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Abstract: This manuscript is designed with an extensive aim to investigate solitary waves in shallow water with
surface tension. The governing model is the perturbed sixth-order Boussinesq equation, which incorporates higher-order
dispersion effects and perturbative terms that influence wave dynamics. The G'/G-expansion procedure is employed
to systematically retrieve exact solitary wave solutions, providing a diverse set of wave structures that depend on the
interplay between dispersion, nonlinearity, and perturbative effects. The study further establishes the necessary parameter
constraints for the existence of such solitary waves, ensuring the physical viability of the obtained solutions. Additionally,
a detailed analysis of the influence of perturbation terms on the soliton characteristics is provided, revealing novel
behaviors and stability conditions that were previously unexplored. These findings contribute to a deeper understanding
of wave propagation in shallow water systems, with potential applications in engineering and fluid dynamics.
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1. Introduction

The dynamical implications of nonlinear partial differential equations (NLPDEs) are very well conceived from
diverse scientific fields, such as aeronautics, mechanics, nonlinear optics, oceanography, and plasma physics. Their
widespread influence has been seen in each and every discipline of research and innovation. The rapidly growing interest
among scientific community is to decipher exact solutions to nonlinear partial differential equations (NLPDEs), as they
are essential to comprehending both their mathematical and real-world applications. Each of these equations, which have
important practical ramifications, is derived from several mathematical and physical models.
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Researchers in mathematical physics and engineering have been fascinated by the study of nonlinear phenomena
in recent years, as they have shown intriguing properties with a broad range of applications. As a focal topic of study,
NLPDE:s provide important insights into the intricacies of several physical phenomena. These formulas are very helpful in
explaining complex processes in a variety of fields, including atmospheric science, fluid mechanics, plasma waves, optical
fiber communications, and soliton theory. The investigation of NLPDEs provides pathways for the comprehension and
control of many systems, opening doors for creative responses to pressing problems in a variety of fields. Since there
are no standrad basic techniques that can be used to evaluate all of these NLPDEs equations, in most of instances, these
equations are difficult to solve analytically, leading to substantial individual analysis of each of these equations. The
two primary categories of obtaining solutions to NLPDEs are numerical or analytical. In recent years, there have seen
significant progress, leading to the development of a number of reliable and efficient mathematical procedures for getting
exact solutions for nonlinear equations. These mathematical procedures include bilinear method [1, 2], inverse scattering
transformation (IST) [3, 4], symmetry reductions [5, 6], variable separation approaches [7, 8], Backlund and Darboux
transformations [9, 10], G’/G-expansion method [11], the tanh method [12], the Jacobi elliptic function method [13], the
Exp-function method [14, 15], the homogeneous balance method [16] etc.

The process of the shallow-water wave (SWW) has been described by the basic Boussinessq equation (BE) [17].
This equation takes into account a number of waves and shallow water effects, including diffraction, refraction, shoaling,
weak nonlinearity, and shoaling, playing significant role in fluid dynamics along with many other spheres of physics, such
as one-dimensional nonlinear lattice waves, vibrations in a nonlinear string, ion sound waves in plasma, and propagation
of long waves in shallow water [18-23].

Even though this situation has been the subject of countless models, but none of them have taken surface tension
into account. Boussinesq equation (BE) is one of the models that also explains the passage of waves in shallow water.
A few decades ago, Daripa analyzed even though this situation has been the subject of countless models, none of them
have taken surface tension into account. The Boussinesq equation (BE) is one of the models that also explains the passage
of waves in shallow water. A few decades ago, Daripa analyzed BE again, including the surface tension effect. leading
to formation of the sixth-order BE (6BE) using first principles [24]. It has been demonstrated that solutions to the 6BE
exist and are unique [25-28]. Additionally, without using conserved values, conservation laws for this model have been
examined [29].

The 6BE in its dimensionless form has been perused as follows:

qrr — kqux + C(an)Xx + a1Gxexx + a2qxa + b1Gxxoe + D2Gaacar = 0. ()

The independent variables in this case are the spatial and temporal variables, denoted by x and ¢ respectively and
wave form is indicated by the dependent variable g(x, ¢). The wave operator is represented by the first two terms, along
with k as wave number. The parameter n, represents the generic power law parameter, providing a more generalized flavor
to considered model, ¢ signifies nonlinearity coefficient. Several many times BE has been investigated with very specific
parameter n = 1. The coefficients of the fourth- and sixth-order dispersion terms are thus shown by the coefficients a;
and b; for j = 1, 2. The coefficients of b; is originated from the surface tension effect.

The 6BE Model with perturbation terms has been portrayed as:

qir — kqux + C(q2n>xx + a1@xuee + A2Gxar + b1 G + b2 G

= 0q:qxx + 64" ¢ + Aqqrcx + Vqqx g + é‘h‘]xxx + Y q@xxxx T KGGxxxx- 2
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Here, the higher spatial dispersion is represented by the coefficient of y, whilst the higher order non-linear dispersion
is represented by the coefficient of § and m is considered as a positive integer. The other remaining coefficients are found
in the context Whitham hierarchy [24—30].

Several characteristics of the 6BE with and without perturbation terms are covered in this current work. Yet, because
to its intricate structure, it is quite challenging to analyze this model. With the aid of the ansatz method and the G’ /G-
expansion method, this model has been studied with a generic appeal for deriving its analytic solutions, considering
some particular values of m, n and hence resulting into diverse variety of analytic solutions and then complemented by a
thorough brief discussion in concluding remarks section.

2. Governing model

The 6BE in its dimensionless form is written as

gt — kqux + C(qzn)xx + a1Gxxx + Q2@ + D1Groex + D2Gear = 0, (3

with g = g(x, t).
Utilizing T = —Vt + x, along with g(x, t) = F(7), we have recovered the following ordinary differential equation
from the equation (3):

(V2b2 —‘r-bl)F//W-l- (a2V2 +611)F////+C(4F(T)2n727’l2 _2F(7)2n72n)(F/)2

+2ncF ()" F" + (=K + V2 F" = 0. (4)

Integrating equation (4) with respect to 7 twice, obtained ordinary differential equation (ODE) is written as follows:

(VZby+b1)F" + (a2V? +a))F" + cF (1) + (—k* + V2)F = 0. (5)

Next, equation (5) has been examined with the help of G’/G-expansion method forn =1, n=3/2, n=75/2 to
establish the new analytic solutions as in subsequent sections. In this context, it is worth mentioning that an attempt
to recover the complete spectrum of solutions by Lie symmetry analysis was made in 2023. However the research-
incapacitated author, Bansal, failed to integrate it [29]. The current paper successfully recovers this full spectrum of
solutions.

21n=1

Firstly, we consider n = 1 for (5) and then equation (5) is rewritten as follows:

(V2by + b)) F" + (ayV* +a) ) F" + cF (1)* + (=k* + V2)F = 0. (6)

Homogeneous balance among highest order linear and most nonlinear derivative containing terms in equation (6)
gives m = 4 and hence generate following solution structure:
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with A;, i =0, 1, 2, 3, 4 are constants, to be determined in the mean process of calculations and G = G(7) following the
auxiliary equation

G'+AG +uG=0. ®)

Using (5) in equation (4), along with (8), we have furnished following two cases to exploring variety of solutions of
equation (3):
Case-1

S V/—210cA%A4 +1,680cA2 1 Ay — 3,360 cu2A4 + 4,900 k2
o 70 ’

Ao = U?Ag, Al =2ApAs, Ay =AAs+2UAs, A3 =22Aq,

_3cMAgay 12cA%pAgay | 24epPAga N 13cA%As  13cpAs

k2
a 70 35 35 840 210 a2
3cA*Aqby  12¢A%uAgby  24cuPAshy . cAg
b = — — Kby — 4 9
! 70 35 T35 27840 ©)

equipped with A4 as free parameters.

As a result, with the help of (9) and using (7) along with T = -V +x, F(7) = g(x, r), we have obtained following
solutions structures for equation (3), by utilizing the solutions of (8):

For the instance > —4p > 0

Ay (ﬂ,z —4.[1)2 (W] — W2>2 (W] +W2>2

q(x, 1) = . 1 .
16 <W2 sinh (2 (=Vi+x) /A2 —4u) +wi cosh (2 (=Vit+x) /A2 —4u>>

(10)

In (10), for w; = 0, wy # 0, one recovers singular solitary waves while for w, = 0, w; # 0, one obtains solitary
waves.

For the instance A2 —4u < 0

Ay (12— 4p)* (v} +3)°

q(xat): 1 1 4
16 (wzsin (2 (=Vt+x) —),2+4u> +wj cos (2 (=Vt+x) —lz+4u)>

(11)
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For the instance A2 — 4y =0

A4W14
= 12
4 1) (=Vi4+x)wi +w2)*’ (12)

along with A4, ay, by, k, ¢, wi, wy as free parameters.

We analyze the solitary wave (10) and shock wave (14) as depicted in Figures 1 and 2. Each figure illustrates the
wave dynamics, with surface plots, contour plots, and 2D plots providing detailed insights into the behavior of the waves.
The parameters are addressed constant across all figuresasw; =1, u=1,A =2.1,A4 =1,c=1,and k= 1.
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Figure 1. Exploring the features of a solitary wave

(®)

Surface plot

q@x, 1)

0.8

0.6

0.4

0.2

-4 2 0 2 4
X

Contour plot

C

prs

S

A
iporary Mat



(©

1.0F

05}

gx, 1)

-05F

-1.0

2D plot

Figure 2. Exploring the features of a shock wave

Case-11

 /21002%As — 1,680 A2l Aq + 3,360 cli?Aq + 4,900k

Vv
70 ’

Aq (3% =242 —22p?)

Ag=—
0 70 ;

Al =2AUAs, Ar=A*A4+21As, A3 =21A4, As=Aq4,

3cAtAan N 12cA%pAgay 24 ep*Aga N 13cA%As  13cpuAs

2
70 35 35 840 a0 Ka

a) =

 3cA*Auby N 12¢A’uAsby  24cp’Ashy 5 cAy

b = _ =
! 70 35 35 27 840

(13)

equipped with A4 as free parameter.

As a result, with the help of (13) and using (7) along with T = —Vt+x, F(7) = ¢(x, t), we have obtained following
solutions structures for equation (3):

For the instance A2 —4u > 0

A
qx, 1) =Asdr* +201° A As+ ¢17 (A2As + 21 As) + 21 A AL — % (3A% —242%u —227), (14)

where
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A2 —du (Wl sinh (; (=Vi+x)\/A? —4u> +wycosh (; (=Vt+x) 12—4;1))

2w; sinh (; (=Vi+x)\/A? —4#) +2wj cosh (; (=Vt+x) 12—4/.L>

o= &

In (14), for w; = 0, wy # 0, one recovers singular solitary waves while for w, =0, w; # 0, one obtains shock waves.
For the instance A2 —4u < 0

q(x, 1) = Asr* +202° A Ag + o2 (APAs + 2 AL) + 202 A Ay — % (3A% —242%pu —22p7), (15)

where

V=AZ4+4pu (—wlsin (; (=Vit+x) \/—7LZ—|—4,U) + wj cos <; (=Vt+x) \/—12—&-4;1)) Y
-3

¢ =
2w sin (; (=Vi+x)\/—A2 +4u) +2wj cos (; (=Vit+x) \/lz+4u)

For the instance 1> —4u =0

A4W14
CI(X, t) - 4 (16)
((=Vt+x)wi +w2)

along with A4, as, by, k, c, wi, wy as free parameters.
22n=3/2

3

Here, we consider n = 5 for (3) and then reduced ODE is rewritten as follows:
(V2by+ b)) F" + (a2V? + a1 ) F" + cF (1)} + (=k* + V?)F = 0. (17)

Homogeneous balance among highest order linear and most nonlinear derivative containing terms in equation (17)
gives m = 2 and hence generate following solution structure:

F(1) = Ag+Aq (CG;((TT))) +A2<Z((f)))2, ()

with A;, i =0, 1, 2 are constants, to be determined in the mean process of calculations and G(7) following the auxiliary
equation (8). Using (18) in equation (17), along with (8), we have furnished following two cases to exploring variety of
solutions of equation (3):
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Case-1

e 4(V2—k?)
(A2 —4pA”
V224, —4Via, —2V2 4243
a) = 12_4“ )
1 2
Aozil/‘\l, Ay =0, by =—-Vby, (19)

equipped with Ay, V, ay, by, k as free parameters.

As aresult, with the help of (19) and using (18) along with T = -Vt +x, F(7) = g(x, t), we have obtained following
solutions structures for equation (3):

For the instance > —4u >0

! A\/A2—4p <w1 sinh (; (—=Vit+x) ),2—4;1) +wj cosh (; (=Vt+x) lz—4u>)
qlx, 1) = 5 1 1 - (20
wj sinh <2 (=Vit+x) /A2 4,u> +wj cosh (2 (=Vi+x) /A2 4,[1)

In (20), for w; = 0, wy # 0, one recovers singular solitary waves while for w, = 0, wy # 0, one obtains shock waves.
For the instance A2 —4u < 0

] A/ —A2+4u (wlsin <; (x—Vt)\/—lz-l-ﬁl-[.L) — Wy cos (; (x—Vt)\/—12+4u>)
qlx, 1) =—3 ; 2y

2 wp sin (;(x—Vt)\/—lz-l—{u) +wjcos (;(x—Vt)\/—?Lz+4u)

with wy, wy as arbitrary parameters.
Case-II

30(V2 —k?)
A2 (A4 —8A2u+16u2)’

c=—

Apg= Ay, A =AAy,

4V %4 — 16V pay + 5V -5k
4(A%—4p) ’

a) =

=AM +32A% by — 64 p%by + V2 — K

by = V2 (24 =822+ 1612) ’ 22)
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equipped with V, k, A, aa, b as free parameters.

As a result, with the help of (22) and using (18) along with T = —Vr+x, F(7) = q(x, t), we have obtained following
solutions structures for equation (3):

For the instance > —4u > 0

q(x7 t):_l Az ()“2_4“) (WIZ—W22)

4
(WzsinhG(th) 124u)+wwosh<;(xw) /124u>>

. (23)

In (23), for w; = 0, wp # 0, one recovers singular solitary waves while for wy = 0, w; # 0, one obtains solitary
waves.

For the instance A2 —4u < 0

2 2\ (92
glx.1) =+ Ao (" +w2’) (- 44) 24)

4 (Wzsin (;(xvt)\/m) T Wy cos (;(XVt)\/m)>27

with wy, wy as arbitrary parameters.

23n=352

. 5 . .
Here, we consider n = 2 for (3) and then reduced ODE is rewritten as follows:

(V2by+ b)) F"" + (aaV? +a))F" + cF (1) + (—k> + V2)F = 0. (25)

Homogeneous balance among highest order linear and most nonlinear derivative containing terms in equation (25)
gives m = 1 and hence generate following solution structure:

F(7) = Ao+ Ay (f;((:))) , (26)

with A;, i =0, 1 are constants, to be determined in the mean process of calculations and G(7) following the auxiliary
equation (8). Using (26) in equation (25), along with (8), we have furnished following case to exploring variety of
solutions of equation (3):

16(V2 —k?)

c=— )

(A4 —8A2u+16u2)A*

1 3V2A2a; — 12V pa; — 10V? +10k?
Ay=-AIA, a1 =— @ Ha2 ha ;

2 3(A2—4p)
, 3V2A%4by — 24 V222 by +48V2ulby —2V? +2k2
L=

3(A4—8A2u+ 16u2) ’ @7)
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equipped with Ay, V, aa, by, k as free parameters.

As a result, with the help of (27) and using (26) along with T = —Vr+x, F(7) = q(x, t), we have obtained following
solutions structures for equation (3):

For the instance > —4u > 0

PN (wlsinh(; (—Vi+x) 12—4u)—wzcosh (; (—Vi+x) 12—4;1))

wy sinh (; (=Vi+x) 124/4) —wj cosh (; (=Vi+x) /A2 4/,L)

q(x, 1) = % (28)

In (28), for w; = 0, wy # 0, one recovers singular solitary waves while for w, = 0, wy # 0, one obtains shock waves.
For the instance > —4u < 0

AR (wrsin (5 (- VORI R < wacos (5 (- Vo) A2 ) )
q(xa t):_i ) (29)

2 wy sin (; (x—Vt)\/—/'Lz+4,LL> -+ wj cos (; (x—Vt)\/—/'Lz+4u)

with wy, wy as arbitrary parameters.

3. Perturbed 6BE

This section is devoted to explore some different types of solutions for 6BE Model with Perturbation terms. It is
remarkable to address that perturbed 6BE is addressed very first time in current study as follow:

Zn)

gt — kqux + C(q o T A Grxxx + A2 Gt + b1 G + b2 Grvxnit

= 0q:qxx + 64" ¢ + AqGrcx + Vqqx g + é%c%cxx + Y@ T KGGxxxxx, (30)

with g = g(x, 1).
Utilizing T = —Vt + x, along with g(x, t) = F(7), we have recovered the following ordinary differential equation
from the equation (30):

(V2b2 +b1)F//////+ (—K'F(T) _ W)F///// + (a2V2 +a1)F//// + (—AF(T) _ 5F/)FW _ 5F(T)mF/

2

n ((—e CF(T)V)F £ V22 +ch(r)2"*1n) F" 4 c(4F (1) 22 —2F (1)) (F')? = 0. 31)

, m =1, the equation (31), turns out subsequently as

N W

Now considering n =

Co iporary Math tics 1766 | Yakup Yildirim, et al.




(V2b2+b1)F///l//+(—KF(T)—l//)FWN-i-(02V2+611>FW/+(—AF(T>—gF/)FW—BF(T)F/

((—9 —F(O)V)F +V2— K+ 3cF('c)2) F" +¢(6F(1))(F')* = 0. (32)

G/
Next equation (32) has been examined with the help of extended G) -expansion method for recovering the new

analytic solutions as in subsequent portions of this paper: Speculating the homogeneous balance among highest order
derivative term and highly non linear terms in equation (32) leads to the following solution structure for the equation (32)
is assumed:

F(7) = Ao+ A (Gl(f)) +A; (G(T) ) (33)

with G(7) following the auxiliary equation

G'+AG +uG=0, (34)

It is worthy to notice that Ag, A1, Ay are parameters, to be evaluated in the mean process of calculations. Utilizing
(33) into (32), along with (34), we furnish the subsequent parameter values for extracting the solutions to equation (32)
as per mentioned details:

Category-I
A= Zt
9k (A2—4u)(3V2Aby — kA9 +3Aby) (V2by+by)’
§=— &
B 9K(3V2),b2—K'A0+37Lb1)(V2b2+b1),
Z3
V= 2 2 227
3(V b2+b1)(l —4,u) K
0=— Z
3k (A2—4u)(3V2Aby — kAo +3Aby) (V2by +by)’
- 275
— (9V2A2by —4V2uby +A%by —4uby) (A2 —4pu) Kk (V2by+by)’
6 (V2by+b
A =0, 4= V2B (35)
K
along with
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Z1 =9VOA Y b3 +486VOcA by —72VOA v by} —30VAK2 A by% —324V0cAd uby? +144V0 U2y by
+240VHCAI by + 2T VALV b1 by — 432V A ek AP Agby? + 1,458 VAcA3b1by? +15VA K A3 arbs
—480V4KPA 1Pby? —216VAA2 v biby® + 10V i3 A4 Aghy — 60V k2 A5 b by + 108 VAck wAgby?
—972V4eA wb1ba? —60VAKZA pashs +432V4Au?v by by? — 80V k3 A2 Aghs 4+ 480V K* A3 by by
+27V2A4vb1%by + 135V2ek? A Ag by — 864V 2 ek A2 Agb1 by + 1,458 V2cA3 b 2by — 5V P A% Agas
+ 160V u?Agby + 15V K2 A3a by + 15V K> A aghy — 960 V2K A u?b1by — 216 VA v by %by
+10K3A%A0b1 —30K2A°b1 2 + 15VAK2 A by + 216 V2ek L Agb by — 972V 2eA b by — 15V KA by
+20V2KPuAgar — 60V KA arhy — 60V KA tashy +432V2u?v b by — 80 K3 A Ao,
+240KPA3 U b2+ 924 b3 — 15¢KPAg® + 135 ck? A Ag?by — 432k A2Agbi % +486cA%h> — 512 A% Agay
+160 K3 u?Aob; + 15K%A3ar1b; —480 kK2A u?b > — 72A%uvb® —5V2 K3 Ag + 15V KA by
+108ckpuAgh > —324cA ub® + 5k K3 A0 — 15K K2 A by +20 K> Agay — 60 K2A payby + 144 uv b3,

Zo =9VOA VDb —T2VOAZ v byd — 12VAKPA by + 648 VO u by 4+ 144 VO u2v by +96 VA K2 A3 1 by?

+ 27V b 1522 — 108 VAck A2Agby® + 6 VAP A arby — 192VHZA 12by? — 216 VAA2 1 v by by?
+4V2SAYAgby — 24 V2P Ab by — 216 VAck L Agby? + 1,944V A A b by — 24VAPA asbs
+432VAuPvbiby? — 32V A U Agby + 192V K2 A3 b by + 2TV AV by 2by 4 54V ek? A Ag? by
—216V2ck A2Agbiby — 2V K3 A Agay + 64V 13 12 Agby + 6 VAP A3 arby + 6 V2P Al agh,
—384V2iPA uPb1by — 216 VA2 uvb by + 4 k3 A Aghy — 12 K2 4012 + 6 VA2 A by

—432V2cKk WAob1by + 1,944V ed ub 2by — 6 VAP K2 A by +8V2 K L Agar — 24V KA ay by
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—24V2i2 A aghy +432V v b 2by — 32 k3 AP Aghy +96 K2 A3 b 2 + 944 b} — 6Kk Ap’
+54cK?* A Ag’by — 108 ck A2Agh12 — 2 K3 A% Aga) + 64 K3 12 Aoy 4+ 6 K2 A3 a1by — 192 K% b,
—T22%uvb? =2V P Ao+ 6 VKA by — 216K A2 + 648 cA by ® + 2k K3 Ag — 6 k> K> A by
+ 8K UAga; —24 KA paiby + 144 u>v by,

Z3 =3V A by2 +324V0cA uby® —24VAP A3 1 by? — 54V A ek A2 Agby 4+ 3VAKP A3 arby + 48 VAP A 12by?
—V2i3A* Aghy + 6V K2 Ab by — 108VAck L Aghy® +972VAeA wbiby® — 12V A washs
+8V2iSAZ Aoy — 48V K2 A3 1 b1by 4+ 2TV 2 ek? A Ag by — 108 V2 ek A2 Agb by — V2P A2 Agas
— 16V u?Aghy +3V2 P A3a1by + 3V k2 A3 azby +96 V2K A 12biby — 3 A4 Agby +3 K24k,
+3VH2 A by — 216 V2 ek wAgb by +972V2cAd b1 by — 3V KEA by + 4V L Agay
—12V22 A payby — 12V A pashy + 8 K3 A Aghy — 24 kK243 b1 — 3¢k’ Ag® + 27 A Ag*by
—54cxA%Agb > — KA Aga) — 16 KPP Aghy + 3 K2 A% a1y + 48 K2A u?by > — V2P Ag + 3V P A by
—108ck A2 +324cA ubi® + kK2 k3Ag — 3K KA by + 4 K3 Aar — 12K°A tayby,

Zy = —18VOA4 v by +162V0cA3by +36VOAZu v by +15VAKPA%hy2 +972VOcA by + 144V u2v by?
—120VHPA3 U by? + 18 VA A3V Agbr? — 54VAA Y b1 by — 324V 3 ek A2 Aoy 4 486 VA eA b1 by?

— 3V A3asby +240VAP A 12by® —T2VAKA v Agha® + 108VAA2 v b1ba? — 5V i3 A Agbs
+30V2K2A5b1by — 324 Ve L Aghy® 42,916 VAcA wb1by® + 12VAKP A tashy +432V4 v by by?
+40V2S A U Aghy — 240V K2 A3 b1 by — 3V KEAPV Ag? by + 36 V2K A3V Agb by — 54V A4V b1 b,y

+135V2ck? A Ag2by — 648V 2ck A2Agb by +486V2eA3 b 2by + V2 i3 A2 Agay — 80V 2k 12 Agb,
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—3V2 P A3a1by — 3V K2 A3 azby + 480V KA ulbi1by + 12V kP v AgPby — 144V 2K A v Agb by
+108V2A2uvbi2by — 5K A% Aob + 15 K240 2 + 15VA K2 A by — 648V ek L Agb 1 by

+2916V2cA Wb 2by — 15V K A by — 4V U Agar + 12V KA tarbs + 12V2K* A asb,
+432V2UPV b1 2by + 40 KA P U Aghy — 120 K243 b2 — 3 K% A2V Ag?hy + 18k A3V Agh, > — 18 A%V b3
—15¢Kk3Ag> + 135¢Kk? A Ag®by — 324 ck A2Agb1> 4 162cA3b1® + kA2 Aga; — 80K uAgb,
—3Kk%A3a1b1 +240 K24 12h 2 + 12K U v APh1 — T2 K A LV Agbi > +36 A2 v b} — 5V Ag
+15V2K*A by — 324 ck WA 2 +972cA by + 5K K3 Ag — 15k2 K2 A by — 4 K3 Agar + 12 K°A a1 by
+1441>vb)3,

Zs =9VOA* Vb3 —72VOA2uvby® —30VAKPA by + 1,620VOcA by 4144 VO u2v by 4+ 240V4* A3 by
+27VAA4 v b1by? — 270VA ek A2 Agha® + 15V* K A3 azby — 480VA KA u?by* — 216 VAA2 v by by?
+10V2i3 A% Aghy — 60V K2 A b1by — 540V Ak Agha® +4,860V4eA whbyby? — 60V KA washy
+432VA v biby? — 80V AP Agby + 480 V2K AP b by + 27V AV b 2by + 135V 2ek? A Ao* by
—540V2ck A2Agbi1by — 5V K3 A% Agar + 160V 2P 12 Agbs + 15V K2 A3 a1br + 15V K A arb,
—960V2Kk2A u2biby — 216 VA2 v b 2by + 10> A Aoby — 30 K% A0 2 + 15VA 2 A by
—1,080V2ck Agb1by 4+ 4,860V2cA b1 2by — 15V K2 K* A by +20V2 K L Agar — 60V K*A ay by
— 60V A aghy +432V2u?v b 2by — 80 K3 A2 Agby +240 KA b2 + 944V b} — 15¢ck°Ap°
+135¢k?A Ag2b; — 270ck A Agh1? — 5 K3 A% Agar + 160 K3 12 Agby 4+ 15 k%A a1by — 480 k2 A u’b;?
—T22%uvb® =5V 3 Ag+ 15V A by — 540k L Agh1> 4+ 1,620 cA by + 5K K3 Ag — 15K K> A by

+20K° 1 Aga; — 60 k%A warb; + 144 u>vb,3,
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its worth to mention that all the found parameters are equipped with V, ¢, Ag, b1, b2, a1, k, K, A, U, v as free parameters.
Using solution of equation (34) along with parameter values (35), we may write the subsequent solution for equation

(30), by reverting back to original variables x, ¢:
Regrading the instance A2 —4u > 0, we have extracted following solution structure for equation (30):

_ 2 _ _ 2 _
2w» sinh ((x vi) > A 4“) + 2wq cosh <(x Vi) > A 4’”) A
= —— |A2+A4p. (36)

(x, 1) =
’ A2 —4u <w1sinh <(X_Vt) 212_4'11) -+ wp cosh ((x—Vt)( 212—4#))) ?

In (36), for w; = 0, wy # 0, one recovers shock waves while for w, = 0, w; # 0, one obtains singular solitary waves.
Regrading the instance A2 —4u < 0, we have extracted following solution structure for equation (30):

2wy sin ((x—Vt)\/m> 2wy cos ((x—Vt)(JW))

2 2
q(x, I)Z PE, 2 —5 Ar+Ag. (37)
V=AZ+4u (wlsin<(x_w) '2_ i N) —&—wzcos((x_w)( ”2_ + y)))
Category-II
A= Zs
 9(3V2A by +KkAg+3Ab1) (A2 —4u) (V2by+by) K’
§=— Z
9k (3V2A by +KAg+3Ab1) (V2by+by)’
_ Zs
Vo T3 —4n) (VEA2hy — 4V20 by + A2k —dpby)’
0 = 2
3k (3V2Aby+KkAg+3Ab1) (A2 —4u)(VZby+by)’
é_ 22]()
9 (VAA2by? —4VAUby? +2V2A2b1by —8V2 1 biby + A2by 2 —4pubi?) k (A2 —4p)’
by +b
A :_L’?‘)7 Ay =0, (38)

along with
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Zo = —9VOL Vb3 +486VOcA by +72VOA2 v by® —30V*4K?A5by% —324V0cA uby?
— 144V by + 240 VI A3 U by® — 2TVAA Vb1 ba? + 432V ek A2Agby? + 1,458 VAeA b by?
+ 15V A3 apby — 480VAKPA u2by? +216VAA2 v b1 bo? — 10V K3 A% Agb,
—60V2Kk2Ab by — 108VAck wAgby? —972VAcA wbiby? — 60V KA wasb,
— 432V PV biby? + 80V A% Agby + 480V kP A3 b by — 27V A4V b by
+135V2ck? A Agby + 864V ek A2 Agh by + 1,458 V2 A3 b 2by + 5V K3 A Agay
— 160V u2Agby + 15V 2 A3a1by + 15 V22 A2 agby — 960 V2P A by by
+216V2A2uvbi%by — 103 A*Agb; — 30 K245 2 + 15V K2 A by — 216 V2 ek wAob 1 by
—972V2eAd wb2by — 15V2k2K* A by — 20V 21 L Agay — 60V K% A paihy — 60V k%A pash,
—432V2uv b ?by + 80 K3 AP Aghy 4+ 240K A3 by ? —9A VDb P 4+ 15k Ag® + 135 ck? A Ag?hy
+432¢k A*Aob1 % +486cAb1> + 5 K3 A% Agar — 160K u2Aghy + 15K°A3a by — 480 k%A u’by>
+ 202U vb} +5V2P A0+ 15V P A by — 108ck wAgbi % — 324 cA ubi® — 5k% KA
— 152 K°A by —20 K> Aga; — 60 K°A pLaiby — 144 u>vb,3,

Z7 = —9VOL Vb3 +72VOA2uvby® — 12VAKP A by + 648VOcA by® — 144V0u2v by?
+96 VA3 by? —2TVAL Y b1by? + 108 VAck A2 Aghy* + 6 VA A3 azby — 192VA KA 2 by?
+216VAA2u v b by? —4V2 K3 A*Agby — 24 V2 K2 A%b by + 216 VAck L Agby + 1,944 VA b by?
—24V42A aghy —432VAUAv b1 by? + 32V AP Aghy + 192V 2P A3 b by — 27V A v by by

+54V2eK* A Ag by + 216 V2ek A2 Agb1by + 2V K3 A2 Agar — 64 V2 i3 P Agby + 6 V2K A2 a1 by
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+6V2K2A3aby — 384V ulb1by +216 VA v b 2by — 413 A4 Agby — 122 45D, 2
+6VAPA by +432V2 ek Agb1 by + 1,944V 2cA 1 b1 2by — 6 V2P K2 A by — 8V L Apan
—24V2KP A wayby — 24V KA ash — 432V uPv b 2by + 32 K A2 L Aghy +96 K2 A% by 2
— 9LV 4+ 60KPA0> +54ck? A Ag? by + 108 ck A2 Agb % +2 K3 A% Aga; — 64 12 12 Agb,
+6K°A3a1by — 192K A u?b 2 + 7222 vbi® 2V i3 Ag + 6 V2K A by +216 ¢k W Agb; 2
+648cA ub® —2k* K Ag — 6K2 KA by — 8K U Agay — 24 K% A parhy — 144 u>v b3,
Zs =3VAP A by% +324VO0cA by — 24VAH AP nby? + 54V ek A2 Aoby? +3VAE A3 asbs
+48VHA U2b2? + VA A*Agby + 6 VKA b1by 4+ 108 VAek L Aghs?
+972VAcA ubyby® —12VA2A ashy — 8V K3 A2 Agby — 48 V2 K2 A3 by by
+27V2ek? A Ag? by + 108V 2 ek A2 Agb by + V2 K3 A% Agay + 16 V2K 12 Agb,
+3V22A3a1by + 3V2KP A3 aoby +96 VA 2biby + KA Aoby + 3 K2 Ab1 2 +3VAKPA by
+216V2ek L Agb1by +972VZeA 1Wbi2by — 3V K A by — 4V W Agar — 12V KA paybs
—12V2K*A pash) — 8K AP Aghy — 24 K2 A3 b1 % + 3¢k Ag® + 27 ck? A Ag*by
+54ck A% Agb1> + K2 A% Aga) + 16 K2 12 Aoby +3 K2 A% a by +48 kK24 u?b > + V23 Ag
+3V2K2A by + 108k wAgb > +324cA uby® — k3 Ag —3K2K*A by — 43 Agay — 12K*A way by,
Zo = 18VOA Vby® +162V0cA3 by —36VOAZ v by + 15VAPA by % +972VO A by
—144VOu2v by® — 120V A3 by + 18VAK A3V Agby® 4 54 VAL Y b by? + 324 VA ek A2 Aghy?
+486 VA b1by? —3VH A3 anby +240VAKP A 12by? — T2VAK A 1L v Agby?

—108V*A2 v b1y + 5V P A Aoy + 30V K2 A b1 by + 324 VAek W Agb2? +2.916VAcA b by?
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+ 12V pashy —432VA U2 v b by? — 40V i3 A2 Agby — 240V2 K2 A3 by by

+3V2K2 A2V Agtby +36 V2K APV Agh by + 54V A v by by

+135V2cK? A Ag?by + 648 Ve A2 Aogh 1 by 4+ 486 V2 cA b1 2by — V2P A2 Agay
+80V2i3ulAghy —3V2K*A3arby — 3V k2 A3 ayby + 480V kA u’b by

—12V2Pu v A Zby — 144V Kk A v Agbi by — 108V A2 v by 2by + 5 K3 A* Aoy

+15 K201 2 + 15VAK2 A by + 648V ek W Agb1 by + 2,916 V2eA by 2by — 15V K2 A by
+4V2iuAgar + 12V A ayby + 12V A warb — 432V uvb 2by

— 4013 A Aghy — 120K A3 b 2 +3 K2 A2V Ag?hy + 18 K APV Agh,?

+18A%Db1? +15¢Kk3 A0 +135ck? A Ag?by +324ck A% Agh > +162¢A°b;° — kK3 A% Agay
+ 80K u’Aghy —3K*A3arby +240 K2 A w22 — 122 v Ag by — T2 K A uv Agh,?
—36A2u Vb +5V2K3 A0+ 15V2KPA by + 324 ck Agh > +972cA uby?

—5K2Kk3A0 — 15K K°A by + 4K W Agar + 12 KA arby — 144 v b3,

Zio=—9VOA*vby} +72VOA2uv by —30V4KI A%k,

+1,620V0cA by — 144VOu2v by® + 240V A3 by — 27VAA Y by by
+270V4 e A2 Agby? + 15V P A3 asby — 480V*AK? A 1by® + 216 VAL v b1 by?
—10V2i3 A Agby — 60V K2 A5 b1by 4 540V ek L Aghy® +4,860VAcA by by?
—60V*HIPA washy —432VAuPv biby? + 80V k3 A Agby +480V2 k2 A3 by by
—27V2A b1 2by +135V2eKk? A Ao’ by 4 540V ek A2 Agb1 by + 5V i3 A Apay

— 160V, uAgby + 15V2K* Ada1by + 15V 2 A3 azby — 960V kA u?by by
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+216V2A2uvbi%b, — 103 A*Agb; — 30 K2A°h, 2

+15V*K2 A by 4 1,080 V2ck L Agh by +4,860V2eA wby>by — 15V2k* k> A by

—20V2KP nAgar — 60V KA warby — 60V k> A pLarhy — 432V u?v b, %b,

+80K° A% Agb) +240K°A3 b2 — 9L Vb P + 15¢Kk3Ag + 135Kk A Ag? by

+270cKk A*Aohb1 % + 5 K3 A% Aga; — 160K u?Agby + 15K°A3a by

—480 k%A ub 2 + 720 v b + 5V Ao+ 15V KP A by + 540 ck  Agh

+1,620cA ubP —5K2Kk3Ag — 15K K° A by — 20 K> Aga; — 60 K°A pLaiby — 144 u>vb,3,

its worth to mention that all the obtained parameter values are laced with V, ¢, Ag, by, ba, ay, k, and A, k, U, v as free
parameters.

Using solution of equation (34) along with parameter values (33) and (38), we may write the subsequent solution for
equation (30), by reverting back to original variables x, #:

Regrading the instance A2 —4u > 0, we have extracted following solution structure for equation (30):

Az —4u <W1sinh<(x_w) 212—4H> +wzcosh<(x_w)(2/lz_4u)>>
a0 = 27— 4 27— 4 -
2wzsinh<(x_w)2 — u)—i—Zwlcosh((x_Vt)( — #))

AL +A4p.  (39)

| >

2

In (39), for w; =0, wy # 0, one recovers singular solitary waves while for w, =0, w| # 0, one obtains shock waves.
Regrading the instance A2 —4u < 0, we have extracted following solution structure for equation (30):

T (Wlsm<<x—w> 2—/12+4u>+wzcos<(x—w)( 2—/12+4u)>>
q(x, 1) = A A1 +Ap. (40)
Do i ((X—Vt) —/12+4u) ) ((x—Vt)( —)L2+4u)> 2
w2sI 5 + 2wy cos 3

4. Extended tanh approach

Furthermore, the solutions to Eq. (30) are furnished through the extended Tanh approach. This technique proposed
the following solution structure for ODE (32), and then finally leading to formation of soliton solutions to governing
model (30):
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2
F (1) =Ap+Ajtanh —_—. 41
(1) =A¢+Atan (pT)thanh(pr) (41)
Substituting Eq. (41) into Eq. (32), we have produced a family of polynomials containing tanh (p7) and m.
p
When we set the coefficients of these polynomials to zero, the following result is obtained:
Cluster-I
144 p2AoKk2 (V2by + b))’
2L,
6= ,
9 (V2b2 + b ) K2A0
V= 268k p* Vs 1 b1)’
0= La
 48p2Agk2 (Vb +by)’
E=- =
(L,152V4by% +2,304V2b by +1,15251%) k p*
6p (V2br+b 6p (VZby+b
4= P Vihath) - 6p(Vihath) )
K K
along with

L1 =2304V0v p*by3 +6,912V4v p*b1by? — 432 V4 ek p*Agb,?
+2,560V21k3 p*Aghy +6,912V2V p*bi %,
—864V2ck p*Aob1by — 80V2 K3 p*Agar + 2,560 k3 p*Agb;
+2,304v p*bP —15¢K°Ag® — 432 ek p*Agby 2

— 80K p*Aga; — 5V K3 Ag+ 5k K Ao,
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Ly = 1,152V p*by3 + 3,456 V*v p*b by?
+432V4ek pPAoba? +512V2 i3 p*Agby + 3,456 V2V p*bi2b,
+864V2ck p*Aobiby — 16V K3 p*Agar + 512 K3 p*Aoby
+1,152v p*b> —3cKkPAg + 432k p?Agby
— 16K p*Aga; — VK3 Ag + K2 K Ao,

Ly = Ao (432V*cp®by? — 256 V&2 p*by + 864 V2cp®biby
—16V2K?p?a, — 256 K> p by — 3ck?Ag® +432cp*by >
+ (—16K*p*a; — VK> +k*k*) Ao,

Ly =2,304V0 p*by® + 6,912V p*b by?
+1,296V4ek p?Agbr® — 1,280V 23 p*Agbs — 48V 2 K2V p?Aghy
+6,912V2v p*b2by +2,592 V2 ek p*Agb 1 by
+16V2K> p*Agar — 1,280 k3 p*Agb; — 48 K2V p*Ag’b)
+2,304Vv p*b? —15¢K3A0> + 1,296 ck p*Aob,®
+16K°p*Aga; — 5V KAy + 52K Ao,

Ls = 2,304V p*by® +6,912V*y p*b1by* + 2,160V ek p*Agbs?
+2,560V2K3 p*Aghy + 6,912V2V p*bi%b,
+4,320V2ck p*Agb1by — 80V K3 p*Agar
+2,560 k> p*Agb1 +2,304v p*bi? — 15¢cK3Ap°

+2,160ck p*Agb12 — 80 k> p?Agar — SV K Ao + 5K K3 Ag. (43)
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Employing the aforementioned results (42), (43) along with eq. (41) for Eq. (32), the shock wave solution is revealed
for equation (30) as follows:

B 6p (V?by+by) tanh (p (—Vi +x)) 6p (V2by + b))
qlx, 1) =Ao = X T Xanh(p(—Vitx)’ “4)

equipped with V, ¢, Ay, b1, by, ay, az, K, p, Vv as free parameters.
Cluster-1I

_ Lo
o 36p2A0 K2 (V2b2 +b1)’

219
9 (V2b2 +by) K24y’

8:

48k p*(V2by +by)’

y

Loy
P2A012K2 (V2by 4 by)’

9:

- Lo
72Kk p* (V2by +by)*

6p (VZiby+b
a0, ay— - PPt (45)

Lo = 144VOv p*by3 +432V*v p*b1b,% — 108 VA ek p*Aghy?
+160V2 K> p*Agby +432V2v p*bi by
—216V2ck p?Agb1by — 20V 23 p*Agar
+160 K> p*Agh; + 144V p*b 3 — 15cK3A0°

—108ck p?Agbi% —20 k> p*Agar — 5V P Ag + 5K K3 A,

Co iporary Math tics 1778 | Yakup Yildirim, et al.




L7 =72VOv p*by® +216V*y p*b1by + 108 Viek p?Aobs?®
+32V2i3 ptAghy + 216 V2V p*bi2by +216V2ek p*Agbi by
—4V2i3 pPAgar + 323 p*Agby + 72 v ptbP — 3 ek A’
+108ck p?Aph1> — 4 K3 pPAgar — V2P Ag + K iC Ay,

Ly =Ao(108V*cp*by® — 16V k2 p*hy +216Vicp®hiby
—4V? K2p2a2 —16 K2p4b1 -3 cKonz)

+ (108¢cp?bi> — 4K pPa; — Vik* +k2k%) Ao,

Lo = 144V p*by3 +432V*v p*b by 4 324 V4 ek p*Agby?
—80V2ik ptAoghy — 12V KV p?Ag*by + 432V 2V p*bi%b,y
+648V2ck p*Aob1by +4V2 i3 p*Agas — 80 K° p*Aoby
— 122V p?Ag’by 4 144 v p*bi® — 15¢Kk3Ap°
+324ck p?Aogh > + 413 pPAgar — 5V KAy + 5K KAy,

Lio = 144V0y p*by3 +432V*y p*b by + 540 Vi ek p*Aobs?®

+160V2i3 p*Agby +432V2v p*bi%b,

+1,080V2ck p?Agb1by — 20V K3 p*Agar + 160 &3 p*Agby

+144v p*b;? —15¢K3Ag> + 540 ck p*Agh;

—20K3 p*Agar — 5V K3 Ag + 5K KA. (46)

Employing the aforementioned results (45), (46) along with eq. (41) for equation (32), the following soliton solution
is revealed for equation (30) as follows:

Volume 6 Issue 2|2025| 1779 Contemporary Mathematics



6p (V2by+by)

t)=Ay— 47
95 1) = A= R (Vi) “7)
equipped with V, ¢, Ay, by, by, ay, az, K, p, vV as free parameters.
Cluster-I11
_ Ly
36p2A0k% (V2by + by)’
5— 2L1»
©9(V2by 4+ by) K240’
v= L3
48x p* (V2by + by)’
0— Ly
12p2A() K2 (Vzbz + by ) ’
£o_ Lys
(72V4b2% + 144V2b1by + 7261 %) K p*
6p (V2by+b
AIZ,M7 Ay =0, (48)

K
Ly = 144V0v p*by +432V4y p*bby* — 108V ek p*Aobs?
+160V2K3 p*Agby +432V2v p*b2by — 216V ek p*Aobi by
—20V2K3p*Apas + 160 K3 p*Agby + 144 v p*b1® — 15¢cK3A¢°

—108 ¢k p?Agbi% — 20Kk p*Agar — 5V K3 Ag + 5K K3 A,
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Lo =72V p*by® + 216 V4V p*b1by% + 108 Vick p*Agb)?
+32V2i3 pt Aoy + 216 V2V p*bi2by +216V2ek p*Agbi by
—4V2i3 p?Agar + 3213 p*Agby + 72V ptbP — 3ceiPAp?
+108ck p?Aoh1> — 4 K3 pPAgar — V2P Ag + K iC Ay,

Li3 =Ao(108V*cp*by® — 16V K2 p*by +216Vicp®hiby
—4V? K2p2a2 —16 K2p4b1 — 3cK2A02)
+Ag (108¢cp®bi? — 4x*p*ay — V2K + K K7)

Lis = 144V0v p*by® +432V4y p*b  by? + 324 Viek p*Aghs®
—80V2ik3 ptAghy — 12V K2V p?Ag*by + 432V 2V p*bi%b,y
+648V2ck p*Aob1by +4V2 i3 p*Agas — 80 K° p*Aoby
— 122V p?Ag’by 4 144 v p*bi® — 15¢Kk3Ap*
+324ck p?Aoh > + 413 pPAgar — 5V KAy + 5K K Ao,

Lis = 144V0v p*by® +432V4y p*b  by? + 540 Viek p?Aghs®
+160V2i3 p*Agby +432V2v p*b12by + 1,080 V2ck p*Agb by
—20V2i3 p?Agan + 160 k3 p*Agby + 144 v p*b P — 15¢cK3Ay°
+540ck p?Aoh1> — 20 K3 p?Agar — SV K3 Ag + 5K KA. (49)

Employing the aforementioned results (48), (49) along with eq. (41), shock wave solution is revealed for equation
(30):

2 _
20 1) = Ao — 6p (V2b, —&-bl)tznh(p( Vt—i—x)), (50)
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equipped with V, ¢, Ay, b1, by, ay, az, K, p, vV as free parameters.

5. Conclusions

The current paper is loaded up with a plethora of results from 6BE. The unperturbed version oif the model was
addressed by G'/G-expansion approach that revealed shock waves and solitary wave as well as singular solitary wave
solutions to the model. Subsequently the perturbed version of the model is considered where the same approach revealed
shock waves as well as solitary waves. Additionally the extended tanh approach yielded the shock wave solutions. The
results came with parametric restrictions that must hold for such a range of solutions to exist. Thee results are just a
starting point to various future avenues to walk on. Later the model will be considered for two-layered fluid flow with
surface tension that would give additional set of results. The results of those research activities, that are under way, will
be made available with time.
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