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Abstract: The Lenstra-Lenstra-Lovász (LLL) algorithm, known as one of the main algorithms to decrypt the ciphertext
encrypted by Lattice-based cryptography, outputs short basis vectors for n dimensional vectors represented by n×nmatrix.
One of the indicators that determine the quality of this LLL algorithm is the average number of the LLL bases, and there is
a result related to the average number of the (δ , η)-LLL bases in dimension n in theoretical sense but the formula seems
to be complicated and computing in high dimension takes a long time. In practical sense, we suggest some approximations
which can be computed by just storing some constants and computing relatively simple exponential functions. To obtain
the approximated results, we first express the existing results in a slightly simpler form, execute individual approximation
for the part that takes a long time to calculate, and then combine the results. By finding the approximated value of the
average number much faster, it helps to discuss the quality of the LLL algorithm for dimension n faster. Furthermore, in
this process, we find a more precise upper bound of the average number of the (δ , η)-LLL bases in higher dimensions.
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1. Introduction
Lattice-based cryptography is a cryptographic system that are based on the hardness of lattice based problems, which

is firstly introduced by Ajtai [1] and it is is a promising post-quantum cryptography family. Surely, it has the role of
classical cryptography scheme, for example, key exchange and digital signature [2]. Furthermore it has various promising
applications such as IoT [3] and Medical data anlytics [4]. We need some mathematical backgrounds related to linear
algebra to know the process of Lattice-based cryptography. Firstly, we introduce the definition of the span of a subset of
a vector space.

Definition 1 Let S = {v1, v2, . . . , vn} be a subset of a vector space V . Then the span of S is the set of all linear
combinations of the vectors in S and denoted by span (S) = {∑n

i=1 aivi : a1, . . . , an ∈ R}.
Lattice is a set of points, which is called lattice points in n-dimensional space. In general, we can say the definition

of lattice using linearly independent vectors.
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Definition 2 Let S = {v1, . . . , vn} ∈ Rm be a set of linearly independent vectors. The lattice L generated by S is the
set of linear combinations of v1, . . . , vn with coefficients in Z. That is,

L =

{
n

∑
i=1

aivi : a1, . . . , an ∈ Z

}
.

In this case, we say that {v1, . . . , vn} is a basis for L and the dimension of L is n.
Related to the definition of lattice, there is one of the well-known problemwhich is called the Shortest Vector Problem

(SVP). If someone finds a sufficiently short vector in a lattice, the vector is a strong candidate of the private key in a lattice-
based cryptography [5].

Problem 3 The Shortest Vector Problem (SVP): Find a shortest nonzero vector in a lattice L, i.e., find a nonzero
vector v ∈ L that minimizes the Euclidean norm ||v||.

Lenstra-Lenstra-Lovász (LLL) algorithm [6] computes a reduced bases in a polynomial time to give a set of
sufficiently short vectors for any given lattice basis. We call this basis a LLL-reduced basis and there are many variations
of LLL algorithm.

The LLL algorithm, its variations, and applications are one of the widely studied topics. For example, the LLL
algorithm is introduced as a reduction algorithm for binary codes [7], an algorithm to complete half-Hadamard matrices
[8]. Also the LLL algorithm is used to make a storage efficient algorothm for hermite normal form [9], to set the elliptic
curve cryptosystem with bitcoin curves [10]. Furthoermore, the study for improving the efficiency of the LLL algorithm
is still ongoing such as [11, 12].

This paper is organized as follows: In Section 2, the definition and properties of LLL-reduced bases is presented.
And then we introduce a theoretical result of the average number of the LLL bases in fixed dimension n. In Section 3, we
analyze the bounds of the average number of the LLL-bases in fixed dimension n for sufficiently large dimension n. And
the last section we give two approximations of the average number of the LLL-bases in fixed dimension n.

Note that we put the draft on Arxiv [13].

2. Preliminaries
Notation 4 For convenience, we use the following notation

spanZ(S) =

{
n

∑
i=1

aivi : a1, . . . , an ∈ Z

}
,

for S = {v1, v2, . . . , vn}.
To construct the definition of LLL basis, we have to see the definition of the component, which is related to the span

of preceding independent vectors.
Definition 5 [14] Let {v1, . . . , vn} be a basis forRn. v∗i is the component of vi that is orthogonal to span(v1, . . . , vn),

and µi, j =< vi,
v∗j

||v∗j ||2
>, v∗1 = v1 and we obtain v∗i for i = 2, . . . , n using Gram-Schmidt Orthogonalization as follows:

v∗i = vi −
i−1

∑
j=1

µi, jv∗j .

Now, we are ready to see the definition of the (δ , η)-LLL basis.
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Definition 6 [14] Let {v1, . . . , vn} be a basis forRn, and take two parameters
1
2
< δ < 1,

1
2
<η < δ . In practice, one

often takes δ and η arbitrarily close to, but not equal to, 1 and
1
2
respectively. Then a basis {v1, . . . , vn} is a (δ , η)-LLL

basis if
1. |µi, j| ≤ η for all j < i.
2. δ ||v∗i || ≤ ||v∗i+1 +µi+1, iv∗i || for all i = 1, . . . , n−1 (the Lovász condition).
In [14], the average number of the (δ , η)-LLL bases is evaluated and this is directly related to the probability to find

a shortest vector in a fixed lattice whose dimension is n. Note that SL(n, R)/SL(n, Z) represents n-dimensional lattices
of covolume 1 and the average is taken with respect to the measure derived from Haar measure on SL(n, R). See [14] for
detailed information.

Theorem 7 [14] The average number of the (δ , η)-LLL bases in dimension n is

2 · (2η)
(n−1)(n−2)

2

n

∏
i=2

Si(1)
ζ (i)

· 1
n

n−1

∏
i=1

1
i(n− i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx, (1)

where ζ (i) is the Riemann-zeta function and Si(x) is the surface area of a sphere in Ri of radius x.
We give some approximations of (1) using relatively simple formula in the next section. Note that the study on the

approximation using linear regression without the proof is in [15].

3. Main results

Since Si(1) =
2π i

2

Γ
(

i
2

) , we have the following equations.

2 · (2η)
(n−1)(n−2)

2

n

∏
i=2

Si(1)
ζ (i)

· 1
n

n−1

∏
i=1

1
i(n− i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx

=2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

2π i
2

Γ
(

i
2

)
ζ (i)

· 1
n

n−1

∏
i=1

1
i(n− i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx

=2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

1
1
2

i(i−1)π− i
2 Γ
(

i
2

)
ζ (i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx.

Therefore Equation (1) is equal to

2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

1
ξ (i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx, (2)

Contemporary Mathematics 2970 | Kyunghwan Song, et al.



where ξ (i) =
1
2

i(i− 1)π−i/2Γ
(

i
2

)
ζ (i), which is called the Riemann-Xi function. Therefore, finding upper and lower

bound of the product of the Riemann-Xi functions and that of the product of the integration part of the equation (2) are
critical parts of finding the approximation of the average number of the LLL bases in sufficiently large dimension n. We
treat these two parts in the following sections and then summarize them to find upper and lower bound of (2).

3.1 The bound of the product of the Riemann-Xi functions

Because the Riemann-Xi function is defined by ξ (s) =
1
2

s(s−1)π−s/2Γ
( s

2

)
ζ (s), firstly we have to find the bounds

of Γ
(

s
2

)
and ζ (s). Immediately, we have

√
π
(

s−2
2e

)(s−2)/2

(s−2)1/2 < Γ(
s
2
)<

√
π
(

s−2
2e

)(s−2)/2

(s−1)1/2

using Lemma 1.9 in [16]. Also, we can check that

1 < ζ (s)< 1+
1

s−1
,

using the integral test. Therefore we get

1
2

s(s−1)π−s/2√π
(

s−2
2e

)(s−2)/2

(s−2)1/2 (3)

<ξ (s)

<
1
2

s(s−1)π−s/2√π
(

s−2
2e

)(s−2)/2

(s−1)1/2
(

1+
1

s−1

)
. (4)

The left side of this inequality (3) is greater than

1
2
(s−2)2π−s/2√π

(
s−2
2e

)(s−2)/2

(s−2)1/2

=
1

2
√

π
(s−2)(s+3)/2 ·

(
1

2πe

)(s−2)/2

, (5)

and the right side of this inequality (4) is less than

1
2
(s−1)2π−(s−1)/2

(
s−1
2e

)(s−2)/2

(s−1)1/2 =
1

2
√

π
(s−1)(s+3)/2 ·

(
1

2πe

)(s−2)/2

, (6)
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for s ≥ 6. From (5) and (6), we have

n

∏
s=6

(
2
√

π(s−1)−(s+3)/2 · (2πe)(s−2)/2
)

=
(
2
√

π
)(n−5)

(2πe)(n
2−3n−10)/4 ·

n

∏
s=6

(s−1)−(s+3)/2 <
n

∏
s=6

1
ξ (s)

<
n

∏
s=6

(
2
√

π(s−2)−(s+3)/2 · (2πe)(s−2)/2
)
=
(
2
√

π
)(n−5)

(2πe)(n
2−3n−10)/4 ·

n

∏
s=6

(s−2)−(s+3)/2,

and we can simplify the product part as follows:

n

∏
s=6

(s−1)−(s+3)/2

=exp

(
n

∑
s=6

(
− s+3

2

)
ln(s−1)

)

=exp

(
−1

2

n

∑
s=6

(s−1) ln(s−1)−2
n

∑
s=6

ln(s−1)

)

>exp
(
−1

2

∫ n+1

6
(s−1) ln(s−1)ds−2

∫ n+1

6
ln(s−1)ds

)

=exp
(
−1

2

(
1
2

n2 lnn− 1
4

n2 − 25
2

ln5+
25
4

)
−2(n lnn−n−5ln5+5)

)

=exp
(
−n(n+8)

4
lnn+

n(n+16)
8

+
25
4

ln5− 25
8

+10ln5−10
)

>exp
(
−n(n+8)

4
lnn+

n(n+16)
8

+13.0284
)
,
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n

∏
s=6

(s−2)−(s+3)/2

=exp

(
n

∑
s=6

(
− s+3

2

)
ln(s−2)

)

=exp

(
−1

2

n

∑
s=6

(s−2) ln(s−2)− 5
2

n

∑
s=6

ln(s−2)

)

<exp
(
−1

2

∫ n

5
(s−2) ln(s−2)ds− 5

2

∫ n

5
ln(s−2)ds

)

=exp
(
− 1

2

( (n−2)2

2
lnn− (n−2)2

4
− 9

2
ln3+

9
4

)
− 5

2

(
(n−2) ln(n−2)− (n−2)−3ln3+3

))

=exp
(
− (n+8)(n−2)

4
ln(n−2)+

(n+18)(n−2)
8

+
9
4

ln3− 9
8
+

15
2

ln3− 15
2

)

<exp
(
− (n+8)(n−2)

4
ln(n−2)+

(n+18)(n−2)
8

+2.08647
)
.

Therefore we have

5

∏
s=2

1
ξ (s)

·
(
2
√

π
)(n−5)

(2πe)(n
2−3n−10)/4 · exp

(
−n(n+8)

4
lnn+

n(n+16)
8

+13.0284
)
<

n

∏
s=2

1
ξ (s)

<
5

∏
s=2

1
ξ (s)

·
(
2
√

π
)(n−5)

(2πe)(n
2−3n−10)/4 · exp

(
− (n+8)(n−2)

4
ln(n−2)+

(n+18)(n−2)
8

+2.08647
)
.

Also, we can verify

(2
√

π)n−5(2πe)(n
2−3n−10)/4 ·2(n2−3n+4)/2 ·η(n−1)(n−2)/2

=exp

(
n2
(

3
4

ln2+
1
4

lnπ +
1
2

lnη +
1
4

)

+n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη − 3

4

)
+

(
−11

2
ln2−5lnπ + lnη − 5

2

))
.
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Hence we have a simplified form of lower bound

5

∏
s=2

1
ξ (s)

· exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8

)

−2n lnn+n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

5
4

)
+0.9924+ lnη

)
.

of 2
n2−3n+4

2 η
(n−1)(n−2)

2 ∏n
s=2

1
ξ (s)

.

Using lnn− ln(n−2)>
2
n
, we have

− 1
4

n2 ln(n−2)+
1
8

n2 − 3
2

n ln(n−2)+2n+4ln(n−2)− 9
2

<− 1
4

n2 lnn+
1
8

n2 − 3
2

n lnn+
5
2

n+4lnn− 3
2
.

Hence we have an simplified form of upper bound

5

∏
s=2

1
ξ (s)

· exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8

)

− 3
2

n lnn+n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

7
4

)
+4lnn−11.4495+ lnη

)
,

of 2
n2−3n+4

2 η
(n−1)(n−2)

2 ∏n
s=2

1
ξ (s)

.

Since ln
(

∏5
s=2

1
ξ (s)

)
= 1.85914510535951, we have

Lemma 8

exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8

)
−2n lnn+n

(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

5
4

)
+2.8515+ lnη

)

<2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
s=2

1
ξ (s)

< exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8

)

− 3
2

n lnn+n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

7
4

)
+4lnn−9.5903+ lnη

)
.
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3.2 The bound of the product of the integration part

Let n ≥ 22. We start with the following theorem that is used in the main computation.
Theorem 9 Let 0 < x < 1 be a real number. Then we have

n

∏
k=1

(1− xk)≥ exp
(

x(1− xn)

1− x
(ln(1− x)−1)

)
. (7)

Proof. Using Taylor series for ln(1− x2) at x = 0, we have

−
n

∑
k=1

ln(1− xk) =
n

∑
k=1

(
∞

∑
i=1

xki

i

)
=

∞

∑
i=1

1
i

(
n

∑
k=1

(xi)k

)
.

Note that it is equal to

∞

∑
i=1

1
i

xi
(
1− xin

)
1− xi =

x(1− xn)

1− x

(
1+

∞

∑
i=2

xi−1(1+ xn + · · ·+ x(i−1)n)

i(1+ x+ · · ·+ xi−1)

)
,

and it is smaller than

x(1− xn)

1− x

(
1+

∞

∑
i=2

xi−1

i−1

)
=

x(1− xn)

1− x
(1− ln(1− x)) .

It leads to the following inequality

n

∑
k=1

ln(1− xk)>
x(1− xn)

1− x
(ln(1− x)−1) ,

and therefore we have

n

∏
k=1

(1− xk) = exp

(
n

∑
k=1

ln(1− xk)

)
> exp

(
x(1− xn)

1− x
(ln(1− x)−1)

)
.

Then let us apply the change of variables to the integration part as follows:
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n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx

=
n−1

∏
i=1

∫ sin−1( η
δ )

−sin−1( η
δ )
(δ cosθ)−i(n−i)δ cosθdθ(x = δ sinθ)

=
n−1

∏
i=1

δ−i(n−i)+1
∫ sin−1( η

δ )

−sin−1( η
δ )
(cosθ)−i(n−i)+1dθ

=
n−1

∏
i=1

2δ−i(n−i)+1
∫ sin−1( η

δ )

0
(secθ)i(n−i)−1dθ .

For convenience, let m = i(n− i)−1. Since

∫
(secθ)mdθ

=
secm−2 x tanx

m−1
+

m−2
m−1

∫
(secθ)m−2dθ

=
secm−2 x tanx

m−1
+

m−2
m−1

secm−4 x tanx
m−3

+
m−2
m−1

m−4
m−3

∫
(secθ)m−4dθ

=
secm−2 x tanx

m−1
+

m−2
m−1

secm−4 x tanx
m−3

+
m−2
m−1

m−4
m−3

secm−6 x tanx
m−5

+
m−2
m−1

m−4
m−3

m−6
m−5

∫
(secθ)m−6dθ

= · · · ,

we have a lower bound of
∫ sin−1( η

δ )
0 (secθ)i(n−i)−1dθ as follows: if m is even, we have
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∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

>

[
secm−2 x tanx

m−1
+

secm−4 x tanx
m−1

+
secm−6 x tanx

m−1
+ · · ·+ sec2 x tanx

m−1
+

tanx
m−1

]sin−1( η
δ )

0

=

[
secm−2 x tanx

m−1

(
1− cosm x
1− cos2 x

)]sin−1( η
δ )

0

=
secm−2

(
sin−1

(η
δ

))
tan
(

sin−1
(η

δ

))
m−1

1− cosm
(

sin−1
(η

δ

))
1− cos2

(
sin−1

(η
δ

))

=
secm−2

(
sin−1

(η
δ

))
tan
(

sin−1
(η

δ

))
m−1

1− cosm
(

sin−1
(η

δ

))
η2

δ 2

=
cos−m+2

(
sin−1

(η
δ

))
tan
(

sin−1
(η

δ

))
m−1

1− cosm
(

sin−1
(η

δ

))
η2

δ 2

=
δ 2

η2(m−1)

 η
δ

cosm−1
(

sin−1
(η

δ

)) − η
δ

cos
(

sin−1
(η

δ

))

=
δ

η(m−1)
1

cosm−1
(

sin−1
(η

δ

)) (1− cosm
(

sin−1
(η

δ

)))

=
δ

η (i(n− i)−2)
1

cosi(n−i)−2
(

sin−1
(η

δ

)) ·
(

1− cosi(n−i)−1
(

sin−1
(η

δ

)))
.

Therefore
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n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

>
n−1

∏
i=1

δ
η (i(n− i)−2)

1

cosi(n−i)−2
(

sin−1
(η

δ

)) ·
(

1− cosi(n−i)−1
(

sin−1
(η

δ

)))

=
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosi(n−i)−1
(

sin−1
(η

δ

))
i(n− i)−2

>
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosi(n−i)−1
(

sin−1
(η

δ

))
i(n− i)−1

>
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosin
(

sin−1
(η

δ

))
in

>
δ n−1

ηn−1 · 1
(n−1)! nn−1 · cos−

(n−1)(n−3)(n+4)
6

(
sin−1

(η
δ

))

· exp

cosn
(

sin−1
(η

δ

))(
1− cos(n−1)n

(
sin−1

(η
δ

)))
1− cosn

(
sin−1

(η
δ

)) (
ln
(

1− cosn
(

sin−1
(η

δ

)))
−1
) ,

by Theorem 9.
To find a lower bound when m is odd, we have to set the following lemma.

Lemma 10 Let 0 < x <

√
3

2
and l ≥ 19. Then we have

1− xl−2

l
>

1− xl+2

l +2
. (8)

Proof. Note that Eq. (8) is equivalent to

(l +2)xl−2 − lxl+2 < 2,

whose LHS is lower than f (l) = (l + 2)

(√
3

2

)l−2

. Since f ′(l) < 0 for any l ≥ 6 and f (19) < 2, we conclude that the

inequality (8) is satisfied when l ≥ 19.
Then we are ready to find a lower bound of the integration part whenm is odd. We start with the following inequalities

and equations.
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∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

>

[
secm−2 x tanx

m−1
+

secm−4 x tanx
m−1

+
secm−6 x tanx

m−1
+ · · ·+ sec3 x tanx

m−1
+

1
m−1

ln
∣∣∣secx+ tanx

∣∣∣]sin−1( η
δ )

0

=

[
secm−2 x tanx

m−1

(
1− cosm−3 x

1− cos2 x

)
+

1
m−1

ln
∣∣∣secx+ tanx

∣∣∣]sin−1( η
δ )

0

=
δ

η(m−1)
1

cosm−1
(

sin−1
(η

δ

)) (1− cosm−3
(

sin−1
(η

δ

)))
+

1
m−1

ln
∣∣∣sec

(
sin−1

(η
δ

))
+ tan

(
sin−1

(η
δ

))∣∣∣

>
δ

η(m−1)
1

cosm−1
(

sin−1
(η

δ

)) (1− cosm−3
(

sin−1
(η

δ

)))
.

Similar to the case when m is even, we have a lower bound

n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

>
n−1

∏
i=1

δ
η (i(n− i)−2)

1

cosi(n−i)−2
(

sin−1
(η

δ

)) ·
(

1− cosi(n−i)−4
(

sin−1
(η

δ

)))

=
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosi(n−i)−4
(

sin−1
(η

δ

))
i(n− i)−2

>
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosi(n−i)
(
sin−1 (η

δ
))

i(n− i)
by Lemma 3.2.

>
δ n−1

ηn−1 · cos−
(n−1)(n−3)(n+4)

6

(
sin−1

(η
δ

))
·

n−1

∏
i=1

1− cosin
(
sin−1 (η

δ
))

in

>
δ n−1

ηn−1 · 1
(n−1)! nn−1 · cos−

(n−1)(n−3)(n+4)
6

(
sin−1

(η
δ

))
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· exp

cosn
(

sin−1
(η

δ

))(
1− cos(n−1)n

(
sin−1

(η
δ

)))
1− cosn

(
sin−1

(η
δ

)) (
ln
(

1− cosn
(

sin−1
(η

δ

)))
−1
) ,

by Theorem 9.
Note that the formula for the lower bound is given by the same formula for both even and odd m. Therefore we have

the following.
Lemma 11 Let n ≥ 22. Then we have

n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

>
δ n−1

ηn−1 · 1
(n−1)! nn−1 · cos−

(n−1)(n−3)(n+4)
6

(
sin−1

(η
δ

))

· exp

cosn
(

sin−1
(η

δ

))(
1− cos(n−1)n

(
sin−1

(η
δ

)))
1− cosn

(
sin−1

(η
δ

)) (
ln
(

1− cosn
(

sin−1
(η

δ

)))
−1
) .

Because
∫
(secθ)mdθ <

secm−2 x tanx
m−1

+
m−2
m−1

∫
(secθ)mdθ , an upper bound is as follows:

Lemma 12

n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ <

ηn−1

δ n−1 sec
(n−1)(n−3)(n+4)

6

(
sin−1

((η
δ

)))
.

Proof.

n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

<
n−1

∏
i=1

secm−2
(

sin−1
(η

δ

))
tan
(

sin−1
(η

δ

))

= tann−1
(

sin−1
(η

δ

))
sec

(n−1)(n2+n−18)
6

(
sin−1

((η
δ

)))

=
ηn−1

δ n−1 sec
(n−1)(n−3)(n+4)

6

(
sin−1

((η
δ

)))
.
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Combining Lemma 11 and 12, we have the following.
Lemma 13 Let n ≥ 22 and t =

√
1− (η/δ )2. Then we have

δ n−1

ηn−1 · 1
(n−1)! nn−1 · t−

(n−1)(n−3)(n+4)
6 · exp

 tn
(

1− t(n−1)n
)

1− tn (ln(1− tn)−1)



<
n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ

<
ηn−1

δ n−1 · t−
(n−1)(n−3)(n+4)

6 .

Then we have a more simplified lower and upper bound of
n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ as follows:

Lemma 14 Let n ≥ 22, t =
√

1− (η/δ )2 and a = tn. Then we have

δ n−1

ηn−1 · exp
(
−2(n−1) lnn+

a(1−an−1)

1−a
(ln(1−a)−1)+

(
−n2

6
+3
)

lna
)

<
n−1

∏
i=1

∫ sin−1( η
δ )

0
(secθ)i(n−i)−1dθ <

ηn−1

δ n−1 a−
n2
6 .

Proof.

δ n−1

ηn−1 · 1
(n−1)! nn−1 · t−

(n−1)(n−3)(n+4)
6 · exp

 tn
(

1− t(n−1)n
)

1− tn (ln(1− tn)−1)



>
δ n−1

ηn−1
1

(n−1)!nn−1 a−
n2
6 +3 exp

(
a(1−an−1)

1−a
(ln(1−a)−1)

)

>
δ n−1

ηn−1 · exp
(
−2(n−1) lnn+

a(1−an−1)

1−a
(ln(1−a)−1)+

(
−n2

6
+3
)

lna
)
.

Also we have

ηn−1

δ n−1 t−
(n−1)(n−3)(n+4)

6 <
ηn−1

δ n−1 a−
n2
6 .
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4. Conclusion
In this section, we summarize the previous results and give two approximations.
In the previous sections 3.1 and 3.2, we have the following simplified bound of the average number of the (δ , η)-LLL

bases in dimension n.
Theorem 15 Let n ≥ 22, t =

√
1− (η/δ )2, and a = tn. Then we have

δ n−1

ηn−1 · exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8
− 1

6
lna
)

−4n lnn+n
(
− 5

4
ln2− 1

4
lnπ − 3

2
lnη +

5
4

)
+2.8515+ lnη +

a(1−an−1)

1−a
(ln(1−a)−1)+3lna

)

<2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

1
ξ (i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx

<
ηn−1

δ n−1 · exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8
− 1

6
lna
)

− 3
2

n lnn+n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

7
4

)
+4lnn−9.5903+ lnη

)
.

Note that the upper bound of the previous theorem is a refinement of the existing result given by [14] as O(1.02n3
).

Because we are focusing on the practical case, we assume that η and δ are sufficiently close to
1
2
and 1, respectively.

Let
1
2
< η <

3
4
√

2
,

3
4
< δ < 1 and n ≥ 22. Then

√
2

2
< t <

√
3

2
, and therefore we have

δ n−1

ηn−1 · exp

(
n
(
− 5

4
ln2− 1

4
lnπ − 3

2
lnη +

5
4

)
+2.8515+ lnη +

a(1−an−1)

1−a
(ln(1−a)−1)+3lna

)

>exp

(
n
(
− 5

4
ln2− 1

4
lnπ − 3

2
ln

3
4
√

2
+

5
4

)
+2.8515+ ln

1
2

+

(√
3

2

)n

(1−
(√

2
2

)n(n−1)

)

1−
(√

3
2

)n (ln(1−
(√

3
2

)n

)−1)+3ln
(√

2
2

)n

+(n−1) ln
√

2

)
> 0,

and we have
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ηn−1

δ n−1 · exp

(
n
(
−5

4
ln2− 1

4
lnπ − 3

2
lnη +

7
4

)
+4lnn−9.5903+ lnη

)

<exp

(
n
(
−5

4
ln2− 1

4
lnπ − 3

2
ln

1
2
+

7
4

)
+4lnn−9.5903+ ln

3
4
√

2
+(n−1) ln

√
2

2

)

<exp
(

3
2

n
)
.

Combining these inequalities, we give a tight approximation as follows:
Theorem 16 (A tight version) Let

1
2
< η <

3
4
√

2
,

3
4
< δ < 1, n ≥ 22, t =

√
1− (η/δ )2, and a = tn. Then we have

exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8
− 1

6
lna
)
−4n lnn

)

<2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

1
ξ (i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx

<exp

(
− 1

4
n2 lnn+n2

(
3
4

ln2+
1
4

lnπ +
1
2

lnη +
3
8
− 1

6
lna
)
− 3

2
n lnn+

3
2

n

)
.

a = tn, or equivalently, lna = n ln t, implies that exp
(
−1

6
n2 lna

)
= a−

1
6 n2

= t−
1
6 n3 is the leading term of the

approximation of

2
n2−3n+4

2 η
(n−1)(n−2)

2

n

∏
i=2

1
ξ (i)

·
n−1

∏
i=1

∫ η

−η

√
δ 2 − x2

−i(n−i)
dx.

Therefore we suggest a rough approximation as follows:
Corollary 17 (A rough version) Let

1
2
< η <

3
4
√

2
,

3
4
< δ < 1, and n ≥ 22. Then we have a rough approximation

(
1− (η/δ )2)− 1

12 n3
,

of the average number of the (δ , η)-LLL bases in dimension n. Immediately, the following asymptotic behavior

lim
n→∞

n3 ln
((

1− (η/δ )2
))

ln
(

2(2η)
(n−1)(n−2)

2 ∏n
i=2

Si(1)
ζ (i)

· 1
n

∏n−1
i=1

1
i(n− i)

·∏n−1
i=1

∫ η
−η

√
δ 2 − x2−i(n−i)

dx
) =−12,
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holds.
Finally, we give two experimental results related to the duration of time to compute and the computed values of the

average number of the (δ , η)-LLL bases in dimension n. The follwing Table 1 is the duration of time to compute the
exact value and that of the approximate results for a tight approximation in Theorem 16 of the average number of the
(δ , η)-LLL bases in dimension n = 20, 40, . . . , 160. In this table, we use second as a unit of time and shows that the
duration time to obtain the approximation values is much smaller than that of the exact value.

Table 1. Duration of time to compute a tight bound and the exact value of the average number of the (δ , η)-LLL bases in dimension n

Dimension Duration of time (sec)

n Upper bound Exact value Lower bound

20 0.0088 44.5983 0.0002
40 0.0006 524.034 0.0002
60 0.0002 858.937 0.0001
80 0.0046 1,187.68 0.0045
100 0.0116 1,547.19 0.0118
120 0.0010 1,958.1 0.0009
140 0.0491 2,414.36 0.0487
160 0.0839 2,965.76 0.0816

Also we give computed values of the three cases, the lower, upper bound, and the exact value in Theorem 16, in
Table 2. It shows that we find a right approximation of the exact value even the dimension is high.

Table 2. Computed values of a tight bound and the exact value of the average number of the (δ , η)-LLL bases in dimension n

Dimension Computed values

n Upper bound Exact value Lower bound

20 1.4111×1072 2.8791×1041 1.1729×10−6

40 1.9890×10535 5.8551×10446 1.0839×10349

60 1.8770×101832 6.2983×101675 2.9125×101526

80 8.2136×104428 7.6319×104197 1.5177×103996

100 5.7482×108800 1.7127×108490 4.1244×108235

120 4.8272×1015428 5.3153×1015034 5.7058×1014726

140 9.0743×1024796 1.9539×1024316 4.0847×1023954

160 1.6129×1037392 1.0634×1036822 2.1327×1036406

We use the computer with the following status-CPU: AMD R9-5900X, 3.70GHz, RAM: 32GB with Mathematica
13.1 version.

In conclusion, we find rough and tight approximations of the average number of the (δ , η)-LLL bases in dimension
n when n ≥ 22. We firstly simplify the known formula and then approximate two parts which take a long time to compute.
After that, we restrict δ and η which are used in practical situation to get a better approximation. Lastly, we give two
experimental results that show the approximation is right and much faster to compute. We hope that these results can be
used to examine the quality of the (δ , η)-LLL bases quickly when the dimension n is greater than or equal to 22.

To help understand the overall results, the following graphs are attached. As can be seen from the graphs, computing
the approximated values requires much shorter time and the calculated values are similar to the exact ones. Since the
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calculated values are so large that it is difficult to directly express it in a graph, the values that displayed in the graph are
computed by applying the natural logarithm.

Figure 1. Graphical results for the efficiency and accuracy of the approximations of the average number of the (δ , η)-LLL bases in dimension n

From the value of the average number of the LLL bases, the average-case performance of LLL can be similar to
the worst-case. Our results indicates this tendency is expected to be more severe in higher dimensions. Now, it can be
said that attention should be paid to how to select the output of the LLL algorithm. But if the average number is used to
establish a baseline on howmuch attention should be paid to the output of the LLL algorithm, we hope that it will be a way
to present the criteria for how careful output selection should be when driving the LLL algorithm at higher dimensions
without directly calculating the exact value.
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