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Abstract: In this paper, we explore the intricate dynamics of air pollution using a deterministic mathematical model.
Our objective is to comprehensively analyse the factors that contribute to both pollution-free and endemic equilibria. The
model, carefully designed, serves as a valuable tool for understanding air quality dynamics and its evolution over time.
Here, we constructed a three-dimensional mathematical model, namely general air class A(?), the polluted air class P(¢)
and the class of clean air C(¢). The key focus of our investigation is the stability analysis of equilibrium points. Our model
has two equilibrium points, pollution-free and endemic equilibrium. Specifically, we examine local asymptotic stability,
identifying conditions on key parameters that determine the stability of both pollution-free and endemic equilibria. This
analysis provides crucial insights into the resilience or vulnerability of the system under different conditions, offering a
deeper understanding of the factors influencing air pollution dynamics. Also, we obtained a basic reproduction number for
our model, using the next-generation matrix method. To further support the credibility and applicability of our conclusions,
we verify our theoretical results through computing simulations, bridging the gap between mathematical abstraction and
real-world scenarios.

Keywords: mathematical model, air pollution, stability, equilibrium points, routh-hurwitz criteria, basic reproduction
number

MSC: 92B05, 34A08, 34A34

1. Introduction

A physical, biological and chemical alternation to the air in the atmosphere is called pollution. It is an act in which
the waste materials and toxic substances harm our soil, air, water environment and space. And it is mostly caused by acts
of human beings. So, controlling pollution in society is much more important to increase the life expectancy of living
things. Many researchers contributed to mathematical modeling with distinct social issues like pollution, epidemics,
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Biodiversity, etc. [1—4]. In this paper, we concentrate on air pollution. Air pollution is a type of environmental pollution
that affects the air and is usually caused by smoke or other harmful gases, mainly oxides of carbon, Sulphur and nitrogen.
Simply in other words, air pollution is the contamination of air due to the presence or introduction of a substance that
has a poisonous effect. It is well known that air pollution can be harmful to our health [5]. It contains a mixture of
solid particles, liquid droplets, and gases from a variety of sources such as industry, motor vehicles, heating appliances
and natural events such as bushfires, windblown dust, pollen mold spores, etc. We all know that there are 2 types of air
pollution namely, outdoor air pollution and indoor air pollution. Some of the major causes of air pollution are the burning
of fossil fuels, agricultural activities (NH3z, methane), exhaust from factories and industries (CO, hydrocarbons) which
depletes the quality of air, mining operations (extraction of minerals from earth causes dust, air and health problem to
workers), indoor air pollution (painting materials which kept in houses), volcanic eruption, dust storms and wildfires. In
humans, it causes lung disease, dizziness, lung cancer, coughing, throat infection, headache, etc. Whereas in plants it
causes damage to the trees, vegetables, fruits, and flowers, and sometimes the tree dies due to NH3, Cl, and H,S, which
brings acid rain due to air pollution. Simultaneously in animals, it causes skin infection, breathing problems, etc., and it
affects the atmosphere by causing ozone layer decay, greenhouse effect, and global warming.

Recent research has extensively developed exposure models for certain air pollutants; however, multi-air-pollutant
exposure models, particularly for particulate chemical species, remain underexplored in Asia. The absence of an integrated
framework for assessing multi-air-pollutant exposure has limited comprehensive exposure and health impact evaluations.
To address this gap, a study applied the Land-Use Regression (LUR) approach to estimate annual average exposure levels
of multiple air pollutants in Hong Kong, a high-density and high-rise urban environment [6]. The model incorporated
four key gaseous pollutants-PMy9, PM, 5, NO, and O3z along with four major PMo chemical species. The proposed
framework effectively accounted for 91%-97% of the variation in measured pollutant concentrations, with cross-validation
R? values between 0.73 and 0.93. By utilizing this model, researchers generated high-resolution spatial distribution maps
of pollutant concentrations, providing insights into weak-to-moderate spatial correlations between PM;q chemical species
and key air pollutants. This distinction is valuable for evaluating independent chronic health effects and advancing air
pollution exposure modeling. Another study introduced an efficient reduced-order modeling approach to examine urban
air pollutant dispersion, emphasizing the need for real-time air quality monitoring due to increasing emissions linked to
urbanization. The methodology involved solving a linear advection-diffusion problem using Reynolds-Averaged Navier-
Stokes (RANS) equations for convective flow, with an empirical time series source term. While high computational
demands often limit real-time applications, the study addressed this challenge by implementing a problem-specific
methodology that integrates Proper Orthogonal Decomposition with Regression (POD-R) and Galerkin projection (POD-
G) supported by the Discrete Empirical Interpolation Method (DEIM) [7]. Additionally, a feedforward neural network was
employed to retrieve the reduced-order convective operator required for online evaluations. Validated through synthetic
emissions and real wind measurements, the proposed approach significantly reduced computational costs, making it
suitable for real-time air quality monitoring and reinforcing the potential of data-driven methodologies in large-scale
environmental modeling.

Iveta Steinberger et al. have proposed the present study atmospheric model Operational Street Pollution Model
(OPSM). It is used to calculate NOx and PM10 concentration levels in the historical center (street canyon) of the city of
Riga (Latvia) to minimize traffic-induced air pollution [8, 9]. Whereas in another paper (Pope CA III et al.) they proved
that long-term exposure to fine particulate matter air pollution (PM 2.5) contributes to increased risk of mortality rate
[10, 11]. According to the survey, the mortality rate due to air pollution in India is much higher when compared to global.

ie., m people in India nearly m people global (average). So, it is very much necessary to control the air

pollution. We can somewhat control this air pollution by the use of public transport or bicycles, conserving energy (i.e.,
by switching off fans, AC, lights and TV when not in use), using paper bags (i.e., minimizing plastic bags) and avoiding
smoking.

The rise of big data has enabled advanced models to predict air pollution trends across space and time. Traditionally,
these models were evaluated using overall metrics that compare predictions to monitoring data. However, such
methods do not effectively differentiate errors at timescales relevant for epidemiological studies, such as short-term
variations affecting health assessments. A novel frequency-band model performance evaluation approach was introduced,
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demonstrating improved accuracy in identifying acute errors that could bias short-term health effect studies. Simulations
showed that this method produced lower Root Mean Square Error (RMSE) and higher correlation values compared to
conventional approaches [12]. For instance, in PM, 5 predictions in Salt Lake City, the frequency-band approach more
effectively detected acute errors influencing short-term health associations. With an R? value of 0.95 compared to 0.57
from conventional approaches, this method enhances exposure model evaluation, ensuring reliability in epidemiological
research. Advancements in air pollution modeling for large regions remain a priority for epidemiological studies. The
integration of geostatistics and machine learning has provided new avenues for refining existing frameworks. Future
developments are expected to incorporate spatial covariance models and enhance learning algorithms to improve exposure
assessment accuracy. Additionally, urban air pollution poses a significant environmental health concern, particularly in
metropolitan areas where pollutant concentrations are exacerbated by high-rise buildings and street canyon effects [13].
Existing data-driven models often fail to fully capture the intricate interactions between air pollution and urban dynamics.
To address these limitations, a hybrid deep learning model, Deep-AIR, was developed, integrating a Convolutional Neural
Network (CNN) with a Long Short-Term Memory (LSTM) network. This model enhances the learning of cross-feature
spatial interactions, particularly road density, building height, and the street canyon effect. Applied in Hong Kong and
Beijing, Deep-AlR outperformed baseline models, achieving accuracy rates of 67.6%, 77.2%, and 66.1% for fine-grained
hourly estimations, 1-hour, and 24-hour air pollution forecasts in Hong Kong, and 65.0%, 75.3%, and 63.5% for Beijing.
Saliency analysis further indicated that road density and the street canyon effect are the most significant predictors of
NO; concentrations in Hong Kong, while meteorological conditions play a dominant role in PM, s estimations [ 14]. These
studies collectively highlight the importance of integrating novel methodologies, including data-driven modeling, machine
learning, and computational optimization, to improve air pollution exposure assessments and real-time monitoring.
Advancements in these areas will significantly enhance air quality prediction accuracy, benefiting both environmental
research and public health policy development.

The main contribution of our study is the development of an Air Pollution Compartmental (APC) model that
incorporates the dynamics of air pollution. The proposed model provides a structured mathematical framework to analyze
the interactions between clean air, general air, and polluted air, offering insights into the factors influencing air pollution
levels. Through equilibrium analysis, the study determines the conditions for pollution-free and endemic equilibria,
while stability analysis examines the resilience of the system under different parameter settings. Numerical simulations
validate the theoretical findings, enhancing the model’s applicability in understanding and controlling air pollution. This
research contributes to the broader field of environmental modeling by providing a novel approach to studying air pollution
dynamics mathematically.

This paper is organized as follows. Section 2 presents the mathematical model. Section 3 is devoted to an examination
of equilibria with basic reproduction numbers and Section 4 deals with stability analysis. Results from analyses are
demonstrated by numerical simulations in Section 5. The paper ends with a brief discussion in Section 6 and in Section 7
provide the conclusion of our study.

2. The model formulation

We classify the entire air individuals N(¢) into three distinct categories: the general air class 4(¢), the polluted air class
P(?), and the class of clean air C(¢). This categorization serves as a foundational structure for dissecting and analyzing the
various states of air quality prevalent within the population. At the core of our model lies the fundamental assumption that
the parameter §; embodies the process of air conditioning, explicitly representing the mechanism of air cleaning. This
assumption posits that when polluted air, denoted as belonging to the class P(f), undergoes a cleaning process, it transitions
seamlessly into the clean air category, C(¢). This transition is not merely a theoretical construct but serves as a crucial aspect
of our framework, capturing the dynamic interplay between pollution reduction efforts and improvements in air quality.
By integrating this assumption, our model effectively encapsulates the transformative impact of interventions whether they
be natural processes, technological advancements, or policy-driven actions on the overall cleanliness of the atmosphere.
The linkage between ; and air purification underscores the direct influence of cleaning mechanisms on environmental
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health, reinforcing the idea that strategic efforts aimed at reducing pollutants lead to tangible enhancements in air quality.
This perspective allows us to quantify the efficiency of cleaning interventions and assess their broader implications in
environmental management and public health.

Moreover, we introduce two additional parameters, 8, and B3, to account for the rates at which cleanliness is lost
within the clean air class C(¢). This dual parameterization highlights the dynamic and bidirectional nature of air quality
maintenance and degradation. Specifically, the air within the clean air class C(¢) s subject to two competing processes:
a portion may lose its cleanliness due to external factors such as contamination, emissions, or natural diffusion, thereby
transitioning into the polluted air class P(f), while another fraction may enter the general air class 4(¢), representing a
state that is neither actively polluted nor explicitly conditioned as clean. This framework acknowledges that air quality
is not static but continuously influenced by environmental conditions, anthropogenic activities, and intervention efforts.
The movement of air between these classes reflects the complex interactions governing atmospheric composition, where
cleaning mechanisms, pollutant emissions, and natural dispersion collectively shape the distribution of air quality states
over time. By incorporating this dynamic exchange, our model provides a more comprehensive representation of how
air quality evolves in response to both degradation processes and remediation efforts. This intricate interplay between
cleanliness, degradation, and the general air environment constitutes the core significance of our model. By the principles
of simple mass action interactions, we present a concise yet comprehensive mathematical formulation that encapsulates
these dynamic processes. Through this model, we aim to provide a versatile and insightful tool for studying the impact of
cleaning interventions and the rates of cleanliness loss on the evolution of air quality within a population.

dA
o = A aAP+BC—pA

dP

o = 0AP—BiP+BsC M
dc

yri BiP—BC—BsC

Parameters description of the model model (1) is given in Table 1 and the switch plot of the system is described
in Figure 1, which described the dynamics of air quality, specifically the interactions between general air, pollution, and
clean air. The variable 4 represents general air, which is replenished at a rate A, but is also removed naturally at a rate u
and influenced by pollution through the interaction term o4 P. Clean air C is introduced into the system via the cleaning
process from pollution at a rate 31 P, but can lose its cleanliness either by joining the general air at a rate 3, or the polluted
air at a rate 3. The pollution level P increases through the interaction between general air and pollution (a4 P) and by
the contribution of clean air turning polluted B;C, but it is reduced by the cleaning rate i P. The model captures the
delicate balance between the processes of air contamination, cleaning, and the dynamic exchanges between these three
components, offering insight into how pollution can accumulate or be mitigated based on the rates of these interactions.
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Figure 1. Switch plot of the system (1)

Table 1. Summary of factors

Factors A detailed review
A Recruitment rate
i Natural air removal rate from one place to another place
a Interaction rate between general air with pollution
Bi Conditioning or cleaning air
B2 Rate of losing the cleanliness and joins general air
B3 Rate of losing the cleanliness and joins polluted air

2.1 Positivity

Theorem 1 The problem of the system (1) provides a positive result.
Proof 1 From Equation (1) we have,

dA

- :A“‘BZCEOa
Ldr J4p

4P

— =pBC>0
), BsC >0,
ac =BP>0
Ldr [y

The result makes it very apparent that every parameter and population is positive. All of the solutions to our model
(1) are therefore guaranteed to be non-negativity. Hence, the proof.

2.2 Boundedness

Theorem 2 The results of our model (1) are limited in feasible region R>.
Proof 2 From (1), the entire population size N = A + P + C and the rate of change of N is given by,
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v _da dP dC
dr ~ dr  dr o de’

Fory >0,

dN dA dP dC
— +YN=—+—+—+7TN.
dr + dr + dr + dr +

Once we integrate our model (1) into the above-mentioned equation, we get the following outcomes,

dN
o +YN < A— AP+ B,C— uA+ AP — 1P+ B3C + B P — B,C — B3C+ YN

<A—UA+TYN,
<A

After solving, we obtain

= >

N(t) <

=l >

(1 - e*Yf) FN(0)e ™, fort — oo, N(t) —
As all the solutions of A, P, C are positive, we have

0<N() <

=l >

Thus, the space that seems feasible for the model (1) is given by a positive invariant set:
3 A
Q=<(A, PC)ER;: OgN(t)gY
Therefore, the proof.

3. Equilibrium analysis and basic reproduction number

The equilibria for our model are determined by setting right hand sides of the model (1) to zero. The equilibria of
the system (1) are denoted by Ey = (4%, P°, C%) and E; = (4", P*, C*).

3.1 Pollution Free Equilibrium (PFE)

A
For the system (1) it is easy to note that the free equilibrium is Eq = (4°, P°, C%) = (u, 0, 0) .

Volume 6 Issue 3|2025| 3459 Contemporary Mathematics



3.2 Endemic Equilibrium (EE)

For the system (1) it is easy to note that the endemic equilibrium is £y = (4", P *, C*). Here,

_ Aafrk; — ABro+ ABskia — Brki oA+ Boky Bt — ﬁzk%ﬁ%u

A*
paBoky — uPro+ upskio — 02 A+ ofip — offski
pr_ 9N Bskip+ Biu
apoki — pro+ ki
o ZOAk — Bskiu + Bipiky

afaki — Bra+ Bskio

B
B+ B3

3.3 Basic reproduction number

where, k| =

The basic reproduction number (Ry) is a crucial epidemiological parameter used to quantify the transmission potential
of an infectious disease within a population. It is defined as the expected number of secondary infections produced by a
typical infected individual in a fully susceptible population during the entire duration of their infectious period. In other
words, Ry provides an estimate of the average number of new infections that can arise from a single infected individual
in a population where everyone is initially susceptible. To calculate Ry, a mathematical model is employed, and in this
context, the method described in reference [15] is utilized for our formulated APC model. The notation and approach
outlined in [15] serve as the foundation for the subsequent computations. The matrices F' and V' play a pivotal role in
this calculation. These matrices encapsulate essential information about the dynamics of the air pollution within the
compartment. Specifically, F and V' are defined as follows:

0 —A+ AP —B,C+uA
S=|aAP |, v= 1P —BsC
0 —B1P+ B,C+ BsC

The computation of Ry involves analyzing the eigenvalues of the next-generation matrix, which is typically derived
from the product of the matrices " and V. Thus, the basic reproduction number Ry where the following is the matrix’s
electromagnetic range.

FV~!is given by,

Ao(By + Bs)

R0 = BB+ BBt Bo)

Here the reproduction number Ry gives the average number of polluted Air generated in a fully general air
compartment.

3.4 Policy measures to reduce basic reproduction number

To reduce basic reproduction number, we need to do the following,
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A. Reducing pollution recruitment (A)

a. Implementing stricter emission regulations for industries and vehicles.

b. Encouraging the use of renewable energy sources.

¢. Reducing industrial and agricultural pollutants at the source.

B. Decreasing the interaction rate between general air and pollutants (o)

a. Implementing better waste management to prevent pollutant dispersion.

b. Increasing green spaces to absorb pollutants naturally.

C. Enhancing air cleaning mechanisms (f3;)

a. Investing in advanced air filtration and purification technologies.

b. Promoting indoor and outdoor air purification systems.

c. Increasing forestation efforts to naturally filter air.

D. Reducing the rate of clean air becoming polluted (32, 33)

a. Reducing deforestation to maintain clean air balance.

b. Implementing policies to prevent recontamination of cleaned air.

E. Improving natural airflow and ventilation (u)

a. Designing urban areas to promote better air circulation.

b. Encouraging natural and mechanical ventilation in high-pollution zones.

By implementing these policies, pollution levels can be reduced effectively, leading to cleaner air and better public
health outcomes.

4. Stability analysis

The Jacobi matrix for the system (1) is given by

—aP—u —aA B
J= aP aA — B Bs
0 B —B>— B3

4.1 Local stability analysis of PFE point

Theorem 3 Pollution free equilibrium E is locally systematically stable if Ry < 1 and otherwise it is not stable.
Proof 3 To study the stability of Pollution-Free Equilibrium (PFE), the variational matrix Jy of the system evaluated
at the PFE is obtained as,

=10 =Z_p Bs
0 B —B2— B3

It is clearly found that one of the eigenvalues of the matrix Jy is —u;. The matrix of values is used to determine the

aA
other two value ranges, 7 —B Bs . By Routh-Hurwitz criteria the Pollution free equilibrium Ej is locally
Bi —B2— B3
aA aA aA
asymptotically stable when a; > 0, a; > 0. Here, a; = — (N —B1—B2— ﬁ3> and ap = —“[33 — ,uﬁ% + B1B>. So,
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APy oA

ay is greater than zero only if it satisfies — < Bi1 B2, provided Ry < 1. Hence the Pollution Free Equilibrium

E)y is locally asymptotically stable when Ry < 1. Hence the theorem.
Theorem 4 E; is locally asymptotically stable if by >0, b, >0, b;. b, > b3 and otherwise it is said to be unstable.
Proof 4 The variational matrix, J; corresponding to the EE point £ is given by

—aP*—u  —aA* B
Ji = aP* oA* — By B3
0 Bi —B2—Bs

By Routh-Hurwitz criteria the endemic equilibrium E| is locally asymptotically stable when b; > 0, b3 > 0 and b;.
by > b3. The characteristic polynomial of this matrix is given by,

A® +b1A +byA+ by (2)
Here,
by = —[n11 +ny +n33),
by = [noan33 — n3png3 +npins3 —n3ing3 +npingnz —naini,
by = —|B|.
By Solving this we get,

bi=aP" +u+pi+pr+ps—aA”,

by = QA" (=B — B3 — 1)+ P (Br+Po+B3) + 1(B, + B2+ B3) + Bi B

and

by =P Bifs (aP* +ap+1+u)+ uPi (Bo+ B3+ upPs) — aA* (B + B3)

Here, b is greater than zero only if —aA* < aP* + 1+ Bi + B2 + B3, by is only positive if @A™ (B, — 3 — 1) <
oP* (Bi+ B2 —‘rﬁ3)—‘y—[.1 ([31 + B +ﬁ3)+ﬁ1ﬁ2 and b3 is only positive if —aA* u (ﬁz +B3) < oP* 1 B3 (OCP* +au+1+u)+
1P (B2+ B3+ 1p3).

Now clearly, when by > 0, b3 > 0 and by. by > b3 provided Ry >1. Hence the Endemic Equilibrium E| is locally
asymptotically stable when Ry > 1.
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4.2 Global stability analysis of PFE pointc

Theorem 5 The region’s ecological equilibrium is steady globally Q.

Proof 5 To establish the global stability of the region Q, we focus our analysis on the A and P equations, excluding
the compartment C. This reduction allows for a simplified examination of the dynamics within the general air class and
polluted air class. Within the first quadrant of the A, P plane, we employ Dulac’s criteria with the chosen multiplier D =

—. Since, Dulac’s criteria is a mathematical tool used to assess the existence of limit cycles in dynamical systems. The

a%plication of Dulac’s criteria is aimed at revealing information about the stability of the system and whether trajectories
within the AP plane tend to converge towards equilibrium points or exhibit other complex behaviours. So, by focusing
on the general air and polluted compartments, we gain insights into the global stability properties of the region Q under
consideration. Reference [16] likely provides further details or context for the specific model or system being analyzed,
and consulting this source may offer additional insights into the mathematical and theoretical aspects of the stability
analysis [17, 18].

We consider

Fi=A— aAP— A,

F,=aAP— [31]).
Applying Dulac’s criteria, we have
A A
DF = ——aA— L,
P P
DF, = aA — B.
Now we have,
d (DF) " d(DR) M
dA JdP P’

From the above condition, it can be noted that the region Q lacks a periodic solution. For any solution initiating in

. iy . A .
the quadrant that is positive of the AP plane, where P is greater than zero and A + P < —, the trajectory converges towards

(A*, P*) as time t tends towards infinity. This convergence is evident in the behaviour of the system described by the
equations in (1), where C approaches C*. Consequently, the point (A*, P*, C*) attains global stability within the region
Q.

5. Numerical simulation

The system (1) is subjected to simulations across diverse parameter sets that adhere to the conditions ensuring the local
asymptotic stability of equilibria Ey and E;. In Figure 2, the stability of the pollution-free equilibrium Ey is demonstrated
for a specific set of parameter values, A = 10; o = 0.00049; $; = 0.51; B, = 0.08; B3 = 0.001; u = 0.014. In this context,
the calculated basic reproduction number is denoted as Ry = 0.0096. In Figure 3, the stability of the endemic equilibrium
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point E| is illustrated for another set of parameter values, A = 10; o = 0.00049; §; =0.51; B, =0.92; 3 =0.001; u =0.14.
For this particular parameter set, the associated reproduction number is computed as Ry = 2.9485. These simulations and
parameter variations provide valuable insights into the stability characteristics of both the pollution-free equilibrium E
and the endemic equilibrium E| within the given system.

| e - . General Air |

3,000 4 o TR . Polluted Air
2500 __." e I Clean Air
20001 = T
1,5001 |

1,000

500 1 M
04 — P
0 20 40 60 80

Time

Figure 2. Variation of 4, P, C with time for pollution free equilibrium of (1)

3,000
2,500
2,000 ' - -~ General Air
Polluted Air
1,500 —— Clean Air
T T e
1 £
Vs
Vol
500 hd
0 20 40 60 80

Time

Figure 3. Configuration of 4, P, C with time for endemic equilibrium of (1)

Figure 4 depicts a 3D phase portrait. The phase portrait represents the behavior of a system of differential equations
over time in a graphic form. This diagram illustrates the trajectory of the state variables of the system in state space.
As shown in the Figure 4, the phase portrait shows 10 random initial conditions. The text labels next to the curves
indicate the specific initial conditions used to generate the trajectory. For instance, the red curve corresponds to the
initial conditions [5.62, 14.26, 10.98]. The axes of the 3D phase portrait are designated M[0], M[1], and M[2]. We
hypothesize that these variables correspond to the mass fractions of general air, polluted air, and clean air, respectively,
within the modeled system. These state variables evolve over time as the system progresses, and the trajectories depict
this evolution. Therefore, the phase portrait serves as a visualization of the dynamical system’s behavior for ten distinct
initial mass fractional compositions.
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3D Phase Portraits with 10 Random Initial Conditions

= Initial Conditions:
= Initial Conditions:
=+ Initial Conditions:
« === Initial Conditions:
=== [nitial Conditions:
== = [nitial Conditions:
- Initial Conditions:

= = = [nitial Conditions:
Initial Conditions:

== [nitial Conditions:

5.62 14.26 10.98]
8.982.342.34]
0.87 12.999.02]
10.62 0.31 14.55]
12.493.19 2.73]
2.754.56 7.87]
6.48 4.379.18]
2.094.38 5.5]
6.84 11.78 3]
7.71 8.89 0.7]

e e e e e

1,000

Figure 4. 3D phase portrait representation of the initial conditions for the solutions of system (1)

Figure 5 demonstrates the phase portraits for system (1), which are used to visualize the behavior of solutions to a
system of differential equations. Trajectories are depicted in the portrait, which are the paths taken by solutions over time.
This plot shows that the solutions of (1) converge to three distinct points over the period ‘#’. The blue curve represents the
competition between the general air and the polluted air population. The orange curve represents the competition between
polluted and clean air among the population. And, the green curve depicts the trajectory between general air and clean
air class. These three curves correlate at a particular point (1,000, 1,000) in the phase plane plot for the solutions of the
system (1).
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Phase Portrait for the System of Differential Equations

1,600 ——M[0] vs M[1]
o M[1]vs M[2]
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& 1,000
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0
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M[0]

Figure 5. Phase portrait plot between general, polluted and cleaned air classes

Figure 6 depicts contour plots representing the dynamics of a system of differential equations in a two-dimensional
space. This space serves as a representation of the initial conditions for the system under study. Specifically, Figure
6a illustrates the contour plot analyzing the interplay between the recruitment rate A and the interaction rate between
unpolluted air and polluted air . On the other hand, Figure 6b showcases the contour plot exploring the relationship
between the recruitment rate A and the rate at which cleanliness is lost, leading to contamination 5. Meanwhile, Figure

6¢ presents the contour plot c.
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Figure 6. Contour plot representation with (a) A vs. ¢, (b) A vs. B3, () A vs. W, (d) ot vs. 1

Figure 7a shows a contour plot analyzing the intricate interplay between the rate of conditioning or purifying air and
the rate at which cleanliness is lost, leading to its integration with the ambient air. Conversely, Figure 7b offers insight
into the relationship between the rate of conditioning or purifying air and the rate at which cleanliness is lost, contributing
to its integration with polluted air. Furthermore, Figure 7¢ provides a contour plot delving into the competitive dynamics
between the rate of conditioning or purifying air and the natural removal rate of air from one spatial locale to another.
Lastly, Figure 7d shows a contour plot scrutinizing the interaction between the rate of cleanliness loss and integration
with general air and the natural removal rate of air between different locations.
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6. Discussion

This paper undertakes the creation and evaluation of a model using deterministic ordinary differential equations
to represent the dynamics of air conditioning. The primary focus is on exploring different equilibria within the model
and systematically studying their stability, employing the Routh-Hurwitz criteria as a key analytical tool. Specifically,
our investigation reveals that the pollution of the local asymptotic stability of free equilibrium is achieved when the
fundamental reproduction number R is smaller than 1, while it becomes unstable when Ry exceeds 1. Notably, the
endemic equilibrium only manifests when R surpasses the critical threshold of 1. To validate and extend our analytical
findings, numerical simulations are conducted across diverse sets of parameters. These simulations serve as a practical
tool for observing the model’s behavior under varying conditions. The outcomes of these simulations substantiate our
theoretical results and provide valuable insights into the dynamic behavior of air pollution under different scenarios. In
the broader context, our observations suggest that strategies for cleaning the air are effective not only in general air volumes
but also in areas characterized by pollution. This underscores the importance of comprehensive approaches to air quality
management that address both background pollution and localized sources. Furthermore, our research emphasizes the
need for effective methodologies that not only clean the air but also ensure sustained maintenance over extended periods.

The collected results in this study offer significant insights into the dynamics of air pollution and the conditions
necessary for its mitigation. The equilibrium analysis demonstrates that the system possesses two distinct steady states:
the Pollution-Free Equilibrium (PFE), which is attainable when the basic reproduction number (R() remains below one,
and the Endemic Equilibrium (EE), which persists when Ry > 1. These findings provide a theoretical foundation for
pollution control policies, indicating that sustained mitigation efforts are required to prevent pollution from becoming
endemic. The stability analysis, established using the Routh-Hurwitz criteria, further reinforces these conclusions
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by ensuring that the equilibria are mathematically robust, confirming the feasibility of maintaining a pollution-free
environment under appropriate conditions. Additionally, numerical simulations, including phase portraits, 3D plots,
and contour representations, validate the theoretical results and provide visual insights into air quality evolution under
varying parameter conditions. These computational findings highlight the critical influence of key factors such as pollution
recruitment (A), air purification rates (8, ), and environmental contamination (f3,, f3) offering practical recommendations
for policymakers. Notably, the results emphasize that reducing pollution sources, enhancing air cleaning mechanisms, and
optimizing urban planning are the most effective strategies for keeping Ry below the threshold for pollution-free stability.
Overall, this research bridges the gap between theoretical modeling and real-world applications, providing a structured
framework for understanding air pollution dynamics and guiding the development of sustainable environmental policies
to improve air quality and public health outcomes.

Compared to existing air pollution models, such as statistical regression models or machine learning-based
predictions, our approach offers a deeper mechanistic understanding of pollution dynamics. While empirical models can
provide accurate short-term forecasts, they often lack interpretability and fail to capture the causal relationships governing
pollution spread. On the other hand, some atmospheric dispersion models, such as the Gaussian plume model, focus on
spatial pollution distribution rather than temporal evolution and equilibrium behavior. Our model bridges this gap by
offering a dynamic, time-dependent analysis that incorporates both the evolution of pollution levels and their long-term
stability properties. Moreover, models such as the Operational Street Pollution Model (OSPM) emphasize localized air
pollution in urban areas due to traffic emissions, whereas our model takes a broader perspective, accounting for pollution
interactions across different compartments of air quality. In a broader context, our findings suggest that strategies for
improving air quality must be multifaceted, addressing both large-scale atmospheric pollution and localized sources of
contamination. Our results emphasize that cleaning mechanisms targeting general air volumes are effective, but they
must be complemented by interventions in high-pollution regions to prevent pollution resurgence. This underscores the
necessity of developing comprehensive air pollution management strategies that integrate proactive reduction measures
with long-term maintenance efforts. Furthermore, our research highlights the need for policies and practical measures that
not only mitigate air pollution in the short term but also ensure its long-term control. By advancing our understanding of
air pollution dynamics through this study, we provide a valuable foundation for policymakers, environmental scientists,
and urban planners. The insights gained from our model can guide the design of efficient pollution control strategies, such
as optimizing air filtration systems, regulating industrial emissions, and promoting sustainable urban planning.

This holistic perspective is crucial for developing strategies that contribute to long-term improvements in air quality.
As we advance our understanding of air pollution dynamics through this research, we anticipate that our findings will
inform policy and practice, contributing to the development of effective and sustainable solutions for mitigating the impact
of air pollution.

7. Conclusions

This study presents a mathematical model to analyze air pollution dynamics, focusing on equilibrium conditions and
stability analysis. The research introduces an Air Pollution Compartmental (APC) model that classifies air into general,
polluted, and clean categories, allowing for a structured evaluation of pollution trends. Through theoretical derivations and
numerical simulations, the study establishes conditions under which the system attains either a pollution-free equilibrium
or an endemic equilibrium, with stability governed by the basic reproduction number Ry. The results indicate that air
pollution remains controlled when Ry < 1, while pollution persists when Ry > 1, emphasizing the importance of mitigation
strategies. The study underscores the significance of air purification mechanisms and policy interventions in reducing
pollution levels. Key recommendations include stricter emission controls, enhanced air filtration technologies, and urban
planning strategies to improve natural ventilation. The theoretical findings are validated through numerical simulations,
reinforcing the practical applicability of the model in environmental management. By bridging mathematical modeling
with real-world environmental concerns, this research provides a robust framework for understanding air pollution
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dynamics and guiding effective pollution control strategies. Future studies can extend this model by incorporating
additional factors such as meteorological influences and spatial variability to enhance its predictive capabilities.
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