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Abstract: We prove that the collection .Z_.. of backward bounded solutions for a semilinear evolution equation is the
graph of an upper hemicontinuous set-valued function from the low Fourier modes to the higher Fourier modes, which
is invariant and contains the global attractor. We also show that there exists a limit ... of finite dimensional Lipschitz
manifolds .#; generated by the time f-maps (¢ > 0) from the flat manifold .# with the Hausdorff distance and we find
Moo C M—o. No spectral gap conditions are assumed.
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1. Introduction

During the last few years, we have seen several illustrations of finite dimensional structures within the infinite
dimensional dynamical systems. For example, many dissipative systems have global attractors which, oftentimes, has
finite Hausdorff and fractal dimensions. In an attempt to describe the long time dynamics more adequately, an inertial
manifold is introduced. The inertial manifold is a positively invariant finite dimensional manifold which attracts every
solutions at the exponential rates in the ambient infinite dimensional phase space. Thus the dynamics of the evolution
equation is reduced to finite-dimensional system of ordinary differential equations (e.g., see [1-9]).

The existence of inertial manifolds is proved in several directions. Among others, the most typical one is the
Lyapunov Perron method, where we find a fixed point of a nonlinear integral operator. The other is the Hadamard method
or graph transform method, where we find a limit of time-dependent t-maps of a flat manifold. We note that the former
requires backward and the latter requires forward arguments. However, the theory, even after enormous efforts, does not
apply to several important examples including the Navier-Stokes equations simply because a spectral gap condition is not
satisfied. In fact, arbitrary large spectral gaps in the spectrum of the leading differential operator are required but it does
not hold even in the simple geometry of domain unless the dynamics are rather trivial.

This paper is an attempt to justify that the objects constructed by two different previously-mentioned methods are
real candidates of inertial manifolds. Notably we find out backward-in-time solutions is important in the construction of
Lyapunov Perron integral and two objects constructed in complete different methods coincide without any limitation of
gap conditions.
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More precisely, let us consider a semilinear evolution equation in a Hilbert space H of the form

u +Au=F(u), (1)

where A is a linear closed unbounded positive self-adjoint operator in H, and the nonlinearity F'(-) is bounded and Lipschitz,
i.e., there are positive constants Ky and K satisfying

|[F(u)| < Ko, )
|F(u) —F(v)| <Kijlu—v|forallu, veH.

We also assume that F(-) has a compact support after truncating (as usual) outside of the absorbing ball (e.g., see
[3, 10, 11]). Hence there exists R > 0 such that F () = 0 for [u| > R. We also assume that A~! is compact in H and thus
there exist eigenvalues of A satisfying

O0< << <A<Ays <= oo, and Ky < Ayag.

Let P denote the spectral projection onto the finite dimensional space spanned by the first N-eigenfunctions of A, and
Q = I — P the complementary orthogonal projection. Then each u € H has a unique orthogonal decomposition as the sum
of low Fourier modes and higher Fourier modes

u=p+qg<cPHDQOH.

One of the most important questions is whether the ultimate dynamics of (1) is governed by a finite number of Fourier
modes and thus one can reduce to a finite dimensional system of ordinary differential aligns, which completely describe
the long-time dynamics. The inertial manifold theory has been developed for this purpose. Hence this manifold contains
the global attractor and when restricted to the inertial manifold, the long-time dynamics can be reduced to a finite system
of ODE.

However, the theory requires a spectral gap condition Ay — Ay > 2Kj, which holds only for special domains and
F(-). Even much worse in the case of Navier-Stokes aligns. There were enormous efforts for relaxing these conditions
with a few gains. For example, Fang and Kwak [12] showed that there exists an inertial manifold for a parabolic system
which is related to the transformed Navier-Stokes aligns. Moreover, Kostianko and Zelik [13] gave sharp spectral gap
conditions for existence of inertial manifolds for abstract semilinear parabolic aligns with non-self-adjoint leading part,
and Zelik [9] investigated that when the spectral gap is violated, the inertial manifold may fail to exist.

As another attempt, we first consider the collection .# ., of backward bounded solutions of (1). The existence of
such a solution is proved by using the degree theory and Arzela-Ascoli theorem in Section 2.

In Section 3, we consider the collection of finite dimensional Lipschitz manifolds .#; generated by the time r-map
(t > 0) from the flat manifold .#, and construct a limit .#., of .#; with the Hausdorff distance.

In Section 4, we prove that .#., C .# ., and .# ., is the graph of an upper hemicontinuous set-valued function from
PH to QH, which is invariant and contains the global attractor.
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2. Backward bounded solutions

We will show that a backward bounded solution of (1) is approximated by a sequence of solutions for boundary value
problems

dp
— TAP=PE(p+4), p(0) = po,
3)
dq
- TAa=0F(p+q), 4(=n) =0,
where n € N, p(t) € PH, ¢(t) € QH for t € [—n, 0]. Equivalently, (3) can be expressed by
dp
4 TAP=PF(p+4q). p(n) = po,
“
dq
o, TA9=0QF(p+q), 4(0)=0.

Inspired from Lemma 2.4 in [7], the existence of a solution of (4) can be proved by using the degree theory.
Lemma 1 Given py € PH, there exists a solution (p(t), q(r))of (4) for ¢ € [0, n] with p(n) = pg and ¢(0) = 0.
Proof. Forany n € Nand p_, € PH, let (p,(t), gn(t)) be the solution of

dp

5 TAP= PF(p+q), p(0) = p_,,

dq

5 TAa= OF (p+4q), q(0) =0,

where r € [0, n]. For convenience, we use the notations p, (t) = p, (¢, p—n, 0) and g, (¢) = gu (¢, p—n, 0) forn € N. Then we
complete the proof by showing that for any pg € PH and n € N, there exists a point p_, € PH satisying p,(n, p_,, 0) = po.
Let 4, denote the ball

By ={p € PH : |p| <2¢"™ (R+]|po|)}.
By the truncation, if p_, € d.%, we have
pn(tv P—n O) = e_Atp”(O) = e—Atp7m and qn(tv P—n; O) =0

for all + € [0, n], where d.%, denotes the boundary of %,. Consequently we get po & pn(t, d%,, 0) fort € [0, n]. For
each t € [0, n], consider a function f; : %, — PH defined by

f:(p) = palt, p, 0) for p € B,.
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Then the degree of f; with respect to the point p is well-defined, and degf; = degfy for all ¢ € [0, n]. Since py € B,
and fjy is the identity map on 4%, we see that

degf, = 1forallz € [0, n].

This implies that py € f,,(%B,) = pn(n, PBa, 0), and so there exists a point p_, € B, satisfying po = p,(n, p—s, 0).

O

The above lemma implies that for any pg € PH and n € N, there exists a sequence {(pn, ¢n) : [-n, 0] = H},en of
solutions of (4) such that

pn(0) = po and g,(—n) = 0.

We now apply the Arzela-Ascoli theorem to get a backward bounded solution as we see in the following lemma.

Lemma 2 Let % = {(py, qu) : [—n, 0] = H },en be a sequence of solutions of (3) such that p,(0) = po, g,(0) = gn
and g,(—n) = 0. Then there exists a subsequence {(py,, gn,) }ken of .# which converges uniformly to a function, say
(p, q), on every compact subset in (—eo, 0]. In particular, u(z) = p(r) + ¢(¢) is a backward bounded solution of (1) with
P(0) = 1imy.ce iy (0) and g(0) = limy.ce g (0).

Proof. From the variation of constants formula, we see that

0
pult) = po— [P (p (s) + ga(s))ds. )

an)) = [ OO (pn(s) + an(s))ds.

—n

For each ng € N, let I,,, = [—np, 0]. Then for any n > ng and ¢ € I,,,, we have
Ko\ _
01 < (1ool+ 52 ) ©
N
! At
a1 < [ el |0F |ds ™
—n

1
<o [ 7N

_ Ko
An+1

and
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t
42,0 < [ A2 QF | ds ®)

t
<Ko [ A1) s

2K 1

_%\/ANJA.

We note that { p,(¢)} is uniformly bounded by (6). Since D(A'/?) is compactly imbedded in H, {g,(t)} is precompact
in H (for more details, see [10]).
For any € > 0 and 1 € I,,, choose § = (&) > 0 so that

/t dp,,(s)ds‘</t
—5 ds —Ji-s

K
< lNeAN53(|p0| +1+ °+K06> <e
N

dpn(s)

S

ds

|pn(t) _pn(t - 6)' =

A

and

1
90(1) = gnlt = 8)| < (79 — 1)gn 1 — 8)| + \ | e Ioras

< 2v2KoV8

+K06 < E.
e\/ Anii

Hence {(pn(t), ga(t))} is equicontinuous on I,,. By the Arzela-Ascoli theorem, there exist a subsequence {(py, (f),
n, (1)) }ken Which converges uniformly to a function (p(1), ¢(1)), i.e.,

P (t) = p(t) and gy, (t) = q(1) fort € I,;.
By increasing ny — oo and applying the diagonal argument, we can deduce that

P (1) = p(r) and gy, (t) = g(r) for t € (—o0,0].

Note that p(0) = limy_,e py, (0) and g(0) = limg_,.0 g, (0). O
Let us denote the collection of backward bounded solutions by
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Mo ={(po, qo0) € H : u(t) = p(t)+¢(t) is a solution of (1) such that
p(0) = po, ¢(0) = qo, and ¢(t) is bounded on (—oo, 0]}.

Clearly it is invariant and contains the global attractor.

3. The graph transform method

The classical graph transform method due to Hadamard is a standard technique used in finite dimensional dynamical
systems to construct locally invariant manifolds, such as the center manifold and the center unstable manifold. Starting
from the flat manifold .#( = PH, one then lets the dynamics of the given evolution align act on My, thereby obtaining a
Lipschitz manifold

Ay ={u(t) € H :ut) = p(t) +4q(1)

is a solution of (1) with

p(0) = po € PH, q(0) =0},

at each time 7 > 0. Note that .#; is Lipschitz in p( from the Lipschitz continuity of solution with respect to the initial data.
We are interested in a limit of .#; as t — co. Not much is known in an infinite dimensional setting except some special
case (e.g., see [7]).

In this section, we reveal that {Q.#), },cn is a Cauchy sequence with the Hausdorff distance dy. To show this, we
first prove the following lemma which is crucial throughout the paper.

Lemma 3 Let u(z), v(¢) be two solutions of (1), and let p(¢) = Pu(t) — Pv(t) and o(¢) = Qu(t) — Ov(¢). Then for
any 0 <1y <t, we have

|6(1)] < Ka|p (t0) |17 0=0) 4 K3 6 (1) e~ (As1 =K1 =@)(t=10) g ©)
()] < [P (10)|(1+ Ka (1 — t9) )Xt =2)00) 1 K| 6 (1) [l K1) 0], (10)

where K3, K3, K4, K5 are positive constants depending on K, A; and Ay 1.
Proof. We first note that

d
Ul dipl < Kilpl+Kifo].

d|o
o 4 awilol < Kilpl + Kilo],
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and

%(e(/l] *Kl)f|p|) < [(le(/ll *Kl)’|o-|’

d
o (e(/lN+1*K1)l|G|) < Kle<xN+1*Kl)l‘p|'

Integrating these inequailities from 7 to ¢, we find that

t
MK p ()] < M=KD |p (1) + K / M=K 5 (5)|ds, and (11)

fo

1
ePn1—Ki )t|0'(t)| < e(/lNH*Kl)fo‘G(tON +[(1/ e(}LN+]7K‘)S|p(s)|ds. (12)
fo
The last integral of (12) is bounded by

¢ T
Kl/e()LNHfM)‘E{e(M*KI)’O|p(t0)|_|_Kl/t MK 6 (s)|ds ) dT
. v

fo

— Kre®m=Ko|p ()] [ en-2)7g7 4 K2 / L i) / "o —K)s| 5 (5) | dsd T
I

To 0 fo

=1+1

The term 7 is bounded by

K

(M=Kt (AN+1=A)t
e plto)le .
;LN+1 /Ll | ( 0)|

If we apply the Fubini theorem, the term /7 becomes

K} /t Avai—A) (st —A)s) (A —Ky)s
I ePne1=A)r _ (v 1=21)s) o(M=K1)s| 5 (5| ds.
lNJrl _Kl 1y ( ) | ( )l

Thus we have
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K

KMo < K]+ KL
= A1 — A

eM—Ki)o Ip(10) ‘e(/lNH —A)t

2
K 1=t /te(/ll K\ 6 (s)|ds
)“NﬁLl _}’1 1o

K} /’ (w1 —Ki)
— [ YN 1TRUS 5 () |ds.
A1 — Ay o (s)l

Put

0()= [ e o(s)las.

0
Then
¢'(1) = MK o (1)),

and

e(xNJrl*ll)tq)/(t) < e(lN+1*K1)to|G(t0)| + K M *Kl)f0|p(t0)|e(lN+1*7Ll)t
Mt —M
K12 ANp1—A1)t K12 /t (Ang1—=A1)s gt
—_— R $ ds.
s (1) =€ ¢'(s)ds

The last two terms of (13) are reduced to

K / a1 =M)s g () gs.

fo

We now introduce another auxiliary function

Then we have

(13)

Co iporary Math tics 4256 | Minkyu Kwak, et al.




V(0 =),
V(0= v =)W/ (1) +ev1 A0/ ()

Consequently the inequality (13) is reduced to

W'(1) = (A1 — AW (1) — KTy (1) (14)
o1 —K) )i KL ko Ot —A)

<eN+lilOGt + 61710 1 eN+171.

< lo(to)]| =T Ip(0)]

With the choice of
—(Avi1—M)+ \/()WH — )2+ 4K}
“= 2
and

(A1 —A1)+ \/(ANJrl — M) +4K3?
2 b

the left hand side of (14) becomes

vi(6) = oy (6)+ BV (1) — ay (1)),
Multiply an integrating factor ef* and integrate to obtain

v —ay < %e(lNH—Kl)to o (10)]

K2
1
(Avi1—M)(Ani1i — A+ B)

+ e(llle)to|p(t0)|e(lzv+1*ll)t.

Integrating again, we obtain
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w< #e(ml—mm|G(,O)|ea<r—ro>

K?

(M —K1)to 1 (l}v+1 —A)t .
(A'N+1_Al)(lNJrl_Afl"‘l})(z-j\prl—)pl—a)e |P(o)|e

_|_

From the inequality (12), we get

K

o(1)| < e Mve1=K)(=10) | 5 (10| 4 ——L
o)/ < o0 + 7

M =Ko Ip(10) |e<K' —M)t

2
+ ﬁe()wﬂ*lﬂ *Ot)f0|6(t0) |e*(/1N+1 —Ki—a)t

op

K

_l’_
(Ant1 = M) (Avsr =+ B)(Anyr — A — @)

eM—Ki)io Ip(0) |e<K‘ —A)t

In short notation, we have

lo(r)] < K2|G(t0)‘e*(lNH*Kl*a)(f*fo) +K3|p(t0)\e(K17)Ll)<’7t0) (15)
for some positive constants K3, K3 depending on Kj, A; and Ay, . Plugging (15) into the inequality (11), we obtain
p(1)] < [p(t0) (1+ Ka(t —10))eK1=4)070) K55 (19) | K1~ A1) o),

O
As an immediate consequence of Lemma 3, we observe that if p(f9) = 0, then o(¢) decays to zero exponentially.
Lemma 4 {Q.#,},cn is a Cauchy sequence with the Hausdorff distance dp.
Proof. For any m, n € N with m <n, let g,, € Q#,, and g, € Q-#,. Then by definition, there exist solutions u,, (¢)
and u, () of (1) such that

Qum(o) = Quy, (0) = 07 Qum(m) =dm; and QOuy (}’l) =dqn-

Let v(¢) be the solution of (1) for ¢t € [n —m, n] with v(n —m) = Pu, (m). Then from Lemma 3, we find

|6(n)| = |Qun(n) = Qv(n)| = |gu — Qv(n)| < K|a(m)]e™ A1 =FKizeim,

and thus
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KoK:
diSt(qn, Q,%m) < Le*(AN-H*K]*OC)m.
AN+l

On the other hand, from Lemma 1, there exists a solution u(¢) of (1) forz € [m —n, m| such that
Qu(m—n) =0 and Pu(0) = Pu,,(0).
By Lemma 3, we get
|6 (m)| = |Qu(m) — Qun(m)| = |Qu(m) — gu| < Ka|(0)|e~Fre1=Ki=em,

Hence

diSt(Q%m qm) < @67(%"*’171{170‘)'".

~ At
Consequently we obtain
dy (Q My, QM) < @e—(/lzvﬂ—lﬂ—(x)m7
AN+
which completes the proof. l

We recall that the space of closed and bounded subsets of the Banach space QH with the Hausdorff distance is
complete (e.g., see [14]). Hence the sequence {QM, } converges to a closed bounded set, say Dw. For any ge € Do,
choose a sequence {g, € OM,,} satisfying ¢, — g-. Then for each n € N, there exists p, € PH such that (p,, g,) € #,.
Moreover we observe that the dynamics of (1) are trivial outside of the absorbing ball by the truncation, and thus we may
assume

pn € Br:={p € PH :|p|<R}.

In fact, for any (p,q) € M,

q=0if|p| > R. (16)

Since By is compact in PH, {p,},_, has a convergent subsequence, say p,, — p... We finally define

Mo = {(Pes, goo) : there exists a sequence {(pu,, qn,)} in Ay,

such that (pp,, gn,) = (Pe; o) as k — oo},
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4. Main results

We recall that .# .. is constructed as the collection of backward bounded solutions whereas M., is a forward
accumulation of solutions. Surprisingly, we first have;

Theorem 1 .#., C M.

Proof. For any (pe,qe) € Moo, choose (pu,, qn,) € My, such that p, — p. and g, — ¢o.. For each k € N, there
exists a solution u, (1) = pp, (t) + gn, (¢) of (3) satisfying

Py 0)= Pnys 9ny 0)= Iny and an(—nk> =0.

By Lemma 2, {uy, ()} has a subsequence which converges to a backward bounded solution u(¢) with Pu(0) = pe.
and Qu(0) = g, which completes the proof. O

Now we are in a position to state a characterization of backward bounded solutions.

Theorem 2 The collection of backward bounded solutions of (1) is the graph of an upper hemicontinuous set-valued
function from PH to QH, which is invariant and contains the global attractor.

Proof. Consider a set-valued function ® : PH — QH defined by

D(po) ={q0 € OH : (p(1), ¢(t)) is a backward bounded solution of (1)
such that p(0) = po, ¢(0) = go, and ¢(¢) is bounded on (—oo, 0]}.

Then we see that the collection .#_.. of backward bounded solutions of (1) is the graph of @, i.e.,

Moo ={(po, q0) : po € PH, q0 € ®(po)}.

It is clear that .Z_.. is invariant and contains the global attractor.

Furthermore, from (16), ® has a compact support in Bg. The estimate (8) holds for any backward bounded solution
and since the space D(Al/ 2) is compactly imbedded in H, the image of & is contained in a compact subset of QH.

We now show that the graph of @ is closed in H. For any (pe, geo) € . w, we choose a sequence {(Pe. 1, Goo n)} in
M+ such that

(poc, ny oo, n) — (poo, qw) as n —» oo.

By the definition of . #., there is a sequence {(pum,_,» m ,)} in A, , such that

(pmk, ns dmy, ,,) - (poc, ny qoo, n) ask — oo

We note here thatmy, | <my_pif I < I, and for each [, my_ | — oo as k — co. By the diagonal argument, we can derive
that
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(pmm ny dmy, ,,) — (poov q0<>) asn — oo,

and $0 (Peoy Goo) € Moo
Similarly we can show that for any pg € PH, ®(po) is closed in QH. If we apply the closed graph theorem (e.g., see
Prop. 1.4.8 in [15]), we may conclude that ® is upper hemicontinuous. This completes the proof. O
We finally observe that
Theorem 3 If @ is a single valued function, then it holds

Moo = M—co.

Proof. It suffices to prove that .Z. is also a graph of a set-valued function from lower Fourier modes to higher.
Then Theorem 1 together with assumption implies its result. In fact, Let p.. € PH. As argued in Lemma 2, we may take
a sequence {uy, (t) = pn, (t) +qn, (1)} of solutions of (3) for € [—ny, 0] such that

Pny, (0) = P and an(—nk) =0,

and uy, (t) converges uniformly to a backward bounded solutuon as k — co. Now we have

(P (0), G (0)) € Ay, and (py, (0), Gn (0)) = (Peo; Goo) @S k — o0,

for some g.. € OH. O
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