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Abstract: In studies of inequality theory, integral identities are developed to support numerous inequalities. Various
fractional integral and derivative operators have been employed recently to accomplish these identities. In this article,
we first establish an integral identity by employing Hattaf fractional integral operators. Then, we use this identity to
give some novel generalizations of integral inequalities for the convexity of |ℵ| using the Jensen integral inequality,
Young’s inequality, power-mean inequality, and Hölder inequality. The main motivating goal of this study is to use
Hattaf-fractional integral operators with strong kernel structure to derive new and general form of integral inequalities.
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1. Introduction
In many scientific fields nowadays, the fractional calculus is frequently used due to its numerous applications in

dynamical problems. In [1], the authors presented existence results for connected systems of hybrid boundary value
problems with hybrid conditions. In [2], the results for the existence of super-linear fractional differential equations
are presented. Baleanu et al. [3] gave the set of solutions for a class of fractional-based sequential differential equations.
The generalization of fractional integral and derivative operators are recently presented by the researchers [4–6]. Samraiz
et al. [7] presented certain fractional operators and their applications in mathematical physics. Samraiz et al. [8] gave
Riemann-type weighted fractional operators and Cauchy problem solutions.

A novel formula for fractional derivatives and integrals has been presented by Dumitru and Arran [9], who have
used the Mittag-Leffler kernel. In [10, 11], more theoretical concepts regarding fractional operators with Mittag-Leffler
kernels (Atangana-Baleanu operators) and the higher-order case were discussed. The generalization of the Mittag-Leffler
kernels to provide a semigroup property was examined in [12, 13].

On the other hand, noninteger-order calculus, sometimes referred to as fractional calculus, is used to generalize
integrals and derivatives, particularly integrals containing inequalities. Agarwal et al. [14] used generalized k-fractional
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integrals to demonstrate Hermite-Hadamard-type inequalities. Shuang and Qi [15] investigated particular methods for a
class of s-convex functions and proved a variety of Hermite-Hadamard-type inequalities. In [16], the authors presented
different notions of convexity. By using the traditional Hermite-Hadamard inequalities, Mehrez and Agarwal [17]
developed new integral inequalities and examined particular scenarios of their findings with application to special means.
New generalized inequalities were studied and then used in stability analysis by Park et al. [18]. Applying the local
fractional technique, Sarikaya et al. [19] produced fractional integral inequalities that went beyond what was discovered
in the classical literature. A generalization of the integral inequalities has recently been analyzed using Mittag-Leffler
functions. Fernandez and Mohammed [20] established Hermite-Hadamard by using Atangana-Baleanu fractional integral
operators. Farid et al. [21] evaluated particular implementations of their findings and generalized several classical
inequalities using the generalizedMittag-Leffler function. The researchers examined some prominent integral inequalities
using several types of fractional operators. Readers are directed to the study by [22–26].

2. Preliminaries
In this section, we consider some known results.
Definition 2.1 A function ћ : [x1, x2]⊆ R→ R is considered convex if

ћ(ηu+(1−η)v)≤ ηћ(u)+(1−η)ћ(v),

for all u, v ∈ [x1, x2] and η ∈ [0, 1].
One often used concept in inequality theory is that of convex functions. Using averages of the mean value of a convex

function, the Hermite-Hadamard inequality provides upper and lower bounds.
Definition 2.2Given a convexmapping ћ : I ⊆R→R, let x1 < x2 be on the interval I ofR. If the following inequality

holds, then the Hermite-Hadamard inequality is defined by

ћ
(

x1 + x2

2

)
≤ 1

x2 − x1

∫ x2

x1

ћ(x)dx ≤ ћ(x1)+ћ(x2)

2
.

Definition 2.3 [27] The ABC-fractional derivative is defined by

ABCD
ζ
x1, ξћ(ξ ) =

M(ζ )
1−ζ

∫ ξ

x1

ћ′(η)Eζ

(
−ζ (ξ −η)ζ

1−ζ

)
dη ,

where 0 < ζ < 1, ћ′ ∈ L1(r, T ] and M(ζ ) is normalization function which satisfies the condition M(0) = M(1) = 1.
Definition 2.4 [28, 29] The AB-fractional operator for ћ ∈ L1(r, T ] and 0 < ζ < 1 is defined by

ABIζ
x1, ξћ(ξ ) =

1−ζ
M(ζ )

ћ(ξ )+
ζ

M(ζ )Γ(ζ )

∫ ξ

x1

(ξ −η)ζ−1 ћ(η)dη . (1)

Definition 2.5 [30] The Hattaf fractional derivative ћ is defined by
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D
ζ , ϱ, δ
x1, ξ ћ(ξ ) =

M(ζ )
1−ζ

1
ω(ξ )

∫ ξ

x1

Eϱ

(
−ζ (ξ −η)δ

1−ζ

)
d
dt
(ωћ)(η)dη ,

where 0 < ζ < 1, ћ′ ∈ L1(r, T ] ω ∈C1(a, b), ω, ω ′ > 0 on [a, b].
Definition 2.6 [30] The left sided Hattaf fractional operator for ћ ∈ L1(r, T ] and 0 < ζ < 1 is defined by

Iζ , ϱ
x1, ξћ(ξ ) =

1−ζ
M(ζ )

ћ(ξ )+
ζ

M(ζ )Γ(ϱ)ω(ξ )

∫ ξ

x1

(ξ −η)ϱ−1 ω(η)ћ(η)dη . (2)

Definition 2.7 [30] The right sided Hattaf fractional operator for ћ ∈ L1(x1, x2) and 0 < ζ < 1 is defined by

Iζ , ϱ
x2, ξћ(ξ ) =

1−ζ
M(ζ )

ћ(ξ )+
ζ

ω(ξ )M(ζ )Γ(ϱ)

∫ x2

ξ
(η −ξ )ϱ−1 ω(η)ћ(η)dη . (3)

Remark 2.8 i. If we consider ϱ= ζ in (2) and (3), then we get AB-operator defined in (1).
ii. If we consider ϱ= ζ and ω = 1 in (2) and (3), then we get AB-operator defined in (1).
Definition 2.9 The left sided Hattaf fractional operator for ω = 1, ћ ∈ L1(r, T ] and 0 < ζ < 1 is defined by

Iζ , ϱ
x1, ξћ(ξ ) =

1−ζ
M(ζ )

ћ(ξ )+
ζ

M(ζ )Γ(ϱ)

∫ ξ

x1

(ξ −η)ϱ−1 ћ(η)dη . (4)

Definition 2.10 The right sided Hattaf fractional operator for ω = 1, ћ ∈ L1(x1, x2) and 0 < ζ < 1 is defined by

Iζ , ϱ
x2, ξћ(ξ ) =

1−ζ
M(ζ )

ћ(ξ )+
ζ

M(ζ )Γ(ϱ)

∫ x2

ξ
(η −ξ )ϱ−1 ћ(η)dη . (5)

The aim of this paper is to prove an integral identity by utilizing Hattaf fractional integral operators. Then we use
this identity to give some novel generalizations of Hermite-Hadamard type integral inequalities for differentiable convex
functions.

The structure of the paper follows: In section 1, a brief discussion is given. Section 2 is devoted to some auxiliary
results. In section 3, we prove an integral identity and some novel generalizations of integral inequalities via Hattaf-
fractional integral operators. The concluding remarks are given in section 4.

3. Main result
Here, first we will prove the following fractional integral identity which will be used in our main findings.
Lemma 3.1 Assume that ћ : [x1, x2]→ R represents a differentiable function on (x1, x2), where x1 < x2. Next, for

Hattaf-fractional operators, we have the identity given below:
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I
ζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

=
ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱћ′(ηt +(1−η)x1)dη

− ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱћ′(ηx2 +(1−η)t)dη ,

where ζ ∈ (0, 1], t ∈ [x1, x2] and ϱ> 0.
Proof. By using integration by parts for the right hand side, we have

ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱћ′(ηt +(1−η)x1)dη +

1−ζ
H(ζ )

ћ(t)+
ζ (t − x1)

ζћ(x1)

H(ζ )Γ(ϱ+1)

=
ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

[
(1−η)ϱћ(ηt +(1−η)r)

t − x1

∣∣∣1
0
+ϱ

∫ 1

0

(1−η)ϱ−1ћ(ηt +(1−η)x1)

t − x1
dη
]

+
1−ζ
H(ζ )

ћ(t)+
ζ (t − x1)

ϱћ(x1)

H(ζ )Γ(ϱ+1)
.

By substituting η =
u− x1

t − x1
, we have

ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱћ′(ηt +(1−η)x1)dη +

1−ζ
H(ζ )

ћ(t)+
ζ (t − x1)

ϱћ(x1)

H(ζ )Γ(ϱ+1)

= − ζ (t − x1)
ϱ

H(ζ )Γ(ϱ+1)
ћ(x1)+

ζ
H(ζ )Γ(ϱ)

∫ t

x1

(t −u)ϱ−1ћ(u)du

+
1−ζ
H(ζ )

ћ(t)+
ζ (t − x1)

ϱћ(x1)

H(ζ )Γ(ϱ+1)

=
ζ

H(ζ )Γ(ϱ)

∫ t

x1

(t −u)ϱ−1ћ(u)du+
1−ζ
H(ζ )

ћ(t)

= I
ζ , ϱ
x1, tћ(t) . (6)

Similarly, by integrating the following integral, we obtain
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ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱћ′(ηx2 +(1−η)t)dη

− 1−ζ
H(ζ )

ћ(t)− ζ (x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
=−I

ζ , ϱ
x2, tћ(t) . (7)

Adding (6) and (7), we get the desired Lemma 3.1.
Remark 3.2 If we choose ζ = ϱ in Lemma 3.1, we get the identity derived by [31].
Theorem 3.3 Assume that a differentiable function ћ: [x1, x2] → R on (x1, x2), ћ′ ∈ L1[x1, x2] and x1 < x2. The

following inequality holds for Hattaf-fractional operators if |ћ′| is a convex function.

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

[
| ћ′(t) |

(ϱ+1)(ϱ+2)
+

| ћ′(x1) |
ϱ+2

]

+
ζ (x2 − t)λ+1

H(ζ )Γ(ϱ+1)

[
| ћ′(x2) |
(ϱ+2)

+
| ћ′(t) |

(ϱ+1)(ϱ+2)

]
,

where t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.
Proof. By using Lemma 3.1, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
=

∣∣∣∣ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱћ′(ηt +(1−η)x1)dη − ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱћ′(ηx2 +(1−η)t)dη

∣∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ

∣∣ћ′(ηt +(1−η)x1)
∣∣dη +

ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ ∣∣ћ′(ηx2 +(1−η)t)

∣∣dη .

By applying the convexity of |ћ′|, we get
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

λ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ

[
η
∣∣ћ′(t)∣∣+(1−η)

∣∣ћ′(x1)
∣∣]dη

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ [η ∣∣ћ′(x2)

∣∣+(1−η)
∣∣ћ′(t)∣∣]dη .

After solving the above integrals, we get

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

[
1

(ϱ+1)(ϱ+2)
|ћ′(t)|+ 1

(ϱ+2)
|ћ′(x1)|

]

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

[
1

(ϱ+2)
|ћ′(x2)|+

1
(ϱ+1)(ϱ+2)

|ћ′(t)|
]
,

which completes the desired proof.
Corollary 3.4 Applying Theorem 3.3 for t =

x1 + x2

2
, we get the following inequality

∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ
(

x1 + x2

2

)
−ζ

(x1 + x2)
ϱ

2ϱH(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣

≤ ζ (x2 − x1)
ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

2

∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣
(ϱ+1)(ϱ+2)

+
| ћ′(x1) |+ | ћ′(x2) |

ϱ+2

 .

Remark 3.5 Applying Theorem 3.3 for ζ = ϱ, we get Theorem 2.2 proved by Set et al. [31].
Remark 3.6 Applying Theorem 3.4 for ζ = ϱ, we get Corollary 2.3 proved by Set et al. [31].
Remark 3.7 Applying Theorem 3.3 for ζ = ϱ= 1, we get the result given in [32].
Theorem 3.8 Let ћ : [x1, x2] → R be a differentiable function on (x1, x2) with x1 < x2 and ћ′ ∈ L1[x1, x2]. For

Hattaf-fractional operators, we have the following inequality if |ћ′|q is a convex function.
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p
[
| ћ′(t) |q + | ћ′(x1) |q

2

] 1
q

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p
[
| ћ′(x2) |q + | ћ′(t) |q

2

] 1
q

,

where
1
p
+

1
q
= 1, t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.

Proof. By utilizing Lemma 3.1, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) | dη

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ | ћ′(ηx2 +(1−η)t) | dη .

By utilizing Hölder inequality, we obtain

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

[(∫ 1

0
(1−η)ϱpdη

) 1
p
(∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη

) 1
q
]

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

[(∫ 1

0
ηϱpdη

) 1
p
(∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη

) 1
q
]
. (8)

By utilizing the convexity of | ћ′ |q, we get

∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη ≤

∫ 1

0
[η | ћ′(t) |q +(1−η) | ћ′(x1) |q]dη (9)

and
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∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη ≤

∫ 1

0
[η | ћ′(x2) |q +(1−η) | ћ′(t) |q]dη . (10)

Substituting (9) and (10) in (8) and then solving the integrals, we get the required inequality.
Corollary 3.9 Applying Theorem 3.8 for t =

x1 + x2

2
, we get the following inequality

∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ(t)−ζ
(x2 − x1)

ϱ

H(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣

≤ ζ (x2 − x1)
ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p



∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣q+ | ћ′(x1) |q

2


1
q

+

 | ћ′(x2) |q +
∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣q
2


1
q

 .

Remark 3.10 Applying Theorem 3.8 for ζ = ϱ, we get Theorem 2.5 proved by Set et al. [31].
Remark 3.11 Applying Theorem 3.9 for ζ = ϱ, we get Corollary 2.6 proved by Set et al. [31].
Remark 3.12 Applying Theorem 3.8 for ζ = ϱ= 1, we get Theorem 5 given in [32].
Theorem 3.13 Let ћ : [x1, x2]→ R is a differentiable function on (x1, x2), where ћ′ ∈ L1[x1, x2] and x1 < x2. The

following inequality holds for Hattaf-fractional operators if |ћ′|q is a convex function.

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

(
1

p(ϱp+1)
+

| ћ′(t) |q + | ћ′(x1) |q

2q

)

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

p(ϱp+1)
+

| ћ′(x2) |q + | ћ′(t) |q

2q

)
,

where
1
p
+

1
q
= 1, t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.

Proof. By utilizing Lemma 3.1, we have
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) | dη

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ | ћ′(ηx2 +(1−η)t) | dη .

By employing Young inequality as uv ≤ up

p
+

vq

q
in above, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

[
1
p

∫ 1

0
(1−η)ϱpdη +

1
q

∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη

]

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

[
1
p

∫ 1

0
ηϱpdη +

1
q

∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη

]
.

After solving the integrals, we get the desired inequality.
Corollary 3.14 Applying Theorem 3.13 for t =

x1 + x2

2
, we get the following inequality

∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ
(

x1 + x2

2

)
−ζ

(x2 − x1)
ϱ

2ϱH(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣

≤ (x2 − x1)
ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

 2
p(ϱp+1)

+

2
∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣q+ | ћ′(x1) |q + | ћ′(x2) |q

2q

 .

Remark 3.15 Applying Theorem 3.13 for ζ = ϱ, we get Theorem 2.8 proved by Set et al. [31].
Remark 3.16 Applying Theorem 3.14 for ζ = ϱ, we get Corollary 2.9 proved by Set et al. [31].
Remark 3.17 Applying Theorem 3.13 for ζ = ϱ= 1, we get the result proved by [32].
Theorem 3.18 Let ћ : [x1, x2]→ R is a differentiable function on (x1, x2), where ћ′ ∈ L1[x1, x2] and x1 < x2. The

following inequality holds for Hattaf-fractional operators if |ћ′|q is a convex function.

Contemporary Mathematics 1118 | Çetin Yildiz, et al.



∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q
[

| ћ′(t) |q

(ϱ+1)(ϱ+2)
+

| ћ′(x1) |q

(ϱ+2)

] 1
q

+
(x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q
[
| ћ′(x2) |q

(ϱ+2)
+

| ћ′(t) |q

(ϱ+1)(ϱ+2)

] 1
q

,

where q ≥ 1, t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.
Proof. By utilizing Lemma 3.1, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) | dη

+
(x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ | ћ′(ηx2 +(1−η)t) | dη .

By employing power mean inequality, we obtain

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
(1−η)ϱdη

)1− 1
q
(∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) |q dη

) 1
q

+
(x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
ηϱdη

)1− 1
q
(∫ 1

0
ηϱ | ћ′(ηx2 +(1−η)t) |q dη

) 1
q

.

Now, by utilizing the convexity of | ћ′ |q, we get
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
(1−η)ϱdη

)1− 1
q
(∫ 1

0
(1−η)ϱ[η | ћ′(t) |q +(1−η) | ћ′(x1) |q]dη

) 1
q

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
ηϱdη

)1− 1
q
(∫ 1

0
ηϱ[η | ћ′(x2)) |q +(1−η) | ћ′(t) |q]dη

) 1
q

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q
[

| ћ′(t) |q

(ϱ+1)(ϱ+2)
+

| ћ′(x1) |q

(ϱ+2)

] 1
q

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q
[
| ћ′(x2) |q

(ϱ+2)
+

| ћ′(t) |q

(ϱ+1)(ϱ+2)

] 1
q

,

which completes the proof.
Corollary 3.19 Applying Theorem 3.18 for t =

x1 + x2

2
, we get the following inequality

∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ
(

x1 + x2

2

)
−ζ

(x2 − x1)
ϱ

H(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣

≤ (x2 − x1)
ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q


∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣q
(ϱ+1)(ϱ+2)

+
| ћ′(x1) |q

(ϱ+2)


1
q

+
ζ (x2 − x1)

ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)1− 1
q

 | ћ′(x2) |q

(ϱ+2)
+

∣∣∣∣ћ′(x1 + x2

2

)∣∣∣∣q
(ϱ+1)(ϱ+2)


1
q

.

Remark 3.20 Applying Theorem 3.18 for ζ = ϱ, we get Theorem 2.10 proved by Set et al. [31].
Remark 3.21 Applying Theorem 3.19 for ζ = ϱ, we get Corollary 2.11 proved by Set et al. [31].
Remark 3.22 Applying Theorem 3.18 for ζ = ϱ= 1, we get Theorem 7 given in [32].
Theorem 3.23 Let ћ : [x1, x2]→ R be a differentiable function on (x1, x2), where ћ′ ∈ L1[x1, x2] and x1 < x2. For

Hattaf-fractional operators, we have the following inequality if |ћ′| is a concave function.
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)∣∣∣∣ћ′( 1
ϱ+2

t +
ϱ+1
ϱ+2

r
)∣∣∣∣

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)∣∣∣∣ћ′(ϱ+1
ϱ+2

x2 +
1

ϱ+2
t
)∣∣∣∣ ,

where t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.
Proof. By utilizing Lemma 3.1, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) | dη

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηζ | ћ′(ηx2 +(1−η)t) | dη .

By employing the Jensen integral inequality, we get

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
(1−η)ϱdη

)∣∣∣∣∣ћ′
(∫ 1

0 (1−η)ϱ(ηt +(1−η)x1)dη∫ 1
0 (1−η)ϱdη

)∣∣∣∣∣
+

ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
ηϱdη

)∣∣∣∣∣ћ′
(∫ 1

0 ηϱ(ηx2 +(1−η)t)dη∫ 1
0 ηϱdη

)∣∣∣∣∣ .
After simple calculation of above integrals, we get the required inequality.
Corollary 3.24 Applying Theorem 3.23 for t =

x1 + x2

2
, we get the following inequality
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∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ
(

x1 + x2

2

)
−ζ

(t − x1)
ϱ

2ϱH(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣
≤ ζ (x2 − x1)

ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

(
1

ϱ+1

)[∣∣∣∣ћ′( x1 + x2

2(ϱ+2)
+

ϱ+1
ϱ+2

a
)∣∣∣∣+ ∣∣∣∣ћ′(ϱ+1

ϱ+2
b+

x1 + x2

2(ϱ+2)

)∣∣∣∣] .
Remark 3.25 Applying Theorem 3.23 for ζ = ϱ, we get Theorem 2.13 proved by Set et al. [31].
Remark 3.26 Applying Theorem 3.24 for ζ = ϱ, we get Corollary 2.14 proved by Set et al. [31].
Remark 3.27 Applying Theorem 3.23 for ϱ= ζ = 1, we get Theorem 8 given in [32].
Theorem 3.28 Let ћ : [x1, x2]→ R be a differentiable function on (x1, x2), where ћ′ ∈ L1[x1, x2] and x1 < x2. For

Hattaf-fractional operators, we have the following inequality if |ћ′|q is a concave function.

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p ∣∣∣ћ′( t + r

2

)∣∣∣+ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p ∣∣∣ћ′(x2 + t

2

)∣∣∣,
where

1
p
+

1
q
= 1, q > 1, t ∈ [x1, x2], ζ ∈ (0, 1] and H(ζ )> 0.

Proof. By utilizing Lemma 3.1, we have

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣
≤ ζ (t − x1)

ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
(1−η)ϱ | ћ′(ηt +(1−η)x1) | dη

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

∫ 1

0
ηϱ | ћ′(ηx2 +(1−η)t) | dη .

By employing the Hölder integral inequality, we obtain
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∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
(1−η)ϱpdη

) 1
p
(∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη

) 1
q

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
ηϱpdη

) 1
p
(∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη

) 1
q

.

Now, by employing the concavity of | ћ′ |q and Jensen integral inequality, we obtain

∣∣∣Iζ , ϱ
x1, tћ(t)+I

ζ , ϱ
x2, tћ(t)−ζ

(t − x1)
ϱћ(x1)+(x2 − t)ϱћ(x2)

H(ζ )Γ(ϱ+1)
− 2(1−ζ )ћ(t)

H(ζ )

∣∣∣

≤ ζ (t − x1)
ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
(1−η)ϱpdη

) 1
p
(∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη

) 1
q

+
ζ (x2 − t)ϱ+1

H(ζ )Γ(ϱ+1)

(∫ 1

0
ηϱpdη

) 1
p
(∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη

) 1
q

. (11)

Since

∫ 1

0
| ћ′(ηt +(1−η)x1) |q dη ≤

∫ 1

0
η0 | ћ′(ηt +(1−η)x1) |q dη

≤
(∫ 1

0
η0dη

)∣∣∣∣∣ћ′
(

1∫ 1
0 η0dη

∫ 1

0
(ηt +(1−η)x1)dη

)∣∣∣∣∣
q

≤
∣∣∣∣ћ′(x1 + t

2

)∣∣∣∣q . (12)

Similarly

∫ 1

0
| ћ′(ηx2 +(1−η)t) |q dη ≤

∣∣∣∣ћ′(x2 + t
2

)∣∣∣∣q . (13)

By substituting (13) and (12) in (11) and then solving the integrals, we get the desire assertion.
Corollary 3.29 Applying Theorem 3.28 for t =

x1 + x2

2
, we get the following inequality
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∣∣∣∣∣∣∣∣I
ζ , ϱ
x1,

x1+x2
2

ћ
(

x1 + x2

2

)
+I

ζ , ϱ
x2,

x1+x2
2

ћ
(

x1 + x2

2

)
−ζ

(x2 − x1)
ϱ

2ϱH(ζ )Γ(ϱ+1)
[ћ(x1)+ћ(x2)]−

2(1−ζ )ћ
(

x1 + x2

2

)
H(ζ )

∣∣∣∣∣∣∣∣
≤ ζ (x2 − x1)

ϱ+1

2ϱ+1H(ζ )Γ(ϱ+1)

(
1

ϱp+1

) 1
p
[∣∣∣∣ћ′(3x1 + x2

4

)∣∣∣∣+ ∣∣∣∣ћ′(3x2 + x1

4

)∣∣∣∣] .
Remark 3.30 Applying Theorem 3.28 for ζ = ϱ, we get Theorem 2.16 proved by Set et al. [31].
Remark 3.31 Applying Theorem 3.28 for ζ = ϱ= 1, we get Theorem 6 given in [32].

4. Concluding remarks
In this study, we have established Hermite-Hadamard type integral inequalities for convex functions by employing

Hattaf-fractional integral operators. These inequalities for fractional integral operators are obtained by using the
applications of Jensen integral inequality, Young’s inequality, power-mean inequality, and Hölder inequality. The
inequalities proved in this study are more general as compared to the previous work. The inequalities in term of Atangana-
Baleanu fractional integral operators will be restored if we put ζ = ϱ (see for example [31]). Also, the classical inequalities
will be restored if we put ζ = ϱ= 1 (see for example [32]). These inequalities will promote future research in the field of
mathematical inequities. One can obtain certain other type inequalities by using Hattaf fractional integral operators such
as Grüss, Chebyshev, Reverse Minkowski’s and Ostrowski type integral inequalities.
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