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Abstract: This paper investigates the existence of global weak solutions for a one-dimensional pollutant transport model.
The study builds upon the previous work. Our primary advancement involves demonstrating that the global weak solutions
of a model studied in previous work remain valid when the coefficient associated with the regularizing term £92h, is
eliminated (¢ = 0). To achieve this, we have refined certain a priori estimates, ensuring they are independent of the
parameter €.
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1. Introduction

This paper examines the existence of global weak solutions for a one-dimensional pollutant transport model. The
model consists of the Saint-Venant equations, which represent the hydrodynamic component, coupled with a transport
equation describing the morphodynamic behavior. This framework is particularly useful for simulating scenarios such as
the evolution of a pollutant fluid within a water body. The Saint-Venant equations are expressed as follows:

oih + (9x(h1u) =0, )
o (hlu) + 8x(h1u2) + %g&xh% —4v; Bx(hlaxu) + % - h1(9x(6(9xzh1 — V(hl))
+rim|ulu+rghy dha + rghady(hy + ha) = 0, )

and the pollutant transport equation is given by:
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O/ha + 0 (hou) — Oy ((aha® + bha®)dp2) =0, 3)
with

1 o
okpr = p289x(h1+hy) and V(h;)= Pt (o >0), 4)
M

notice that here (¢, x) € (0, T') x [0, 1], defines the domain of interest.

The model describes a two-layer system of immiscible fluids. Here, 7| and A, represent the heights of the water
and pollutant layers, respectively, while u corresponds to the water velocity. The parameters v; and p, correspond to
the kinematic viscosity and pressure, respectively, and g denotes the gravitational constant. The coefficients o, ry, and
B represent the interfacial tension coefficient, the quadratic friction coefficient, and the positive slip length parameter,
respectively. The parameters a and b are associated with the interfacial friction and the viscosity coefficient of the pollutant,

respectively. The constants & and € are positive, while r represents the density ratio, defined as r = %, where p; and p,

1
are the densities of water and the pollutant, respectively. The term V (k) denotes the Van der Waals force, expressed as

1 a
V(h)=——— (a>0);see [1-3].
hy
In [2], the authors introduced the term €924, into the transport equation (3) to establish the existence of global weak
solutions for the system (1)-(3). This additional term, €92k, enables the derivation of the entropy inequality. The model

analyzed in [2] is described as follows:
Oy + O (hyu) =0, (5)

3y () + A1) + %g&xh% a1 de) + & — 1 3(692h — V (hy))

B

+ rihy |ul?u + rghy Ocha + rghydy (hy + hy) =0, (6)
Ohy + 9y (hou) — €92hy — 9y ((aho® +bhy*)d,p2) = 0. (7

Our objective is to demonstrate that the existence result established in [2] can still be achieved without the inclusion
of the regularizing term £92h,.
We augment the system (1)-(3) by incorporating the initial conditions for our study

hi(0, x) = hiy(x), h2(0,x) =hyy(x), (hu)(0,x) =mg(x) in [0, 1]. ®)
hig, oy € L*(0, 1), dy(hy,) € L*(0, 1),

dmoeL'(0,1), my=0 if hy, =0,
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2
e L0, 1), @(h,) €L'(0, 1),

where ¢(h;) = 4vilogh;.
The energy inequality associated to the system (5)-(7) (see [2]) is:

d

171 1 1 1
— —hlul?+Uh) + =g(1 = ")l |* + =rglh) + ha|? + = |0k |
dt/o [2 1ul”+ (1)+2g( r)|hi] +2rg|1+ 2|+26|x1|

1 1 1 1 1
v o+ 5 [P+ Sere [ o
0 B Jo 2 0

T rl 1 | |
+r1/0 /Ohl|u|4+Pzrg2/0 h%|ax(h1+h2)|2(a—|—bh2)§Erge/o EYNE

where the potential function U is defined as the indefinite integral of V defined by

1 a
+—= hy > 0.

Ulh)=—55 ;
2n%  3h3

The BD entropy inequality (see [2]) associated to the system (5)-(7) reads as

d 1

dt B 2

1 I hy ! h !
+E/o |u|2+4v1/0 (g+gr2+V(h1)) |z9xh1|2+rg/0 (8+4v1h2)8xh18xh2+4v16/0 1021, |2
1

hy

T [l 1 1 1 1
—|—r1/0 /Oh1|u\4+grs/0 |8Xh2|2-|-rg2/0 h%(a+bh2)(8x(h1+h2))2§Ergs/o EYNG

where

(P(hl) = 4V110gh1.

1 1 1 1
[ {2h1|u—|—8x(p(h1)|2 = g 0Un)+ 381 =)+ Jrglhy + ko + 2 0ldch P + U(hl)]

)

(10)

(11)

(12)

The BD entropy, initially introduced in [4], is a mathematical entropy that facilitates obtaining regularity on dy+/h;.
We define (hy, hy, u) as a weak solution of (1)-(3), with initial condition satisfying the entropy inequality (11) for all

smooth test functions ¢ = @(¢, x) such that ¢ (7, .) = 0. Specifically, we have:
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00,0~ [ ['mao~ [ ['mudo=o (13)
~ h2¢/(0 / / = / / haudyd + / / (aha? + bhy®)dp2) 9,6 =0, (14)
o001 [ [mao [ [ mitas v [ [ mown

5 / / ug + / / (G02hy —V (1)) §duhy + / / (G2hy —V (1)) 0,9

e [maore [ [rmaoin [ [ mluus

T 1 T 1 T 1
g [ [ omaim—rg [ [ thhad—rg [ [ +2)dng =0, (15)
0 Jo JOo JO JO 0

Numerous studies have addressed the existence of global weak solutions for pollutant transport models: see for
instance [2, 5, 6]. The construction of global weak solutions is a crucial step in establishing their existence. For a shallow
water model, Bresch and Desjardins demonstrated in [7] how to construct global weak solutions in the two-dimensional
case. In [1, 8], the authors constructed approximate solutions to establish the existence of global weak solutions for
one-dimensional lubrication models. Similarly, in [9], the authors developed sequences of suitably smooth approximate
solutions for the one-dimensional pollutant transport model analyzed in [2]. For an alternative approach to constructing
sequences of suitably smooth approximate solutions, see, for example [10].

In our analysis, our contribution is to show that when € = 0 (the coefficient of the regularising term 88)62}12 is zero),
the existence result got in [2] is preserved.

The system (1)-(3) is supplemented with the following boundary conditions:

u=0 at x=0,1 (16)
dhi=0, i=1,2 at x=0,1 17

The structure of our paper is as follows. In Section 2, we recall the energy equality associated with the system (1)-
(3) and derive a version of the BD entropy identity. These energy and BD entropy identities establish the regularities
required to prove our existence results. Additionally, we present an existence theorem for global weak solutions to (1)-
(3). In Section 3, following the approaches of Bresch and Desjardins in [7] and Kitavtsev et al. in [1], we propose an
approximating system that satisfies analogous energy and entropy identities. These identities are crucial for proving the
existence of global weak solutions to our model, using the techniques developed in [1]. In Section 4, we establish the
existence of global weak solutions for the case § = e by taking the limit in (1)-(3).
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2. A priori estimates

In this section, we recall the classical energy inequality and the BD entropy associated to our system (1)-(2). In
addition, we give a priori estimates derived from energy and BD entropy inequalities.
Lemma 1 (Energy inequality) For classical solutions of the system (1)-(3), the following inequality holds

d

1r 1 1 1
— [\ sh|wi P +U(h) + 5g(1 = )| >+ S rglht + ho|* + 560 |2
) 3l U0+ a1 =l Srelh o+ Solonh

1 1/l T 1 1
+4v1/0 hl\axu1|2+ﬁ/0 |u1|2+r1/0 /Oh1|u1|4+p2rg2/0 1210s (o) 2 (@ + bis) = 0 (18)

where the potential function U is the indefinite integral of V defined by

1 o

Uh) = =55+ 773
2h%  3h3

hy > 0.

Proof. See [2]. O

1 T 1 T 2

Remark 1 The term/ / U (h1)|dyhy|* can be absorbed by/ / (()53 - 2) |@,hy |* thanks to the work done
0 Jo o Jo \6h] 3o

in [1].

Corollary 1 Let (hy, hy, u;) be a solution of model (1)-(3). Then, thanks to Lemma 1 we have:
hi € L7(0, T; L*(0, 1)),
dvhy € L™(0, T; L*(0, 1)),
(hy +hy) € L*(0, T; L2(0, 1)),
Vhday € L0, T; 12(0, 1)),
uy € L0, T; 12(0, 1)),
ha/a+ bhy (9,(hy +ha)) € LX0, T; L2(0, 1)),

hy

[

e L*(0, T; L*(0, 1)),

Vhi|uy|* € L2(0, T; L*(0, 1)).

Remark 2
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« Since hy is in L=(0, T; L(0, 1)) s0 \/a -+ bhy is in L™(0, T; LP(0, 1)) for all finite p with p > 4 in order to ensure
that hy is in L*(0, T; L*(0, 1)).

« Otherwise, as \/a + bhyhydy(hy 4+ hy) € L*(0, T; L*(0, 1)) and v/a + bhy is in L=(0, T L”(0, 1)) s0 hady(hy + ho)
isin L*(0, T; LP(0, 1)), p > 4.

* Using the inequality

one obtains

(123 (1 —))]? > @% — 3|0k |7, (19)
which gives:
13]0uha|* < 203|9x(hy +h2) | + 203 Och .
Since hpdy(ha +h1) € L7(0, T; LP(0, 1)) and hpdehy € L™(0, T; LP(0, 1)), so, by considering (19), we have:
hydchy € L*(0, T; L2(0, 1)).

Additionally, we will require certain extra regularities on /1, which will be obtained using an additional BD entropy
equality introduced in the following lemma.

Lemma 2 For smooth solutions (A1, h;, u) of the system (1)-(3) that satisfy the classical energy equality stated in
Lemma 1, the following mathematical BD entropy inequality holds:

4
dt

1M 1 1 1 1
/ Shilur+9@(m)P — Z@()+ 58(1—r)[m|* + Srelh +ha* + 5 6[0m | + U ()
0o L2 B 2 2 2

1 1 1 h , lh 1
+B/o |u1|2+4v]/0 <g+gr2+V(h1)> |c9xh1|2+4v1rg/0 h—zaxhlaxh2+4v16/0 102k |2
1

h
T ,l 1 2
Favir /0 /0 1 221 ey + g /0 hg(a+bh2)(ax(h1+h2)> —0 (20)
where
(,D(hl) = 4V110gh1. (21)
Proof. See [2, 9]. O
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These results are necessary to establish the aforementioned lemma.

Proposition 1 If /2; possesses the regularities outlined in Corollary 1, then there exist constants ¢; and ¢, such that
0<ci <h <cs.

Proof. See [1, 2, 9]. We use the bound on d,h 1, to establish a Holder inequality, giving an upper estimate of Ay,,.
Then, by combining the estimates L=(0, T'; L>(0, 1)) on (h,, )~3/2 and dxh1,,, we obtain a bound on |[1/ /A1, [lw1.1(0, 1)-
Finally, the continuous injection W' (0, 1) < L=(0, 1) guarantees a positive lower bound for hy,- O

Remark 3 In Lemma 2, all the terms, except

T rl T rl hz
/ / |u1 |2u18xh1 and 4V1 / / —8xh18xh2
o Jo 0o Jo

T /1
are controlled because they exhibit the appropriate sign. The approach for controlling the term / / g \2u18xh1 is
0 Jo

T 1 p
inspired by [5]. What remains is to manage the term / / 4v, h—z%chl ovhy.
0o Jo 1

Proposition 2 A constant C exists such that

h
4v, hiaxhl oy <cC.
1

L2(0,T;L2(0,1))

Proof. We have:

12 %axhlath = 0 @(h1)h20iha,
1

we can write:

hza )11 Oha | <

// //Iaxq)hl )P+ 2//|h2ah2|

Let us now look at the first term to the right of the above inequality because for the second one, h;dch; is in
L2(0, T; L%(0, 1)). Since:

T rl ) T l‘axhl ‘2 T rl )
[ [1owmp= [ [ < [0 [ jamp<c,
0o Jo o Jo hy 0o Jo

then d,¢(hy) is in L?(0, T; L*(0, 1)). Which completes the proof. O
Lemma 3 For classical solutions of the system (1)-(3) with 4 as the first component, the following holds:

/ I |9e@(h) 2 < / Iy (+ 9@l )2+ 2E (hy, ha, wr) + 22)

1
302

with
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111 1 1 1
E(hhhz,ul):/o [2h1|u1|2+U(h1)+2rgh1+hz|2+2g(1—r)h12+26|8Xh1|2 .

Proof. See [2] O
Corollary 2 Let (hy, hy, u;) be a solution of model (1)-(3).
Then, thanks to Lemma 2 and Lemma 3 we have:

Vhi € L2(0, T; L2(0, 1)),
d/hy € L(0, T L2(0, 1)),
d2hy € L*(0, T; L*(0, 1)).

Remark 4 To demonstrate that d,/, belongs to L*(0, T; L?(0, 1)), we proceed by leveraging the system’s Partial
Differential Equations (PDEs), energy estimates, and Sobolev embeddings. Here is the detailed reasoning:

* Governing Equation for £,

The evolution of £, is governed by:

Orha + Ox(hogue) — Ok ((ah3, +bh3,)dkpa, ) = 0.

Key terms: 1. Advection term: (/o ue), 2. Diffusion term: o, ((ah3, +bh3_)dupa, ).
* Energy Estimate Framework

To show that dyhy, € L(0, T; L*(0, 1)), we compute the energy estimates derived from the governing equation.
» Testing with —d2hy,
Testing the equation with —d2hy, :

1 1 1
/ o, (—2hy, )dx + / O (hayute) (—92ha, )dx — / Oy (ahd, +bh3 )dpa, ) (—02h, )dx =0,
JO 0 JO

* Step 1: Time Derivative Term Integration by parts gives:
1 1
/ a,hzﬂ £ (78)62]127 g)dx = — / a[h27 gaxzhzﬂ gdx
0 ’ 0 ’
1 1
_— /0 O (s, Oyl ¢ )dx + /0 O iha, ¢dcha, edx

2dx.

1 1d r!
= | s ek edx= 5 5 [ o

* Step 2: Advection Term for the advection term:
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1 o]
/ Ox(hayte) (— 2o, )dx = / o, tte (93 M, )dix.
0 0

This term requires regularity assumptions for ue and hy, . Typically, ue € L=(0, T; H'(0, 1)), ensuring boundedness.
* Step 3: Diffusion Term for the diffusion term:

1
_ / O ((ah3, +bh3,)dpa, ) (—92ha, )dx.
0

Integration by parts gives:

1
/0 (ah?, +bh3. ) (dupa, ) (93 ha, )dx.

The nonlinear terms ah%e and bh%s are controlled by energy bounds on h,, and dyhy, .
* Energy Balance
Combining the terms, we obtain:
d /! 1 1
< / 10k, [2dx +C / 102hs, |2dx < / F(ha,, e, dupa, )dx,
dt Jo 0 0

where F contains terms involving Ay, , ug, and dypy,.
* The energy inequality implies:

dvha, € L7(0, T; L2(0, 1)).

This holds under regularity assumptions on /;, and u., supported by the dissipative structure of the system.

Remark 5

1. We have the additional regularities thanks to Corollary 1:

(@) dhy € L=(0, T; W—12(0, 1)).

(b) hy is bounded in L2(0, T; H'(0, 1)).

(¢) hyuy is bounded in L3 (0, T; L3(0, 1)) NL=(0, T; L*(0, 1))NL*(0, T; W 1(0, 1)).

2. hy is bounded in (0, T; L=(0, 1)) and h, is bounded in L*(0, T; L*(0, 1)).

3. v/hy is bounded in L*(0, T; H' (0, 1)).

Theorem 1 A global weak solution exists for the system (1)-(3) with initial data given by (8) and (9), satisfying the
energy equality (18) and the energy inequality (20).

3. Existence of weak solutions

To establish the existence of weak solutions for (1)-(3)-(16)-(17), we construct approximating systems inspired by
those introduced by Bresch and Desjardins in [7], Kitavtsev et al. in [1], and Zongo et al. in [9]. A small parameter € is
introduced, and we primarily follow the approach outlined in [9]. For a given € > 0, the approximate system is globally
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well-posed, with /& remaining both bounded and strictly positive. The global existence of weak solutions is achieved by
letting € — 0 and employing stability arguments as detailed in [2, 6, 9]. As in [7, 9], the pressure term V (k) does not
require regularization; however, it is necessary to sufficiently regularize / to control additional higher-order terms that

appear in the entropy equality.

3.1 Approximating systems

The approximating systems we examine are defined as follows

8,h1€ + ax(hlsug) =0,

Ug

5 h1.0x(697h1, —V (hy,))

1
0 (i ue) + Oy (hy ue?) + Egax(hlg)z —4v10,(h1,Oxcue) +

+ Vghlgaxhzg + thzstax(/ﬂs +h2€) — 8/’118((9)(7}11E + 831118) —+ 828;1118 =0,
Oy, + Oy (hoyute) — €(0ha, + 0o, ) — €92 o, — Oy ((aha,* + b(Ia, )*)Okpa, ) =0,

with

Oxp2e = P280x(hi, +ha,) and V(hy,) =
where (¢, x) € (0, T) x [0, 1] and € is a small parameter. Consider (23)-(25) with boundary condions
e = 02ue = dohy, = A2hy, = A2 hy, = dehy, = Aoy, =0, (t,x) € (0, T) x {0, 1}.
and initial data
n., h, €H'(0,1), uleL?0,1),
ue(x,0) = uf(x), hi(x,0)=h (x) >0 and hy,(x,0)=h (x)>0, in (0,1),
where 2, h(l)g and h5 are smooth functions such as
u)—uro in L*0,1), M) —hy, K, —hy in H'(0,1) and
eh}, —0, €h) —0 in H0,1) as &—0.

We have the following energy inequality.

(23)

24

(25)

(26)

@7

(28)

29)
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Lemma 4 For classical solutions of the system (23)-(25), the following inequality holds

T r1 ’ 1 T 1 5 1 T rl 5 5
Elue, by +4vi [ [ o] +B/o | e grse [ [ 1020,

1 T /1 T /1 Tl
ere [ [omPrrgen [ [ o a+bin) @+ )+ [ [ (02

1 T i 1 T gl
bgree [ [0 gre [ [ el v eloth P elgim P < EGEL ). Go)
where
1 2 1 2, 1 2
E(u87h187h28)::/0 Ehleluﬁ" +U(h1£)+§g<1_r)|hle| +§rg|hle+h2£|
+ L o100, P+ et |02n, 2+ E103h, 1
2 € 2 X € 2 X € ’
and

1 o

U(l’l]):*7+7, hy > 0.
2n3  3h3

Remark 6 Observe that the two terms on the right-hand side can be managed using Gronwall’s lemma.
Proof. See [2, 9]. O
Remark 7 Let (hy,, hy,, ue) be a solution of model (23)-(25). Then, thanks to the energy inequality, we have:

1
8l =r)h, €L(0, T; L*(0, 1)),

/1
§G8xh1£ € L=(0, T; L*(0, 1)),

1
Erg(hls +hy,) € L=(0, T; L*(0, 1)),

hy, € L™(0, T; L*(0, 1)),

Va+bhy, € L7(0, T, L7(0,1)), p>4,

ha Ox(h1, +ha,) € L7(0, T5 LP(0, 1)), p>4,
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hy, dcha, € L*(0, T; L2(0, 1)),

1
\/;/hleug e L=(0, T; L*(0, 1)),
2\/Vi/h1, dwe € L*(0, T; L*(0, 1)),
1 2 2
ﬁb{g eL (0, T;L (0, 1)),

8\/Tp2h2.\/a+bhy, (8x(h1£ —‘rhgs)) S LZ(O, T, LZ(O, 1))7

[ST[0%

Va(hy,) 2 € L=(0, T; L*(0, 1)),

\/gajhlg e L=(0, T; L*(0, 1)),

\/grédhy, € L*(0, T; L*(0, 1)),

gred*hy, € L*(0, T; L*(0, 1)),
X €

£
\/;afhls € L=(0, T; L*(0, 1)),
€d2ue € L*(0, T; L*(0, 1)).

The following lemma provides the entropy inequality required to establish a bound on d,+/hj, .
Lemma 5 For smooth solutions (hy,, ha,, ue) of model (23)-(25) satisfying the classical energy equality of the
Lemma 4, we have the following mathematical BD entropy inequality:

1T, T /1 ha, s )
s<u8,h1£,hzg>+f/ / e +4v1// g+ 822V (hy,) ) |9hn,|
BJo Jo 0o Jo hi,

T 1 hl T 1 5 5
+4rgv1/ / <1+S> 8xh188xh28+4v16/ / 102hy, |
Jo Jo hi, 0o Jo

T rl 1 T ,l
trpn [ [ (2 atbh) @ulm, + 1))+ 5rse [ 102, P
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T rl
[ [82|8X2u£|2+4ve|8;‘h1£|2+4vs28fug&x310gh1£}

1
Erg/ / [sa hi, |2+£|82h18|2+8|83h18|2]+S(u8,h18,h0), (31)
where
1 , 1 1 , 1 5
S(u57hls’h28):: / 7hls|u€+axq)(h1£)‘ _7(p(h]s)+7rg|hls+h2£‘ +7g(1_r)|hle|
0 |2 B 2 2
1 £ £
+26|8Xh18|2+U(h18)+2|8fh18|2+2|83h18|2}
Proof. See [2, 9]. O

Remark 8 In the Lemma 5 all the terms, excepted

//<8+4v1 >8h188h28 // (h1,)|dch1,)* and //4vs232uga logh,

T /1
are controlled since they have the good sign. The control of the term / / |uee |2u8 dyh, takes inspiration in [5]. The terms
0 Jo
1 T, T
/ / V' (h1,)|dvh1,|? and / / 4ve?92usd2loghy, can be controlled thanks to the works done in [1, 2]. It remains for
Jo Jo 0 JO

T rl h
us to control the terms / / (8 +4v th> oih1,0vhy, .
o Jo

&€
Proposition 3 There exists a constant C such as

<C.

’ ’ (8 +4v, hz) 0ch10:hy
hy L2(0,T;L2(0,1))

Proof. We follow the ideas performed in [2, 9]. We have:

T /1 1 /T 1
| [ eamaim, <3 [ [ (am, P+ieam, P <c
0o Jo 2Jo Jo

because dihi,, €dvhy, are in L(0, T, LZ(O, 1)).
h -
For the control of the term h—zs%{hlg&xhzs, see the proof Proposition 2. O
le
Proposition 4 If &, satisfies the regularity properties stated in Corollary 1, then there exist constants ¢; and ¢, such
that 0 < c¢; < hy, < ca.
Proof. [1, 2, 9]. O
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Remark 9 For € > 0, the equation (23) is parabolic in u,, while equations (24) and (25) are parabolic in A1, and &,
respectively. Based on the work of Bresch and Desjardins in [7], Kitavtsev et al. in [1], and Zongo et al. in [9], the system
(23)-(25) along with (28)-(29) admits a unique classical solution, at least locally in time. Furthermore, as shown in [1, 9],
Proposition 3 combined with the regularity properties stated above ensures the global-in-time solvability of (23)-(25) with

(28)-(29).
Lemma 6 For classical solutions of the system (23)-(25), where the first component is £1,, it holds that

1 /! 1 1 1
7 | meldp )P < 5 [ e+ 0,p(1,)) + 2B, g, ) + 5 (32
0 2 Jo 3a

with

1 1 1 1 £
E(hle’h2£7u€):/0 |:2h1£u€|2+U(hle)+2g(1r)hle2+2rg|hle+h2£|2+268Xh18|2+2a)?hle|2 .

Proof. See [2].
Corollary 3 Let (hy,, ha,, ue) be a solution to the model (1)-(3).

Then, by applying Lemma 6 and the BD entropy equality, we obtain:
Vhi, €L7(0, T; L*(0, 1)),
3/, € L(0, T: L2(0, 1)),
o2hy, € L2(0, T; L2(0, 1)),
VEd2hy, € L2(0, T; L2(0, 1)),
2vEdth, € L2(0, T; L*(0, 1)).

Remark 10
1. Using the Remark 5, we have

i ue € L7(0, T3 L*(0, 1))

and

dhi, € L™(0, T; W20, 1)).

2. \/hy, is bounded in L2(0, T; H'(0, 1)).
Remark 11 Since 0 < ¢| < hj, < ¢ holds uniformly with respect to €, the limit 4, is both bounded and strictly

positive. Consequently, the limit system can be divided by #,,, rendering it parabolic with respect to the velocity ue.
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Following the reasoning in [1, 7, 9], the initial-boundary value problem for the system (23)-(25) with (27)-(28) admits a
unique classical solution, at least locally in time. We now proceed to define the weak formulation of the problem (23)-(25)
with the boundary conditions (27). Let (A, ha,, u1,) be given and satisfy (29).

Definition 1 A triplet (h),, ha,, ue) is a global weak solution to (23)-(25) with boundary conditions (27) and initial
conditions (1, ha,, u1,) if hy,, ha,, and u;, possess the regularity properties stated earlier in this section, and the following
conditions are satisfied:

T 1 T 1
00,0~ [ [ia0- [ [ #utae=o, (33)
JO 0 0 0
Tl T 1 T rl
15,000~ [ [ma0- [ [ mudsre [ [ oo
0 0 0 0 0 0
T 1 1 T 1 T
2 3 B 6 B 4 _
] (a2 b )opa) o~ [ dhao—e [ [ o0 =0 (34)

hlsue / / h]€u£8l¢ / / h] Uge a ¢+4V]/ / h]sa Mea ¢+ ﬁ/ / I/le¢
+/ / (602, —V(hn,))$d; h15+/ / (602hy, —V (h,))h1, 6 — g/ /

T 1 T 1 T 1 1 T
—rg/ / h2£h1€8x¢—|—r|/ / h18|u5\2u£¢—rg/ / Ohy, 0ih, —8/ / afugafq)

0 0 0 0 0 0 0 JO

T 1 T 1 1 T 1 T
_rg / / (i, +ho, )2, 00 — rg / / (hi, + 1, )Osho, 0 + € / / I, ki, — ehy, / / Phd=0, (35)
0 0 JOo JO JO JO JO JO

for all ¢ € Ci°([0, o) x [0, 1]) such that ¢(T,.) = 0.

We now show that solutions to the system (23)-(25) with boundary and initial conditions (27)-(28) converge to a
solution of (13)-(15) as € — 0.

Theorem 2 For any positive ¢, B and initial data (hy,, Ao, up) satisfaying (29), there exists a global weak solution
to the system (1)-(3) with boundary conditions (8) and initial conditions (9) in the sense of (13)-(15).

3.2 Convergences

In this section, we present a proof of Theorem 2. Let (hlsk , h25k s U, ) be a sequence of weak solutions with the given
initial data

_ 10 _ 10 _ 0
M=o =hiy s Togu=0="a, , (Mg ue)j—0 = mg

such as

Wy —> g i H'(Q), B, — by inH'(Q),  mg, — mo in (L(Q))",
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and fulfilling the following inequality:

/ lek +/ [h yul | +64v} |0 ,/ho ‘ + g(1—r)| \ += rg’hlek—i— zgk

1 0 12, €133,0 2
+§a]axh1£k| +§|8Xh1£k\ <C.

Consider a sequence {€ }x>1 such that & — 0. For each k > 1, let (h1,, , ha,, , g, ) denote the corresponding solution
to the approximate system (23)-(28) with € = &.

3.2.1 Convergence of /hle," hlek and h2ek

From the Remark 10:

\/he, is bounded in L=(0, T; H'(Q)). (36)

Furthermore, by applying the mass equation, we derive the following equality:

which gives that d; , /Ay, is bounded in L*(0, T; H(Q)).

Using the Aubin-Simon lemma (see [11, 12]), we can extract a subsequence, still denoted (hlsk)lgk, such that

\/ P, strongly converges to \/h; in %0, T; L*(0, 1)).

According to the Proposition 4, we show that

< ) hle

hig —hi| <

hig —v/hi| = |1, —h

This ensures

hy, strongly converges to hy in L?(0, T; L*(0, 1)).

&

We have ha,, bounded in L2(0, T; H'(0, 1)). Moreover, we have

afhzsk = _aX (h2sk ugk) + Sk(axﬁhzek + a)?hzsk ) + aX((ah2sk + b(h2sk )3)3xngk )
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Let us study each term separately

* Since /o, is in L7(0, T3 L*(0, 1)) and ug, is in L*(0, T; L*(0, 1)), we show that the first term is in L*(0, T;
w-L10, 1)).

* For the second term, since /€d,h5 is in L2(0, T; L2(0, 1)), we have v/€d2h5F in L>(0, T; W=11(0, 1)).

* For the third term, for any y € C7((0, 1) x (0, T)), by applying integration by parts and utilizing the regularities
established in the previous section,

T 1
/ / vl ho,
o Jo k

< Haxz‘l/”L?(QT;LZ(o, 1))H8fh2£k 200, 75w-1.1(0, 1))

< C||a;1h28k 200, 75w-1.1(0, 1))-

T 1
/ / vo o,
o Jo k

< Halel’”L?(o. T;L2(0,1)) H9x3h2£k HL2(0, T;w-1.1(0,1))

< |07 ha 20, 7. w110, 1))

* For the last term, as /o, , /a+bhs, <8x(h18k —i—/’lzsk)) is in L*(0, T; L*(0, 1)), we have 0y (ha,, |/a+bha, (s
(hie, +ha))) in L2(0, T; W-11(0, 1)).

Thus, the third term belongs to L*(0, T3 W~"(0, 1)), which implies that d,hy,, is also in L*(0, T; W~ 1(0, 1)).

By the Aubin-Simon lemma, we conclude that:

hy,, strongly converges to A in L0, 7; w10, 1)).

3.2.2 Convergence thlek Ug,

According to the Remark 10, ug, € L?(0, T; H'(0, 1)). This result, combined with Lemma 4, enables us to obtain

(h1g ug,) in L*(0,T; H'(0, 1)) (37)

Furthermore, the momentum equation (2) allows us to express the time derivative of the water discharge as follows:

1 u
O (i ue) = — O ug”) — 5gaxhlgk2 +4v10y (i, detg,) — % +hi, 0(097h, —V ()

—rghy, dchy, —rgha, O +ha, )+ e&chi, (9]l + 97, ) — &0 ug,. (38)

We then study each term:
* dx(h,, (ug,)?) = Oy ((1, ug, )ug,) which is in L*(0, T; W1 1(0, 1)).
* As by, isin L(0, T; L*(0, 1)), we have:
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3y [(h)?] isin L=(0, s W1 1(0, 1)),

* Oy(hi,, Aettg) = Oy (, [hig y/hig, 8xugk) is bounded in L2(0, T; W= 1(0, 1)).

* rghi, diha, is bounded in L*(0, T; W~ 1(0, 1)).

* hig, 8xc9xzhlsk is bounded in L=(0, T; W=11(0, 1)).

* rghy, Ox(hi,, + ha,, ) is bounded in L?(0, T; w=11(0, 1)).

* For any y € C5((0, T') x (0, 1)), we obtain, using integration by parts and the regularities in the previous section,

T rl 7
‘ /0 /0 whlsk 9; hlsk

T rl1
- ’ / / Ay, [woihy, +30cwdlh, +302wdihi, +hi, d}v]
0 0 k k k k k

T
< /0 19371, 1220, 1) LW llz=(0, 1) 192 A 2o, 1) + g =0, 1) 192 Wl 20, 1)
+3[0:Wll =0, 1) 105 g, 20, 1) + 31107 W19, 20, 1]

< C||8)f'h1€k ||12_2(07 lWllas o,y < MWllz2, 7. m300.1))

T 1 T 1
/ / yhi, 0V (h, )| = ’/ / Vi (hi,,)
o Jo 0 Jo

T 2
< Vi(hi )= ((0, 1% (0, 7)) (/0 ||1V||H1(o,1>)

1

where

!

Vil ):=— /h ! (1)dr,
and

T 1 3 T 1 ,
‘/0 /0 yhi, hi, dxdi /O/Oaxhlek [ e+ o, |

T
S/O ||ax2hlsk||L2(o,1) [”hlgkHL“’(O,I)”aXWHLz(O,1)+||V/||L°°(O. I)Haxhlsk”Lz(O,l)}

N
<c([ o)
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Finally (ug, ) and (&;ug, ) are bounded in L*(0, 1; H'(0, 7)) and L?*(0, T; H~%(0, 1)) respectively. Collecting the
above information completes the proof of the boundness of the right-hand side of (38), whence

at(hlskugk) is bounded in L2(0, T; H3(0, 1)).

Combining this with (37) and Corollary 4 in Simon [12] ensures that (A1, u,) is compact in L2((0, T); L*(0, 1)).
So, there exists m € L*((0, T); L*(0, 1)) such that

hig ug, converges to m in L*((0, T); L*(0, 1)). 39)

3.2.3 Convergences 0f(h1€k)'l, ug, and hlek Ug,

* As (I, )i strongly converges to hy in L*(0, T; W' 2(0, 1)) NC([0, T] x (0, 1) for p & [1, o) and we have 0 < ¢1 <
hlsk < ¢, we deduce that

(hlek)_l strongly converges to h; ' in C([0, T] x (0, 1)). (40)

« Considering (39) and (40), there exists u; € L?(0, T; H'(0, 1)) such that

ug, strongly converges to u in L*(0, T; L*(0, 1)). (41)

* Since | /hy,, strongly converges to VhiinC%(0, T; L?(0, 1)), by using (41), hi,, g, strongly converges to Vhiu
in L2(0, T; L'(0, 1)).

3.3 Convergences of axhlek, ekaxh%k, ha,, axhlek, afhlek, hy,, 02hy, and 3xh1€k afhlsk
* We have dihy, bounded in L*(0, T; H'(0, 1)) and 9,0,/ is bounded in L=(0, T5 H™'(0, 1)) since d;hy,, is
bounded in L*(0, T; H~'(0, 1)). Thanks to compact injection of H'(0, 1) in L?(0, 1) in one dimension, we have:
dxhy, converges strongly to dxhy in L0, T; L*(0, 1)).
* The bound of 83h1€k in L2(0, T; L*(0, 1)) and €cdxha, in L?(0, T; L*(0, 1)) gives us:
8xzh1£k strongly converges to 92h; in L'(0, T; L'(0, 1)),

&0yl strongly convergesto 0 in L', ;L' (0, 1)).

* Thanks to the strong convergence of & le, s /’lzsk, 8xh1€k and the weak convergence of 8)62h18k, we have:
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ha,, 8xh18k strongly converges to hydchy in L'(0, T; L'(0, 1)),
h1€k8xzh18k strongly converges to h18x2h1 in L'(0, T; L (0, 1)),
8xh1£k 8X2h1£k converges wealkly to 3xh18X2h1 in L'(0, T; L'(0, 1)),
(hlgk)2 strongly converges to h;2 in L'(0, T; L'(0, 1)),
(hzgk)2 strongly converges to hy? in L'(0, T; L1(0, 1)),
hy, ho,  strongly converges to hihy in L0, T; L' (0, 1)).

* The bound of /z,, diha, in L%(0, T; L*(0, 1)) gives us

ha,, dxho,, strongly converges to hydihy in L0, ;L' (0, 1)).

* We have

/OT/Olhlskaxhzekﬁb = —/OT/OI(erkaxhlsk +hig ha 9:9).
Since hzsk z9xh1€k converge weakly to hydih; and hlsk hgsk strongly converges to hjh; in L (0, T; L (0, 1)), so
h]sk axhzgk strongly converges to hdyhy in L (0, T, L (0, 1)).
3.3.1 Convergences of hy,, Oxlig,
The function (hi,, , Oxite,) = hi,, dsitg, is a continuous in L=(0, T; H' (0, 1)) x L*(0, T; W~"(0, 1)) to L*(0, T;

w=12(0, 1)).
So,

h1€k8xu£k converges weakly to hjdu in LZ(O, T;H*'(O7 1)).

3.3.2 Convergences of hzsk Ug,

We have ug, converges weakly to u in L*(0, T; L?(0, 1)) and the strong convergence of /5 to hy, gives us:
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hag, ug, converges weakly to /pu in LYo, T; L'(0, 1)).

3.3.3 Convergence of (a(hzek )? +b(ha,, )3)) Ox(h1,, +h2,,)
The bound of (a(hgsk )2+ b(hz, )3)) dx(hig, +ha,, ) in L%(0, T; L*(0, 1)) implies that
(“(h%k)z +b(h,, )3)) (hig, +hi,, ) converges weakly to (ah3 4 bh3)dy(hy +hy) in L'(0, T L1(0, 1)).

3.3.4 Convergences ofhlsV(hlsk) and V(hlek )axhlek

We will start by analyzing the convergence of the term /1 V (h1, ). We have hiV (hi, ) =

‘1 1
(h1g)* i

1 o 1l_a <‘ L1
(hig)? (g )® \hi, B, )|~ ()

R

(h1g)*  (hg,)?

B (1 B oc> _ I =l A+l g, —h|(h1g ) + I by + i
RS P

By using the Proposition 4, we find two constants d; and &, such as

1 a (1 oc)'
— =~ =5 — 3 || < Gilh1, — |+ &l —h].
’(hlek)z (hg)*  \ht hy ‘ ‘
So

2
< 8K —m > =0, with & =2max(§), &).

w7
(hg ) (mg)? \ni R

We have

1 o I o .
e ) strongly converges to 2 o L*(0,T; L*(0, 1)).
& [ 1 1

A similar argument guarantees the strong convergence of

a .2 2
0 — —— in L~(0, T; L“(0, 1)).
(P ()t 1 H
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The strong convergence of 8xh1£k in L2(0, T; L*(0, 1)) gives us

V(hi,, )Oxhi,, converges weakly to V/(h)dxh; in L0, T; LY (0, 1)).

3.3.5 Convergence of €202ug,, &chy,, ! hi,, s Ekafhzek

« The bound of d2ug, in L*(0, T; L*(0, 1)) gives us

dZug, strongly converges to dfu in L'(0, T; L'(0, 1)).

Then,

&dug, strongly converges to 0 in L'(0, T; L'(0, 1)).

* We have:

T rl T rl T rl
/O /Ohlskajhlgk¢:—3/0 /0 8fh1£k8x¢8;‘h|£k—3/0 /08xh18kaf¢8fh]€k

T 1 T 1
_/0 /0 ¢a)?hlska)?hlsk_'/0 /)hlskas¢a;hlsk

The function (92hy, , d¢hy, ) — 02hy, dthy, is a continuous in L=(0, T; H'(0, 1)) x L?(0, T; W=12(0, 1)) to
k k k k
L2(0, T; W=12(0, 1)), so (8§h]gk a;‘hlsk )x converges weakly to 92k, d¢hy, in L2(0, T; W~1-2(0, 1)). Next, the function
(8x3hlsk, 8fh1£k) — 8x3h1£k B;‘hlsk is a continuous in L=(0, T; H' (0, 1)) x L*(0, T; W~12(0, 1)) to L*(0, T; W—12(0, 1)),
50 (97 hi, 9y hig, )k converges weakly to 92k 97 hy in L2(0, T; W—12(0, 1)).

axhlgk 8;‘1115]( converges weakly to d.d2hy in L2(0, T; L'(0, 1)). Finally, hlek 8;‘h18k strongly converges to /192 h;
in L'(0, T; L'(0, 1)).

So, we have the weak convergence of

h]eka)Zhlgk to h18x7h1 in LI(O, T, L (O, 1))
so we deduce that

skhlgkajhlek to 0 in Ll(O, T;LI(O7 1)).

* We have:
T 1 6 T 1 6
/0 /0 8x h2ek ¢ = /0 /O h2ek ax (P
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The bound of Ay, in L*(0, T; L%(0, 1)), give us: the strong convergence of hae, in L2(0, T; W=1-1(0, 1)). So, we
deduce that

£k8xéh]€k converge strongly to 0 in L*(0, T; W1 1(0, 1)).
3.3.6 Convergence of €chy,, a3 o ekafhgek
The function (h1,, , 9)(3h1£k) — hi, 8x3h1£k is continuous in L=(0, T; H'(0, 1)) x L?(0, T; W=12(0, 1)) to L*(0, T;

W12(0, 1)), 50 hi,, 92 hi, converges weakly to h1d2hy in L*(0, T; W"2(0, 1)). Then, we deduce that

&chig, afhlsk converges weakly to 0 in L*(0, T; W~ 12(0, 1)).

* We have:
T 1 .
/ / Iy, 920,
o Jo
Since hy,, strongly converges to h; in L2(0, T; W=11(0, 1)), we deduce that

8k8fh2€k strongly converges to 0 in LZ(O, T; w10, 1)).

Remark 12 The above convergences enable us to take the limit as k — oo within the weak formulation (33)-(35),
ensuring that (hy, hy, u) satisfies (13)-(15).

4. Case ff =00
We adopt the approach outlined in [1, 9]. First, we consider a sequence of positive real numbers (f,), 8, — o, and
denote the solutions of (33)-(35) for § = B, by (i PRECT ug, ). The corresponding systems are expressed as follows:

8¢h1/3n + 8x(h1ﬁn uﬁn) =0, (42)

1 u
8,(h1ﬁn uﬁn) + 8X(hlﬁn uﬁnz) + Eggx(hlﬁn )2 —4V18x(h1ﬁn &xuﬁn) + B _ h]n&x(O‘athlﬁn - V(hllin))

Bn
+rghig Ochay +rghag Ou(hig +hay ) — By (97h, + 97y )+ B dfug, =0, (43)
g, + O(hag up,) — Ba(90hay, + 0t hay ) — Badihay, — O ((ahzﬁn 2+ b(hy, )3)axpz,3,l) =0, (44)

with
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1 o

okp1g, = P28ok(hi, +hyy ) and V(h]ﬁn):(h1 SR TeE
Bn ﬁVl

(a>0), (45)

where (¢, x) € (0, T) x [0, 1] and 7, represents a small parameter.

For the system (42)-(44), the statements of Remark 5, Corollary 3 and the Proposition 4 remain valid for the weak
solutions of (33)-(35). This allows us to examine the behavior of these solutions as 8 — . Although the estimate for
(ug,/Bn) becomes irrelevant in this case, one can still obtain an estimate for (ug, ) in L*(0, T; H} (0, 1)) using Remark 5,
Corollary 3 and the Poincaré inequality. By following the reasoning in the proof of Theorem 2, we conclude that, after
possibly extracting a subsequence, (% B h2ﬁn , ug,) converges to a weak solution of the model

ohy + 8x(h1u) =0, (46)
3y () + () + %g&xh% — av10u (D) — I (692 —V ()

+r1h1|u\2u+rgh18xh2+rgh28x(h1 +hy) =0, 47)

Ohy + 9y (hou) — 9y ((aha? + bhy*)dxpa) = 0. (48)
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