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Abstract: A spectral Galerkin scheme is proposed for a nonlinear model describing the large deflection and planar motion
of an inextensible cantilevered beam subjected to non-conservative forces, such as Beck’s beam and a cantilever immersed
in axial airflow. It is established that the proposed scheme achieves spectral accuracy in space and second-order accuracy
in time, relative to the sizes of the spatial and temporal grids, respectively. Furthermore, numerical simulations using the
scheme are performed to investigate the post-critical limit cycle oscillations induced when the non-conservative forces
exceed certain critical thresholds. The results provide a detailed analysis of how Kelvin-Voigt type internal damping
destabilizes the system or increases the amplitude of the oscillation.
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1. Introduction

In recent years, nonlinear partial differential equations describing the large deflection and planar motion of
inextensible cantilevered beams have attracted considerable attention as models for analyzing the effects of non-
conservative forces acting on such beams.

When a cantilevered beam is subjected to a follower force P (a compressive force at the free end in the tangential
direction), it is referred to as Beck’s beam, and has been widely studied as a simple model of structures subjected to the
thrust, such as fluid-conveying pipes and rockets. It is known that there exists a critical value P = P, beyond which
the beam becomes unstable (see, e.g., [1, 2]), resulting in limit cycle oscillations (LCOs) [3, 4]. An intriguing aspect of
Beck’s beam is the destabilizing effect of internal damping, known as the Ziegler’s paradox: within a certain range, an
increase in damping reduces the critical value Py (see, e.g., [2, 5, 6]).

Similarly, when a cantilevered plate is immersed in axial airflow, there exists a critical flow velocity above which
fluid pressure induces flutter, leading to LCOs [1, 7, 8]. Research interests in this context include understanding the onset
of flutter (see, e.g., [9] and references therein) and examining the post-flutter regime, particularly at flow velocities where
the piston theory is applicable, such as in supersonic regimes [10—12].
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In both cases of non-conservative forces mentioned above, eigenvalue analysis based on linear structural models is
commonly used to determine critical values and to examine their dependence on physical parameters such as damping.
However, to investigate post-critical dynamics and capture the characteristics of LCOs, a robust nonlinear model capable
of representing the large deflection motion of inextensible cantilevers is essential.

For models that describe the large deflection of slender beams, it is common to characterize the beam’s shape in
terms of the longitudinal and lateral deflections, u and v, from the undeformed state, and/or the rotation ¢ of the beam’s
centerline. In particular, for inextensible beams, since u and v can be expressed as functions of ¢, the beam’s motion can
be formulated as a differential equation with ¢ as the unknown variable. This equation is known as the dynamic Euler
elastica (see e.g., [3, 13—16]), which we refer to as the ¢-model in this paper.

On the other hand, a nonlinear model for inextensible beams that has been widely used in the literature expresses the
motion in terms of a single unknown variable, v. This model was originally derived by Crespo da Silva [17] by introducing
certain approximations into the ¢-model, and we refer to it as the v-model. While the v-model is commonly employed to
study the effects of non-conservative forces (see e.g., [4, 8, 10, 11, 18-21]), as will be shown in Section 2, its derivation
imposes geometric constraints on the beam’s shape, meaning that the model is valid only within a limited range of |¢|.
Therefore, using the ¢-model instead of the v-model is expected to yield more accurate and robust results, particularly in
cases involving large non-conservative forces that induce large rotations ¢.

This paper focuses on the ¢-model with non-conservative forces and proposes a spectral Galerkin scheme to
approximate solutions of the initial-boundary value problem (IBVP) for the model. For conservative problems, Ito [22]
developed a numerical scheme with convergence rates of O(N~""*€) + O(At?), where N is the spatial grid size, At is
the temporal grid spacing, and the exact solution of the IBVP is assumed to belong to the C™ class for some m. The
present paper extends these results to non-conservative problems, establishing the same convergence properties. To the
best of the author’s knowledge, numerical studies on both the ¢-model and the v-model have been conducted without
providing a theoretical examination of computational accuracy-that is, a rigorous error analysis-of the numerical schemes
employed, most of which are based on mode expansions using eigenfunctions of the linearized model (e.g., [3] for the
¢-model, and [4, 8, 10] for the v-model). In contrast, our results of the convergence rate ensures that the proposed scheme
achieves sufficient accuracy and numerical stability, thereby making the simulation results obtained with it reliable. This
theoretical guarantee of accuracy represents a key contribution of the present work.

Furthermore, the proposed scheme facilitates a detailed examination of the post-critical dynamics of Beck’s beam
and cantilevers in axial flow over a wide range of speeds where the piston theory is valid, including high Mach numbers.
Numerical simulations indicate that the proposed scheme is robust, as it successfully computes solutions even under large
non-conservative forces and high initial velocities. This stands in stark contrast to conventional numerical methods based
on the v-model, which fail to yield correct solutions due to issues such as numerical instability. As a result, the proposed
scheme enables the elucidation of post-critical behavior in the regime of large deformations where large ¢ appears, which
was previously inaccessible. For instance, it reveals how the amplitude of LCOs depends on the magnitude of internal
damping and initial velocity.

2. Model equations

The ¢-model under consideration consists of the system of partial differential equations

pAu,,:)Lx—i—f, (1
PAV; = K, + &, (2
P19y — Elp — 0EI Gy = —Asing + Kcos ¢ + i, 3)
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l4+u,=cos¢, v,=sing, 4
O0<x<L, t>0,

where (-); = d/dt and (-), = d /dx. The unknowns of the equations are u(x, ), v(x, t), ¢ (x, t), A(x, t) and k(x, t), which
are illustrated in Figure la. The system, known as the dynamic Euler elastica, describes the motion of an elastic beam
undergoing geometrically large deflection (see e.g., [3, 15, 23, 24] for further descriptions and theoretical analyses).

In this model, it is assumed that:

* (planar motion) the centerline of the beam is lying in a plane with the orthogonal coordinate system O-XY, and,
occupies, in the reference state, the interval 0 < X < L of the X-axis; thus, denoting by u(x, ¢) and v(x, ¢) the longitudinal
and transverse displacements, at time ¢, of the point that is at X = x when the beam is in the reference state, the centerline
is expressed as the parametric curve x — (x+u(x, 1), v(x, t)) in O-XY.

* (the Euler-Bernoulli assumption) a cross-section that is perpendicular to the X-axis in the reference state
remains unchanged in shape and stays perpendicular to the centerline even after deformation; thus, the tangent (1 +
uy(x, 1),vx(x, 1)) of the centerline has the same direction as the normal of I'(x, #), where I'(x, 7) denotes the cross-section
that is at X = x when the beam is in the reference state.

« the beam is inextensible, i.e., (1 +u,)> +v2 = 1; thus, denoting by ¢ (x, ¢) the angle between the normal of I'(x, 1)
and the X-axis, it follows that (14 uy, vx) = (cos @, sing).

The variables A (x, ¢) and x(x, ) represent the components of the axial force in the X- and Y-directions acting on
the cross-section I'(x, 7), so that their derivatives, A,(x, 7) and K, (x, ), represent the magnitudes of the forces acting per
unit length of the beam at the corresponding point.

The parameters in the model are the mass density per unit volume p, the cross-sectional area A, the moment of inertia
of the cross section /, the Young’s modulus E, the viscous coefficient o of Kelvin-Voigt type internal damping, and the
beam length L. It is assumed that the cross-sectional shape of the beam is uniform and the material is homogeneous, so
that all these parameters are constants.

The external distributed forces f(x, ), §(x, t), and torque fi(x, t), illustrated in Figure 1b, are specified as

f:—ﬁsinq), g=rncos¢p, =0, &)

where 7i(x, t) is the magnitude of the distributed external force in the normal direction to the beam. When the beam is
immersed in the airflow with the velocity Us.. directed along X-axis as shown in Figure 1b, the pressure across the beam
causes a normal force, which we express as

i = =1 (Ussing — u, sing +v;cos ¢). (6)

In the case that ¢ is sufficiently small such that cos ¢ ~ 1 and , sin ¢ is negligible, the expression (6) corresponds to
the first order piston theory (see e.g., [9, 10]):

n= —'J/()(Uoovx + V[),
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where Y is a non-negative coefficient depending on the density, velocity and Mach number of the flow. Though U, =0
implies Y = 0 in the piston theory, we shall consider the case U, = 0 and % > 0 as well in our numerical simulation, for
which f and g in (5) together with (6) represent the external damping proportional to the normal component of the beam’s
velocity.

The beam is clamped at one end and subjected to boundary forces ZL, Kz, and a torque [iz, at the free end:

A0, 1)+ (0, 1) = k:(0, 1) + (0, 1) = 9(0, 1) =0, ™
AL, 1) =2g(t), ®(L,1)=Re(t), EI$c(L, 1)+ WEIpu(L, 1) = i (1), ®)

where
AL(t) = —Pycosd(L, 1),  Rp(t) = —Posing(L, 1), (1) =0, )

and Py represents the intensity of a constant compressive follower force at the free end, as illustrated in Figure 1b.

(@) (b)
Y

A

X+ u(x) 0

< >

Geometry and internal forces External forces and torque

Figure 1. Schematic of inextensible cantilevered beam (time variable ¢ being suppressed)

Let us now outline the relationship between the ¢-model and the v-model, the latter being frequently employed in
the literature to investigate post-critical dynamics or LCOs. The ¢-model (1)-(3), along with boundary conditions (7)
and (8), can be derived via Hamilton’s principle:

) 19}
s [ (T-v) dt+/ SW dr=0 with 4), (10)
1 A
where
Lt 2 2 2 [,
r= E/O (p1¢t + pAu; +pAVt) drv, V= 5/0 El¢; dx, (11)
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. _
5W:/0 (—C0EI§ ¢+ fOu+gdv+d¢) dx+ [ALdu+ KL dv+rde] . (12)

On the other hand, the v-model is derived by introducing the following assumptions into the principle for the ¢-model
above.

(A1) The rotational kinetic energy (1/2) fOL pl¢? dx is negligible. This is common when modeling a slender beam,
where the coefficient p/ of the kinetic energy associated with angular velocity ¢, is much smaller than the coefficient pA
associated with linear velocities u, and v;.

(A2) Variables are expanded in terms of vy, retaining terms up to the third order:

(a) u, = —v2/2, derived from the inextensibility condition:

4w, = /1 -2~ 1-12/2,

(b) ¢ ~ v, +v3 /6, derived from ¢ = arctan(vy/\/1—12),
() 92 =~ v2 (1 +12), derived from (b).
Applying these approximations to (11), (12), the principle (10) changes as

153 5]
5| (T-V+G)dt+ [ W dt=0,

A n

where

L L L
T:%/ (pAu? + pAV?) dx, v:%/ ENV.(1+v3) dx, G:%/ o (2ux+v3) dx,
0 0 0

5W:/()L(_%E1{vm(1+v§/2)}, 8 (e (14v2/2)) + FOu+gdv+ i (14+2/2) 5vx) dx

+ PLLSu + K Ov+ i (1 + v§/2) (va} Y
and G accounts for the constraint (A2) (a) with ¢ as the Lagrange multiplier. This yields the motion equation:
L 7 2 2
PAVY + Elvyes + EIAg(v)x + GEIA; (v)x + (vx / (pAuy — F) dE — /lva)x —g+{p(1+2/2)}. =0,  (13)
X

u=—= [ vid&,
0

with natural boundary conditions
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[Elvxxx +EIAo(v) + QEIA 1 (v) — Apvy + K+ (142 /2)} L= 0,

x=

[Enva(1432) = aoE{va(1412/2)}, (1432/2) + B (14v3/2) | =0,

x=L

where

Ao(v) = —v)zcxvx—l— (vxxv)%)x, A(v)= {vxx(l —|—v§/2) }Xt(l —|—v)2(/2).

This is the v-model, which is widely used in the literature (see [5, 8, 17, 25, 26] for further descriptions of the
model’s derivation). However, for the internal damping term, one finds several variations, other than aEIA;(v),, in the
literature, such as (i) o (Evam +EIAp (v)x) , (e.g., [5, 19]), which is Kelvin-Voigt damping based on the stiffness terms
Elvyg +EIAo(v)y, (i) the linear part agE vy of (i), which is the common form for the linear Euler-Bernoulli beam.

Note that the assumption (A2) (a) and (b) can be expressed in terms of the rotation ¢ as

1 1
1 —cos¢ ~ Esinzq), ¢ zsin¢+8sin3¢,

respectively. Therefore, the model (13) is valid only within a limited range of beam motion or |¢| where these

approximations remains effective. In contrast, the ¢-model does not impose such restrictions. Thus, by combining it

with an efficient numerical scheme, it becomes possible to extend the range of beam deformation motions that can be

handled in post-critical analysis to cases where large ¢ appears.

We conclude this section with presenting a normalized form of the ¢ model. Introducing the parameters

AL? E 1L [p RyL?
= — = — = = o —, P: e
P ¢ 0‘0\/ pL*’ v AVpE’ U=U=\E EI

and setting as

the IBVP (1)-(9) is rewritten as follows (tilde being removed):
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utt:lx""f_a (15)

Vit = Ky 1+ 8, (16)
¢tt*¢xx7a¢xxf:ﬁ(flSin¢+Kcos¢)+.ﬂa (17)
14+u,=cos¢, v,=sing, (18)

O<x<l1, >0,

f=—asing, g=ncosp, =0, (19)

where
i=—y(Using —u;sing +v,;cos ¢). (20)

The boundary conditions are

A:(0, 1) + (0, 1) = k:(0, 1) + (0, 1) = ¢(0, 1) =0, 2
AL ) =2u(t),  ®(1,0) =Re(r), (1, 1)+ o (1, 1) = fir (1), (22)

where
AL(t) = —(P/B)cos@(1, 1), Re(t)=—(P/B)sing(1, 1), [r(t)=0. (23)

3. Variational form of the IBVP

The system (15)-(20) with the boundary conditions (21)-(23) can be formulated in a variational form.
Integrating (15) and (16) twice in x, and using the boundary conditions on A and k in (21), (22), we have

Alx, t):—/xl/on(cosq))l, dEdn +/x1fdn 4

K(x, 1) = —/xl /O"(Smm,t dEdn —l—/xlgdn + R

Let

Volume 6 Issue 3|2025| 3307 Contemporary Mathematics



2 ={yec(0. 1)) | y(0) =0}

for some m > 1 which we shall specify latter on, where C™([0, 1]) denotes the set of continuous functions on [0, 1] that
have m continuous derivatives. Multiplying (17) with y € 2, integrating the result in x from 0 to 1, using the above
representation of A and k, and applying outer forces (19), (20), (23), we can arrive at the variational form of the problem:

/ 1 dx / 1( + dx
b Oy dx+ 0 Ox ‘X‘th)llfx
(24)

:ﬁ{a((cosq)),t, ysing) —a((sing)y, ycos) — y/ol (Using + By ¢y )Byyr dx} — Pby(y)

for any test function y belonging to :Z". In the above, a is a bilinear form defined by

alf, g)=/01(/oxf(§> d§> (/(fg(é) dé) dx for f, g€ 12(0, 1),
By a linear operator defined by
Bofl(x. 1) =sino(x. 1) [ f(E)sind(&, 1) dE +coso(x, 1) [ F(E)coso (&, 1) dE for f € 20, 1),

and by a linear functional defined by

(NI = —coso(1, 1) [ F@)sing(x, 1) ax-+sing(1, 1) [ 1(x)eos ol 1) dx. for f €120, 1),

where L?(0, 1) denotes the space of square integrable functions on (0, 1) with the inner product (f, g);> and the norm

11 z2-

The system we are concerned with in the rest of the paper is the Equation (24) subjected to the boundary conditions

¢(0,2) =0,  ¢c(1, 1)+ du(1, 1) =0 (25)

and the initial conditions

o(x, 0)=¢°(x), @(x, 0) =y (x) (26)

for those data ¢°, w? that are sufficiently smooth, and satisfy some compatibility conditions including (25).
We conclude this section with the energy equality. Define the total energy & (¢) of the system by
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1! 2 2 B B . -
&E(t) = 5/0 {(¢)°+ (¢)7} dx+ Ea((cosd)),, (cosq)),)—i—ja((sm(l)),, (sing),) 27)

(/Olutz dx:a((cos(p),, (cosq)),), /Olvt2 dx:a((sin¢),, (sin(b),)) ,

then, by setting ¥ = ¢ in (24) and using the boundary conditions (25), we can see that the solution of the problem (24)
with (25) satisfies

d -1 1 1 )
6@ =—a [ 9% ar—py [ (Bs0)? ar—ByU [ (Bsd)sing dx—Phy(a), ()

and we see

By = —ussing +vicos@, by () = [ucos +v, sind)]x:l.

On the right-hand side of (28), the first and second terms represent the dissipation due to internal and external
damping, while the third and fourth terms reflect non-conservativity caused by an axial flow and a follower force,
respectively.

4. Discretization of the IBVP
4.1 Galerkin scheme with Legendre grid

Let I be the space of polynomials of degree k on 0 < x < 1. We denote by Ly (x) € P, the k-th Legendre polynomial,
and by

O=xp<x1 <---<an_1<axy=1

and {@;: j=0, 1, ..., N} the Legendre-Gauss-Lobatto quadrature nodes and weights, respectively (see e.g., [27, 28]):
these correspond to the Legendre polynomial £ (&) defined usually on —1 < & < 1 and the associated Gauss-Lobatto
quadrature node &; and weight @; through

L(x) =Li(2x=1), xj=(1+&)/2, ©j=ad;/2.

For f, g € C([0, 1]) (= the set of continuous functions on [0, 1]), we introduce the discrete inner product and norms
by

(fv g)N:

~.
L=

FapgGep)og, Ifllv = {f, Fn: (1, o = max £ (x))].

It is known that
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C

1
112 < llplf < (25 ) 1P,

(p, Li)n = (p, Li)p2 ¥

24+1/N: &k

5 pEPN7

1
L% =——. |L <1, k=0,1,....
Ll 72 TSR ILe(x)[ < 1, , 1,

We employ {x;: j=0, 1, ..., N} as a grid of the spatial domain 0 < x < 1. Let {x;(x) : j

the Lagrange basis associated with {x;}, i.e.,

:07 17

j,1=0,1,...,N.

For f € C([0, 1]), let Iy f denote the polynomial of degree N that interpolates f at the grid {x;}, so that

N

Infl(x) =Y f(xj)2i(x) € Py.

j=0

The temporal domain ¢ > 0 is discretized by placing grid points

t, = nAt,

with a grid spacing At.

n=0,1,...

Throughout this paper, we make use of the following notation for any temporal sequence { 6" }:

9n+1 _ enfl

AO 0" —
! 2At ’

6n+] —o"

ATo" = At

A; 911 —

Furthermore, we define

Cz — CV(ethl7 anl),

iporary Math tics

A7O" =

0" — 91171

6n+1 _ zen + 61171
Ar? ’

_ 6n+l _,'_an]
o=

At 2

S}él :S(9n+1, 9”71),
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Ca=C(0""", 0", 0" 1), Sz =S(6""1, 0", 0",

where
C(B], 92) = M (: COS@[ if01 = 92)7
6, —6,
(61, 6) = _(Cose?l__ezos %) (sine ite = 6,),
and
cos 6, 10 =6, =06s,
Sill@l —S(Ql, 92)
i .6 = 65 £ 0,
C(61, 05, 05)={ (61— 6:)/2 1=076;
S —
(81, &) —5(65, &) : otherwise,
(91 — 93)/2
Sinez . 91292263,
COSQ]-C(Q],GQ) 6, =8 7&6
5(61, 62, 63) = (61—6,)/2 R
_C(91,(Zz) _GC)(/GS’ %) : otherwise.
1 — 65

The representations Ciy and Sj for approximating cos 8" and sin 8", respectively, were introduced by Falk and Xu [29].
Combined with the expressions Cyj and S}, the central difference scheme for discretizing the time derivatives (cos @),
and (sin ¢),, makes our scheme energy-conservative when the system has no external excitations, i.e., U =P =0, as
shown in (37) below. This property not only imparts numerical stability to our scheme, but also is one of the keys to
ensuring that the obtained numerical solution converges to the true solution, as will be seen in the main theorem of the
present paper.

A direct calculation leads to

A?cos 0" = —(A?0")S% — (A, 6") (A, 6")Ch,

(30)
A?sin@" = (A20™)Cp — (A, 0™) (A, 6™)S.

Volume 6 Issue 3|2025| 3311 Contemporary Mathematics



For f, g € C([0, 1]), we define Jy f € Pny by
s = [ 1018 .
and the bilinear form ay by

aN(f? g) = (JNf7 JNg)N

with the abbreviation

aN(f):aN(fa f)

We shall approximate by @7 the solution ¢ (x;, 7,) of the IBVP (24)-(26), and denote

') = L o0 € i an
j=
where
2n={pePy|p(0)=0}.
The numerical scheme we propose for solving the IBVP is
(A79", w)\+ (@ +a(A)9"), )
=Bay (A7 cos 9", Spy) — Bay (A7 sing", Chy)
—ﬁy(Usin(p” +BY o(A09"), BY (qu)N — PV H(y), n=1,2, ... (32)
for any y € Zy, where
By, of = In(fSp)sin@" +Jn(fCqp)cos @™,

by, o(f) = = (f, Sp) ycos@"(1) + (f, Cp) ysing"(1),  feC([0, 1)).

The initial data ° and @' are constructed as follows:

Co iporary Math tics 3312 | Kazuho Ito




o) = 0°(x)), (33)
0j = 0°(x)) + Ay (x)) + %’ZWN(ij j=0,1,...,N, (34)
in terms of the solution wy € 2y of the variational equation
(wn, W) y+Bay (wy cos 9, yeos§°) + Bay (wysing®, ysin?)
= — ((Iv0°)x, W)y — @ ((INYO), ¥2)  + Ba ((w°)sin ¢, weos9®) — Ban ((y°)* cos¢°, wsing®)
—By(Usiny®+ By 4w’ By 4W)y—Pby o(W) 35)
for any y € Zy, where
BY, of = In(fsing°)sing®+J(fcos9®)cos ¢°,
by o(f) =—(f, sing®)cosd®(1) + (f, cos¢), sing’(1),  feC([0, 1]).
Define the discrete energy & by

1 1 n+1 2+ n\2 )
6= ol [ B gu pay (o cose?) + Ban (47 sing’) . 66)

then, setting y = A’¢" in (32), we obtain the energy equality (see [22])

&n _ éan—l

o = @R — BYIIBY, o (/0%

—BYU (sin@", By o(AYQ"))y —Pb o(A)0"), n=1,2, ... 37

and we see
N (A Q") = —(Au")sin @" + (APV") cos ",

N, o(A70") = [(Au") cos 9" + (ANV") sing"] _

Volume 6 Issue 3|2025| 3313 Contemporary Mathematics



where

x+u'(x) = [In(cos @")](x),  V'(x) = [In(sin@")](x).

Note that (37) is the discrete counterpart of (28).
We conclude this section with the matrix form and the implementation of our scheme. Substituting (30) with 6 = ¢
into (32), and using (31), we can see that the equation (32) with y = y; is written as

Mz

N
Pi(A @] +ZQ” A+<p,-)+20R (Ao7) +ZG,,((p,+aA,(p,)+T,-":0, i=0,..., N, (38)
J= J=0

~.
Il
(=}

(the equation at i = 0 is replaced with ¢y = 0)
where
Pl = §;j0; + ﬁ{aN(ngi, Coxj)+an(Sgxis S’(;,xj)} (note that &;;0; = (xi, xj)N),
o= B{aN (Soxi, (A7 0" Coxi) —an (Coxis (A7 9")Spx;)) },
Rj; = BY(BY, oXi: BN, X)) -
= BYU (BY, pXi,sin@") , + P(—cos gy sin @' +sin @ cos ¢f') - &,

Gij = (xi» %})N-

The scheme (38) constitutes a system of nonlinear algebraic equations of the form

Ao, @, @)@ =b (@™, 9" @), n=1,2, ... (39)

with the unknown vector @"*!, where
" =05, ..., 08", n=1,2 .. (()T : transpose ) ,

At 1
A=P"+AQ" + ?R" +5 (A + aAr) G,

b= (2P"+AQ") @" — <P” —R" 5 (At —Arr) G) " —APT"
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(the 1st row of A is replaced with [1, O, ..., 0], and the 1st element of b with 0),

and

Pr=[p], Q'=[0), R'=I[Rj, G=[Gy, T

)

[
]
=

Similarly, the initial equation (35) can be written as follows: define
P = 8ij; + Ban(%icos9°, xjcos¢°) + Ban (xisin g’ x;sin¢”),
Q7 = Ban(xisin¢®, xjcos¢°) — Ban(xicos ¢°, x;sing?),
R) = By(BY o%is BN, o¥°) s
70 = ByU (BY,. o Xi> sin?) , + P (—cos¢°(1)sin ¢ + sin 9°(1) cos 9) - ;,
then, (35) is expressed as a system of N + 1 linear equations:
Alwy =1 (40)
with the unknown vector wy = [wy(xo) ... wy(xy)]7, where
AV—p0 B0 — —G(¢0 i OUI/O) —Q(y°)2 —RO T,
(the 1st row of A is replaced with [1, 0, ..., 0], and the st element of b® with 0),

and

PP=[P, Q°=[0)], R°=[R)), T'=[17], Pun’=[¢")], Psi’=[y’(x)), (Psi)’=[y"(x;)’].

Algorithm 1 Implementation of the scheme

1: procedure SolveﬁIBVP((I)O7 O, At, N, final,tol) > final: final time step, tol: step tolerance for iteration
20 @0« 9% @' — ¢+ A0+ ArPwy/2 > using the solution wy of (40)

3: forn<« 1,2, ..., final do

4 u< 29" —@"! > initial guess of the next iteration

5 repeat > iteration to solve (39) for @"+!

6: viu

7 A—A(v, 0", 0" 1), bb(v, 0" "))

8 u—A-'b
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9: until [|u—v||./|[ul|. < tol >||X||o: maximum norm of vector x

10: @ l«u
I1:  end for
12: return ¢°, @', @2, ..., @/ > numerical solution of the IBVP

13. end procedure.

The scheme is implemented as shown in Algorithm 1. To calculate the matrix A and the vector b in line 7 of Algorithm
1, we need to compose the matrices whose (i, j)-elements are ay (f i, gxi) and (Jy(fxi)u, Jn (gxi)v)N, and the vector
whose i-th element is (Jy (fi)u, v),, for continuous functions f(x), g(x), u(x), v(x), which appear in the definitions of P",
Q",R", and T". In terms of the Legendre polynomial L (x), the value of [Jy f](x) is calculated exactly as

f(xo) Lo(xo) -+ Ln(xo)
AE = [o@ @ L= ]
(xn) Lo(xy) -+ Ln(xn)
where
W00 = [ 14(8) € = o (oW L1 (), k=0,1, oo (being L 1) = —1).
Define
lo(xO) lN()C()) 0())0 0())1 g
= . ) . L', Qo= . ’
lo(xy) -+ In(xw) 0 0 (DN
then, we can see that
[an (f %0, 82%0) - an(fx0. gxw)
: : = diag(f)-J"-Q-J - diag(g),
Lan (Fav, gx0) - an(fxan. 8xv)
[ (In(F20)u, In(gR0)V)y -+ (In(F20)u, IN(EXN)IV)
: " : = diag(f) - (diag(u)-J)" - Q- diag(v) - J - diag(g),
LUn(fow)u, In(gxo)v)y - (In(Faw)u, In(gxn)v)y
_(JN(fXO)u’ V)N V(XO)
: = diag(f) - (diag(u)-J)"-Q- | : |,
L(Un(fow)u, v) v(xn)
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where diag(h) for a continuous function A(x) denotes the diagonal matrix with the diagonal elements [k(xg), ... h(xy)].
Thus, the matrix P” and the vector T”, for example, are composed as

P =0+ (diag(c;;) J7-Q-J- diag(Cl) + diag(sh) - J7 - Q 'J~diag(S’;))), n=1,2, ...,
T = ByU (diag(S'q’,) - (diag(sin@™) - J)T +diag(Cyy) - (diag(cos ¢") ~J)T) -Q-sin@”
+P(—cos@ysin@" +singycos@")-Q, n=1,2, ...
Moreover, we see

Ly(xo) -+ Ly(xo)
G=(m-L ) ebpL' |D=| : - :
Lo(xn) -+ Ly(xw)

where L (x) is the derivative of Li(x).

4.2 Preliminaries

Let L2,(0, 1) denote the weighted L?-space of the weight function @ (x), whose inner product and norm are

1
(. 8)a= [ F@e@0E) & |flo= VT o
For every integer m > 1, we define the function space
B"0, 1)={f| P er2,0,1), 0<k<m}, o(x)=x(1-x"*

(f® stands for the k-th derivative of f (x)), which becomes a Hilbert space with the inner product and norm

m

(f7 g)Bm = Z(f(k>7 g(k))a)ka Hf”Bm = (fa f)Bm7

k=0

and to which we introduce a semi-norm

\f

myk:Hf(k)Ha)h k:07 1,...,m.

Moreover, let H"(0, 1) be the usual Sobolev space with the inner product and norm
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m

(fa g)H'" = Z(f(k)a g<k))L27 ||f||Hm =V (f7 f)Hm

k=0

We cite here from Shen et al. [27, sect. 3.5] and Canuto et al. [28, sect. 5.4] some known results in the spectral theory,
which are employed in the next section, and restate them as the next proposition in a compact form.
For integers m and [, we define

N+I1—u(l))!
pu(l) =min{m, N+1}, vy - (JFN'IJ'())N{H/J(I)}/Z.

We can see that
m, [+1 <y 1 m, [+1
<vy  <Nvy form>1[+1. 41)

VN

Proposition 1 Let m > 1 be an integer.
(i) Letu € B™(0, 1) and y € Py. If m > 2, we have

,0 .0
[, W2 = (u, WINI SOV (ulo, wo) + o, wy) 1wz (S OV llullguey [Wl2),
where C is a positive constant independent of m, N, u and y. Moreover, combining with (ii) and (v) below, we have
, 0
) = (e, Vv < OV (el gucy vl + lullg 1Vl gucy), ;v € B™(0, 1).
|Gty V)2 — (1, V)| < €,
(ii) Letu € B™(0, 1). If m > 2, we have
\INu|w,k§C|u\wyk, k:2, 3, BN (X
and
|M_INM‘(D, k< CV$7 1Nk|u|(0, u(l)» k=0,1, ..., ”(1)7

where C is a positive constant independent of m, N, k and u.
(iii) Letu € H™(0, 1). If m > 2, we have

[ — Iyu|| g < CViy 'N|u)

o, u(l)—1>

where C is a positive constant independent of m, N and u.
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(iv) Let my denote the orthogonal projection with respect to the Legendre polynomial, i.e.,
N
Ly)
sl =Y LI g ery per’o, ),

then, for u € B™(0, 1), we have

N—l+1—p(1—-D)! )
e = 7oy —gul| 2 < \/EN—Z+1+M(1—Z)§‘ o, wi—n <V ulo, waoy =0, 1, 2.

(v) Foru € H'(0, 1), we have
(= i) | 2+ N = Iul| o1 < Cllu]|
and hence,
vl 2 < Cllull 2 +N "M uMl2), (v D2 < Cllullgn,

where C is a positive constant independent of N and u.
Define the operators J and Jy by

= [(r& ag e = [ ) g,
0 0
and their transposes ’J and ' Jy by
(f7 Jg)LZ = (tJfa g)L27
(f7 JNg)N:(tJNfa g)N’ f7 gEC([O, 1])
Lemma 1 It follows that, for x € [0, 1],
(@) |[UnA1@)| < N fllvs - Fec([o, 1])

(i) |Unsf =IA1)] < vy i fllguys £ €C™ (0, 1]).

Proof. The results follows immediately from the definitions of the operators and Proposition 1 (ii). O
While omitting the details, it can be shown that’J and ’Jy are expressed with the Legendre polynomials as
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) (= [ 7€) d8) = 32 Lo~ Lioakity @)

N-1 N-2
[Infl(x) = % Y (fs Lyt —Li-)wLi(x) = % { Y Unf, Ligr —Li—1) 2 Li(x) + (f, LN—LNz)NLNl(x)}
=0 =0

= /xl[le](g) dg +;{2];]\,+1 (fy Ln)NLn—1(x) + (f, Lnv—1)NLn(x) + 2N1\;1(f’ LN)NLN+1(X)} (43)

for f € C([0, 1)).
Lemma 2 It follows that, for x € [0, 1],

() [[InAI@)| <20 fllve - FeC(, 1))
(i) [ Inf =" T£1)] < vy NY2 | fllguey, £ € C™([0, 1)).

Proof. Part (i) follows from (43) and (29).
For Part (ii), from (42) and (43), we see that

/| Iv—Df)(E)] d& + (I(f, Ly-1)n|+1(f, Lw)nl)

<=+ 5 (10 byl + (=07 e)]) 4524 35) (10 2ol + (=07, L)1)

<3| = Dfllz2 + 2w ll2 1f = av—2f1]12,

then, the result follows from Proposition 1 (ii) and (iv), (41) and (29). O
The following three lemmas are given in [30].
Lemma 3 Let f, g, h € C([0, 1]) and N > 4. It follows that

lan (fg; W < [IflInllgllv|Allx-

Lemma 4 Let f, g € C"([0, 1]), v € Py and N > 4. If m > 2, then we have

@) |lay —al(f, &) < Vi (1f 1L guco gl + /111 g guct),
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(i) | [an — al (. gw)| < vy (ILF ]l gucn I18lIn, o + lgCITF) | guer)) Wl v,

where C is a constant independent of m, N, f, g and y.
Lemma 5 Let {6"} be a temporal sequence, and ¢ = ¢ (¢) a smooth function of # > 0. Denote ¢" = ¢ (t,), and define
"= 0" — ¢". The following inequalities hold:

(i) (S)*+(Cg)* <1,

(ii) 1S5], 1Cal <1,

(iii.a) |S — Sg|, |Co —Cyl < |e" | +[e""],

(iii.b) |Sg — S3 '], |Ca—Cp | <At (|AS0"|+]A76"7Y),
(iv) 1S5 =S5, 1C5 —Cgl < g(|8”+1|+|8"\+|8”’1|),

(v) 1S5 =S, |G —Cpl < AP ((A79")* + (A 9")* +[A79"]),
(vi) |G —sin@"|, |Cg —cos¢"| < AP (|E2 ()| + (AP 9™)?)).

In the above, £'(f)At* is the sum of the residual terms of Taylor series for f(-, t,11) and f(-, ty_1) att =ty, i.e.,

k k
EF(N](x) = % {gt{(x, tH+ %(x, t,,)} (z‘ni is between 1,, and #,,1.1).

5. Convergence of the scheme

In this section, we prove our main theorem, which provides an error estimate of the scheme. The accuracy of the
spectral method generally depends on the regularity of the exact solution. However, regarding the regularity of the exact
solution ¢, which requires certain appropriate compatibility conditions, no results are known so far, except for an existence
result in [23, 24] for conservative problems. Thus, we assume the order of the regularity as a parameter m:

Hypothesis 1 Let m > 4 be an integer. IBVP (24)-(26) has a unique solution ¢ € C*([0, 1] x [0, =)) for which

o, 1), &(- 1), ¢u(-,2) €C™([0, 1]) foranys >0

is satisfied, and the total energy &(¢) defined by (27) is uniformly bounded in ¢ > 0.

Accordingly, we also make an assumption on the discrete solution:

Hypothesis 2 For the solution ¢” of the scheme (32)-(34), the discrete total energy & defined by (36) is uniformly
bounded in n, i.e., there exists an M > O suchthat & <M,n=1, 2, ....
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Under Hypothesises 1 and 2, this paper focuses attention on estimating the error of the scheme. For the exact
solution ¢ of the original problem and the discrete solution ¢" of the scheme, we define the errors of the scheme by

=g 9" =" 9" (9" = 0( 1),

In what follows, C > 1 is a constant independent of m, N, n, Ar and the functions. Moreover, we denote by {"(¢) a
polynomial of one or more terms in

oA A VPR [ v e R 1 VPR [T [
and, by n"(¢; m), that in

-1l eo=s || - |lz-, and || - || gu(1)-norms of functions comprised of ¢", ¢/, ¢,

1€ (9)llv, 185 (9)llv, 1€ (cos @), 113 (sing) I

(&{(f) is defined in Lemma 5).

5.1 Error estimate

By subtracting (24) from (32), we obtain the error equation

(A7e", W)n + (& + a(A)e")x, Wi) o =O1+ B (O + O3 —YUB, —¥Os) — POs, W € Ly, (44)

where

O1 = (¢, W)z — (870", W)n+ (9" — InG")xs W) 2+ (9 — INAY™ )y W) 12,

0, =ay (Atzcos 0", S'(:,l//) —ay((cos¢™)y, wsing”") —ay (At2 sin @", Cgl//) +ay((sing")y, yeos9™"),

03 = [ay —d] ((COW’")na l//sind)”) —lay — 4 ((sind)")n, ycos ¢n)7

©; = (sing", By, ow)y — (sing", Byw),»,

05 = (Bflv (p(A?q’n)v N, (pV/)N_ ( Z)‘Z’tnv 'J)V’)LZ’

O = by, (W) — b (V),
being ¢! = @y (-, 1), (cos@™)y = [(cosd)s](-, 1) and so on.
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Define the transposes 'Bjj and B}, , in the similar way to 'J and "Jy, respectively.
Lemma 6 It follows that

1By, ofllys |I'BN. of Ny < V2 IIfll,
1By £l 25 |I'Bofll 2 < V2 Ifll2. feC(o, 1)).

Proof. It is easy show that

s I f e <272 0 f s InFIns Iy <272 [ £l (45)

from which the results follow immediately. O
Lemma 7 Let f be a function which is comprised of ¢", such as sin¢”, BZA?(])’ . Then, we have

1B = B3) < O+ (05 m) (e v+ el + e v ++vie '+ 4r%),
1B, o= B3l < CC+ (03 m) (1" v+ e+ el +vie N2+ ).
Proof. We see that
1(BR. o = B3) Sl < [ (/Sp) (sin@" —sing™)|[ y + [/ (£ (S5 = 5§)) |y
+ HJN(f(Sg —sing™))||, + || (I —J)(fsing™)]|, +ete.,
which, together with Lemmas 1 and 5, leads to the former inequality. Similarly,
1B o ="B3) < [ Fsing" (5~ 55) |y + [ n(sing") (55 — sine”)

+ |["In (f(sin@" —sing™)) ||, + || In ="T)(fsing™)|| , +ete.,

together with Lemmas 2 and 5, leads to the latter one. O
Lemma 8 We have

1] < (1+a)cn”(9s m) (viy 'N+82) (lwilz + lwal ),

@, = —an((A7€")Sy, Spy) —an((A7e")Ch, Cay)+Os,
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n , 0
@3] <Cn"(¢; m) vy |l
with the residual term (:)2 estimated by
O] <C(1+1"(¢; m)) (1+ 1A 9" Iv) (1A " Iy + 1A " v+ 1" Iy + e lv + [l v +A%) [lwlly.  (46)

Proof. See Lemmas 5.1 and 5.2 in [22] for the results on ®; and ®;. The estimate for @3 follows from Lemma 4 (ii).[J
Lemma 9 We have

04] < C(1+0"(85 m)) (" v+ 1"+ "I+ Vi N2+ A2 [y

Proof. We see that

|®4| < HSin(pn _Sin¢n||N ||B1nV, (pW||N+ ||t37V, (pSingbn_lBg sin(})"HN HWHNJF ‘ (r ’J,sin(p”, l1”)1\1_ (IB’(;) Sin(p”? l1”)L2

)

then, the result follows from Lemmas 6, 7 and Proposition 1 (i). O
Lemma 10

@5 = (BY, o(A¢"), By, o¥)  + Os
with
©s| <C(1+1"(¢; m)) (Ile"“HN+ le"llv + Nl v+ +vy 01\’1/2+AIZ)IWIIN-
Proof. We see that
05| = | (BY, o(A29"), Bx. o W)y — (B39/, Byw) 2|
< ||(BY, o —B3) A" ||y 1BY, pWlln + || ('BY, o —B3)BEA 9" ||y [Wllw
+[ (‘BB A", W)y — (‘BoByA'e", w) |+ (|85 (879" = 9") || 2 1By wl.z,

then, the result follows from Lemmas 6, 7 and Proposition 1 (i). O
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Lemma 11 We have
06l < C(1+07(85 m)) (" v+ e+ " (D] + Vi *+ A2 ) iy,
Proof. We see that
O] < [(w, Sp) ycos@"(1) = (v, sing") ;,cos¢"(1)| +|(w, Cp)ysin@"(1) = (y, cos¢") ,sin¢"(1)]

< [lwliwlISy —SG lIx + [ wlinllSG —sing” [y + | (. sing"), — (w, sing") > | + [yl 2 |cos " (1) — cos ¢" (1)

+wlnICy = Collw + I WllvlICy —cos¢" v+ | (w, cos9”), — (w, cos¢") | + |yl 2 [sin " (1) —sing" (1)

b

then, the result follows from Lemmas 5 and Proposition 1 (i). O
We now give our main result on the error estimate of the scheme:
Theorem 1 Let m > 4 be an integer described in Hypothesis 1. If Hypothesis 1 and 2 is satisfied, then there exists a
Ato € (0, N~!] such that for 0 < At < Ar,

19" = @" [n + AT (9" = ") In + [ (In9" = 9")all2 < Ca(AP + Vi 'N?), n=1,2, ...,

where C, > 1 is a constant that depends on ¢, ¢°, w and n, and is independent of N and Ar.
Proof. We take N and Ar so that NAr < 1.
We first set ¥ = "' — "~ ! in the error Equation (44). Then, the left hand side of the equation becomes

1A e" |7 — 1A e" IR + %(Heﬁ“ 172+ lledl72) — %(Ileﬁlliz +led72) + 20| (A" )17
Moreover, ®, can be decomposed as
®, = —ay (S'(;,A;re") +an (S’(},_lA;re"_l) +0, 1 —an (C%A;re”) +ay (C('l',_lAfe"_l) +0 > +0,,
where O, are that in Lemma 8, and
@, 1 =an((Sp+ Sy A", (Sp—Sh A €,
@2, 2 =an((Chp+Cy A €", (Chp—Cp A €").

Thus, defining E” by
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E" = \IAfE"Ilzvar%(IIe;*llliz +letllz2) +Ban (Spa€") +Ban (Coare"),
we see that (44) is equivalent to
E"—E" ' +2aAt]|(A)e")i[|72 = @1+ B (@, 1 + Oy, 2+ Oy + @3 — yUO, — 2yAt| By o (A)e") ||y — YOs) — POs. (47)
From Lemmas 3 and 5 (i) and (iii.b), we see that
102, 1], 1©2,2] < CAr [|A7" [ (14 @" v+ A7 9" [lv) < CAr (" (@)E".
Note that for y = "1 — "1,
Ivly <& (VE +VETT),  lwslp < VA(VETVETT),
From these inequalities, Lemmas 8-11 and (41), the right hand side of (47) is estimated as follows:
{101+ B (102, 1] 4102, 2| + [6] + 03]+ YU |04] +7165]) + Pl©s |} | (VE +VE™T)
<C(1+n"(9; m)) (1+¢"(9))
X {At (\/ﬁ+ VE™ T+ || Y|n +[le" Iy + [le" v + |e”(1)|) v ]N+At2}. 48)
Letting
@" = VE" + | |[n +[|¢" |,
it follows from (47) and (48) that
VE" —VE=1 <C(1+1"(¢; m)) (14 £"(9)) {At (@"+ "' +]e"(1)]) + vy 1N+At2}. (49)

We next set ¥ = Ar?¢" ! in the error equation (44). Then, we see that
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A% + oAt
lle" 1% + flleﬁ“lliz

A2 + aAt

< |(2en_en717 en+l>N’+ 5

(€7, &™) 2| +101] + B(1O2] + O3] + YU |©4] +71Os|) + P|Oy|
<C(1+n"(9; m))(1+¢"(9))
X | AVET+VE T4l |y + A2 ([l v+ [l [l + [ (1)]) + Vi ' NAL+ A2 (e | +Arler | 2)
which implies
e = lle™"ly < lle" v (+Arlles 2
<C(1+n"(¢; m)) (1+8"(9)) [Ar @+ @ A" (1) + Vi ‘NAt+At3] (50)

Adding both sides of (49) and (50), and noting that
" ()| <CNJle"[|ln, NAr<1
(the former follows from the inverse inequality [28, sect. 5.4.1]), we have
®" - 9" <o A &+ v N A,
where

o" = (1+n"(¢; m)) (1+¢"(9))-

Recall now that Hypothesises 1 and 2 state the uniform boundedness of the energies & (¢) in ¢ and &” in n. These
imply that the temporal sequence n"(¢; m) and {"(¢@) are uniformly bounded in n. Thus, we can take a Az such that

Co"At<1/2, n=1,2,....

Then, we have
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" " < Co" (q>"*1+v;;’= 1N+At2). (51)

Hence, by Gronwall’s lemma,

n n
P" < {q>°+c (v,’\,"’ 1N+Az2) )y ak} exp (c ) a") ,
k=1 k=1

which, together with the estimate of ®° given by Theorem 2 below, leads to the results. O
Theorem 2 Let ¢°, y® € C"(]0, 1]) for some m > 2, and At be as in Theorem 1. The initial data ¢” and ¢! defined
by (33) and (34) satisfy

le" v+ 114, ¢l + llexll 2 < Co (A% + vy 'N?),

where Cy > 1 is a constant that is independent of N and Az, and depends on ¢, w° and ¢ (-, ¢) for 0 <t < Ar.
Proof. Denote w”(x) = ¢, (x, 0). The Equation (24) of the original problem at # = 0 can be written as

W°, )12 + Ba(w’sing®, ysing?) + Ba(w’cos¢°, yeos¢?)
=—(¢) + v, vi)2 —Ba((y°)*cos¢°, wsing®) + Ba((y°)*sing’, yeos¢”)
—By(Using®+ By, Byw)2 —Pby(y), ye 2y,
where BY = Byo and bg = bgo. Subtracting this from (35) and setting e = wy — IywY, we obtain
(e, W +Ban (esing”, ysing®) + Bay(ecos9”, weos9?)
=Ry +R>+ B(Rs + YURs + YRs)+PRg, (52)
where
Ri=0", v)2 = (W, Y,
Ry = (0" + o), wie) 12 = ((In(0° + oy ), i),

Ry = [a—ay)(f°, wsing®) +[a—ax] (s, weosg®),
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Ry = (sin (])0, Bg l//)L2 — (sin (])O, BR,7 ¢1//)N,
Rs = (Bow’, Bow) o — (BN, oW’ BY V),
Re = by (W) — b 4(W),
being
O =w0sing? + (y)2cos 9, g% =wlcos¢® — (y°)*sin .
The terms in the right-hand side of (52) are estimated as follows. By Proposition 1 (i),
Ri| < Cn’(9; myvy w2,

where 1°(¢; m) is a polynomial of || - || (1) -norms of those functions that are comprised of ¢°, y” and w. Since (Iy(¢° +
ay?®)) -y, € Pyy_o, it follows from Proposition 1 (ii) and the inverse inequality
X

IWalle < N+ DINE2) w2, wePy,

that
IRy| = ’((¢°+aw°)x— (Iv(9°+ ay?)) , %)Lz
< [[(9°+oy® — (9" + ay®) |2 I1¥ill2 <Cn°(@5 m) vy 'N-N[|w] 2.
By Lemma 4 (i),
[Rs| < Ccn’(9s m) vie'* [l -
On the right-hand side of

)

|R4| < |(’Bg sing’, ), — (’Bg sing?, v), | +‘(th sin¢® —'BY, ¢sin(])0, V)

by Proposition 1 (i) and Proposition 2 (ii), we see that
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(Ist term) < Cn°(9s m) vy * [yl 2,
(2nd term) < |[(" —"Jy) (sin> °) ||, [1wlly +]|('T = "Iv)(sin @ cos 9°) |, [[Wllw < Cn°(9; m) vy 'N'/> [y
Similarly, by Propositions 1 (i), 2 (ii) and Lemma 1 (ii), we have
IRs| < |(‘BoBoW’, v) 12— (‘BoBow™, w) [ +|(BsBow’ —'BY oBoy’, w)y|+[(Bow’ =By, o ¥", By o)yl
<Cn’(¢: m) v 1wl 2 +Cn°(9s m) vy "NV [lylle +Cn° (63 m) v 1wl
By Proposition 1 (i),
Re| < |(w, sing®) . — (v, sing®) |+ (v, cos¢?) . — (v, cos¢?) | <Cn(¢: m) vy * [[wllw.

The estimations for |R;| above and (41) lead to

(e, Wv +Pan(esing’, ysing®) +Bay (ecos ¢, weos9®) < Cn(9; m) vy 'N* ||wv-

We now set ¥ = e to obtain
lwy =w’llw = llellw < Cn°(g: m) vy
Therefore, by the Definition (34) of @' and Taylor’s theorem, we obtain
Ar? AP
ety = 119" =" llv < S lhww —wOlly + 5 10w 1)l

<95 m) + (19 (-, 1) In) (v 'N3A2 + A%) (0 <15 < ).

By the Definition (33) of ¢°, we see ¢” = 0, and thus, ||A;e%|| = ||e!||/At.
Moreover, the same argument shows that

Ar? A3
leylln = llo) = (Ing " )xllv < TH(WN—INWO)xHNJfﬁH‘me('? i) |lw

< (M5 m)+ 19un (-, 1) lv) (v 'NA +A) (0 <1 < Ar).
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Finally, we note that NAr < 1. O

6. Numerical simulations

In this section, we present the results of numerical simulations conducted using the scheme described in (39), (33),
(34).
At each time step, the algebraic Equation (39) for @"+! was solved iteratively using the update formula

A(e"™, 0" 9" o) =b(p), 9", 9" ") (53)
with the termination criteria
(v+1) _ (V)
|(P||(p(v+1;l|) S <tol or V> maxiter,

where ||@||.. = max; |@;| for a vector @ whose j-th element is ¢@;. Unless otherwise specified, the tolerances were set as

tol =4.0x107'°,  maxiter = 500.
The grid size and time spacing were fixed, respectively, as follows:
N =100, Ar=1/1,000.

The initial displacement and velocity in (26) were set as

0/ 0/ _ 0 arctan(10x)
0 =0, o) = v TEED,

where the velocity parameter VO was fixed to V? = 1 x 1073 unless stated otherwise.

Before addressing the non-conservative problem, we verified the validity of the scheme implementation by
monitoring the fluctuation of an invariant quantity in the conservative case. Specifically, we considered the system (15)-
(23) with no external excitations (P = U = 0), no damping (@ = y = 0), and physical parameters identical to those in
(54) below. In this system, it follows from (37) that the discrete energy &” must remain invariant, i.e., &" = &° for all
n. Figure 2 shows that the fluctuation of the invariant energy, calculated as |6" — &°|/&°, remains reasonably small and
consistent across different initial velocity values V. This confirms the accuracy of the scheme’s implementation.
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Figure 2. Relative errors |£" — &°|/&° for conservative system (P = U. = a = y = 0) with varying initial velocities V°

6.1 Viscoelastic beam subjected to follower force

In this subsection, we examine the behavior of a viscoelastic beam subjected to a compressive follower force,
characterized by

o >0in(3), % >0in(6), U.=0in(6), Py>0in(9).

6.1.1 Physical parameters

The material and geometric parameters of the beam, as specified in (1)-(4), were set as
p =2,840 kg/m’], A=bh, [=bh’/12, E=69[GPa), L=0.508 m], (54)
(base b =0.0254 [m],  height 2 = 0.0015 [m]).

The corresponding physical parameters in the normalized Equations (15)-(23) were calculated by (14): especially,

B =1.38x10°

The parameters in (54) are the same as those adopted in the simulation by McHugh and Dowell [4] based on the v-
model (13). Due to the constraints of the v-model, they focused on motion where the vertical displacement of the beam’s
free end remained within approximately 20% of the beam length. The analyses in this section based on the ¢-model does
not require such restrictions.

Throughout this subsection, the axes in all figures represent normalized quantities as defined in (15)-(23). Their
correspondence to unnormalized quantities from (1)-(9) is detailed in Table 1.
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Table 1. Correspondence of normalized and actual quantities for follower force problem (v = \/pL? /E in the table)

Normalized quantity Actual quantity
time t 1.03x107* ¢ (=1v)
energy & 0.97& (=¢ (EI/L))
displacement (X, 7) 0.508 (X, Y) (= (LX,LY))
frequency F 9.71x 10 F (=F/v)
internal damping o a=0.121 a/\/B (=av)
fluid density y % =1050 y\/B  (=yAVpE/L)
follower force P Py=191P (=PEI/L?)
initial velocity Vo 9.71 x 10* V° (=Vov)

6.1.2 Snapshots, time histories of energy, and limit cycles

The damping parameters were set to ¢/ \/B =0.04 and y\/ﬁ =0.05.

For a follower load of P = 22, the time history of the total energy &” (defined in (36)) reveals that the system
converges to a limit cycle oscillation, as seen in Figure 3a. Figure 3b shows snapshots of the beam’s shape at specific time
points (indicated by asterisks in Figure 3a); each shape was calculated as the parametric curve x — (X" (x), Y"(x)) with

X0 = [(cosg’(€) dE, ¥ = [(sing’(§) d&, 0<x<1, (55)

The red curve in Figure 3b corresponds to the trajectory of the end point (x = 1) during the limit cycle phase (indicated
by blue line in Figure 3a). Similar trajectories are drawn in Figure 4 for several values of follower force P.

@ (b)

8 T T . T 0.8
7r 1 0.6
6F 1 0.4
< st 1 0.2
w3
& 4 {f = 0
5
M 3r . -0.2
2r . -0.4
1k J -0.6
0 . . \ \ \ -0.8
0 2,000 4,000 6,000 8,000 1,0000 12,000 0 0.5 1
Time (9 X
Total energy: asterisks correspond to beam shapes in (b) Snapshots

Figure 3. Time evolution of total energy and snapshots of beam motion for follower force P = 22 and damping o/ \/B =0.04, }/\/E =0.05
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Figure 5. Total energies of beam with varying initial velocities. P =22, ot/ \/E =0.04, }/\/B =0.05

Furthermore, the effect of initial conditions on the limit cycle was investigated, demonstrating in Figure 5 that
different initial velocities eventually converge to the same limit cycle oscillation.

6.1.3 Stability of the system

To study the stability of the system, we varied the internal damping coefficient o while fixing the external damping
to yy/B = 0.05.

The stability changes with the magnitude of the follower force P. For the case of no internal damping (& = 0),
eigenvalue analysis of a linearized model estimates the critical value P of P below which the system is stable as
approximately Pt ~ 20.05 (see e.g., [3, 4]). This result is consistent with our nonlinear model as shown in Figure
6, where the total energy decays exponentially for P < 20.04 and converges to limit cycle oscillations for P > 20.06.
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Figure 7. Energy levels and frequencies of limit cycle oscillations caused by follower force. }/\/B =0.05

Next, we examined the effect of internal damping on stability. Known as the the Ziegler’s paradox, internal damping

within a certain range destabilizes Beck’s beam, reducing the critical force P (see e.g., [3]). Numerical simulations
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with our nonlinear model confirmed this destabilizing effect and revealed the post-critical behavior of the beam. As
shown in Figure 7a, the energy level & of the limit cycle, calculated as the time-averaged &(t) during the limit cycle
phase, increases as the damping coefficient ¢ increased over a certain range for all P values.

Additionally, the energy level of the limit cycle is observed in Figure 7b to depend linearly on the magnitude of P,
with the critical value P (estimated as the curve’s intercept with the abscissa) varying with ¢ as follows (Table 2):

Table 2. Estimates of critical values for follower force

o/\/B 0 0.0001 0.001 0.01 0.1

Perit 20.04 < Pt <20.06  19.6 < Perig < 19.8 16.0 < Py < 16.2 12.0 < Py < 12.2 13.8 < Pyt < 14.0

The frequency of the limit cycle oscillations also increases linearly with P while decreasing with higher o values, as
seen in Figure 7c. The frequency was calculated from the time required for the beam’s endpoint to complete one full loop
of its trajectory.

6.2 Viscoelastic beam subjected to axial flow-Simplified case with linear piston theory

In this section, we analyze a viscoelastic beam subjected to axial flow. The governing parameters are specified as
follows:

o >0in(3), % >0in(6), U.#0in(6), Py=0in(9).

6.2.1 Physical parameters

The material and geometric properties of the beam, as described in (1)-(3), were set as

EI %

along with
p =2,800 kg/m’], A=4x10"[m?], E =70[GPa].

The parameters satisfying (56) were also adopted in the simulation by Deliyianni et al. [8] based on v-model (13).
Using (14), the normalized parameters become

B(=E/p)=25x10", a=an/B, y=1/VB, U=U/\/B.

Throughout this subsection, unless otherwise specified, the axes in all figures represent normalized quantities as
defined in (15)-(23). Their correspondence to unnormalized quantities from (1)-(9) is detailed in Table 3.
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6.2.2 Positive flow speed

Snapshots, Time Histories of Energy, and Limit Cycles

Table 3. Correspondence of normalized and actual quantities for beam s.t. axial flow

Normalized quantity

Actual quantity

time t
energy &
displacement (X,7)
frequency F
internal damping o
fluid density b4
flow speed U
initial velocity Vo

2% 1074 ¢ (=t//B)
0.112¢& (=¢ (EI/L))
(X, Y) (=(LX, LY))
5,000 F (=F+/B)

a=a/\/B

1 =0.112 (= ypAV/B)

Uo=500U  (=U\/B)

5,000 V° (=V°/B)

First, we consider the case of positive flow velocity, U., > 0, where the flow moves from the clamped end to the free

end.

For flow speed of U, (= 5,000 U) = 400, the time history of the total energy &” reveals that the system converges
to a limit cycle oscillation, as seen in Figure 8a. Figure 8b shows snapshots of the beam’s shape at specific time points
(indicated by asterisks in Figure 8a); each shape was calculated as the parametric curve x — (X" (x), Y"(x)) defined by (55).
The red curve in Figure 8b corresponds to the trajectory of the end point (x = 1) during the limit cycle phase (indicated

by blue line in Figure 8a).

Figure 9 illustrates that different initial velocities eventually converge to the same limit cycle oscillation.

@

(b)

50 0.8
457 1 0.6
40 © 1
0.4
35+ 1
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= 30 ] ~
& 25¢ i 0
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5 20 1 0.2
151 i -0.4
10 - .
5L | 0.6
0 ‘ ‘ -0.8
0 0.5 1 15 g 25 0
4
Time () x 10

Total energy: asterisks correspond to beam shape in (b)

0.5
X
Snapshots

Figure 8. Time evolution of total energy and snapshots of beam motion for flow velocity U.. = 400 and damping o = 0.1
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Stability of the System

The stability of the system depends on the flow speed U.. According to Deliyianni et al. [8], eigenvalue analysis of
a linearized model estimates the critical flow speed below which the system is stable as U ~ 135.9 for the case of no
internal damping (0 = 0). Simulations with our nonlinear model confirm this estimate: for U, > 136.0, the total energy
evolves into limit cycle oscillations, while for U, < 135.9, the energy decays exponentially, as seen in Figure 10.

10! . - ‘ ‘ ‘ 50 , - ‘ ‘ ‘
; —U,=136.1 —U, = 1,000
—U,=136.0 45 S

U, =1359 40

1o°“‘V

10"F A

107

Energy £(1)
Energy £(1)

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
Time ¢ Time ¢ x 10°

Near critical velocities U,=1,000

Figure 10. Total energies of undamped (o = 0) beam in the flow

As observed in Beck’s beam, internal damping in a certain range destabilizes the system. Figure 11a shows that the
energy level & of the limit cycle, calculated as the time-averaged &(¢) during the limit cycle phase, increases with the
damping coefficient o over a certain range for all U values.
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Figure 11. Energy levels and frequencies of limit cycle oscillations caused by axial flow

Additionally, Figure 11b shows that the critical flow speed Uy, estimated as the point where each curve intersects
the abscissa, slightly decreases with increasing ¢ (Table 4):

Table 4. Estimates of critical values for flow speed

o (= a/\/B) 0 0.00001 0.01 0.1

1359 < Uqir < 136.0 135 < Ugiy <136 96 < Uiy <97 96 < Uepir < 97

On the other hand, increasing damping reduces the frequency of the limit cycle oscillations for a given U.., as seen
in Figure 11c.

6.2.3 Negative flow speed

Finally, we consider the inverted flag configuration, where the flow moves from the free end to the clamped end, i.e.,
U. < 0. The internal damping is fixed as op = 0.01.

There exists a critical flow speed U such that for 0 < —U., < —Uy;, the beam converges to a trivial equilibrium,
whereas for —U; < —Us, the beam converges to a non-trivial equilibrium. Figure 12 illustrates that the critical value
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lies within 6.3 < —UL < 6.4. Figure 13a shows the equilibrium configurations for various U, values, and Figure 13b
does the corresponding convergence of total energy to equilibrium levels.
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Figure 12. Total energies of inverted flag in the flow of near critical velocities. o = 0.01
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Figure 13. Asymptotic behavior of inverted flag in the flow of varying velocities. oy = 0.01

7. Conclusions and future scope

This paper presented a numerical study of a nonlinear model, referred to as the ¢-model, which describes the
geometrically large deflection and planar motion of an inextensible cantilevered beam subjected to non-conservative
forces. Two types of non-conservative forces were considered: a compressive follower force (Beck’s beam) and piston-
theoretic pressure resulting from axial airflow.

To approximate solutions of the initial-boundary value problem (IBVP) for this model, a spectral Galerkin scheme
was proposed. Its numerical validity was established by proving that if the exact solution of the original problem belongs
to the C"-class for some m, the scheme is convergent of order O(N~""+€) + O(At?).

Numerical simulations were conducted using the proposed scheme to investigate the critical values of non-
conservative forces and the system’s post-critical behavior. For Beck’s beam, critical follower forces were determined
for varying levels of internal damping. The values determined using the ¢-model were shown to agree with previously
published results based on eigenvalue analyses of linearized models. Regarding the post-critical regime, a detailed analysis
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of the destabilizing effects of internal damping revealed that, for each magnitude of follower force, there exists a finite
range of internal damping where increasing the damping increases the amplitude of limit cycle oscillations (LCOs).

Similar findings were obtained for the piston-theoretic beam. Critical flow velocities were determined for varying
levels of internal damping. In particular, in the absence of internal damping, the determined critical flow velocity was
shown to agree with previously published results. Furthermore, it was demonstrated that the increasing effect of internal
damping on the amplitude of LCOs observed in Beck’s beam also applies to the piston-theoretic beam. Additionally, the
inverted flag problem, corresponding to negative flow velocities, was discussed.

Building upon the results of this paper, several important directions for future research can be explored:

* In the proposed scheme, the time derivative was discretized using a central difference method, allowing for rigorous
error evaluation. However, for improved computational efficiency, the introduction of higher-accuracy discretization
methods is desirable. Nevertheless, simply applying conventional discretization methods does not guarantee a scheme
with rigorous error evaluation. It is necessary to reconsider the overall structure, including aspects beyond just the time
derivative.

* The present study assumes that the beam has a uniform cross-section and homogeneous material properties. An
important future direction is to explore whether the proposed scheme can be extended to models with non-uniform
cross-sections, nonlinear materials or layered materials. In such cases, a critical challenge remains: ensuring that the
mathematical proof of rigorous error evaluation, which is a primary focus of this study, can still be established.

* This paper focused on in-plane beam motion, but beam equations describing three-dimensional motion are also well
known [15]. Developing a numerical scheme for such three-dimensional beam equations is another promising research
direction.

* For the v-model, some studies compare numerical analyses with experimental results (e.g., [18, 19, 31]). Similar
studies are also desirable for the present ¢-model, which considers geometrically large deformations of beams.
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