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Abstract: Local derivation is a significant concept for various algebras, which measures some kind of local property
of the algebras. This paper aims to study the local derivations on the planar Galilean conformal algebra. We determine
all local derivations on the planar Galilean conformal algebra. Unlike the case of the Virasoro algebra and W (2, 2),
there indeed exists a nontrivial local derivation on the planar Galilean conformal algebra. The key construction and some
methods will help to do such researches for some other Lie (super)algebras.
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1. Introduction

Let L be an algebra, a linear map A : L — L is called a local derivation if for every v € L, there exists a derivation
D, : L — L (depending on v) such that A(v) = D,(v). Local derivation for Banach (or associative) algebras was introduced
by Kadison [1], Larson and Sourour [2] in 1990 aroused from studying the reflexivity of the space of linear maps from
an algebra to itself. To study the cohomology program for operator algebras [3], it requires the decompositions (norm-
continuous) of linear mappings of one operator algebra into another. The key point is to determine whether any local
derivation is a derivation [1]. Due to the different characteristics of different algebras, it requires some special skills to
determine all local derivations on various algebras.

Local derivations on algebras are some kinds of local properties for the algebras, which turn out to be very interesting
(see [4—-6]). Recently, local derivations for Lie (super)algebras have drawn some mathematicians’ attention. For example,
it was proved that any local derivation on the semisimple Lie algebra, the Virasoro algebra, the Lie algebra W (2, 2), the
super Virasoro algebra and the super W (2, 2) algebra is a derivation in [6-10].

The Galilean conformal algebras (GCAs) have recently been studied in the context of the nonrelativistic limit of
the Anti-de Sitter/Conformal Field Theory (AdS/CFT) conjecture correspondence [11]. It was found that the infinite-
dimensional Galilean conformal algebra in 2D turned out to be related to the symmetries of non-relativistic hydrodynamic
equations [12], the Bondi-Metzner-Sachs / Galilean Conformal Algebra (BMS/GCA) correspondence [13]. The planar
Galilean conformal algebra is the infinite-dimensional Galilean conformal algebra in (2 + 1) dimensional space-time which
was initially introduced by Bagchi and Gopakumar [11] and named by Aizawa in [12]. Recently, many researches study
its structure and representation theory ([12, 14-20]).
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Based on [7, 8], we study local derivations on the planar Galilean conformal algebra. Using some linear algebra
methods in [7, 8] , we determine all local derivations on the planar Galilean conformal algebra g. However, unlike the
case of the Virasoro algebra and the Lie algebra W (2, 2), there indeed exists a nontrivial local derivation on this algebra.

The present paper is arranged as follows. In Section 2, we recall some known results and establish some related
properties of the planar Galilean conformal algebra. In Section 3 and Section 4, we prove that every local derivation on
the planar Galilean conformal algebra is a derivation. Throughout this paper, we denote by Z, Z*, C, C* the sets of all
integers, nonzero integers, complex numbers, nonzero complex numbers respectively. All algebras are defined over C.

2. Preliminaries

In this section we recall definitions, symbols and establish some auxiliary results for later use in this paper.
A derivation on a Lie algebra L is a linear map D : L — L which satisfies the Leibniz law, that is,

D([v, w]) = [D(v), w]+[v, D(w)]

for all v, w € L. The set of all derivations of L, denoted by Der (L), is a Lie algebra with respect to the commutation
operation. For u € L, the map

adu:L—L, ad u(v)=[u, v], YveL

is a derivation and a derivation of this form is called inner derivation. The set of all inner derivations of L, denoted by
Inn (L), is an ideal of Der (L).

Recall that a linear map A : L — L is called a local derivation if for every v € L, there exists a derivation D), : L — L
(depending on v) such that

A(v) = Dy(v).

Denoted by LDer (L) is the linear space of all local derivations of L.
By the definition, the planar Galilean conformal algebra § [15] is an infinite-dimensional Lie algebra with a basis

{Lma Hma IH’H Jma C17 C27 C3 | m e Z}

and the nontrivial Lie brackets defined by
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m3—m

[Lmv Ln] = (m - n)Lm+n + T

Om+n, 0C1,
(Lo, Hy] = —nHp g+ Spuin, o(m? +m)Cy,
[Hp, Hy] = 8pin, omCs,

(Lins In] = (m —n)lysn,

[Lma Jn] = (m*”)Jerna

(Hyn, In] = bnn,s

[Hm7 Jn] = —Jntn

Clearly, the subalgebras 8= span{L;, I;, C| |i € Z} and s = span{L;, J;, C| | i € Z} are isomorphic to the Lie
algebra W (2, 2) [21]. Setg:= §/(C1, C2, C3), the quotient of § by its center,

H =span{H;, J; |i € Z}
and
8 =span{L;, I;|i € Z},

the subalgebras of g.
Lemma 1 [14] The derivation algebra of g is

Der(g) = Inn(g) P C8,

where § is an outer derivation defined by 6(L,,) = 6 (H,,) =0, 6(Iy) = I, and 8(J,,) = J, for any m € Z.
The following result plays a key role in our research.
Theorem 1 [8] Every local derivation on the Lie algebra W (2, 2) is a derivation.

3. Local derivations on the subalgebra 8

In this section, we shall determine all local derivations on the subalgebra 8 with the same methods in [7, 8].
Foralocal derivation A : g — g and x € g, we always use the symbol D for the derivation of g satisfying A(x) = D, (x)
and D, given by Lemma 1 in the following sections.
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For a given m € Z*, recall that Z,, = Z/mZ is the modulo m residual ring of Z. Then for any i € Z we have
i € L, where i={i+km |k €Z}.

Let A be a local derivation on g with A(Ly) = 0. Clearly, by Theorem 1, there exists D € Der(g) such that (A—D)|g :
8 — H. Replaced A by A— D we can get Alg : S — H and A(Ly) = 0.

For L,, with m # 0, suppose that

A(Lp) =Y (anHy + byty), (1)

nez

where a,, b, € C for any n € Z, the sum is finite.
Note that

Therefore, (1) can be written as follows:

qi hi
A(Lm) :Z Z ai+kai+k1n + Z Z bi+km~]i+km, (2)
icAk=p; ieBk=g;

where p; < q; €7, gi < h;€Z,and A, B C Zy,.
For L,, + xLoy, where x € C*, since A is a local derivation, there exists Y (a,H, +b,J,) € g, where a,,, b, € C for

nez
any n € Z, such that
A(Ly) = A(Ly, + xLo)
= | Y ayHy+bJu, L+ xLo
nez
qi+1 q;
= Z Z (i + (k B l)m)a:#(k—l)mHi‘ka + Z Z x(i + km)a;+kai+k1n
i€Ak=pi+1 i€Ak=p)
H+1 K,
+) Y (G (k=2)m)bly g yulickm+ Y, Y X(i+ k)b g divion- 3)
ieBk=gj+1 icBk=g,

Note that the subset A, B in (2) is same as that of (3).
Lemma 2 Let A be a local derivation on g such that A(Lg) = 0. Then A = B = {0} in (2) and (3).
Proof. It is essentially same as that of Lemma 3 in [8].

Assumed that m # 0, diy pym # 0, @itgm 7 0 and @ plm #0, a. dm # 0 for some i # 0. Comparing the right hand

sides of (2) and (3) we see that p; = p} and g; < ¢} + 1. If ¢; < ¢} + 1, from (2) and (3), we deduce that
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. / / _
(i —&-qim)al.w;m =0.
Then i +¢im =0, i.e. i =0, a contradiction. Thus ¢; = ¢} + 1, and p; < g;.
Comparing (2) and (3), we deduce that

. ’ .
Aitpim = x(l+pim)ai+p,-m’

Ait(pi+1)ym = (i + pim)a§+p,-m +x(i+ (Pi + 1)m)a;+(p,~+l)m;

it (g—tym = (14 (i = 2)m)aly (g ) +X(I+ (qi = 1)m)al, (1)

Qivgm = (i+(qi— 1)m)a;+(qi71)m-

/

Since i +km # 0 for k € Z, eliminating a;_, , .., -

-, a ., in this order by substitution we see that

/
i+(gi—1)
Aiggm x4+ rx WP =, )

where * are independent of x. We always find some x € C* not satisfying (4), and then get a contradiction. Therefore, A =
{0}. Similarly, B = {0}. The lemma follows. O
Motivated by Lemma 3 in [8], we have the following lemma.
Lemma 3 Let A be a local derivation on g such that A(Ly) = 0. Then for any m € Z*, we have

A(Ly) = bydm

for some b,, € C.
Proof. The proof is essentially same as that of Lemmas 4, 5 in [§].
By Lemma 2, we can suppose that

A(Lm) = Z (akakm + bkm-]km)a (5)
kel

where a, by € C for any k € Z, the sum is finite.

Without loss of generality, we can suppose that m > 1. Using the same way in [8], we can easily get Y binJim = bindm

ke
in (5). By Lemma 2, (2) and (3), we have
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q 6]"’!‘1 q!
Z AimHign = Z (k— l)ma’(k_l)mHkm + Z xkmay,, Hyp, 6)
k=p k=p'+1 k=p!

We may assume that a,,,, agm,
prove that by, = 0 for any k € Z.

a;,m, a;,m #£0. Clearly, p < p<qg<qg +1,and p' = pif p' # 0. Our goal is to

Assume that p’ < 0, then p’ = p. If further ¢ > —1, from (6) we get a set of aligns

_ I
Apm = XPMdpy,,;

A(p+1)m = pma;)m +X(p—|— l)mal(p+1)m;

/ /
a—pm = —2ma_,,, —xma._,,;

ap = —ma/ . (7)

—m

If ag # 0, using the same arguments as for (4), the aligns in (7) make a contradiction. So we consider the case that
ag = 0. From (7), we see that a’_,, = 0. We continue upwards in (7) in this manner to some steps. We can get

Hence p’ > 0.
Ifp) >0,thenp=p'>1.Soqg=¢ +1and p < g. We get a set of aligns from (6)

Apm = Xpma

/o
pm>

A(p+1)m = pma;;m +x(p+ l)mb/(qul)m;

ag—1ym= (q— 2)ma’(q72)m +x(g— l)ma/(qfl)m;
= ®

Using the same arguments again, aligns in (8) make a contradiction.
Now we have p’ =0and p > 1 and g=¢' + 1. If ¢ > 1, We get a set of aligns from (6)
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— I
Apm = XPMdpy,,;

Ap+1)m = pma;m +x(p+ l)ma/(p+1)m;

A(g—1)m = (C] - 2)ma/(q72)m +)C(q - 1)ma/(q71)m;

aqm = (q - 1)ma/<q—l)m' (9)

Using the same arguments again, aligns in (9) make a contradiction. Now we have g = 1, and then ¢’ = 0. So a,,, = 0.

The lemma follows. O

Lemma 4 Let A be a local derivation on g such that A(Ly) = A(L;) = 0. Then A(L,,) = 0 for any m € Z.
Proof. If m > 2, by Lemma 3, there exist b,, € Cand ¥, b} J; € g, where b € C, K is finite subset of Z, such that
kek

bndm = A(Lm) = ALy +Ly)

= | Y bk, Ln+1La
keK

Clearly K C {0, 1, m}. By easy calculations we have b,, = 0. Similarly, if m < 0, we can also get b,, = 0. The proof

is completed. O
Lemma 5 Let A be a local derivation on g such that A(L,,) = 0 for any m € Z. Then A(l,,) = 0 for any m € Z.
Proof. By the definition of local derivation and Lemma 1, we have

A(l,) € ®kezCly, Vm e Z.
By the definition A|g : 8 — X, it is clear that A(Z,,) = 0. O
Theorem 2 Let A be a local derivation on g. Then there exists D € Der(g) such that A(L,,) = D(Ly,), A(Ly) = D(Iy)

for any m € Z.
Proof. Let A be the local derivation on g. Then A(Ly) = 0. By Lemma 3, there exists b; € C such that

A(Ll) =bJ.

Set A = A+ bjad(Jy). Then A is a local derivation such that

A1(Lo) =0, Ay(Ly) =0.
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By Lemma 4, we have A;(L,,) = 0 for any m € Z. The theorem follows from Lemma 5.
Lemma 6 Let A be a local derivation on g such that A(L,,) = 0 for any m € Z. Then A(Hp) = 0.
Proof. For the local derivation A, suppose that

! f
A(Hp) = Z a,l, + Z byJy.
n=s k=e

(10)

For Hy+xLy, x € C, there exists ay = Y ,en @Iy + Lrex Uik € 9, where a),, b € C forany n € N, k € K, such that

! f
Z ayl, + Z biJiy = A(Hy+xLy)
n=s k=e

14 !

;
= ayly+ Y, biJx, Ho+xL
n=s' k=e'

4 !

! ! f f
= - Z a,l, +x Z a,(n— 11 + Z biJi +x Z by (k—1)Jys1.
k=e'

n=s' n=s' k=e'

Now we shall prove that / < 1. Assume that 1’ > 1, if further s’ < 2, then we get a set of aligns

a; = xd,_,(t—2);

/ /
a1 = —a;_1 +xa, (1 —3);
! /.
az = —ay+xa,;
/
a) = _az.

Using the same arguments in Lemma 2, aligns in (12) make a contradiction.
If s’ > 2, we can also get a set of aligns

(11)

(12)
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a = xa,_,(t—2);

a1 = —a;_y+xa;_5(t—3);
g1 = —dyyy +xdg(s—1);
as = _a;~ (13)

Using the same arguments in Lemma 2, aligns in (13) make a contradiction. Thus #' < 1, and then ¢ < 1.
For Hy+xL_1, x € C, there exists ay = ¥en dyln + Liex by Ji € 9, where a;), by € C forany n € N', k' € K, such
that

t f
Y anli+ ) biJi = A(Hy+xL_1)
n=s k=e

t” f‘//
=Y @+ ) bl Hy+xL
n=s" k=e"
l‘” l” f// f//
==Y ail,+x Y ay(n+Dh_1+ Y, bllc+x Y b(k+1)J_1. (14)
n=s" n=s" k=e" k=e"

Using the same way above we can get s > —1. Similarly,e > —1, f < 1. So

A(Ho) =a_11-1+aoly+aily +b_1J_1 +boJo+b1J;.

1 1
For Hy + Ly, there exists Y. c¢,I,+ ¥ d;Ji such that
=1

n=-—1
A(H()) =a_l_1+aplyg+al; +b_1J_1 +boJy+ b1J;

1 1
=AHo+Lo)=| Y, chlh+ Y, diJi, Ho+Lo| .
n=—1 k=—1

Comparing with the coefficients of 1,,, J,,, we geta; =0, b_; =0. So
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A(Hy) = a_1I_1 +aoly + boJo + b1 J1.

For Hy+ Ly + Ly, there exists ¢ | I_ +cglo +d” |J_1 + dgjJo such that

A(H()) =a_I_1 +aply+ boJo + b1J;
=AHy+Ly+Ly) = [" 11 +cgly+d” Ty +dyJo, Ho+ Ly + Ly).

Comparing with the coefficients of I, J,,, we can get A(Hp) = 0. O

Lemma 7 Let A be a local derivation on g such that A(L,,) = 0 for any m € Z. Then A(H,,) = Y, cxHy, where
kek
¢ € C, K is a finite subset of Z, for any m € Z*.

Proof. By Lemma 6, we have A(Hp) = 0.
For m # 0, by the definition of local derivation and Lemma 1, we have

Z anly, + szfz + Y ciHy (15)

kek
for some a,, by, c, €C, s, t, e, fEZ, and finite subset K of Z.
For H,, + xHy, x € C, there exists Z a,l,+ ): i+ Y ci Ly forsomeay, by, ¢, €C, s, 1, ¢, f' € Z, and finite

n=s' I=¢ kek’
subset K’ of Z, such that

Z anly, + Z b+ Z cHy

kek

v f
= A(Hn+xHo) = | Y aply+ Y biJi+ Y ciLi, Hy+xHo
n=s' I=¢ kek’
As Lemma 6, we can get a, = by =0 forany n, [ € Z. So
= Y oH (16)
kek

O
Lemma 8 Let A be a local derivation on g such that A(L,,) = 0 for any m € Z. Then A(H,,) = 0 for any m € Z.
Proof. A(Hp) = 0 follows from Lemma 6.
For m # 0, by Lemma 7, we can suppose that
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A(Hm) = ZCka. (17)
k=s

for some s, t € Z.
Choose g >>tand g >0, p<<sand p <0, suchthatg+m>t, p+m<s.
For H,, + L, + L,, there exists a\, = Y;cp diLi + ¥.,c b,H, € g, where a}, bj, € C* forany i € I', n € J, such that

t
Y cHe=AHy+Ly+Ly) = | Y aiLi+ Y byHy, Hy+Ly+1Lg| . (18)
k=s icl neJ’

So YiepalLi=d (Ly+L,) for some a’ € C. Moreover, we have J' C {m, 0}.
Now we can suppose that

dy=d (Ly+Ly)+boHy+b,,Hy.

Comparing with the coefficients of Hy, s < k <t, we get ¢y = 0 for any k € Z. The proof is completed. O

Corollary 1 Let A be a local derivation on g. Then there exists D € Der g such that A(L,,) = D(Ly,), A(Ly) = D(In)
and A(H,,) = D(H,,) for any m € Z.

Proof. It follows form Theorem 2, Lemmas 5, 8. O

4. Local derivations on g

In this section we determine all local derivations on g and §.
Lemma 9 Let A be a local derivation on g such that A(L,,) = 0 for any m € Z. Then A(Jy,,) € CJy,.
Proof. By the definition of local derivation and Lemma 1, we have

A(Jm) € GrezCli, Vm e L. (19)
Set
t
A(n) =Y aidi,
i=s

where s <t, a; € C for any i and a,, a; # 0.
Choose p <5, p <0, g >>1t, ¢ > 0suchthat p+g > t. For J,, + L, + Ly, there exist ay = Yc;a/Li + Y pex Ik +
YjesbiHj €9, d' € C,wherea;, b, ¢, € C* foranyi €/, j€J, k €K, such that
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AJm) =AJm+Lp+Ly)

g
<
I

= |\ Y dLi+ Y ViHi+ Y cidi Tn+Ly+Lg | +d'8(Tn). (20)
icl jeJ kek

So YicraiLi = d'(Ly + Lg) for some d' € C, ¥ jc;b;H;j = byHo for some by € C and max{k | ¢; # 0} < g and
min{k | ¢, 0} > p.

In this case we claim that K C {p, ¢}. In fact, if | = max{k € K | ¢} # 0, k # q} > 0, then there exists a nonzero term
¢;(q—1)Jy41, where g+ >t in the right hand side of (20). It is a contradiction. If / = min{k € K | ¢y # 0, k # p} <0,
then there exists a nonzero term c;(p —)I,;;, where p+1 < s in the right hand side of (20). It is also a contradiction. So
the claim holds.

Now we can suppose that

ay = d' (L +Lyg) +boHo + ¢\, Jp + ¢y

Comparing with the coefficients of J;, s <i <t, we get a; = 0 for any i # m. The proof is completed. O

Lemma 10 Let A; be a linear map on g such that A;(L,) = Aj(Iy) = Aj(Hy) = 0 and Aj(J,,) = Jp, for any m € Z.
Then Ay is local derivation on g.

Proof. Since Aj(Ly) = Ay(Ip) = Ay(Hp) =0, Ay(Jp) = 8(J) = Jn.

Foranyx, y, z, a;, bj, cx € C,Aj(Ju+ X xa;Li+ Y yb;H;+ Y. z2c1dy) = [Jn+ Xy aiLli+Y  biH;+ Y cily, Jn+ Y aili+

Y, bH;+ Y, cili] + 6(Jm). So the lemma holds. O

Set L, : = Ly, — mJy, Hy, := H,, — J,y, we can easily see that [L},, L] = (m—n)L}, ., [L,,, I,] = (m—n)ln,
(L,,, H)) =—nH,, ., L}, Ju| = (m—n)Jpin, [H},, I,] = Lysn, and [H,,, J,] = —Jp4n. SO We can get a new construction
of g.

Remark 1 Obviously, A; on g can induce a local derivation on §, which is still denoted by A;, with A;(C;) =0, i =
1,2, 3.
Lemma 11 The subalgebra generated by spanc{L,

vis Iny Hyy Jm | m € Z} of g is isomorphic to g.

Now we are in a proposition to get the main reult of this paper.

Theorem 3 For the centerless planar Galilean conformal algebra g, LDer (g) = Der(g) ® CA;.

Proof. Let A be the local derivation on g. By Corollary 1, there exists D € Der (g) such that (A —D)(L,,) =

(A=D)(I,) = (A—D)(H,y) = 0 for any m € Z. Replaced A by A— D, we have

for any m € Z.
By Lemma 9, we have

A(Jm) = cmdm, cm €C,

for any m € Z.
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By Lemma 11, we have spang{L},, L, H,,, Ju | m € Z} = g. Using Corollary 1 again, there exists D; € Der(g) such
that A(L},) = Di(L},), A(ln) = D1(1,), A(H,,) = D (H,,) for any m € Z. 1t is —A(J,,) = D1 (Hmn — J»n) and then

Dy (Hyp — ) = —Cmdom-

So there exist a, b, ¢ € C such that Dy = aadHy + badJy + ¢§8. It is ¢,, = —a— b+ ¢ and then

A(Jy) =(a+b—c)y, YmeZ.

SetAj =A—(a+b—c)As, then Ay (L) = Ay (Iy) = A1 (Hpm) = A1 (Jn) = 0 for any m € Z. The proofis completed. [

Corollary 2 For the planar Galilean conformal algebra §, LDer (§) = Der (§) @ CA;.

Proof. From [8], we just need to consider C;, C3. Let A be a local derivation of §. By definition we have A(C,) =
A(C3) = 0. Now from Theorem 3 we can suppose that A(L,,) = A(l;) = A(Jx) = 0 and A(H,,) = aCa + b,y C3 for some
am, by € C, m € Z. By a,Cy + b,,C3 = A(Hy,) = [u, Hy] for some u € §, we can get a,, = by, = 0. O

In conclusion, a nontrivial local derivation of the planar Galilean conformal algebra is constructed (Lemma 10). It
shows that

dim LDer (§)/Der (§) = 1.

Moreover, our research not only requires the use of the basic methods in [7, 8], but also some special methods in
Lemma 5, Lemma 9 and Lemma 11. It will help to do such researches for some other Lie (super)algebras.
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