simplifying, we get
F(x;) =Cie; +C2€,~2 -|-C36313 +C4e? +C5€,~5 +C6e:-3 + 0(6,7), (17)
where
1
C=-,
n
A,
C=—
2 n2 )
1o
C3 = — [AT(14+n) —24;n],

n

1
Cy= 5 [—AT(1+2n+n?) + A1A2 (4n+3n%) — 3A3n?]

1
Cs = E[A?(l+3n—|—3n2—|—n3)
— ATA>(6n+ 10n* +4n’) + A3 (4n* +21°) + A1 A3 (6n* +4n°) — 4A4n’],
1
Co = E[—A?(l +4n+46n% +4n> +n*) + A3Ay(8n+21n% + 180> + 5n*)

— ALA3 (1202 +161° 4 5n*) — ATA3(91% + 14n° 4 5n*) + AxA3 (121° + 5n*)

+A1A4(8n% + 5n*) — 5A5n%].
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Substituting (17) in (8) and using geometric series of F (x;) and F (x; + F(x;)), we get

1
S(xi) =+ Biei+ Bae] + Bse] + Baej + Bse] + Boef +0(e]), (18)

where
1
B, = n—3[—(2n+ 1)141}7

1
By = —[(3n +6n* + 5n+ 1)A] — 2n(3n” +3n+ 1)Ay],
n

1
By = —(2n+ 1)(2n* +6n° 490 + 6n+ 1)AT —n(6n® + 14n* + 150+ 4)A A,

+3n%(2n° 4 2n + 1)A3],

1
By = —

= (507 +251° + 651 4 100n* 4+ 90n> + 451% + 11n + 1)AT

—n(20n° 4-90n° +203n* + 25203 + 165n% + 52n + 6)AIA,
+n%(20n° +70n* + 1211° + 104n% +43n+ 6)A 1 A3
+2n2(5n° +20n* + 360> +29n° + 11n +2)A3 — 4n® (5n* 4 100> 4 100> 4 5n 4 1)A4],
Bs = n—h[—(n +1)2(6n" +27n8 +76n° + 120n* + 110n> + 530> + 1204 1)A3
+n(30n% +183n" 4+ 5851° 4+ 1,137n° + 1,365n* 4 1,000n> + 424n> + 93n + 8)A}A,
—n?(30n” +159n° 4 4351° + 693n* + 651n> +348n° + 921+ 9)AIA;
— (300" + 17108 +488n° +791n* + 7260 +373n% + 104n + 12)A A3
+ 13 (3018 + 147n° 4-334n* + 3750 4 228n* + 7Tn+ 12)ArA;

+ 13 (3018 + 123n° 4-264n* + 3151 4+-210n* + 691+ 8)A 1 A4

—5n*(6n° + 15n* + 201> + 150 + 61+ 1)As),
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1

Be = —[(n+1)*(7n° +42n® + 154n" +350n° + 511n° +476n" +272n° + 890 + 150+ 1)AS
PSE

—n(42n'0 +3221° +1,328n% + 3,498n" 4 6,115n° +7,186n° + 5,627n* + 2,846n> 4 875n°
+ 1460+ 10)ATA +n? (42n° +294n8 + 1,092n" +2,526n° + 3,775n° + 3,676n* +2,273n°
+8321% + 1591 + 12)A3A3 + n* (63n° +462n® + 1,776n" +4,212n° 4 6,342n°
+6,112n* +3,717n +1,377n% +282n 4 24)ATA3 — n® (84n® + 560n” 4-1,888n°
13,7281 +4,447n* +3,248n% +1,437n% 43561 4-36)A1A243 — n® (4208 +252n7
+804n° 4 1,5601° +1,909n* + 1,456n° 4 641n* 4 142n + 12)A2A,
— 21 (Tn® +49n" 4 173n° + 355n° 4 423n" +299n° + 129n° + 32n + 4)A3
+n*(42n7 4 196n° + 500n° + 760n* +701n° + 3720 + 1017+ 10)A A5
+2n* (2107 4+ 119n° 43250 4 473n* 4 4030 4 2050 + 591 + 8)ArA,
+3n* (70 +42n° +1161° +164n* +135n° + 700> +22n+3)A3
— 61 (Tn® +21n° 4 35n* + 351 + 21n% + Tn + 1)Ag).
Using (17) and (18) in first substep of (11), we obtain
& =yi— o = Mye? + Mze? +Mye} + Mse; +Mged +O(e]), (19)

where

1

My = 5 [=(n+ DAl

1
M= — (21 +3n+2)AT — (4n* + 6n+2)As],
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My = n%[f(yﬁ +5n% +6n+3)A3 + (9n° 4 160> 4 16n + 5)A 1A,
— (91 4+ 18n% + 120+ 3)A3],

Ms = n%[(zn“ 430 4+ 5% + 51+ 2)AT — (8n* + 130 + 190 4 150+ 4)A%A,
+ (4n* + 6n° + 6n% +n— 1)A3 + (8n* + 17n° 4+ 23n% 4+ 160+ 5)A1 A3
— (8n* +201% 4200 + 10n+2)A4),

Mg = ;16[—(5;15 +5n* + 110 4 18n% + 151+ 5)A + (251 4 28n* + 521
+71n* +46n+ 10)A3 A5 — (251° +27n* + 360> + 290> —2n— 9)A A3
— (25n° +-42n* + 7207 + 85n% + 581+ 20)ATA;3
+(257° +63n* +1081° + 1150 +70n + 17)A1Ag
+ (251° +33n* +28n° — 3% — 181 — 7)A2A3
— (251° +751* + 100> 4750 4-30n + 5)As).
Moreover in (14), expanding A(y;) and 4’ (y;) about o and using (19), we get

F(y;) = D2e? + D3e} + Dy} + Dse? + Dge® + O(e]), (20)

where
1
D2 = [~ (n+ AL,

1
D3 = —[(2n* 4+ 3n+2)AT —2(2n* + 3n+1)A3],
n
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1
Dy = —[~(3n* +5n° +Tn* + 5n+ 1)A] +n(9n° 4 16n° + 16+ 5)A 1A,
n

—3n(3n® +6n% +4n+1)A3),

1
Ds = —[2(2n° +3n* + 70 + 100> + Tn + 2)A1 — 2(8n° + 13n* + 231 + 2507 + 120+ 2)ATA,
n

+2n(8n* + 170> 4+ 230> 4 16n + 5)A 1Az + 2n(4n* + 6n° 4+ 60> +n — 1)A3

— 4n(4n* 4 100> + 10n% 4+ 5n+ 1)Ay),

1
D = —5[—(5n" +5n° +21n° +47n* 4+ 58n° + 41n” + 14n+ 1)A7
n

—n(25n° 42717 + 52n* + 770 4 500% + 151+ 4)A A3
+n(25n° 4 28n° 4 86n* + 1711 + 1760 4 94n + 20)A3 A,
—n(25n° 4 420> +90n* + 1391° + 118n% + 50n + 6)A3A3
+n*(251° +33n* + 280 — 3n% — 181 — 7)A0A3
+n? (251 + 63n* +108n> + 1151% +70n + 17)A 1 A4
—5n%(5n° + 15n* + 201> + 15n% + 61+ 1)As).

Now, using (20) and (19) in (9) and simplifying, we get

FQi+F i) —F (i —F (i)
2F (y;)

1
Ayi) = = E+K261‘2+K3e?+K4e?+K5ef+K6ei6+0(et7)a (21

where

1
Ks = —[2(n+ 1)43),

1
Ky = ~sIA} (=4 = 6n—4n) + A1As (4 + 1204 8n7)]
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1
Ky = —5[ATAy(—2n—4n® — 18n° — 44n* — 38n° — 18n°)
n

+AT(143n46n° + 160> 4+ 21n* 4 13n° 4 6n%)
+ A1A3(6n° 4+ 24n* +36n° +181%)),

Ks = n—{oA%Ag (—20n° — 64n* —92n° — 68n° — 32n7)
+ A (—4 — 14n — 320> — 64n> — 84n* — 62n° —24n° —8n")
+A3Ao (4 + 280 + 68n* 4 1481 4-244n* 4-220n° 4- 100n° 4 3217)
+ A 1A% (—8n—32n* — 60n° — 116n* — 144n° —72n° — 1617)
+ A4 (8n> +40n* 4 80n° + 80n° +32n7).

(refer to Appendix for full computation of Kg).
Substituting equations (17)-(21) in (6) we obtain

2
O(xi, yi) = —Ai(n—1) +Qiei+ 02} + 03¢} + Quel + 0sel + Qgel +O0(e]), (22)
where
1 2 2 2
01 = —[A1(—4—12n—6n°) + Ay (4n + 12n%)],
n
1
Q> = —[A1Ay(—16n—T4n> — 96n° — 32n* — 6n°)
n

+ A3 (6 4 361+ 60n> + 401> + 10n* 4 21°))

+ A3 (6n* +24n° + 36n* +6n°),
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03 =

Q4=

1
—5[A1A3(—24n* — 1400 — 304n* — 284n° — 921" — 16n7)
n

+A3(— 1667 — 92n% — 180n* — 120n° — 8n° — 8n”)
+AT(—12 — 84n — 246n* — 3520 — 266n* — 100n° — 16n° —4n’)
+ATAL (44n +276n” + 6761 +720n* + 348n° + 60n° + 16n”)

+ A4 (8n° +40n* 4 80n° + 80n° + 16n7)],

n]T [A3A(—88n — 778n* —2,756n° — 5,126n* — 5,318n° — 3,138n° — 974n” — 120n% — 301°)
+ ArA3(—48n® —322n* — 876n° — 1,146n° — 6321 — 66n° —30n7)

+ A7 (14 + 152n 4 644n> + 1,460n° + 1,946n* + 1,580n° +780n° +212n" +26n® + 61”)

+ A2A3(54n° +464n° + 1,486n" +2,354n° +1,926n° + 806n" + 148n® +30n")

+ A5 (10n* + 60n° + 1501° +200n" + 15018 4-30n7)

+ A1Ay(—32n% — 226n* — 620n° — 870n° — 632n” — 190n® — 30n7)

+ A3(104n° 47041 +2,054n* + 3,1161° +2,394n° + 872n" 4 86n® 4-30n°)],

(refer to Appendix for full computation of Qs and Qg).
Invocation of equations (19)-(22) in second substep of (11) leads to

where

Co iporary Math

& =w;— o= Lye! +Lsed + Lged + O(e]), (23)

1
L4 = ﬁ[A?(l +I’l)2]7

1
Ls = — [AAz(—6n— 260" — 34n® — 14n") + AT(2+ 14n+27n* +22n° + Tn*)),
n
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and

Ls = —[A1A3(—12n% — 80n® — 188n* — 184n° — 64n°)

1
10
+A?A3(—9n* — 48n® —105n* — 1050° — 42n° — 3n7)

+ A3 (—2 —30n — 125n% — 230n® — 2251* — 1211° —31n° —n")

+A3A (181 + 1410 +410n° 4+ 551n* + 3691 4- 10818 +3n7)).

Again, expanding i(w;) and &' (w;) about @, and using in (14), we have

& = F(w;) = Nyet + Nse; +Nge® + O(e]), (24)
where
Ne= A} +n)),
N5 = nlg [ATA (—6n — 26n* — 34n — 14n*) + AT (2 + 14n + 270 4+ 220° + 7n*)],
and

Ng = %[AlAg(flznz —80n° — 188n* — 184n° — 64n°)
+ ATA3(—9n* — 48n° — 105n* — 105n° — 42n° —3n")
+ A3 (=2 —30n — 1250> — 230n° — 225n* — 1210° — 31n® — 1)
+A3A2(18n 4 141n* 44101 4 551n* 4-369n° 4 1081° 4 3n7)].
Using equations (17)-(21), (23) and (24) we can write R(w;) in Algorithm (11) as
R(w;) = Nyet + Nse; + Nee? + O(e]), (25)

Employing (23), (24) and (25) in third formula of (11), and implementing the computations by Mathematica [31]
software, we have
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C

Aj(1+4n)eb

i1 = ———F— 067
i+1 n]() + []

The following code confirms the order of convergence using Mathematica

hle ] : =dha)(14Aje+Are® + Aze® + Age* + Ased +Age® +Aze’);
L e x hle] ]
fle-]:= nxhle]+exhle]’
Glx_,y_]: = (f[zc)]c_;”)[y}) ; (*This is the finite difference*)
Sle—]: = W; (*F'(x) approximation*)
Ab’—] - fb+f[ygﬁ)§[y_f[y}]’ (*F/<y) approximation*)
Gl x (w=x)\ (w—x)? . .

Ry = Gl (24 220 ) O iy
Ofx-.y-1: = (36D 3] ~24b] - Se)) 725 (*F" () approimation*)

N . [ fle] .
y =e— Series [S[e]’ e, 0, 6] ;

] 2f[PADIQe. y)

VYT AD] T AR —4fDIADIPQle, o] + f120le, 32

e[+ 1] = Full Simplify {W _ R[Z [;v] . }
A1 6
Out[9] = 7% ol

Hence, MR technique given in (11) is sixth-order of convergence.

iporary Math tics

; (*F'(w) approximation*)
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4. Applications and numerical results

In this section, we try to confirm the efficiency of the new sixth-order method (11). We present two types of examples
when the nonlinear equation has a single multiplicity n of the roots. And when the multiplicity is the highest. We compare
the efficiency of the new method with the transformed Newton method (NM) of the second order, sixth order (QM) method
proposed by [26] and sixth order transformation methods for multiple roots (SH1) and (SH2) presented respectively by
[27, 28].

We set € = 101 as the stopping criterion for the computer programs, where |x; —x;_1| < €. The computations were
conducted using Mathematica 14 with precision set to 10,000 significant digits. Tables 1-4 display the total number of
iterations i required to satisfy the stopping criterion, x; is the approximate root, the absolute difference between consecutive
approximations |x; —x;_1| < 10713, f(x;) is the value of approximate zero, and (COC) indicates the computational order
of convergence, which was suggested by [32] in the following approximated formula

In Xi+1 —Xi
Xi —Xi—1
COC ~ (et W B
Xi —Xi—1
In| ————
Xi—1 —Xi-2

To do so, we consider the following test examples:
Example 1 (Volume from Van Der Waal’s equation) Van der Waal’s ideal gas equation is given by

2

(P + 6312) (V —nb) = nRT. (26)

This equation shows the behavior of a real gas with two van Der Waals parameters a and b, which vary depending
on the type of gas. Using these parameters a and b, we can calculate the values of P (pressure), 7' (absolute temperature)
and n (number of moles). Therefore, equation (26) can be written as a nonlinear function to find the volume of gas (V) in
terms of x as

261 , 3,633 2,107

_ 3
Sl =27 = g e 60

The above equation has three roots; our desired root is a multiple root x = 1.75 of multiplicity n = 2. We considered
the initial approximation xp = 2. Table 1 shows the results and comparisons obtained.

Table 1. Comparisons between different methods on test function fj (x)

Method i X |xi —xi—1] Sxi) cocC
fi(x), x0=2
NM 7 1.7500000000000000000000 2.30E-24 2.34E-94 2
QM 4 1.7500000000000000000000 4.18E-57 1.28E-664 6
SH1 4 1.7500000000000000000000 3.38E-63 8.58E-739 6
SH2 4 1.7500000000000000000000 3.26E-40 1.16E-461 6
MR 4 1.7500000000000000000000 1.17E-71 2.28E-841 6
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Example 2 (Blood rheology model [5]) The study of blood rheology frequently models blood as a “Casson Fluid”,
a non-Newtonian fluid, to accurately represent its behavior. According to this model, fluids such as blood and water flow
through tubes with a velocity gradient near the walls and a central core that moves as a plug with minimal deformation.
To analyze this, a nonlinear fractional equation is used to measure the flow rate drop, represented as

¥ 4x 16yx
B= -4+~ _
21 * 3 7

+1, 27)

with B = 0.40, is used to compute the flow rate reduction. Using B value, we formulate equation (27) as a nonlinear
function with multiple roots given by

) = a8 2,857,144,357x* N 16x* 906,122449x 3 !
27 441 63 50,000,000,000 9 250,000,000 ' 10

One of the solutions of this equation is x = 0.086433558051962059505557. As a starting point, we selected xog = 0.22.
The numerical comparisons are provided in Table 2.

Table 2. Comparisons between different methods on test function f>(x)

Method i Xi i —xi1] fx) cocC

fo(x), x0=0.22

NM 5 0.086433558051962059505557  2.38E-18 1.02E-140 2
QM 3 0.086433558051962059505557  7.58E-37 1.48E-868 6
SH1 3 0.086433558051962059505557  9.63E-36 8.20E-842 6
SH2 3 0.086433558051962059505557  2.74E-35 1.34E-830 6

MR 3 0.086433558051962059505557  1.91E-43  5.44E-1,033 6

Example 3 To examine the established method on some nonlinear functions, consider the following ten test functions:
F3(0) = (sin? () — 26+ 1)%,

(2xcos(x) +x* —3) 10

fa(x) = 2+1 )

fs(x) = (x—2.5) % ¢,

fo(0) = ((x=3)e),
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pg = (vt 1)

fs(x)=(e "+ ZSin(x))4(x — 2)3,

~ (2xcos(x) +x? —3)10(x—3)8
Folx) = x2+1 ’

= (ST 22 43)” (e )

fir(®) = (In(x) + V5 -5)P(x~8)",

10
f12(X)=(1n(X)+ x4+1—2>]0<x—\£> (x—1).

Tables 1-4 show the numerical results using two real-life applications and test functions with a single multiplicity
f3(x) — f7(x) and nonlinear functions with a higher multiplicity fs(x) — fi2(x). From the iteration number i in the second
column, it is clear that our proposed MR method requires fewer iterations to reach the convergence criteria. Although in
some cases MR was equivalent to other schemes compared with sixth-order in terms of iteration number, it outperforms
them and shows higher efficiency, as |x; —x;_1 | and f(x;). Thus, considering either the number of iterations or the accuracy
of the approximate root, the new method was found to be superior to the well-known existing methods.

Table 5 shows that with Setting the same convergence criterion for all methods |x; —x; 1| < 10729, the new method
in five examples out of 10 requires the same or fewer iterations to reach the stopping criterion compared to other methods
of the same order.
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Table 3. Comparison of the efficiency among different iterative methods with single multiplicity

Method i X; |x; —xi—1] f(x) CcOoC
f3(x), x0=1.5
NM 7 0.71483582544138923976304 6.46E-21 6.92E-207 2
QM 4 0.71483582544138923976304 4.13E-39 1.85E-1,161 6
SH1 4 0.71483582544138923976304 1.72E-25 2.25E-753 6
SH2 4 0.71483582544138923976304 1.42E-45 2.92E-1,364 6
MR 3 0.71483582544138923976304 9.26E-19 6.50E-569 6
fa(x), xo =32
NM 6 2.9806452794385368345949 5.44E-22 1.22E-421 2
QM 3 2.9806452794385368345949 1.79E-21 8.60E-1,236 6
SH1 3 2.9806452794385368345949 3.56E-20 4.96E -1,155 6
SH2 3 2.9806452794385368345949 1.59E-21 2.96E-1,237 6
MR 3 2.9806452794385368345949 3.64E-39 2.98E-2,319 6
fs(x), x0=2.8
NM 5 2.5000+ 0.0E-23i 0.0E-21i 2.0E-129i 2
QM 3 2.5000 + 0.0E-23i 0.0E-49i 2.0E-1,034i 6
SH1 3 2.5000+ 0.0E-23i 0.0E-36i1 2.0E-730i 6
SH2 3 2.5000+ 0.0E-23i 0.0E-37i 9.0E-7661 6
MR 3 2.5000 + 0.0E-23i 0.0E-51i 4.0E-1,072i 6
Sfo(x), xo=3.4
NM 7 3 3.40E-26 6.80E-249 2
QM 3 3 1.13E-21 4.09E-628 6
SH1 4 3 1.19E-35 1.09E-1,037 6
SH2 4 3 1.34E-62 4.07E-1,847 6
MR 3 3 4.27E-26 4.19E-761 6
f1(x), xo =45
NM 6 2.1478990357047873540262 2.97E-19 4.45E-266 2
QM 3 2.1478990357047873540262 4.24E-17 1.59E-704 6
SH1 3 2.1478990357047873540262 9.81E-17 3.23E-688 6
SH2 3 2.1478990357047873540262 1.28E-18 4.84E-771 6
MR 3 2.1478990357047873540262 1.38E-29 3.21E-1,246 6
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Table 4. Comparison of the efficiency among different iterative methods with higher multiplicity

Method i X; |xi —xi—1] F(x) CcoC
f3(x), xo =4
NM 6 3.1627488709263653591869 3.06E-17 3.16E-132 2
(0)%1 4 3.1627488709263653591869 4.17E-69 1.32E-1,640 6
SH1 4 3.1627488709263653591869 9.08E-78 3.79E-1,859 6
SH2 3 3.1627488709263653591869 2.56E-16 1.24E-374 6
MR 3 3.1627488709263653591869 2.41E-18 7.16E-430 6
fo(x), x0=3.1
NM 7 2.9806452794385368345949 1.28E-25 1.96E-49 2
QM 4 2.9806452794385368345949 7.11E-51 5.25E-2,932 6
SH1 4 2.9806452794385368345949 2.17E-52 3.02E-3,027 6
SH2 4 2.9806452794385368345949 6.96E-71 5.98E-4,135 6
MR 3 2.9806452794385368345949 1.44E-17 1.96E-595 6
fio(x), x0 =2
NM 6 2.3319676558839640103080 1.04E-18 1.77E-713 2
QM 3 2.3319676558839640103080 4.82E-16 8.41E-1,797 6
SH1 3 2.3319676558839640103080 1.39E-20 3.27E-2,375 6
SH2 3 2.3319676558839640103080 2.38E-18 1.55E-2,083 6
MR 3 2.3319676558839640103080 8.05E-28 8.63E-3,279 6
Su1(x), %0 =7
NM 6 8 1.21E-18 3.65E-367 2
QM 3 8 3.83E-21 6.40E-1,257 6
SH1 4 8 4.37E-88 4.44E-5,266 6
SH2 3 8 7.78E-18 5.70E-1,053 6
MR 3 8 1.62E-35 1.40E-2,137 6
Sfi2(x), % =13
NM 7 1.2228139636289731043280 7.53E-22 2.65E-419 2
QM 4 1.2228139636289731043280 6.29E-38 2.61E-2,114 6
SH1 4 1.2228139636289731043280 2.88E-36 2.89E-2,016 6
SH2 4 1.2228139636289731043280 1.54E-46 3.49E-2,632 6
MR 4 1.2228139636289731043280 3.67E-75 3.81E-4,373 6
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Table 5. Comparisons of iterations number i needed for different algorithms such that |x; — x;, 1| < 10729

fi(x) f2(x) f(x) fa(x) f5(x) fo(x) fi(x) fa(x) fo(x) fio(x)

X0 1.5 32 2.8 34 4.5 4 3.1 2 7 1.3
NM 11 10 9 10 10 10 11 10 10 11
QM 5 5 4 5 5 5 5 5 5 5
SH1 6 5 5 5 5 5 5 5 5 6
SH2 5 5 4 5 5 5 5 5 5 5
MR 5 4 4 5 5 5 5 5 4 5

5. Conclusion

A new efficient transformation method for finding multiple roots has been established in this study. The principal

advantage of the algorithm implemented is that neither the second-order derivative nor the knowledge of the root
multiplicity is needed. The convergence of the new algorithms has been proven using Mathematica software, and it

has been established to be in the sixth order. The numerical experiments illustrated the preferable performance of the

algorithm developed in comparison to the existing sixth-order transformation methods. A qualitative analysis of the
fractals of the basins of attraction [33—35] will be the subject of future work.
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Kg = — [A3(—8n* — 48n° — 128n* — 2400 — 344n° — 288n” — 96n%)

+ AJA>(—38n — 188n* —428n — 784n* —1,162n° — 1,148n° — 680n" — 218n® — 501°)
+AS(6+38n+96n* + 1670 +259n +3191° +267n° + 140n" +40n® + 101°)

+ AJA3(6n +48n% + 144n° 4 310n* + 506n° 4 5661° +372n" + 138n% + 501°)

+ A1 A2A3(—12n% — 600 — 142n* — 2520 —390n° — 3800 — 174n® — 50n°)

+ As(10n* + 60n° +1501° +200n” + 150n% 4 50n7)

+ A3A4(—34n* — 140n° —230n° — 2160 — 126n% — 501°)

+ A3 (4n + 64n® + 244n° 4 522n* +952n° 4 1,186n° 4 852n" +306n° 4 50n°)]
1
05 = —5[—AJA3(—120n" — 1,296n° — 5,532n" — 12,624n° — 17,136n° — 14,228n" — 7,1160° — 1,972n°
n

—260n'0 —48n'")

+ ArA4(—64n* —492n° — 1,604n° — 2,812 —2,740n8 — 1,284n° — 156n'° — 48n'")

+ A3 (—36n* —276n° —924n° —1,692n" — 1,704n% — 804n° —90n'% — 24n'!)

+A%(—16 —248n — 1,410n> — 4,340n> — 8,306n* — 10,466n° — 8,848n° — 4,998n" — 1,83818
—400n° —42n'0 — 8n'l)

+A3(80n° + 592n* + 1,940n° 4 3,652n° +4,020n 4 2,404n% +700n° +36n'° + 16n'")

+ ATA>(132n 4 1,668n% + 8,1201° + 21,456n* + 34,592n° + 35,452n8 + 23,244n" 4 9,572n°

+2,268n° +236n'" 4 48n'")
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+ Ag (1207 + 84n° +252n" + 42018 +420n° +252n'0 + 48n'")

+A2A%(—256n —2,548n> — 10,504n* — 23,756n° — 31,880n° — 25,620n" — 12,244n° — 3,212n°
—302n'0 —72n!1)

+A4(720% +720n* +2,772n° 4 5,544n° 4 6,416n" +4,308n° + 1,600n° 4 284n'° + 48n'")

+ A1 As(—40n* —332n° — 1,104n° — 1,952n" — 2,020n® — 1,200n° — 332n'° — 48n'")

+ AsA3(264n° 4 2,2161* +8,060n° + 15,944n° + 18,048n” 4+ 11,2760 + 3,624n° +416n'° +96n'")]

1
Q6 = —z[A7A2(—184n —2,990n — 19,432n° — 68,458n* — 150,602n° — 221,342n° — 223,900’
n

—156,870n% —75,180n° — 23,866n'" — 4,648n!! — 440n'2 — 70n"?)

+ A3A4(—961° —830n° — 3,184n" — 7,040n% —9,568n° —7,748n'0 — 3,184n'! —368n'% —70n'3)
+ AsAs(—80n° — 694n® —2,632n" — 5,592n% —7,184n° — 5,560n'° —2,264n'! — 2922 —70n'3)
+A7 (18 + 3321 +2,5261% 4 10,3501° 4-26,4881* +-45,764n° +55,510n° +-48,048n" +29,666n°
+12,850n° +3,772n'% + 692n'! + 66n'% + 10n'?)

+A3A3(312n* 4+ 2,672n° + 10,462n° 4 24,064n" + 34,524n® 4+ 30,248n° + 15,040n'° 4 3,872n!!

+280n'% +70n"3)

+A7(14n8 + 11207 + 39208 +784n° + 98010 + 784n'! 139212 4-70n'3)

+ ATA3 (1860 4 2,5961° + 14,874n* 4-46,394n° + 89,342n° + 112,692n" +95,142n% + 53,540n°
+19,482n'0 +4,176n"" +460n'? 4 70n'3)

+A2A2A3(—696n° — 8,254n* —39,680n° — 106,034n° — 174,888n" — 184,194n® — 123,194n°
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—50,802n'0 — 11,898n"! —1,242n'2 — 210n"3)

+ As(90n* +1,028n° 4-4,638n° + 11,152n" 4 16,086n° + 14,654n° + 8,338n'° +2,786n!!
+474n'% +70n"3)

+A1Ag(—48n° —458n° — 1,792n" — 3,836n° — 4,984n° — 4,088n'0 —2,056n'! —524n'? —70n!3)
+A3(—352n — 3,608n* — 16,560n° — 43,554n° — 71,584n" —74,552n% — 48,320n° — 19,180n'°
—4,376n'! — 324512 —70n"3)

+A2(162n* 4 1,668n° 4 7,244n° 4+ 17,650n" +26,114n® +23,530n° +12,326n'° 4 3,532n!!
+434n'% 4-70n"3)

+ AA4(352n* 43,360n° + 14,096n° +33,416n" 4 48,492n° + 43,800n° +23,552n'" 4 6,880n!!
+792n'% 4 140n"3)

+ A3AL(—160n> — 1,890n* —9,428n° —25,718n° — 42,8160 — 45,9421 — 32,1261° — 14,250n"°
—3,666n'! —466n'2 —70n"?)

+A3(512n% +7,032n> + 38,536n* + 116,484n° +219,930n° +272,686n" +225,056n8 + 122,464n°

+42,768n'° +8,942n'" + 804n'2 + 140n'3)]
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