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Abstract: Conformable integrals and derivatives have received more attention in recent years as a means of determining
different kinds of inequalities. In the research work, we define a novel class of (k, p)-conformable fractional integrals
((k, p)-CFI). Also, we establish the refinement of the reverse Minkowski inequality incorporating the (k, p)-conformable
fractional integral operators. The proposed (k, p)-conformable fractional integral operators are used to present the two
new theorems that correlate with this inequality, along with declarations and verifications of other inequalities. The
inequalities presented in this work are more general as compared to the existing literature. The special cases of our main
findings are given in the paper.
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1. Introduction

In general, integral and derivative operators are generalized in the calculus of non-integer order, also known as
fractional calculus. The literature contains a wide variety of definitions for fractional integral operators, including
the Hadamard, Weyl, Erdélyi-Kober, Riemann-Liouville, and Katugampola fractional integrals [1-4]. Local fractional
conformable derivative as well as integral operators are a novel family of fractional operators that were recently introduced
by Khalil et al. [5] and Adeljawad [6]. By adding new parameters to such fractional integral operators, one can generalize
fractional operators and derive the associated integral inequalities. Among them are Hadamard, Hermite-Hadamard,
Opial, Griiss, and Ostrowski [7—13]. Katugampola [14] proposed a generalized fractional integral operator. Jarad
et al. [15] presented the conformable fractional operators using the conventional fractional calculus iteration method.
These advancements promote further study to present new ideas for combining fractional operators and obtaining integral
inequalities for the extended fractional operators.

Utilizing integral inequalities is significant in several scientific domains, including engineering, physics, and
mathematics. We specifically suggest impulse equations, integral differential equations, linear conversion stability and
initial-value problems [ 16, 17]. The readers are also suggested to the work presented by [9, 18, 19]. Inequalities pertaining
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to the fractional integral operators have several practical applications in various scientific domains. Furthermore, the
concept of fractional calculus plays a vital role in resolving many other unique function concerns as well as differential
and integral equations. Consequently, the new integral inequalities result has been made achievable. It is now possible to
obtain new results involving integral inequalities; therefore, certain applications have been made [16, 17]. We mention a
few of them, namely Jensen, Hermite-Hadamard, Hardy, Holder, and Minkowski inequalities [20-26].

The aim of this paper is to present how the new fractional conformable operators are generalized and extends the
reverse Minkowski inequality and certain other related inequalities [4, 27-30] by employing the generalized (k, p)-
conformable fractional integrals.

This paper is classified as follows. Section 2 presents the fundamental definitions and annotations of fractional
integrals along with our recently established generalized (k, p)-conformable fractional integrals. We establish suitable
spaces for such operators as well as the theorems pertaining to the reverse Minkowski inequality. Section 3 presents
our fundamental outcomes, which comprise the reverse Minkowski integral inequality involving the generalized (k, p)-
fractional conformable integral. We demonstrate some other type of integral inequalities by utilizing the (k, p)-
conformable fractional integrals in Section 4. The conclusion is presented in Section 5.

2. Notations and preliminaries

In this section, we consider the following well known results. Also, we defined the new generalized (k, p)-
conformable fractional integrals.
Definition 1 A function A(z) is said to be in the space L, [a, b], if

1

b P
(/ |x<z>"dz) <o 1< p<oo

b
Theorem 1 [21] Suppose that the two functions A, A> € L,[a, b] be positive, with 1 < p < oo, 0 < / AP (1)dT < oo,
a

b A
and0</ M(T)dt <o If0<n < ;Eg <mforn, me R" andV 7 € [a, b], then
a 2

1

(/ubkf’(r)dr) : + (/abxg’u)dr)'l’ <el (/a.bl{’—kk{’(r)dr) ’

m(n+1)+ (m+1)
(n+1)(m+1)

b
Theorem 2 [22] Suppose that the two functions A1, A, € L,[a, b] are positive, and with 1 < p <e0,0 < / A (t)dt <
a

with ¢ =

b A
oo, and0</ M(7)dt < oo, if0<n < 118 <mforn,me R" andV 7 € [a, b], then
a 2

([0 - ([ ace) o ([ Mreas) g ([ #(0as)

with = w —2.

m
Definition 2 A function A(z) is said to be in the space L, o [a, b], if
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1
b »
(/ M(Z)I”z“’dz) Coo, 1< p<oo 030,
a

Definition 3 Let X, ,(a, b) is the space for c € R, a < band 1 < p < oo includes those complex valued Lebesgue

measurable functions with f on (a, b) with || f]|x_ ,» where

b d 117
17, = ([ 2201 E)" (1< p <o)

and for p = oo,

1F1x,, . = ess sup ce(q, b [ £ (2]

1
In particular, the function space X, , (a, b) coincides with the space L, (a, b) for c = — see [1].
/ P

Definition 4 [1, 3] The right Riemann-Liouville fractional integral of order n > 0 is given by:

1

("ApA) (1) = )

/b (Y —1)"" ' A(Y)dY.

Definition 5[1, 3] The left Riemann-Liouville fractional integral of order n > 0, for n € C and R(n) > 0, is defined

(1 Mm:ﬁ [ =, (1)

Definition 6 [15] The left Riemann-Liouville fractional derivative of order n > 0 is defined for n € Cand R(n) >0

W) (= (4) (T AE. =l

The right Riemann-Liouville fractional derivative [15] of order 11 > 0 is defined as

@EnE = (~5) (1A @),

Definition 7 The left Caputo fractional derivative [15] of order 7, R(n) > 0 is given by

Volume 6 Issue 3|2025| 2855 Contemporary Mathematics



(5772) (1) = (" " A (x), n =[] +1

while the left Caputo fractional derivative [15] having order 1 > 0 is given by

(“272) (@) = ("2 (-1)2") (o).
Definition 8 The left Hadamard fractional integral [15] of the order 11 > 0 is defined by

1 T - dY
Fny J, (n0—mm) A @

(@7 "A)(7) =
and the right Hadamard fractional integral [15] of order 11 > 0 is given by

b
I'(n)

[ (@) @y am 4T,

(FpA)(r) =
Definition 9 [15] The left Hadamard fractional derivative of the order 11 > 0 is defined by
n d\" gh—
W& ") ()= 1) (F" A1), n=[n]+1
and the right Hadamard fractional derivative of order 1 > 0 is defined by
n d\" n-n g
(G,A)(1)= T ("NFpA) (7).

Definition 10 [28] For a real function A € X, ,(a, b), the left and right Katugampola fractional integrals having
order n >0, p > 0and R(n) > 0 is defined by

wrren@ =B [ ey tam ®
and

g =G [ e - ey A,
respectively.

Definition 11 [4] The left and right Katugampola fractional derivatives has order 11 > 0 and for p > 0and R(n7) >0
are respectively defined by
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ax
Y=p

9" (tP —YP)! "N

(2™ PA) () = (A" PR () = — s

[ @ =yt
and

(=)™ (xP —gP)! N
[(n—mn)

dy
Y'-p

(]P0 = (Y ) () = [ ey rtam)

d
where 9 = ¢! 7P —.

T
Dahmani [29] presented the following two Theorem associated with reverse Minkowski integral inequality by using
Riemann-Liouville fractional integrals.
Theorem 3 [29] For n > 0 and p > 1. Let A;, Ay € L; p[a, 7] be the two positive functions in [0, o) such

MY
that,V 7 >a, .. “A (1) <wand .7 “A (1) <o0. If0<n < (1) <mforn,me R andV Y € [a, 7], then

A2(Y)
(T AL (D)7 + (D O (0)7 <1 (oD (M +4) (1))7

m(n+1)+(m+1)
(n+1)(m+1)
Theorem 4 [29] Forn > 0and p > 1. Let A1, A2 € L;, p[a, 7] are two positive functions in [0, ) such that, V 7 >

MY
a, ;I AL (1) <eoand , IV PAV(T) <. If0<n < AIEY; <mforn,me RT andV Y € [a, 7], then
2

with ¢ =

(I OAL(D)7 4 (I OAL(D))7 > 02 (I T NP (D)7 (oI A (1)) 7

(n+1)(m+1) Y

Using the Hgﬁamard fractional integral operator, Chinchane et al. [30] and Taf et al. [31] proved the subsequent pair
of theorems for the reverse Minkowski inequality.

Theorem 5 Forp > 0and p > 1. Let A1, Ay € L, p[a, 7] be the two positive functions in [0, c) such that, V 7 >
A (Y)
A2(Y)

with ¢y =

a, o FV A (1) <ooand , F AV (1) < oo If0<n < <mforn,me R" andV Y € [a, 7], then

==
<=

(WFD A D)7 + (TP A D) < (TP (M + ) (7))

m(n+1)+(m+1)
(n+1)(m+1)
Theorem 6 Forn > 0and p > 1. Let A1, Ay € L, [a, 7] are two positive functions in [0, o) such that, ¥ 7 >

A(Y
a, 7V A (1) <wand , F CAY (1) < oo IfO<n < l;EYi <mforn,me R" andV Y € [a, 7], then

with ¢; =

(T OAL(D)7 + (] AL (D) = 2 (FD WP (D)7 (T Ol (7)),
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(n+1)(m+1) s

Using the frgz:tional integral of Saigo, Chinchane et al. [32] established the reverse Minkowski inequality, as well as
lately, Chinchane [33] demonstrated the classical inequality using the k-fractional integral. A novel generalized fractional
integrals was presented by Jarad et al. [15]in 2017. Mubeen et al. [34] presented the generalized k-conformable fractional
integral operators and provided a generalization of the reverse Minkowski integral inequalities.

Definition 12 [6] If A € L;[a, D], then the left conformable fractional integral of order 1 > 0, is defined by

with ¢co =

Y
TA(Y) :/a A(T)(t—a)"dt; 0<a <Y <b<o, 0< n<L.
Definition 13 [6] If A € L;[a, D], then the right conformable fractional integral of order > 0 is defined by
b
7A(Y) :/ AT (b—7)"dr 0<a<T<b<oo, 0< n<l.
Y

Definition 14 If A € L;, o[a, b|, then the generalized left conformable fractional integral ] _# “ having order 1 €
C, ®(n) > 0and ® > 0, defined by Jared et al. [15], is follows:

()7
I'(n)

d I OA(T) = /T((r—a)“’—(Y—a)“’)"*l(r—a)“’*‘x(r)dr;oga<r<bgoo 4)

where the Euler gamma function is denoted by I'.
Definition 15If A € L; o[a, b], the right fractional conformable integral "¢’ having order n € C, :(n) > 0 and
o > 0, defined by Jared et al. [15], is follows:

(@)
I'(n)

m7PA(T) = /b (b= =(B-1)2)""B-T)"""AXN)dY; 0<a<T<b <o,

where the Euler gamma function is denoted by I'.
Definition 16 [34] The left and right (k, ®)-conformable fractional integrals having order n € C, 93() > 0 of a
continuous function A(Y) on [0, ), are respectively given by

n

and
_n
e a0 =2 [ (-0 - 0-1) T -1 AT 0<a< <<

if these integrals exist, for k > 0, @ € R \{0}.
Definition 17 [35] Let n € C, 93(n) > 0. The left and right p-CFTI are respectively given by
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[0) [0) —1 /
ne i o [F(PW=p@)°—(p(5)=p@)*\" _A)p (s)ds
=i | ( o ) (p(s)—p(@)'® ©
and
o L [P ((e®)=p(®)°—(p(B)—p(6)°\" " _Al)p'(c)ds
R TIA 0 ) (p(b)—p(c)'° "
Next, we define the generalized (k, p) conformable fractional integrals ((k, p)—CFI) as follows:
Definition 18 Let n € C, 3(n) > 0. The left (k, p)-CFl is defined by
17% T n_ /
"7 (0) = (s | ()~ p(@)” - (1)~ p(@®) ! (p(0) - pla) ! AP (V)
0<a<t<bhb<oo (3)
and the right (k, p)-CFI is defined by
17% b n_ i
16, M) = (kar)i(n) /T ((p(B) —p())® = (p(B) —p(X)®) ¥~ (p(b) — p(1)) "' A(X)p' (X)dY:
0<a<t<b<e )

Remark 1 (1) Let us choose k = 1 in (8), we get (7).

(2) Let us choose p(7) = 7 in (8), we get (5).

(3) Let us choose k = 1 and p(7) = 7 in (5), we get (4).

(4) Let us choose p(7) =7, @ =1 and k = 1, we get (1).

(5) If we take a = 0, n — 0, then (8) reduces to (2).

(6) If we take a = 0 in (8), we get (3).

Theorem 7 Let A € Li[a, b], ® € R\{0} and k > 0. Then the left and right (k, p)-CF, i.e., 76 PA(Y) and
e, PA(Y) exist for any Y € [a, b], (1) > 0.

“Proof. Let V' : = [a, b] x [a, b] and P: V' — R such that

P((p(Y), p(7))

I
=
)
—
=

|
©

Q
~—
~—

e
|
=)
—~
2
|

©

Q
~—

e
~—

It is obviously clear that,

P=P,+P
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where

and

0;a<T <7D

P_((p(Y), p(1)) = { ((p(2)—p(a)®—(p(Y)—p(a)®)

Since &' is measurable on V', then it might be expressed as

b T
[ e, pe)ar= [ P((p(x), p(e))ar

- /: ((p(r)=p(a)®—(p(1)—p(a)®)

By assumption

dr=—o(p(t)—p(a)® ' p(r)dt

on
k

[ P00, ptepar=— [0 ar= o) - pla)

Utilizing the double integral, it yields

[ ([ P, peniapaoias)ar= [*apoo ([ po). peoyae ax

= [ o0 -ptan T ap(lar

It follows that
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[ ([ P, pniapaoias)ar= [“apeo ([ 2o, peoyac)ax

L
1

on
< —(p(b) —p(a) * IAp (D)l 4, 5y <
As by Tonelli’s theorem, the function 2 : V' — R such that 2 (p(Y), p(1)) := P(p(Y), p(7)) A (p(Y)) can be
b
integrated over V'. Thus by Fubini’s theorem / P(p(Y), p(7))A (p(Y))dY is an integrable function over [a, b] as a

function of Y € [a, b, thatis, ] &, P2 (Y) exists. The existence of the right (k, p)-CFI " (Che kp A(Y) may be demonstrated
in a similar way. O

3. Reverse minkowski inequality involving generalized (k, p)-CFI operators

Our major contribution to prove the reverse Minkowski integral inequalities via the generalized conformable
fractional integrals in this section.
Theorem 8 For o € R\ {0}, n >0, p>landk >0. Let A1, A» € L;, o[a, 7] be the two positive functions in [0, co)

A (Y
such that, ¥ 7> a, 16, PA (1) <coand 1&” A (1) <. If0<n < (1) <mforn,me R andV Y € [a, 7]

A2(Y)
then,
1 1 1
(@& PAL ()7 + (@8 PAF (1)) 7 <er (6,7 P (M +22)" (1)) 7,
1 1
with ¢ = D FlmF 1)
(n+1)(m+1)
MY
Proof. By given hypothesis )Ll EY; <m, a <7T < 1, it may be expressed as
2

A (T) <mh (Y)

A(Y) < mAz(Y) — mAy (Y) +mA; (Y)

M) +mA (Y) <mA(Y) +mA; (Y)

A (Y) +mA (Y) <m (l] (Y) + A (Y))

[+ 141 (Y) < m (A1 (X) +2A2(X))

[+ 117247 (X) <mP (M (X) +22(Y))" (10)

Both sides of Equation (10) are multiplied by
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kT ()

and then integrating from a to T with respect to the variable Y, we get

W*;QZ((,‘;’))IZ [ (0@~ p@)® ~ (00— p(@)) " (p(0) — pla))® AP (X)p (X)ax
%/ (p(2) ~ p(@)® ~ (p(1) ~ p(a)*) ™! (p(0) ~ p(a))® ' (b + 22} (1)p'(D)ar. (1)
Thus, it may be expressed as
11 (160 P4 () < (160 P (1 + 1) (1))
(160 PA(0))7 < I (16 (34 ) (1)) (12)
On the other hand, we have n < i;g; = nAy(Y) < A4 (Y), it follows
nA(Y) < A1(Y) + A2(Y) — 42(Y)
n2 () + 2 (Y) <41 (Y) +A2(Y)
n+1[22(Y)] < 41 (X) +2A2(Y)
" 0] < L (Y) + Aa(Y)
(1+i)p/1§(r) < (i)p(z, (1) + Ao (1)) (13)

Again, by multiplying both sides of (13) with

(@)1 ((p(5) — p(a)® = (p (1) = p(a)®) " (p(X) = p(a))* " p'(T)
kLk(m)

and then integrating from a to 7 with respect to the variable T, we obtain
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Thus, it may be expressed as

(1+3) ez eare)’ = (1) Cor? ousiar o)

1
n+1

==

(Ne,.” "l{’(r))% < (167 P (M + 1) (7)) (14)

The desired Theorem 8 is deduced from (12) and (14).
The reverse Minkowski inequality involving generalized (k, p)-CFI is given in Theorem 8.
Theorem 9 Fork >0, o € R\{0}, n >0and p > 1. LetA;, A, € L q[a, 7] be the two positive functions in [0, o)

MY
such that, V 7 > a, 16, PA{ (1) <o and 16, PAJ (1) <. If0<n < AIEY; <mforn,me R"and VY € [a, 1],
2

then we have

(182 PAL(2)7 + (162 PAL (1)) = ¢ (162 PAL (7)) 7 (162 P AL (7)) ? (15)

1 1
Withc2:w_2

= .
Remark 2 The product of (12) and (14) yields

-
IN
-

(182 PAr ()7 (182 PAL (7)) (1627 (i +)" (1)) (182 (A +A)" (¢)

It follows that

(m+1 1 ., .
DO D e eap(@)” (o P40 (2) < (160 P (i +22) (1) (16)
On the right side of (16), involving the Minkowski inequality, we obtain
(n+1)(m+1) ; 1 1 >
: P 3 e
e (e Al @) (e Al (1) < ((262‘” AL (D)7 + (T8 Paf’m)p) (17)
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It can be obtained from (17) that

RS1I]
S1E

(n+Dm+1)

(1o Paf () -

(e 2 @)? = ( ) (opPat@)? (1l P41 (e)

which completes the desired inequality (15).

Remark 3 i. If we choose k = 1, then from Theorems 8 and 9, we get certain new results for the fractional operator
recently defined by [35].

ii. If we choose p(7) = 7, then Theorems 8 and 9 reduce to the work presented by Mubeen et al. [34].

iii. Similarly, Theorems 8 and 9 will reduce to the work presented by [29-31] by applying certain conditions given
in Remark 1.

4. Associated fractional integral inequalities

In this section, we present the generalization of certain other types of the related integral inequalities which were
provided by the researchers for distinct operators cited in literature. These inequalities are generalized by using the
suggested generalized (k, p)-CFI operator defined in (8).

1 1
Theorem 10 For k >0, o € R\ {0}, n >0and p, g > 1 and; +6 =1.Let A1, &y € Ly, pla, 7] be the two

A(Y
positive functions in [0, o) such that, ¥ 7> a, 18 PAl (1) < and ] PA) (1) <. If0 <n < ),1 EY§ < m for
2
n,me R and VY € [a, 7], then
Ngs@ Py P b (M@ Pyl mﬁnw-P% J
(16 PAL ()7 + (1 PAL ()7 < (%)™ (1o PA7 (0124 (7) (18)
. . AM(Y) .
Proof. Under the given conditions (1) <m, a <7T < 1, it may be expressed as
2
A1(Y) <mAyr(Y)
1 1L
A (Y) < (m)7 A (Y)
1 ;1
A5 (X) = (m)" 7 A7 (Y) (19)
1
Multiplying (19) by A7 (Y), we get
1 % 1
A (T)A, () = (m) 7 A (X) (20)

Multiplying (20) with
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kT ()

and then integrating from a to T with respect to the variable T, we obtain

(m)kr'}f(i’l)) [ (@) -pl@)® = (p(r) = p@)®) ! (p(X) — (@) A1 (X)p' (X)ax
- n_ 1 L
< (k“r’im) [ (0@ =p(@)® = (000 = p(@)®) " (600) = pla)) " 27 (X)2; ()9 (¥)r

Thus, it may be expressed as

()" (8P PAL(7)" < (262’7”%;(1)& <r>>p @n

On the other hand, as n < il g; = nAp(Y) < A1 (Y), it follows
2

n 7 (X) < A7 (X). (22)
o A d N .
By multiplying (22) with A’ (Y) and using — 4 — = 1, we obtain
p g
1
nv A (Y) <47 (T)A) () (23)

Again, multiplying (23) with and then

integrating from a to T with regard to the variable Y, we obtain

()"
~ kLk(n)

[ (@) -pla)® = (o) - pla)”)

Thus, it may be written as
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1

nr (162 PAy(1)) <162 P A7 (t)AS (1)

1 1
nﬁ(gej,‘j’* PLa(1))7 < ("6“”%5(1)12‘1(1)) ! (24)
The product (21) and (24) gives
, p 1 o, p 1 M\ pq o, p » é
(16 PAL(R) (16 Paa(n)7 < (5)7 (1o Paf (D4, (7)
the desired result (18) is thus completed. O
1 1
Theorem 11 For ® € R\{0}, n >0, k> 0and p, ¢ > 1 and > +—=1.Let A&, &y € Ly, pla, 7] be the two
q
iy L MY
positive functions in [0, ) such that, V 7 > a, 16, PA (1) < e and 1&," PAI (1) < oo. If 0 <n < ll EY; < m for
2
n,me RY andV Y € [a, 7], then
16 P A1 (1)) < c3 (16 P (A] + A0)(1) + s (160 P (A9 + 49)()) 25
2r=1lyp 2q-1
withc3=————andcy = —.
p(m+1)P qg(n+1)4
Proof. The following identity is obtained by using the given hypothesis:
(m+1)PAL(Y) <mP (A +2A2)” (X) (206)

==

(@) ((p(%) = p(@)® — (p(X) — p(@))®) F " (p(X) - p(a)® ' p’

kT ()

(T)

Multiplying (26) with

and then inte-

grating from a to T with regard to the variable Y, we obtain

"6 (M) () @
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~

On the other hand, as 0 < n < A (X
A2 (Y)

, a <Y <1, it follows

nAp (Y) < A1(Y)

n () + () <A1 (Y)+22(Y)

LM r+1] <4 (Y)+ A(Y)

! (X)[n+1]7 < (4 +42)7 (T) (28)

!

(@) ((p(x) ~p(@)® ~ (p() ~ p(@)*) " (p(X) ~p(a))® ' p'(Y)

Next, multiplying (28) with KT (1) and then
integrating from a to T with regard to the variable Y, we obtain ‘
b ey [ (0@ —p@)® = (p01)=p(@)*) " (p(0) = p(a))® ' 2 (V)p (V)X
kLe(m)  Ja
(w)li% .T ® o\ F-1 o-—1
< ) / ((p(1) = p(@)® = (p(X) = p(a))®)* " (p(X) = p(a))®"" (A1 +22)* (N)p (X)dY
It follows that
[+ 107 (767 PAf(7) <78 (1 + 1) (1)
(16, PA9(1)) < [n—: l]qZZQﬁ,?’ P(m+20)7(x) (29)
Considering the Young’s inequality
M(x) + () < 20 270 (0)
p q
17% _ o _ ® %—1 _ w—1 '
Now, multiplying (30) with (@) ((p(1) =p(@)” = (p(M) —p(@)*) " (p() =p(@)” p (X) .

kL(n)
integrating from a to T with regard to the variable Y, we obtain

Volume 6 Issue 3|2025| 2867 Contemporary Mathematics



()1 7 . )
ka(n)/a ((p(7) = p(a))® — (p(X) — p(a))®)

n
k

() = p(@)® () + Ao (X)p (Y)dY

(@)
= pkIk(n)

n
k

() = p(a) " 1P (X)p (Y)dY

[ (@)= p@)” = (p(X) - p(@)*)

(o)
kTx ()

!

T (1) = p(a)® ' 19 (1)p' (Y)Y

[ (0@ -p(@)® - (o) - p(@)®)
It follows that

160 () (5) < 5 (160 PP () ++ (180 257(1) a1

1
p
The substitution of (27) and (29) in (31) yields

mP

16 P (M) (1) <

= (6P (M +22)" (7)) + (167 P (M +22)" (7)) (32)

p(m—+1) nn+1)"

Making use of the inequality (A~ +1)® <2271 (A?+T?9), @ > 1, ~, T >0, we get

167 P (M +)P (1) <2718 P (MP + 1.7) (1) (33)

and
167 P A+ 4) (1) <2718 (7 + &) (7) (34)
Thus, by substituting (33) and (34) in (32), we get the desired inequality (26). O

Theorem 12 Fork >0, o € R\ {0}, n>0and p>1.LetA;, A&y € L, o[a, 7| be the two positive functions in [0, co)

MY
such that, V 7> a, 16" PAl (1) < and ]&,” P17 (1) <. f0 <c<n < (1)

<mforn,me R" andV Y € [a, 7]
2(Y)
then,

>

"L (e P (0)-cha(e)) < (161 PAL(D) + (160 P (2))
n—+ ) 1
< e @8 P () = cda(m)? (35)
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Proof. By means of the given supposition 0 < ¢ < n < m, we obtain

nc<mc=nct+n<nc+m<mc+m

= (m+1)(n—c)<(n+1)(m—-c).

It follows that

Moreover, we have

n—c< <m-c
A2(Y)
It follows that
(M (X) = A (X)) (M (X) = e (X))"
g MM =T (36)
Again, we can write
I X)) 1 n—c MX)—ch() m—c
%SM(T)SQ: cn cA1(Y) ~ com
It becomes
m \’ n \’
(52) a0 =ehar)? <27 < () (D)~ eha(0)y” @7
- ) o\ F-1 - o-1 ./
By multiplying (36) with (@) ((p(1) = p(a)® = (P(N) = p(@))®) " (p(X) —p(a)* " (Y) and then

o . . ()
integrating from a to T with regard to the variable Y, we obtain
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(o)

< W/a ((p(z

~
|
©
—
S
~—
e
|
=)
—
-~
~
|
©
—
S
~—
e
~—

Thus, it follows that

L (160 ((1) —cha(2)") P < (160 PAP(0)F < L (160 P (WD) - (D)) (Y)
Similarly, by performing the same procedure with (37), we get

(160 ((7) — ha(1))7 < (160 P4 (D)7 < (160 P (D) —cha(0))?  (9)
Thus, by adding (38) and (39), we obtain the proof of (35). O

Theorem 13 For k >0, ® € R\ {0}, n >0and p > 1. Let A;, A € L;, pla, 7] be the two positive functions in
[0, o) such that, V T > a, 16" PAP (1) < e and 16 PAY (1) < 0. IF0<a < A;(Y) <Aand 0 < b < A(Y) < B for
n,me R VY€ [a, 7], then

=

(162 P AL (1))7 + (162 PAL(1))7 < s (162 (A + Aa)" (7))

(40)
with ¢s = A(a+B)+B(A+D)
(A+b)(a+B)
Proof. By the given conditions, we have
1 1 1
—< < - 41
B~ )uz(f) - b 1)
Multiplying (41) with 0 < a < 4;(Y) < A, we obtain
a _M(t) A
- < <= 42
B~ X(t) ~ b (“42)

From (42), we have
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M= (555) )+ amy )
and
# < () -+ amy (@4
Now, by conducting the product of (43) with
(@)1 ((p(0) - p(a)° - (1) ~p(@)*) ! (6(X) ~ (@) P (1)
k(1)

and then integrating from a to 7 with regard to the variable Y, we obtain

O
k(1)

n
k

(00~ pl@)® = (p(r) - pl@)) ! (p(X) = pla)® ! AL (X)p (X)ar

AP ()7

< A L (0 -p@)? (b0 —p@))

~=

() = p(@)? (M () + A (X)) o' (X)dY
Thus, it follows that

A

(80 PAL (D)7 < 2 (160 P (4 1) ()7 49)
Similarly, by conducting the product of (44) with
(@) ((p() = p(@)® — (p (1) — p(@)®) T~ (p(Y) = p(a))®' p' (V)
kTr (M)

and then integrating from a to 7 with regard to the variable Y, we obtain

(o)
kLk(n)

n
k

(00~ p@)® = (p(r) - pla)) ' (p(X) = pla)® ! AL (X)p (X)ar

Br(w)'~t T o "
SW’%(H)A ((p() = p(a))® = (p(Y) = p(a))®)

~=

!’

() —p(@)® ' X (M(X) + A (X))” p (Y)dY
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Thus, it can be written as

B
a+B

==

(46)

(162 PAL(0)7 < —— (162° (A + 1) (7))

The desired proof of (40) is thus obtained by adding (45) and (46). O

Theorem 14 For k >0, € R\ {0}, n > 0. Let A, A, € L;, [a, 7] be the two positive functions in [0, o) such

MY

that, V 7> a, 18" PAl (1) < and 16" PAJ (1) <. If0 < n < XIEY)
2

~

<mforn,me R" andV Y € [a, 7], then we

have

1 ® 1 o 1 (0]
w GO0 M@ +22(0) < e (100 i+ 2P (0) < (O M(DR@) @)
Proof. By making the use of 0 < n < il g; < m, we have
2
nAy(Y) < (YY) <mAp(Y)
LX)(n+1) <) +A4(Y) <A(Y)(m+1) (48)
Moreover, it follows that % < ij g; < %, which gives
A (Y) (”T) < (V) +A(X) < (”:1> (49)
The multiplication of (48) and (49) yields,
M (0)A00) _ (00 +24,(0) _ A (0)A,(Y) 50)
m - (m+D(m+1) — n
(@) ((p(2) —p(@)® — (p(X) —p(@)®) * " (p(X) ~ p(a))®' p'(X)
Conducting the product of (50) with kTR (1) and
k

then integrating from a to 7 with regard to the variable T, we obtain
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) L 0 ol
mkl"k(n)_/u ((p()=p(a)® = (p(X) —p(a))?)

172 T z
<o [ (000 - p@)®~ (o) - pla)®) !

with !
c6=——"—"—.
T (a+ ) (m+1)
Thus, the desired inequality (47) can be obtained.

O
Theorem 15 For k >0, @ € R\{0}, n>0and p > 1. Let A;, A € L;, la, 7] be the two positive functions in
A
[0, o) such that, V T > a, 16, P4} (1) <cand ] & PAY (1) < oo If0<n < /11 8 <mforn,me R" andV Y € [a, 1],
2
then

(162 PAL(0)7 + (165 PAL (1) 7 < 2 (160" Pk (A1 (1), 2,(1)))7 1

where

n

h(A1(Y), A,(Y)) —max{m {(%4_1) A7) —maa(7)] (n+m)7tz(r)l1(r)}

MY
Proof. In the circumstances specified 0 < n < (1)
A2(Y)

<m, a <Y < 7. It may be expressed as

A1(Y)
A2(Y)

O<n<m+n—

(52)

and

(53)
Using (52) and (55), we get

(34

where
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h(A1(Y), A,(Y)) Zmax{m {(%4_1) 2 (7) —ma(7)] (n+m)7tz(f)/11(r)}

n

1 (Y
This also implies, based on hypothesis that 0 < — < 2(1)
m~ 4(Y)

< —, which produces

S |-

1 2(Y)
n ll (Y)

IN

1
—+
m

3=

and

We obtain from (55) and (56)

This can also be written as

From (54) and (58), we have

MP(X) < h” (A1 (X), A5(Y))

and

(55)

(56)

(57

(58)

(59)
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A" (X) < P (A (X), 25(Y)) (60)

~=

(@' ((p(2) —p(@)® ~ (p(X) —p(@)®) * " (p(X) ~ p(a))® ' p

Now, conducting the product of (59) with
P KT(m)

and then integrating from a to 7 with regard to the variable Y, we obtain

O (0(e) )~ (p01) - pla))F (o(1) - p(a)* 2 )p (01T
< (o001 @)~ (6(T) - p(a)*) ™ (4L pla)* W (1 1) a1 (VT
Thus, it may be expressed as
(16" PA0(9))7 < (16 P17 (W(Y), A,(Y)) () (61)
Similarly, from (60), we obtain
(16" P28(0))7 < (16 P17 (M(Y), A,(Y)) () (62)

From (61) and (62), the desired outcome (53) is obtained.

The results presented in this paper can be easily reduced to classical inequalities under suitable parameter values
involving distinct classical fractional integrals cited in literature. O

Remark 4 i. If we choose k& = 1, then from Theorems 10-15, we get certain new results for the fractional operator
recently defined by [35].

ii. If we choose p(7) = 7, then Theorems 10-15 reduce to the work presented by Mubeen et al. [34].

iii. Similarly, Theorems 10-15 will be reduced to the work presented by [29-3 1] by applying certain conditions given
in Remark 1.

5. Conclusions

The paper begins with a summary of fractional integrals as defined by Hadamard, Katugampola, and Riemann-
Liouville, along with newly defined generalized fractional integral operators defined earlier by [15, 34, 35]. We proved
the existence and formulation of (k, p)-CFI operators. Then (k, p)-CFI operators are used to generalize the reverse
Minkowski inequality. The inequalities involving fractional integrals such as Hadamard, Katugampola, and Riemann-
can easily be restored by applying the conditions given in Remark 1. We also presented certain other types of integral
inequalities via the (k, p)-CFIL. With the application of the recently proposed fractional integral operators, several
inequalities can be generalized. The integral inequalities presented in this paper can also be reduced to the inequalities
involving the generalized fractional operators recently defined by [35]. One can present the Griiss-type inequality,
Chebyshev inequality, and Chebyshev-Griiss type inequality for the new class of proposed operators.
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