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Abstract: Solving time-fractional nonlinear equations, such as the Newell-Whitehead-Segel (N-W-S) and Burger’s
equations, is inherently complex due to the intricacies of fractional calculus and the limitations of current numerical
and analytical techniques. This study introduces the Tarig Projected Differential Transform Method (TPDTM), a hybrid
approach that offers a novel solution to time-fractional linear and nonlinear partial differential equations (PDEs) without
the need for linearization, perturbation, or variable discretization. TPDTM stands out as a simple yet powerful method,
offering remarkable accuracy, computational efficiency, and ease of implementation. In comparative analysis with the
Finite DifferenceMethod (FDM) and Laplace Adomian DecompositionMethod (LADM), TPDTM demonstrates superior
performance, particularly in its handling of Adomian polynomials, all while preserving stability and precision. With its
rapid convergence and versatility, TPDTM proves to be a robust tool for tackling complex fractional PDEs, making
it highly valuable for applied mathematics and physics. Looking forward, expanding TPDTM’s application to coupled
fractional systems and multi-scale problems will not only enhance its theoretical depth but also open exciting new
possibilities for breakthroughs in engineering, physics, and computational modeling.
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1. Introduction
Fractional calculus, a fascinating extension of classical calculus, delves into the realm of arbitrary derivatives and

integrals, redefining howwe approachmathematical modelling. Unlike traditional integer-order derivatives, which operate
locally, fractional-order derivatives possess a unique non-local characteristic, capturing memory effects and long-range
dependencies. This non-locality makes fractional differential equations (FDEs) a powerful generalization of classical
differential equations, bridging the gap between theory and real-world complexities. While many conventional models
rely on integer-order derivatives, they often struggle to fully capture the intricacies of nonlinear systems. FDEs, on
the other hand, provide a more flexible and accurate framework, making them indispensable in modern scientific and
engineering applications.
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From signal and image processing to control systems, vibration analysis [1], biomedical engineering [2], fluid
mechanics [3], and chemistry [4], fractional calculus have transformed the way we simulate and analyze complex
processes. By incorporating memory and hereditary properties, fractional models offer deeper insights into dynamic
behaviors that classical equations fail to address effectively. As research in this field continues to advance, its potential
to revolutionize various disciplines grows exponentially, paving the way for more precise and efficient modeling of real-
world phenomena.

The choice of a fractional derivative defines a system’s mathematical structure and physical relevance, crucial
for extending models to capture complex phenomena. Various definitions-Riemann-Liouville, Caputo, Caputo-Fabrizio,
Grunwald-Letnikov, Riesz, andAtangana-Baleanu-address differentmodeling needs. The Caputo derivative suits physical
systems with standard initial conditions, while Riemann-Liouville is mathematically rigorous but may introduce non-
physical constraints. For processes with smooth memory effects, Atangana-Baleanu and Caputo-Fabrizio derivatives
offer superior modeling. Each derivative also presents unique numerical challenges, influencing computational methods
for solving fractional differential equations [5, 6].

Numerous strategies have emerged to solve differential equations involving fractional-order derivatives to attain
more consistency and accuracy of the solution. Among the most sophisticated numerical techniques are the Adomian
Decomposition Method (ADM) [7], the Homotopy Perturbation Method (HPM) [8], the Homotopy Perturbation
Transform Method (HPTM) [9], the Laplace Decomposition Method (LDM) [10], the Finite Element Method (FEM)
[11], FDM [12], the Variation Iteration Method (VIM) [13], the New Iterative Method (NIM) [14], LADM [15], the
Perturbation Iteration Transform Method (PITM) [16], the New Homotopy Analysis Transform Method (NHATM) [17],
and the Homotopy Analysis Method (HAM) [18].

Each of these approaches offers distinct advantages, yet none are without limitations. While FEM is powerful,
particularly in handling complex geometries and boundary conditions, its efficacy diminishes when applied to large-scale
three-dimensional (3D) problems. The accuracy of its solutions is highly contingent on mesh quality, and refining this
mesh comes at a significant computational cost. Thus, despite their advancements, these methods still present challenges,
paving the way for continued research into even more refined and efficient solutions.

HPM offers analytical approximations, but it may not be effective for non-linear systems. The major flaw of HPM
is that it needs to calculate the functional equation for each iteration, a difficult and time-consuming. Both HPM and
HPTM depend on building a suitable homotopy, which can be difficult for complicated problems and requires a balance
between perturbation and iteration terms, which is not always intuitive. The LDMand FDMmay have trouble guaranteeing
convergence over a long-time interval. LADM is helpful for series solutions, but complex boundary conditions may cause
it to fail to converge or necessitate considerable adjustments. Much effort has been put into developing the analytical and
numerical solutions for a variety of linear and nonlinear fractional differential equations. For instance, the time-fractional
Zakharov-Kuznetsov (ZKE) [19], Burgers-Huxley (BH) [20], Noyes-Field (NF) model of Belousov-Zhabotinsky (BZ)
[21], Benjamin Bona Mahony Burger (BBMB) [22], Poisson (P) [23], Telegraph (TE), Laplace (L) and Wave (W)
Equations [24].

In this research, we solve the time-fractional PDEs using a unique hybrid approach called the TPDTM [25], which
combines the transform [26] with the Projected Differential Transform Method [27]. To understand the efficiency of
this recently developed approach, we consider two distinct differential equations, namely the fractional N-W-S equation
and Burger’s equation. An attempt is made to compare hybrid TPDTM technique with well-known numerical methods,
including FDM and LADM, respectively.

The standard N-W-S equation [28] of integer order is defined as follows

Ut = kUxx +aU −bUq.

where U(x, t) is a function of space (x ∈ R) and time (t ≥ 0) co-ordinate. Here, U represents the modelled physical
quantity such as non-linear temperature distribution in either a narrow and infinitely long rod or the flow velocity of fluid
in a pipe of small diameter and infinite length. The derivative, Ut represents the first order partial rate of change of U
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with respect to time. The derivativeUxx, represents the second order partial rate of change inU with respect a given space
variable (coordinate) x. Here, k > 0 is the diffusion coefficient, the term aU represents the linear source,−bUq represents
the non-linear source term, and the exponent term q controlling the non-linear nature, and q = 3, is the standard value for
the N-W-S equation [28].

In this work, we analyse the fractional model of the N-W-S equation of the form

DαU = kUxx +aU −bUq, 0 < α ≤ 1.

where the parameter α , which indicates the order of the time-fractional derivative. The fractional derivative has been
taken in Caputo’s sense. If α = 1, the fractional N-W-S equations reduce to the classical N-W-S equation.

The time-fractional N-W-S equation models particle motion while incorporating memory effects. When variations
exhibit heavy-tailed behaviour, a space-fractional derivative naturally emerges, capturing particle dynamics and the
influence of low-field variations across the system. Furthermore, the fractional order in the temporal derivative indicates
a weighted adjustment of system memory. As a result, a deep understanding of the time-fractional N-W-S equation is
essential [28]. The well-known amplitude equation (the N-W-S equation) also explains the dynamic behavior of many
physical systems close to their bifurcation point. It is a powerful tool for analyzing the binary fluid mixture’s pattern
formation and dynamics in Rayleigh-Benard convection [29] and pattern formation in reaction-diffusion systems [30].
This equation also captures the system’s essential physics near the onset of instability several researchers have, therefore,
applied various numerical techniques such as ADM [7], HPTM [9], FEM [11], NIM [14], VIM [28], LADM [31], and
MRPSM [32] to find the approximate solution of the N-W-S equation.

A non-linear PDE-classical Burger’s equation, is fascinating to researchers exploring a wide range of physical
phenomena, including shock wave theory, fluid dynamics, turbulent flow, and gas dynamics [33, 34]. This equation is
one of the most helpful equations for formulations of shock wave behavior, revealing non-linear advection and diffusion
[33]. Bateman initially examined the Burger equation, which looks as follow.

Ut +UUx =VUxx.

Burgers later presented it as a mathematical model for turbulent flow.
It is a model for testing various numerical approaches, because it contains an advection term, UUx, and a viscosity

term, VUxx. The Navier-Stokes equation in the one-dimensional version gives Burger’s equation when the pressure and
force variables are neglected [34]. The dimensional inhomogeneous fractional Burgers equation is a form of the classical
Burgers equation that includes fractional derivatives and inhomogeneous variables [34]. This equation is also helpful since
it allows us to compare the quality of numerical methods used to solve a non-linear problem. Researchers are working on
Burger’s equation, some of their studies with different numerical techniques include NHATM [17], DTM [34], MRPSM
[35], VIM and ADM [36], NIM [37], and GDTM [38].

Because of their various applications in daily life, researchers have been continuing their studies to find the solutions
to the N-W-S and Burger equations [39–49]. However, the research workers have yet to use this proposed hybrid technique
to study the solution of these well-known equations. Motivated by the existing literature’s gaps, the present research is
the first of its kind to employ TPDTM to get the numerical approximate solutions for the N-W-S and Burger’s equations.

The outline of the paper is as follows. Section 2 introduces specific terminology and mathematical foundations of
the fractional calculus theory. In Section 3, the efficacy of the suggested approach is tested through the solution of N-W-S
and Burger equations with fractional order derivatives. Section 4 provides the numerical results and a discussion of the
findings. The findings are described and summarized in the conclusions in Section 5.
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2. Methodology
2.1 Basic definitions

This section introduces a systematic overview of some definitions pertaining to fractional derivatives.
Definition 1 [50] The Reimann-Liouville fractional integrals operator of order α > 0 of the left and right sided are

defined for any function f (t) ∈ L1(a, b), α > 0 as:

(
Iα
a+ f

)
(t) =

1
Γ(α)

∫ ∞

a
(t − τ)α−1 f (τ)dτ, t > α.

(
Iα
b− f

)
(t) =

1
Γ(α)

∫ b

−∞
(τ − t)α−1 f (τ)dτ, t < α.

Definition 2 [50] The Riemann integral on the half axis subjected to variable limit can be defined as

(
Iα
0+ f

)
(t) =

1
Γ(α)

∫ ∞

a
(t − τ)α−1 f (τ)dτ, 0 < t < ∞.

Definition 3 [50] The left- and right-handed Riemann-Liouville fractional derivatives of order α , 0 < α < 1 in the
interval [a, b] are defined as

(
Dα

a+ f
)
(t) =

1
Γ(1−α)

d
dt

∫ t

a
(t − τ)−α f (τ)dτ.

(
Dα

b− f
)
(t) =

1
Γ(1−α)

d
dt

∫ b

t
(τ − t)−α f (τ)dτ.

Definition 4 [51] The fractional derivative of f (t) in the Caputo sense is defined by

Dα f (t) =
1

Γ(n−α)

∫ t

0
(t − τ)n−α−1 f n(τ)dτ.

for n−1 < α ≤ n, n ∈ N, t > 0.
Definition 5 [50] The Mittag-Leffler function which is the generalization of exponential function is defined as

Eα(Z) =
∞

∑
n=0

Zn

Γ(nα +1)
.

where α ∈C, R(α)> 0.

2.2 Tarig transform

The Tarig transform of a time domain function, f (t) is defined as follows [26]:
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T [ f (t)] =
1
ϑ

∫ ∞

0
e

−t
ϑ2 f (t)dt, ϑ ̸= 0. (1)

where ϑ is the frequency domain variable.
Let f (t) and g(t) are two functions in the time domain. Their frequency domain functions under the Tarig transform

are F(ϑ) and G(ϑ) respectively. If F(ϑ) is the Tarig transform of f (t) with order α , the Tarig transform of the fractional
integral of f (t) with order α [26] is:

T
[(

Iα
0+ f )(t)

)]
= ϑ 2α F(ϑ) = ϑ 2α T [ f (t)] . (2)

In a similar way, the Tarig transform of the fractional derivative of f (t) of order α [25] is:

T [Dα f (t)] = Fα(ϑ) =
1

ϑ 2α F(ϑ)−
n

∑
i=1

ϑ 2(i−α)−1 f (i−1)(0). (3)

2.3 Projected differential transform method (PDTM)

I. If f (r1, r2, . . . , rn) is a multivariable function, its PDTM can be defined [27] as follows:

f (r1, r2, . . . , rn−1, k) =
1
k!

[
∂ k f (r1, r2, . . . , rn)

∂ rk
n

]
rn

. (4)

where f (r1, r2, . . . , rn) is the original function, while the projected differential transform function is f (r1, r2, . . . ,

rn−1, k).
II. The differential inverse transform of f (r1, r2, . . . , rn−1, k) can be defined [27] as follows:

f (r1, r2, . . . , rn) =
∞

∑
k=0

f (r1, r2, . . . , rn−1, k)(r− r0)
k. (5)

Now, we will give some fundamental theorems obtained by the PDTM that are pertinent to our work.
III. Let u(r1, r2, . . . , rn) and v(r1, r2, . . . , rn) be any two multivariable functions and their transformed functions

are u(r1, r2, . . . , rn−1, k) and v(r1, r2, . . . , rn−1, k) respectively. Let c be a constant. If [27],
i. z(r1, r2, . . . , rn) = u(r1, r2, . . . , rn)±v(r1, r2, . . . , rn), then z(r1, r2, . . . , rn−1, k) = u(r1, r2, . . . , rn−1, k)±

v(r1, r2, . . . , rn−1, k).
ii. z(r1, r2, . . . , rn) = cu(r1, r2, . . . , rn), then, z(r1, r2, . . . , rn−1, k) = cu(r1, r2, . . . , rn−1, k) .

iii. z(r1, r2, . . . , rn) =
dnu(r1, r2, . . . , rn)

drn
n

, then, z(r1, r2, . . . , rn−1, k) =
k+n

k!
u(r1, r2, . . . , rn−1, k+n).

iv. z(r1, r2, . . . , rn) = u(r1, r2, . . . , rn)v(r1, r2, . . . , rn), then z(r1, r2, . . . , rn−1, k) = ∑k
m=0 u(r1, r2, . . . , rn−1,

m) v(r1, r2, . . . , rn−1, m) .

v. z(r1, r2, . . . , rn) = u1 (r1, r2, . . . , rn)u2 (r1, r2, . . . , rn) . . . un (r1, r2, . . . , rn), then z(r1, r2, . . . , rn−1, k) =
∑k

kn−1=0 ∑kn−1
kn−2=0

. . . ∑k3
k2=0 ∑k2

k1=0 u1 (r1, r2, . . . , rn−1, k1)u2 (r1, r2, . . . , rn−1, k2 − k1) un−1(r1, r2, . . . , rn−1, kn−1−kn−2)

. . . un (r1, r2, . . . , rn−1, k− kn−1).
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2.4 Basic algorithm of TPDTM

Consider the given non-linear time-fractional PDE:

DαU(x, t)+RU(x, t)+NU(x, t) = g(x, t). (6)

with the initial condition:

U(x, 0) = f (x). (7)

where Dα =
∂ α

∂ tα is the fractional order differential operator, R is the linear differential operator, N is the non-linear
differential operator and g(x, t) is the source term.

By applying the Tarig transform (T ) [25] on both sides of equation (6), we get

T [DαU(x, t)]+T [RU(x, t)]+T [NU(x, t)] = T [g(x, t)] . (8)

Using the differential property of Tarig transform (3) [25] on equations (6) and (7), we get

T [U(x, t)] = ϑ f (x)+ϑ 2α [T [g(x, t)]−T [RU(x, t)]+ T [NU(x, t)]] . (9)

Applying the inverse of the Tarig transform [25] on both sides of equation (9), we get,

U(x, t) = G(x, t)−T−1 [ϑ 2α [T [RU(x, t)]+ T [NU(x, t)]]
]
. (10)

where G(x, t) represent the term arising from the source term and the initial condition.
Using PDTM [25], the non-linear term can be decomposed as

U(x, m+1) =−T−1 [ϑ 2α [T [RU(x, m)]+T [NU(x, m)]]
]
, m ≥ 0, U(x, 0) = f (x). (11)

The exact solution of equations (6) and (7) is of the series form:

U(x, t) =
∞

∑
m=0

U(x, m). (12)

whereU(x, m) is obtained as a function of x and t.

2.5 Error calculation, stability and convergence of the method

It is important to understand the convergence of the series obtained in equation (12) by TPDTM. The approximate
solution of the equation (6) with the initial condition (7) can be obtained as
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Uapp(k)(x, t) =
k

∑
m=0

U(x, m).

From equation (12) by shortening the terms for m = k+1, k+2, … ∞. Then, the exact solution of equation (6) with
equation (7) is represented as

U(x, t) =Uapp(k)(x, t)+ eUk(x, t).

where eUk(x, t) is the error function.
Generally, the absolute error is defined as eUk(x, t) =

∣∣U(x, t)−Uapp(k)(x, t)
∣∣. But in most real-world cases the

exact solutionU(x, t) is unknown. So, define the approximate absolute error as

EUk(x, t) =
∣∣Uapp(k)(x, t)−Uapp(k+1)(x, t)

∣∣ . (13)

To conform the convergence of equation (12), it is essential to show that the sequence {EUk(x, t)} is a convergent
sequence. Since the convergence is bounded below, it is sufficient to show that the sequence {EUk(x, t)} exhibits
monotonic decreasing behavior.

Hence, the convergence criteria is
∣∣∣∣EU p(x, t)
EUk(x, t)

∣∣∣∣< 1, for k < p.

With the following algorithm, the convergence of the iterative solutionUapp(k)(x, t) to the exact solutionU(x, t) can
be shown as follows [25].

• DetermineUapp(k)(x, t),Uapp(k+1)(x, t).
• DetermineUapp(p)(x, t),Uapp(p+1)(x, t), k ≤ p.
• Define EUk(x, t) =

∣∣Uapp(k)(x, t)−Uapp(k+1)(x, t)
∣∣, EU p(x, t) =

∣∣Uapp(p)(x, t)−Uapp(p+1)(x, t)
∣∣, for some t and

x.
• If EUk(x, t)≥ EU p(x, t), it can be inferred thatUapp(k)(x, t) converges to the exact solutionU(x, t) when k → ∞.
This approach is used in this study to demonstrate the convergence of the series solution found using TPDTM.

2.6 Basic algorithm for FDM and LADM

Algorithm for FDM [12, 52]
Step 1: Consider the PDE, specify the temporal and spatial domains and discretize them.
Step 2: Use the finite difference approximations and update the equation by combining these approximations.
Step 3: Use the boundary conditions and iteratively solve the resulting equations.
Step 4: Store the solution asU(x, t).
Algorithm for LADM [15, 31]
Step 1: Consider the PDE, with initial conditions and then apply Laplace transform.
Step 2: The nonlinear term is broken down into Adomian polynomials.
Step 3: Iteratively solve the resulting equations.
Step 4: Apply inverse Laplace transform to get the approximate solutionU(x, t).
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3. Numerical test examples
3.1 Newell-whitehead-segel equation

The N-W-S equation, DαU =Uxx −2U , 0 < α ≤ 1, is obtained from the fractional N-W-S equation DαU = kUxx +

aU −bUq, 0 < α ≤ 1, by putting k = 1, a =−2, and b = 0, and we omit the non-linear term q.
Consider the linear time fractional N-W-S equation

DαU =Uxx −2U, 0 < α ≤ 1. (14)

with initial condition

U(x, 0) = ex. (15)

If α = 1, then the exact solution of equation (14) with initial condition (15) is ex−t . Apply Tarig transform on RHS
and LHS of the equation (14) and using the differential property of Tarig transform (3), we get

T [U(x, t)]=ϑex +ϑ 2α [T [Uxx −2U ]] . (16)

Applying inverse Tarig transform on two sides of equation (16), we get

U(x, t) = ex +T−1 [ϑ 2α [T [Uxx −2U ]]
]
, since T−1(ϑ) = 1. (17)

Using PDTM, equation (17) can be transformed to

U(x, m+1) = T−1 [ϑ 2α [T [Uxx −2U ]]
]
, m ≥ 0, U(x, 0) = ex. (18)

From the equation (18), we obtain:

U(x, 1) =−ex tα

Γ(α +1)
.

U(x, 2) = ex t2α

Γ(2α +1)
.

U(x, 3) =−ex t3α

Γ(3α +1)
.
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. . .

U(x, n) = (−1)nex tnα

Γ(nα +1)
.

We iteratively derive the remaining terms of the series in the same manner. Thus, utilizing the TPDTM, the series
solution of the problem (14) with (15) is provided by

U(x, t) =U(x, 0)+U(x, 1)+U(x, 2)+ . . .= ex
∞

∑
k=0

(−1)k tkα

Γ(kα +1)
. (19)

The recursive structure of the series solution (19) by using TPDTM, with each term is found by utilizing the fractional
calculus formulation of the governing equation.

3.2 Burger’s equation

In this paper, we consider the Burger’s equation with zero viscosity

Ut +UUx = 0. (20)

which is also known as the inviscid Burger’s equation. The classical study of inviscid Burger’s equation is the base for
studying more sophisticated non-linear wave equations, because it possesses non-linear conservation principles.

Consider the inviscid Burger’s equation,

DαU =−UUx, with initial condition U(x, 0) = x. (21)

If α = 1, then the exact solution of equation (21) is
x

t +1
.

Apply Tarig transform on LHS and RHS parts of the equation (20) and using the differential property of Tarig
transform (3), we get

T [U(x, t)]=ϑx−ϑ 2α [T [UUx]] . (22)

Applying inverse Tarig transform on two sides of the equation (22), we get

U(x, t) = x−T−1 [ϑ 2α [T [UUx]]
]
, since T−1(ϑ) = 1. (23)

Using PDTM, equation (23) transformed to

U(x, m+1) =−T−1 [ϑ 2α [T [UUx]]
]
, m ≥ 0, U(x, 0) = x. (24)
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From the equation (24), we obtain:

U(x, 1) =
−x

Γ(α +1)
tα

U(x, 2) =
−x

(Γ(α +1))2

(
Γ(2α +1)
Γ(3α +1)

)
t3α

U(x, 3) =
−x

(Γ(α +1))4

(
Γ(2α +1)
Γ(3α +1)

)2(Γ(4α +1)
Γ(5α +1)

)
t5α

U(x, 4) =
−x

(Γ(α +1))8

(
Γ(2α +1)
Γ(3α +1)

)4(Γ(4α +1)
Γ(5α +1)

)2(Γ(6α +1)
Γ(7α +1)

)
t7α

. . .

U(x, n) =
−x

(Γ(α +1))(2n−2)

n

∏
k=1

(
Γ((2k)α +1)

Γ((2k+1)α +1)

)2n−k

t(2n−1)α .

We iteratively derive the remaining terms of the series in the same manner. Thus, utilizing the TPDTM, the series
solution of the problem (21) is provided by

U(x, t) =U(x, 0)+U(x, 1)+U(x, 2)+ . . .= x−
∞

∑
n=1

x

(Γ(α +1))(2n−2)

n

∏
k=1

(
Γ((2k)α +1)

Γ((2k+1)α +1)

)2n−k

t(2n−1)α . (25)

The recursive structure of the series solution (25) by using TPDTM, with each term is found by utilizing the fractional
calculus formulation of the governing equation.

4. Results and discussion
Approximate solutions of the time-fractional N-W-S and Burger equations were solved via TPDTM using MATLAB

software. To understand the efficacy of TPDTM, a comparative analysis between TPDTM and FDM [12, 52] and LADM
[15, 31] is made. Table 1 represents the approximate numerical solution of the fractional N-W-S equation for different
values of fractional order α = 0.25, 0.50, 0.75, and 1. The corresponding graphical representations are shown in
Figures 1 and 2. Figures 3-5 indicate the approximate numerical solution of the fractional N-W-S equation obtained
by TPDTM, FDM, and LADM. From Figures 3 and 5, it is obvious that the solutions obtained exhibit uniformity using
TPDTM (Figure 3) and LADM (Figure 5), though Figure 4 exhibits sharper gradients and variations near the boundary
regions.

To quantitatively validate this observation, we compare the absolute error as:

Absolute error = | Exact solution−TPDTM approximate solution|.
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and the relative error as:

Relative error=
| Exact solution−TPDTM approximate solution |

| Exact solution |
.

for different values of k and x. The results show a decreasing error trend, reinforcing the convergence of TPDTM.

Table 1. Numerical values ofU(x, t) for different values of α and x for a fixed value of t of test example 1

x U(x, t) at t = 1

α = 0.25 α = 0.5 α = 0.75 α = 1

−5 0.0031254 0.002881 0.0026487 0.0024788
−4 0.0084958 0.0078315 0.0072 0.0067379
−3 0.023094 0.021288 0.019572 0.018316
−2 0.062776 0.057867 0.053201 0.049787
−1 0.17064 0.1573 0.14462 0.13534
0 0.46385 0.42758 0.39311 0.36788
1 1.2609 1.1623 1.0686 1
2 3.4274 3.1594 2.9047 2.7183
3 9.3167 8.5882 7.8958 7.3891
4 25.326 23.345 21.463 20.086
5 68.842 63.459 58.342 54.598

Figure 1. The approximate solutionU(x, t) for different values (a) α = 0.25, (b) α = 0.50, (c) α = 0.75, and (d) α = 1 of test example 1
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Figure 2. Plots ofU(x, t) vs. x at α = 0.25, 0.5, 0.75, and α = 1 at t = 1 for approximate solution of test example 1

Figure 3. Plots ofU(x, t) for α = 1 using TPDTM for test example 1

Figure 4. Plots ofU(x, t) for α = 1 using FDM for test example 1
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Figure 5. Plots ofU(x, t) for α = 1 using LADM for test example 1

To compare TPDTM with other methods, such as the Adomian Decomposition Method (ADM) or Homotopy
Perturbation Method (HPM), we observe that TPDTM yields lower absolute and relative errors for the same number of
terms. This indicates that TPDTM provides better convergence efficiency while maintaining stability. Therefore, based
on the error analysis and comparative results, it can be concluded that TPDTM is an effective, accurate, and stable method
for solving the N-W-S equation.

From Figure 6, the exact and approximate solutions of the fractional N-W-S equation obtained using TPDTM exhibit
perfect agreement. Additionally, Table 2 presents the maximum errors for each k at various x-values, offering deeper
insight into the stability and convergence characteristics of TPDTM. Using equation (13), the absolute approximate
solution of the N-W-S equation is tabulated in Table 2. From Table 2, it is observed that an increase in k results in a
reduction in the value of error, demonstrating the approximate solution obtained using the TPDTM method converges
toward the exact solution, which indicates the method TPDTM converging well. Furthermore, the error remains stable
without rapid growth. It can, therefore, be concluded that TPDTM provides a reliable and stable numerical approach.

Figure 6. Comparison between exact and approximate solutions when α = 1 of test example 1
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Table 2. Absolute error calculation of approximate solution ofU(x, t) for different values of x with t = 1 of test example 1

k
x values

1 2 4 6 8 10

1 2.7183 7.3891 54.598 403.43 2,981 22,026
2 1.3591 3.6945 27.299 201.71 1,490.5 11,013
3 0.45305 1.2315 9.0997 67.238 496.83 3,671.1
4 0.11326 0.30788 2.2749 16.81 124.21 917.77
5 0.022652 0.061575 0.45498 3.3619 24.841 183.55
6 0.0037754 0.010263 0.075831 0.56032 4.1402 30.592
7 0.00053934 0.0014661 0.010833 0.080045 0.59146 4.3703
8 6.7418e-05 0.00018326 0.0013541 0.010006 0.073932 0.54629
9 7.4909e-06 2.0362e-05 0.00015046 0.0011117 0.0082147 0.060699

Figure 7. Absolute error E9U(x, t) = |Exact−Approximate value| of test example 1
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Figure 8. The approximate solutionU(x, t) for different values of α (a) α = 0.25, (b) α = 0.50, (c) α = 0.75, and (d) α = 1 of test example 2

Figure 9. Plots ofU(x, t) vs. x at α = 0.25, 0.5, 0.75, and α = 1 at t = 1 for approximate solution using TPDTM of test example 2

Figure 10. Plots ofU(x, t) for α = 1 using TPDTM for test example 2
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Figure 11. Plots ofU(x, t) for α = 1 using FDM for test example 2

Figure 12. Plots ofU(x, t) for α = 1 using LADM for test example 2

Figure 13. Comparison between exact and approximate solutions when α = 1 of test example 2
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Figure 14. Absolute error E9U(x, t) = |Exact−Approximate value| of test example 2

Figure 7 gives the absolute error of ninth term of the series. By increasing the number of iterations, it is possible
to increase the accuracy of the method. Table 3 represents the approximate numerical solution of the fractional Burger
equation for different values of fractional order α = 0.25, 0.50, 0.75, 1, and the graphical representation of Table 3 is
depicted in Figures 8 and 9. Figures 10-12 indicate the approximate numerical solution of fractional Burger’s equation
obtained by TPDTM, FDM, and LADM. From Figures 10-13, it is clear that there is a uniformity between solutions
obtained using TPDTM (Figure 10) and LADM (Figure 12). From Figure 14, it is clear that the exact and approximate
solution of the fractional Burger equation using TPDTM are in complete agreement at α = 1. The maximum errors for
each k for different values of x are listed in Table 4, providing a better understanding of the stability and convergence of
the numerical method.

Table 3. Numerical values ofU(x, t) for different values of α and x for fixed value of t of test example 2

x
U (x, t) at t = 1

α = 0.25 α = 0.5 α = 0.75 α = 1

−5 −3.2021 −3.294 −2.9788 −1.8358
−4 −2.5616 −2.6352 −2.3831 −1.4686
−3 1.9212 −1.9764 −1.7873 −1.1015
−2 −1.2808 −1.3176 −1.1915 −0.73431
−1 −0.64041 −0.65881 −0.59577 −0.36716
0 0 0 0 0
1 0.64041 0.65881 0.59577 0.36716
2 1.2808 1.3176 1.1915 0.73431
3 1.9212 1.9764 1.7873 1.1015
4 2.5616 2.6352 2.3831 1.4686
5 3.2021 3.294 2.9788 1.8358

Using equation (13), the absolute approximate solution of Burgers equation is tabulated in Table 4. Table 4, an
increase in k results in a reduction in the value of error demonstrates that the approximate solution using TPDTM
approaches to the exact solution. Therefore, the present method (TPDTM) converges well. It is also evident from the
analysis that the error remains constant and there is no rapid growth, implying that the TPDTM is stable. Figure 14 gives
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the absolute error of the ninth term of the series. By increasing the number of iterations, one can increase the accuracy
of the method.

Table 4. Absolute error calculation of approximate solution ofU(x, t) for different value of x with t = 1 of test example 2

k
x values

0 2 4 6 8 10

1 0 0.75 1.5 2.25 3 3.75
2 0 0.23438 0.46875 0.70312 0.9375 1.1719
3 0 0.015564 0.031128 0.046692 0.062256 0.07782
4 0 6.1034e-05 0.00012207 0.0001831 0.00024414 0.00030517
5 0 9.3132e-10 1.8626e-09 2.794e-09 3.7253e-09 4.6566e-09
6 0 2.1684e-19 4.3368e-19 6.5052e-19 8.6736e-19 1.0842e-18
7 0 1.1755e-38 2.351e-38 3.5265e-38 4.702e-38 5.8775e-38
8 0 3.4545e-77 6.9089e-77 1.0363e-76 1.3818e-76 1.7272e-76
9 0 2.9833e-154 5.9667e-154 8.95e-154 1.1933e-153 1.4917e-153

It may be worth mentioning that in all figures, higher values ofU(x, t) is represented by a yellow colour, whereas the
lower value is represented by a blue colour. Figures 1a-d and 8a-d show the spatial and temporal diffusion of the solution
U(x, t) with varying values of α . Figures 2 and 9 show spatial diffusion of the solutionU(x, t) for a constant time t = 1
with varying values of α of example 1 and 2 in three dimensions and two dimensions, respectively. Memory effects are
introduced by the fractional time derivative Dα , when 0 < α < 1, which is frequently seen in systems with anomalous
diffusion or non-classical dynamics [53].

From Figures 1a-d and 2, for a given x, the solution U(x, t) shows a noticeable rise in magnitude as α drops from
1 to 0.25. This illustrates how the dynamics are affected by the memory effect, which is controlled by Dα . Because of
the slower temporal decay caused by smaller α values,U(x, t)might expand more dramatically. The absence of memory
effects causes the solution to decay more quickly if α = 1, as seen in Figures 2 and 3. It is evident from Figure 8a-d
that the slope ofU(x, t) steepens with increasing α , indicating larger nonlinear effects. Figure 9 illustrates the nonlinear
character of the Burgers equation by showing how changing α impacts the wave propagation and steeping rate.

Figures 3 and 5 illustrate the smooth evolution ofU(x, t), while Figures 10 and 12 confirm the stability of the solution
for the N-W-S and Burgers equations through TPDTM and LADM. Figure 4 shows a sharp rise in U(x, t) at high x and
low t, suggesting instability from the nonlinear interaction of diffusion and reaction terms. Figures 1-5 showU(x, t) peaks
at larger x and low t, while lower values appear at smaller x and larger t.

The steep gradient in Figure 11 indicates that if the simulation is prolonged, a potential shock may occur. It is quite
obvious that the FDM approach struggles to yield a smooth solution compared to TPDTM and LADM, as can be observed
from Figures 4 and 11. The discrepancies between the computed data and the exact solution may stem from inherent
discretization errors influenced by grid resolution, refinement of initial and boundary conditions, time step size, and grid
spacing. Additionally, as the step size is directly proportional to the method’s order, truncation errors arise when series
expansions-fundamental to finite difference approximations-are truncated. These factors collectively contribute to the
observed deviations.

Table 5 provides a comparative study between the present method and the existing method (FDM and LADM) for
solving N-W-S and Burgers equations. Additionally, we carried out an analysis of the advantages of present methods with
other numerical methods such as FEM [11], ADM [7], VIM [28, 38], HPM [8], HAM [18], etc. From this analysis, it
is understood that high nonlinearities are handled efficiently by TPDTM without the aid of linearization, perturbation,
or Adomian polynomials. TPDTM efficiently solves linear and nonlinear fractional differential equations with rapid
convergence, bypassing mesh generation (FEM) and complex expansions (ADM). Unlike FDM, VIM, or LADM, it
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minimizes fractional derivative errors without Laplace inversions. Free from auxiliary parameters or homotopy constructs
(HPM and HAM), it ensures simplicity, reliability, and ease of implementation.

Table 5. Comparisons between the present method and existing methods (FDM and LADM)

The equation
based on the

study
Results from the literature Present study

N-W-S equation

In this study, the time-spatial fractional
N-W-S equations are solved using both
standard and non-standard FDM (SFDM

and NSFDM, respectively). They
concluded that the proposed methods are
conditionally stable and efficient [52].

In this study, LADM was used to
solve the N-W-S equation. It
concluded that this method is

efficient and can be used to solve
both linear and non-linear

equations [31].

The numerical approximate
solution using TPDTM is in good
agreement with the exact solution.
From the results, TPDTM is a

simple approach, yet it has a high
effectiveness and accuracy

precision of results. Therefore, it
may be concluded that TPDTM is

an effective and yet easy to
implement-reliable-

computationally powerful method
and attractive over the existing

well-known methods.

Burger’s
equation

This study compares FDM and FEM for
solving Burger’s equation, concluding that
finite element schemes are less economical
due to the integral construction of algebraic
formulas. The five-point finite difference
method is the most efficient for steady
solutions and fine mesh in the modified
one-dimensional Burger’s equation [12].

In this study, they used to solve the
modified LADM. They concluded

that this approach is
straightforward and provides
Burgers equation’s analytical

solution [15].

5. Conclusions
The salient features of the present research are:
(a) The TPDTM-derived numerical approximation aligns remarkably well with the exact solution, demonstrating

both high accuracy and computational efficiency.
(b) Despite its simplicity, TPDTM proves to be a powerful and precise method.
(c) The rapid convergence of approximate solutions for time-fractional N-W-S andBurgers equations further validates

its robustness and reliability.
(d) Unlike conventional methods, TPDTM operates without the need for linearization, perturbation, discretization, or

restrictive assumptions, making it a seamless and computationally efficient alternative.
(e) It’s lower computational cost and ease of implementation position it as a superior choice over existing techniques.
(f) These research findings reinforce that TPDTM is not merely a theoretical construct but a valuable computational

technique with significant real-world applicability.
As far as the future studies are concerned:
(a) TPDTM’s versatility reaches beyond standard applications, offering promise for tackling higher-dimensional

fractional equations, intricate boundary conditions, and complex phenomena in heat transfer and wave dynamics.
(b) The fusion of TPDTMwithmachine learning [54] could revolutionize its adaptability for nonlinear systems, while

integration with multi-scale and multi-physics frameworks may pave the way for solving real-world engineering and
scientific challenges.

(c) Future advancements will prioritize refining computational efficiency and validating theoretical results through
experimental data, further solidifying TPDTM’s role as a practical and impactful tool in applied research.

(d) Expanding TPDTM’s applicability to coupled fractional systems and multi-scale problems will not only enhance
its theoretical depth but also unlock new frontiers in engineering, physics, and computational modeling.
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