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Abstract: This paper adopts the direct algebraic method to recover and enlist a full spectrum of optical 1-soliton solutions
for the dispersive concatenation model that comes with Kerr law of nonlinear refractive index change. The temporal
evolution for the model is taken to be fractional so that the model is viable for controlling the Internet bottleneck-a
growing problem in telecommunications industry. The numerical simulations supplement the soliton solutions that are
obtained analytically.
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1. Introduction
The year was 2014. It was exactly a decade agowhen a very interestingmodel that describes the propagation of optical

solitons was conceived. This is the concatenation model [1, 2]. It is formed by combining the nonlinear Schrödinger’s
equation (NLSE) [3–5], Lakshmanan-Porsezian-Daniel (LPD) model [6–8] and the Sasa-Satsuma equation [9, 10]. This
model was extensively studied from a wide range of angles that includes the Painleve analysis, identifying a full spectrum
of 1-soliton solutions, bifurcation analysis, locating the conservation laws, recovering the gap solitons in Bragg gratings
as well as checking out the implicit quiescent optical solitons with nonlinear chromatic dispersion (CD) and many others.
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Subsequently, later during the same year, as well as in 2015, a new form of this concatenation model came into
existence, proposed by the same group from Australia. This is being referred to as the dispersive concatenation model.
This is formulated with the conjunction of the Schrödinger-Hirota equation (SHE), LPD and the fifth-order NLSE. Two of
the components from this model, namely SHE and the fifth-order NLSE contribute to the dispersive effects of the solitons
for this model and hence the name dispersive concatenation model. Later this model too was extensively addressed from
the same wide range of perspectives, namely the conservation laws, bifurcation analysis, quiescent optical solitons for
nonlinear CD and other such aspects.

Subsequently, both of the models were addressed with power-law of self-phase modulation (SPM) where many such
features are illustrated. Lately, both of these models were considered with differential group delay and the relevant results
were also recovered [11–14]. It is now time to bridge the gap by addressing the models with fractional temporal evolution.
The concatenation model was already addressed from this point of view [6]. The current paper details the study of the
dispersive concatenation model with fractional temporal evolutions as a follow-up of the previous paper. The adopted
integration scheme is the enhanced direct algebraic method that yield a plethora of results including the full spectrum
of optical solitons. These solitons are obtained through the intermediary Jacobi’s elliptic functions that gave way to the
soliton solutions when the modulus of ellipticity approached a specific limiting value. The details of the mathematical
analysis are exhibited in the rest of the paper and the analytical results are also supplemented with captivating numerical
simulations.

1.1 Governing model

The following formulation presents the dimensionless concatenation model that captures soliton propagation through
optical fibers with fractional temporal evolution [11–14]:

i
∂ α q
∂ tα +aqxx +b |q|2 q− ic1

(
δ1qxxx +δ2 |q|2 qx

)

+ c2

(
δ3qxxxx +δ4 |q|2 qxx +δ5 |q|4 q+δ6 |qx|2 q+δ7q2

xq∗+δ8q∗xxq2
)

− ic3

(
δ9qxxxxx +δ10 |q|2 qxxx +δ11 |q|4 qx +δ12qqxq∗xx +δ13q∗qxqxx +δ14qq∗xqxx +δ15q2

xq∗x
)
= 0.

(1)

Here, in Eq. (1), thewave amplitude is designated to be q(x, t) and is a complex-valued functionwhere i=
√
−1while

the variables x and t represent the spatial and temporal variables respectively. The coefficient of a is the linear chromatic
dispersion while the coefficient of b is the self-phase modulation that comes from Kerr law of nonlinear refractive index
change. The first three terms together with the coefficient of c1 represents the SHE. Next, the coefficient of c2 gives the
LPD operator while the coefficient of c3 accounts for the fifth-order NLSE. Thus, the model carries third-order, fourth-
order and fifth-order dispersion terms. These therefore make it into a truly dispersive concatenation model. One of the
salient features of a dispersive model is the soliton radiation. This would drastically slow down the soliton velocity.
However, such effects are totally ignored and the focus on this paper would be on the core soliton region or on the discrete
regime of the wave. The parameter α is the measure of the fractional temporal evolution where 0<α ≤ 1. The analysis of
the model will now be carried out in the subsequent sections to retrieve optical solitons with fractional temporal evolution
after a quick recapitulation of the fundamental concepts from fractional calculus.

The paper is structured as follows: Section 2 presents the mathematical preliminaries, outlining the fundamental
equations, definitions, and theoretical background relevant to the study. Section 3 delves into the mathematical analysis,
where the governing equations are examined, and essential properties such as existence conditions are discussed. In
Section 4, the integration algorithm is introduced, detailing the analytical technique used to solve the problem, along with
their implementation properties. Section 5 focuses on the application to the model, demonstrating how the developed
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method is applied to a specific system, with parameter selection and case studies. Section 6 provides the results and
discussion, presenting analytical findings, graphical representations, and a comprehensive analysis of the outcomes.
Finally, Section 7 concludes the paper, summarizing key findings, highlighting the study’s contributions, and suggesting
directions for future research.

2. Mathematical preliminaries
A summary of the conformal fractional derivative from basic fractional calculus is addressed below, including the

fundamental properties necessary for deriving the solutions to the model investigated in [6].

2.1 Introduction

Assuming f : [0, ∞)→ R and 0 < α ≤ 1, the conformable fractional derivative of f of order α is characterized by
[6]:

Lα ( f )(x) = lim
ε→0

f (x+ εx1−α)− f (x)
ε

, (2)

for all x > 0 and α ∈ (0, 1].
Let 0 < α ≤ 1, a, b, p ∈ R and f (x), g(x) be α-differentiable, at a point x > 0. Then
(1) Lα(a f (x)+bg(x)) = aLα f (x)+bLα g(x)
(2) Lα(xp) = pxp−α

(3) Lα(µ) = 0, µ is constant

(4) Lα

(
f (x)
g(x)

)
=

gLα( f (x))− f Lα(g(x))

g(x)2

(5) If in addition f is differentiable then

Lα f (x) = x1−α d f (x)
dx

(3)

3. Mathematical analysis
The approach outlined below is employed to address Eq. (1):

q(x, t) =U(η)eiφ(x, t), (4)

where

η = k
(

x− v
tα

α

)
. (5)

For this case, v represents the speed, η signifies the wave variable, U(η) denotes the amplitude, and the phase
component φ(x, t) is expressed as:
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φ(x, t) =−κx+ω
tα

α
+ϑ0. (6)

With ϑ0 as the phase constant, ω as the wave number, and κ as the frequency, substitution of Eq. (4) into Eq. (1),
followed by decomposition into real and imaginary components, results in:

(
aκ2 + c3κ5δ9 − c2κ4δ3 − c1κ3δ1 +ω

)
U(η)− k2 (a+10c3κ3δ9 −6c2κ2δ3 −3c1κδ1

)
U ′′(η)

+
(
−c3κ3δ10 − c3κ3δ12 − c3κ3δ13 + c3κ3δ14 + c3κ3δ15 + c2κ2 (δ4 −δ6 +δ7 +δ8)+ c1κδ2 −b

)
U(η)3

+ k2 (c3κ (−2δ12 +2δ13 +2δ14 +δ15)− c2 (δ6 +δ7))U(η)U ′(η)2 +(c3κδ11 − c2δ5)U(η)5

+ k2 (c3κ (3δ10 +δ12 +δ13 −δ14)− c2 (δ4 +δ8))U(η)2U ′′(η)+ k4 (5c3κδ9 − c2δ3)U (4)(η) = 0, (7)

k
(
2aκ +5c3κ4δ9 −4c2κ3δ3 −3c1κ2δ1 + v

)
U ′(η)+ c3k3δ15U ′(η)3 + c3kδ11U(η)4U ′(η)

+ k (κ (c3κ (−3δ10 +δ12 −3δ13 +δ14 +δ15)+2c2 (δ4 +δ7 −δ8))+ c1δ2)U(η)2U ′(η)

+ k3 (2κ (2c2δ3 −5c3κδ9)+ c1δ1)U (3)(η)+ c3k3 (δ12 +δ13 +δ14)U(η)U ′(η)U ′′(η)

+ c3k3δ10U(η)2U (3)(η)+ c3k5δ9U (4)′(η) = 0. (8)

The velocity is derived from the imaginary part:

v =−2aκ +4c2κ3δ3 +3c1κ2δ1, (9)

and

κ (2c2χ −4c3κδ13)+ c1δ2 = 0, (10)

with χ = δ4 +δ7 −δ8. The frequency is described by Eq. (8), along with constraint relations:

δ9 = δ10 = δ11 = δ15 = 0, (11)

δ12 +δ13 +δ14 = 0, (12)

4c2κδ3 + c1δ1 = 0. (13)
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Then Eq. (1) reduces to

iqt +aqxx +b |q|2 q− ic1

(
δ1qxxx +δ2 |q|2 qx

)

+ c2

(
δ3qxxxx +δ4 |q|2 qxx +δ5 |q|4 q+δ6 |qx|2 q+δ7q2

xq∗+δ8q∗xxq2
)

− ic3 (δ12qqxq∗xx +δ13q∗qxqxx +δ14qq∗xqxx) = 0,

(14)

and Eq. (7) reaches

(
aκ2 +κ3 (−(c2κδ3 + c1δ1))+ω

)
U(η)+

(
2c3κ3δ14 + c2κ2 (δ4 −δ6 +δ7 +δ8)+ c1κδ2 −b

)
U(η)3

− c2δ5U(η)5 + k2 (4c3κ (δ13 +δ14)− c2 (δ6 +δ7))U(η)U ′(η)2 − k2 (a−3κ (2c2κδ3 + c1δ1))U ′′(η)

+ k2 (−2c3κδ14 − c2 (δ4 +δ8))U(η)2U ′′(η)− c2k4δ3U (4)(η) = 0.

(15)

Eq. (15) can be simplified as

k2U (4)(η)+ζ6U(η)2U ′′(η)+ζ5U ′′(η)+ζ4U(η)U ′(η)2 +ζ3U(η)5 +ζ2U(η)3 +ζ1U(η) = 0, (16)

where

ζ1 =−aκ2 +κ3 (−(c2κδ3 + c1δ1))+ω
c2k2δ3

,

ζ2 =
b−κ (κ (2c3κδ14 + c2 (δ4 −δ6 +δ7 +δ8))+ c1δ2)

c2k2δ3
,

ζ3 =
δ5

k2δ3
, ζ4 =

c2 (δ6 +δ7)−4c3κ (δ13 +δ14)

c2δ3
,

ζ5 =
a−3c1κδ1

c2δ3
−6κ2, ζ6 =

2c3κδ14 + c2 (δ4 +δ8)

c2δ3
.

(17)

4. Integration algorithm
We may introduce a governing model with the form [6–10]:

F(ψ, ψx, ψt , ψxt , ψxx, ...) = 0. (18)
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In this context,ψ =ψ(x, t) characterizes a waveform, with x as the spatial coordinate and t as the temporal coordinate.
By using waveform

ψ(x, t) =U(η), η = k(x−υt), (19)

we can reduce Eq. (18) to

P(U(η), −kυU ′(η), kU ′(η), k2U ′′(η), ...) = 0. (20)

Here, υ represents the wave velocity, η is the wave variable, and k signifies the wave width. To start the method,
proceed with the following steps:

Step 1 Eq. (20) holds the solution structure:

U(η) = Θ0 +
N

∑
i=1

Θiϑ(η)i, (21)

with

ϑ ′(η)
2
=

4

∑
l=0

σlϑ(η)l , σ4 ̸= 0. (22)

Here σl (l = 0, 1, 2, 3, 4) are constants. Equ. (22) offers various solutions:
Set-1: Bright soliton emerge for σ0 = σ1 = σ3 = 0, σ2 > 0, σ4 < 0, σ2 > 0, and σ4 > 0:

ϑ(η) =

√
−σ2

σ4
sech [

√
σ2 η ] , σ2 > 0, σ4 < 0, (23)

ϑ(η) =

√
σ2

σ4
csch [

√
σ2 η ] , σ2 > 0, σ4 > 0. (24)

Set-2: Dark and singular solitons occur when σ2 < 0, σ4 > 0, σ0 =
σ2

2

4σ4
and σ1 = σ3 = 0:

ϑ(η) =

√
− σ2

2σ4
tanh

[√
−σ2

2
η
]
, σ2 < 0, σ4 > 0, (25)

ϑ(η) =

√
− σ2

2σ4
coth

[√
−σ2

2
η
]
, σ2 < 0, σ4 > 0. (26)

Set-3: Jacobi elliptic doubly periodic type solutions emerge for σ1 = σ3 = 0:
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ϑ(η) =±

√
− τ2σ2

(2τ2 −1)σ4
cn
(√

σ2

2τ2 −1
η
∣∣∣∣τ) ; σ0 =

τ2
(
1− τ2

)
σ2

2

(2τ2 −1)2 σ4
, (27)

ϑ(η) =±

√
− τ2σ2

(2− τ2)σ4
dn
(√

σ2

2− τ2 η
∣∣∣∣τ) ; σ0 =

(
1− τ2

)
σ2

2

(2− τ2)2 σ4
, (28)

ϑ(η) =±

√
− τ2σ2

(τ2 +1)σ4
sn
(√

− σ2

τ2 +1
η
∣∣∣∣τ) ; σ0 =

τ2σ2
2

(τ2 +1)2 σ4
. (29)

Here τ is set to be a real number between 0 and 1.
Set-4: Weierstrass elliptic doubly periodic type solutions arise for σ1 = σ3 = 0:

ϑ(η) =
3℘′ (η ; g2, g3)√

σ4 [6℘(η ; g2, g3)+σ2]
, σ4 > 0, (30)

ϑ(η) =

√
σ0 [6℘(η ; g2, g3)+σ2]

3℘′ (η ; g2, g3)
, σ0 > 0, (31)

where the invariants of the Weierstrass elliptic function are derived from g2 =
σ2

2
12

+σ0σ4 and g3 =
σ2

216
(
36σ0σ4 −σ2

2
)
.

Set-5: Straddled solitons are identified by setting σ0 = σ1 = 0, and σ2 > 0:

ϑ(η) =

−σ2sech2
[

1
2
√

σ2 η
]

±2
√

σ2σ4 tanh
[

1
2
√

σ2 η
]
+σ3

, σ4 > 0, (32)

ϑ(η) =

σ2csch2
[

1
2
√

σ2 η
]

±2
√

σ2σ4 coth
[

1
2
√

σ2 η
]
+σ3

, σ4 > 0, (33)

ϑ(η) =
2σ2sech [

√
σ2η ]

±
√

σ2
3 −4σ2σ4 −σ3sech [

√
σ2η ]

, σ2
3 −4σ2σ4 > 0, (34)

ϑ(η) =
2σ2csch [

√
σ2η ]

±
√

4σ2σ4 −σ2
3 −σ3csch [

√
σ2η ]

, σ2
3 −4σ2σ4 < 0, (35)
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ϑ(η) =−
σ2σ3sech2

[√
σ2

2
η
]

σ2
3 −σ2σ4

(
1− tanh

[√
σ2

2
η
])2 , σ3 ̸= 0, (36)

ϑ(η) =

σ2σ3csch2
[√

σ2

2
η
]

σ2
3 −σ2σ4

(
1− coth

[√
σ2

2
η
])2 , σ3 ̸= 0. (37)

Step 2 The parameter N in Eq. (21) is identified by balancing the nonlinear terms and the highest-order derivative
in Eq. (20).

Step 3 Substitute Eq. (21) into Eq. (20), along with Eq. (22). This substitution leads to a polynomial in ϑ(η).
By collecting terms with the same powers and setting them to zero, we derive an over-determined system of algebraic
equations. This system can be solved to determine the parameters in Eqs. (19) and (22), ultimately yielding the solutions
of Eq. (18).

5. Application to the model
In Eq. (16), the balance betweenU (4)(η) andU(η)5 leads to N = 1. The solution follows the format outlined in this

article’s proposed technique:

U(η) = Θ0 +Θ1ϑ(η). (38)

The following system of algebraic equations is recovered when Eqs. (38) and (22) are substituted into Eq. (16):

ϑ(η)5 : Θ3
1σ4ζ4 +2Θ3

1σ4ζ6 +Θ5
1ζ3 +24Θ1σ2

4 k2 = 0, (39)

ϑ(η)4 : Θ3
1σ3ζ4 +

3
2

Θ3
1σ3ζ6 +Θ0Θ2

1σ4ζ4 +4Θ0Θ2
1σ4ζ6 +5Θ0Θ4

1ζ3 +30Θ1σ3σ4k2 = 0, (40)

ϑ(η)3 : Θ3
1σ2ζ4 +Θ3

1σ2ζ6 +Θ0Θ2
1σ3ζ4 +3Θ0Θ2

1σ3ζ6 +2Θ1σ4ζ5 +2Θ2
0Θ1σ4ζ6 +Θ3

1ζ2 (41)

+10Θ2
0Θ3

1ζ3 +
15
2

Θ1σ2
3 k2 +20Θ1σ2σ4k2 = 0, (42)

ϑ(η)2 :
3
2

Θ1Θ2
0σ3ζ6 +Θ2

1Θ0σ2ζ4 +2Θ2
1Θ0σ2ζ6 +Θ3

1σ1ζ4 +
3
2

Θ1σ3ζ5 +
1
2

Θ3
1σ1ζ6 +10Θ2

1Θ3
0ζ3 (43)

+3Θ2
1Θ0ζ2 +

15
2

Θ1σ2σ3k2 +15Θ1σ1σ4k2 = 0, (44)
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ϑ(η)1 : Θ1Θ2
0σ2ζ6 +Θ2

1Θ0σ1ζ4 +Θ2
1Θ0σ1ζ6 +Θ3

1σ0ζ4 +Θ1σ2ζ5 +5Θ1Θ4
0ζ3 +3Θ1Θ2

0ζ2 +Θ1ζ1 (45)

+Θ1σ2
2 k2 +

9
2

Θ1σ1σ3k2 +12Θ1σ0σ4k2 = 0, (46)

ϑ(η)0 :
1
2

Θ1Θ2
0σ1ζ6 +Θ2

1Θ0σ0ζ4 +
1
2

Θ1σ1ζ5 +Θ5
0ζ3 +Θ3

0ζ2 +Θ0ζ1 +
1
2

Θ1σ1σ2k2 (47)

+3Θ1σ0σ3k2 = 0. (48)

The following cases are derived after solving these equations:
Case 1 Choosing σ0 = σ1 = σ3 = 0, yields

Θ0 = 0, Θ1 =

√
2σ4 (9ζ5σ2 +10ζ1)

σ2 ((ζ4 +ζ6)σ2 +ζ2)
, k =

√
−(ζ5σ2 +ζ1)

σ2
,

ζ3 =
((ζ4 +ζ6)σ2 +ζ2)(3ζ5σ2 ((ζ4 −2ζ6)σ2 +4ζ2)+2ζ1 ((ζ4 −4ζ6)σ2 +6ζ2))

2(9ζ5σ2 +10ζ1)
2 . (49)

The solutions of Eq. (1) are achieved as a consequence:

q(x, t) =±

√
−2(9ζ5σ2 +10ζ1)

(ζ4 +ζ6)σ2 +ζ2
sech

√−ζ5σ2 +ζ1

σ2

(
x− v

tα

α

) ei
(
−κx+ω tα

α +ϑ0

)
. (50)
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Figure 1. Exploring the features of a bright soliton, particularly its magnitude
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Eq. (50) is a bright soliton with (ζ5σ2 +ζ1)σ2 < 0, and (9ζ5σ2 +10ζ1)((ζ4 +ζ6)σ2 +ζ2)< 0:

q(x, t) =±

√
2(9ζ5σ2 +10ζ1)

(ζ4 +ζ6)σ2 +ζ2
csch

√−ζ5σ2 +ζ1

σ2

(
x− v

tα

α

) ei
(
−κx+ω tα

α +ϑ0

)
. (51)

Eq. (51) is a singular soliton with (ζ5σ2 +ζ1)σ2 < 0, and (9ζ5σ2 +10ζ1)((ζ4 +ζ6)σ2 +ζ2)> 0.

Case 2 Choosing σ0 =
σ2

2
4σ4

, σ1 = σ3 = 0, yields

Θ0 = 0, Θ1 =

√
2σ4 (3ζ5σ2 +5ζ1)

σ2 (4ζ2 − (ζ4 −4ζ6)σ2)
,

ζ3 =
(4ζ2 − (ζ4 −4ζ6)σ2)(6ζ2ζ5σ2 +ζ1 ((ζ4 −4ζ6)σ2 +6ζ2))

4(3ζ5σ2 +5ζ1)
2 ,

k =

√
−2ζ1 ((ζ4 +ζ6)σ2 +ζ2)−ζ5σ2 ((ζ4 +2ζ6)σ2 +2ζ2)

2σ2
2 (4ζ2 − (ζ4 −4ζ6)σ2)

. (52)

Dark and singular solitons emerge by setting (3ζ5σ2 +5ζ1)((ζ4 −4ζ6)σ2 −4ζ2)> 0, and σ2 (4ζ2 − (ζ4 −4ζ6)σ2)

(2ζ1 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2 ((ζ4 +2ζ6)σ2 +2ζ2))> 0:

q(x, t) =±

√
2(3ζ5σ2 +5ζ1)

(ζ4 −4ζ6)σ2 −4ζ2

× tanh

[
1
2

√
2ζ1 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2 ((ζ4 +2ζ6)σ2 +2ζ2)

σ2 (4ζ2 − (ζ4 −4ζ6)σ2)

(
x− v

tα

α

)]

× ei
(
−κx+ω tα

α +ϑ0

)
, (53)

q(x, t) =±

√
2(3ζ5σ2 +5ζ1)

(ζ4 −4ζ6)σ2 −4ζ2

× coth

[
1
2

√
2ζ1 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2 ((ζ4 +2ζ6)σ2 +2ζ2)

σ2 (4ζ2 − (ζ4 −4ζ6)σ2)

(
x− v

tα

α

)]

× ei
(
−κx+ω tα

α +ϑ0

)
. (54)
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Case 3 σ1 = σ3 = 0.

(i) σ0 =
τ2
(
1− τ2

)
σ2

2

(2τ2 −1)2 σ4
,

Θ0 = 0, Θ1 =

√
σ4 (18ζ5σ2 +20ζ1)

σ2 ((ζ4 +ζ6)σ2 +ζ2)
,

ζ3 =
(σ2 (ζ4τ2 +ζ6τ1)+ζ2τ1)

(
2ζ1τ2

4 ((ζ4 −4ζ6)σ2 +6ζ2)+3ζ5σ2
(
(ζ4 −2ζ6)τ1σ2 +4ζ2τ2

4
))

2
(
3ζ5 (5−2τ1)σ2 +10ζ1τ2

4

)2 ,

k =

√
−

ζ1τ2
4 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2

(
σ2
(
ζ6τ2

4 +ζ4τ3
)
+ζ2τ2

4
)

σ2
2 (ζ4σ2 +σ2 (ζ6 +4(3ζ4 −2ζ6)(τ2 −1)τ2)+ζ2τ1)

, (55)

where τ1 =−8τ4 +8τ2 +1, τ2 = 12τ4 −12τ2 +1, τ3 = 6τ4 −6τ2 +1, τ4 = 1−2τ2. Thus, Eq. (1) holds the waveform:

q(x, t) =±

√
− 2τ2 (9ζ5σ2 +10ζ1)

(2τ2 −1)((ζ4 +ζ6)σ2 +ζ2)

× cn

√ζ1τ2
4 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2

(
σ2
(
ζ6τ2

4 +ζ4τ3
)
+ζ2τ2

4
)

τ4σ2 (ζ4σ2 +σ2 (ζ6 +4(3ζ4 −2ζ6)(τ2 −1)τ2)+ζ2τ1)

(
x− v

tα

α

)∣∣∣∣∣∣τ


× ei
(
−κx+ω tα

α +ϑ0

)
.

(56)

A bright soliton is recovered when τ −→ 1− in Eq. (56):

q(x, t) =±

√
−2(9ζ5σ2 +10ζ1)

(ζ4 +ζ6)σ2 +ζ2

× sech

[√
−ζ1 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2 ((ζ4 +ζ6)σ2 +ζ2)

σ2 (ζ4σ2 +ζ6σ2 +ζ2)

(
x− v

tα

α

)]

× ei
(
−κx+ω tα

α +ϑ0

)
.

(57)

Provided that (9ζ5σ2 +10ζ1)((ζ4 +ζ6)σ2 +ζ2)< 0, and σ2 (ζ4σ2 +ζ6σ2 +ζ2)(ζ1 ((ζ4 +ζ6)σ2 +ζ2)+ζ5σ2 ((ζ4

+ζ6)σ2 +ζ2))< 0.
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Figure 2. Examining the characteristics exhibited by a dark soliton, including its magnitude

(ii) σ0 =
τ2
(
1− τ2

)
σ2

2

(2τ2 −1)2 σ4
,

Θ0 = 0, Θ1 =

√
σ4
(
6ζ5
(
5τ4 −2τ7

)
σ2 +20ζ1τ2

6
)

σ2 (σ2 (ζ4τ7 +ζ6τ5)+ζ2τ5)
,

ζ3 =
(σ2 (ζ4τ7 +ζ6τ5)+ζ2τ5)

(
3ζ5σ2

(
(ζ4 −2ζ6)τ4σ2 +4ζ2τ2

6
)
+2ζ1τ2

6 ((ζ4 −4ζ6)σ2 +6ζ2)
)

2
(
3ζ5 (5τ4 −2τ7)σ2 +10ζ1τ2

6

)2 ,

k =

√
ζ1
(
−τ2

6
)
((ζ4 +ζ6)σ2 +ζ2)−ζ5σ2

(
σ2
(
ζ4
(
τ4 −2τ2 +2

)
+ζ6τ2

6
)
+ζ2τ2

6
)

σ2
2 (σ2 (ζ4τ7 +ζ6τ5)+ζ2τ5)

, (58)

where τ7 = τ4 +4τ2 −4, τ6 = τ2 −2, τ5 = τ4 −16τ2 +16. Due to this, the following solutions for Eq. (1) are achieved:

q(x, t) =±

√
2τ2
(
3ζ5
(
5τ4 −2τ7

)
σ2 +10ζ1τ2

6
)

(τ2 −2)(ζ4τ7σ2 + τ5 (ζ6σ2 +ζ2))

×dn

√ζ4ζ5
(
τ4 −2τ2 +2

)
σ2

2 + τ2
6 (ζ5σ2 (ζ6σ2 +ζ2)+ζ1 ((ζ4 +ζ6)σ2 +ζ2))

τ6σ2 (ζ4τ7σ2 + τ5 (ζ6σ2 +ζ2))

(
x− v

tα

α

)∣∣∣∣∣∣τ


× ei
(
−κx+ω tα

α +ϑ0

)
.

(59)

A bright soliton is extracted when τ −→ 1− in Eq. (59):

q(x, t) =±

√
−2(9ζ5σ2 +10ζ1)

(ζ4 +ζ6)σ2 +ζ2
sech

√−ζ5σ2 +ζ1

σ2

(
x− v

tα

α

)× ei
(
−κx+ω tα

α +ϑ0

)
, (60)
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provided that (9ζ5σ2 +10ζ1)((ζ4 +ζ6)σ2 +ζ2)< 0, and σ2(ζ5σ2 +ζ1)< 0.

(iii) σ0 =
τ2σ2

2

(τ2 +1)2 σ4
,

Θ0 = 0, Θ1 =

√
σ4
(
6ζ5τ11σ2 +20ζ1τ2

9
)

σ2 (σ2 (ζ4τ10 +ζ6τ8)+ζ2τ8)
,

ζ3 =
(ζ4τ10σ2 + τ8 (ζ6σ2 +ζ2))

(
3ζ5 (ζ4 −2ζ6)

(
τ2 −1

)2 σ2
2 +2τ2

9 (6ζ2ζ5σ2 +ζ1 ((ζ4 −4ζ6)σ2 +6ζ2))
)

2
(
3ζ5τ11σ2 +10ζ1τ2

9

)2 ,

k =

√
−τ2

9 ζ1 ((ζ4 +ζ6)σ2 +ζ2)−ζ5σ2
(
σ2
(
ζ4
(
τ4 +1

)
+ζ6τ2

9
)
+ζ2τ2

9
)

σ2
2 (σ2 (ζ4τ10 +ζ6τ8)+ζ2τ8)

, (61)

where τ11 = 3τ4 +2τ2 +3, τ10 = τ4 −6τ2 +1, τ9 = τ2 +1, τ8 = τ4 +14τ2 +1. The following solutions for Eq. (1) are
derived as a consequence:

q(x, t) =±

√
−

2τ2
(
3ζ5
(
3τ4 +2τ2 +3

)
σ2 +10ζ1τ2

9
)

τ9 (ζ4τ10σ2 + τ8 (ζ6σ2 +ζ2))

× sn

√ζ4ζ5
(
τ4 +1

)
σ2

2 + τ2
9 (ζ5σ2 (ζ6σ2 +ζ2)+ζ1 ((ζ4 +ζ6)σ2 +ζ2))

τ9σ2 (ζ4τ10σ2 + τ8 (ζ6σ2 +ζ2))

(
x− v

tα

α

)∣∣∣∣∣∣τ


× ei
(
−κx+ω tα

α +ϑ0

)
.

(62)

A dark soliton is derived when τ −→ 1− in Eq. (62):

q(x, t) =±

√
− 24ζ5σ2 +40ζ1

16(ζ6σ2 +ζ2)−4ζ4σ2

× tanh

√2ζ4ζ5σ2
2 +4(ζ5σ2 (ζ6σ2 +ζ2)+ζ1 ((ζ4 +ζ6)σ2 +ζ2))

2σ2 (16(ζ6σ2 +ζ2)−4ζ4σ2)

(
x− v

tα

α

)

× ei
(
−κx+ω tα

α +ϑ0

)
,

(63)

provided that (24ζ5σ2 +40ζ1)(16(ζ6σ2 +ζ2)−4ζ4σ2)< 0, and σ2 (16(ζ6σ2 +ζ2)−4ζ4σ2)(2ζ4ζ5σ2
2 +4(ζ5σ2 (ζ6σ2

+ζ2 +ζ1 ((ζ4 +ζ6)σ2 +ζ2))> 0.
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Figure 3. Examining the characteristics exhibited by a bright-dark straddled soliton, including its magnitude

Case 4 Choosing σ1 = σ3 = 0, yields

Θ0 = 0, Θ1 =

√
2σ4

√
9σ2

2 ζ5 +10σ2ζ1 −12σ0σ4ζ5√
σ3

2 (ζ4 +ζ6)+σ2
2 ζ2 +4σ0σ4σ2 (3ζ6 −2ζ4)+12σ0σ4ζ2

,

k =

√
ζ1 (σ2 (ζ4 +ζ6)+ζ2)+ζ5

(
σ2

2 (ζ4 +ζ6)+σ2ζ2 −2σ0σ4ζ4
)

−
(
σ3

2 (ζ4 +ζ6)
)
+4σ0σ4σ2 (2ζ4 −3ζ6)−σ2

2 ζ2 −12σ0σ4ζ2
,

ζ3 =
σ2

2 (3σ2ζ5 (σ2 (ζ4 −2ζ6)+4ζ2)+2ζ1 (σ2 (ζ4 −4ζ6)+6ζ2))(σ2 (ζ4 +ζ6)+ζ2)

2
(
9σ2

2 ζ5 +10σ2ζ1 −12σ0σ4ζ5
)2 . (64)

This causes to the following solutions for Eq. (1):

q(x, t) =

√
2
(
9σ2

2 ζ5 +10σ2ζ1 −12σ0σ4ζ5
)

σ3
2 (ζ4 +ζ6)+σ2

2 ζ2 +4σ0σ4σ2 (3ζ6 −2ζ4)+12σ0σ4ζ2


3℘′

(
k
(

x− v
tα

α

)
; g2, g3

)
[

6℘
(

k
(

x− v
tα

α

)
; g2, g3

)
+σ2

]


× ei
(
−κx+ω tα

α +ϑ0

)
, (65)

q(x, t) =

√
2σ0

(
9σ2

2 ζ5 +10σ2ζ1 −12σ0σ4ζ5
)

σ3
2 (ζ4 +ζ6)+σ2

2 ζ2 +4σ0σ4σ2 (3ζ6 −2ζ4)+12σ0σ4ζ2


[

6℘
(

k
(

x− v
tα

α

)
; g2, g3

)
+σ2

]
3℘′

(
k
(

x− v
tα

α

)
; g2, g3

)


× ei
(
−κx+ω tα

α +ϑ0

)
. (66)
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A singular soliton is obtained by setting σ4 = 0 in Eq. (65), provided (9ζ5σ2 +10ζ1)((ζ4 +ζ6)σ2 + ζ2) > 0, and
σ2(ζ5σ2 +ζ1)< 0:

q(x, t) =

√
2(9ζ5σ2 +10ζ1)

(ζ4 +ζ6)σ2 +ζ2
csch

√−ζ5σ2 +ζ1

σ2

(
x− v

tα

α

) ei
(
−κx+ω tα

α +ϑ0

)
. (67)

Case 5 Choosing σ0 = σ1 = 0, yields

Θ0 = 0, Θ1 = 2

√
3ζ5σ4

(2ζ4 +3ζ6)σ2
, ζ1 =−4

5
ζ5σ2, k =

√
− ζ5

5σ2
,

ζ2 =
3ζ6
(
3σ2

3 −4σ2σ4
)
+2ζ4

(
3σ2

3 −8σ2σ4
)

24σ4
, ζ3 =−

(
2ζ 2

4 +11ζ6ζ4 +12ζ 2
6
)

σ2

60ζ5
.

(68)

This leads to the straddled solitons for Eq. (1):

q(x, t) =

−
2

√
3ζ5σ4σ2

2ζ4 +3ζ6
sech2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

±2
√

σ2σ4 tanh

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]
+σ3

 ei
(
−κx+ω tα

α +ϑ0

)
, (69)

q(x, t) =


2

√
3ζ5σ4σ2

2ζ4 +3ζ6
csch2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

±2
√

σ2σ4 coth

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]
+σ3

 ei
(
−κx+ω tα

α +ϑ0

)
. (70)

Setting σ3 =±2
√

σ2σ4 into Eqs. (69) and (70) yields

q(x, t) =


∓

√
3ζ5

2ζ4 +3ζ6
sech2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

tanh

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]
+1

 ei
(
−κx+ω tα

α +ϑ0

)
, (71)

q(x, t) =


±

√
3ζ5

2ζ4 +3ζ6
csch2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

coth

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]
+1

 ei
(
−κx+ω tα

α +ϑ0

)
, (72)
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provided that ζ5 < 0, and 2ζ4 +3ζ6 < 0.
A singular soliton emerges by applying σ3 = 0 to Eqs. (69) and (70):

q(x, t) =∓2

√
3ζ5

2ζ4 +3ζ6
csch

[√
−ζ5

5

(
x− v

tα

α

)]
ei
(
−κx+ω tα

α +ϑ0

)
. (73)

Another possible straddled solitons are obtained:

q(x, t) =


4

√
3ζ5σ4σ2

2ζ4 +3ζ6
sech

[√
−ζ5

5

(
x− v

tα

α

)]

±
√

σ2
3 −4σ2σ4 −σ3sech

[√
−ζ5

5

(
x− v

tα

α

)]
 ei

(
−κx+ω tα

α +ϑ0

)
, (74)

q(x, t) =


4

√
3ζ5σ4σ2

2ζ4 +3ζ6
csch

[√
−ζ5

5

(
x− v

tα

α

)]

±
√

σ2
3 −4σ2σ4 −σ3csch

[√
−ζ5

5

(
x− v

tα

α

)]
 ei

(
−κx+ω tα

α +ϑ0

)
. (75)

Setting σ3 = 0 into Eqs. (74) and (75) yields bright and singular solitons:

Rq(x, t) =∓2

√
− 3ζ5

2ζ4 +3ζ6
sech

[√
−ζ5

5

(
x− v

tα

α

)]
ei
(
−κx+ω tα

α +ϑ0

)
, (76)

q(x, t) =±2

√
3ζ5

2ζ4 +3ζ6
csch

[√
−ζ5

5

(
x− v

tα

α

)]
ei
(
−κx+ω tα

α +ϑ0

)
. (77)

Finally, straddled solitons are obtained:

q(x, t) =


−

σ2σ3sech2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

σ2
3 −σ2σ4

(
1− tanh

[
1
2

√
−ζ5

5

(
x− v

tα

α

)])2


ei
(
−κx+ω tα

α +ϑ0

)
, (78)

q(x, t) =


σ2σ3csch2

[
1
2

√
−ζ5

5

(
x− v

tα

α

)]

σ2
3 −σ2σ4

(
1− coth

[
1
2

√
−ζ5

5

(
x− v

tα

α

)])2


ei
(
−κx+ω tα

α +ϑ0

)
. (79)
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6. Results and discussion
This section provides a comprehensive analysis of the various soliton solutions presented in Figures 1 through 3. Each

figure illustrates the behavior of different soliton types-bright, singular, dark, bright-dark, and singular-singular-under the
influence of fractional temporal evolution. The parameters for all figures are set as follows: a = 1, b = 1, c1 = 1, c2 = 1,
c3 = 1, k = 1, κ = 1, ω = 1, σ2 = 1, δ12 = −2, δ13 = 1, δ14 = 1, δ1 = −4, δ2= 1, δ3 = 1, δ4=

3
2
, δ6 = 1, δ7 = 1, and

δ8 = 1.
Figure 1 explores the modulus of a bright soliton given by Eq. (50) across fifteen subfigures, displaying its evolution

under varying fractional temporal evolution parameter α . The subfigures are divided into surface plots, 2D plots, and
contour plots. Figures 1a-c (α = 0.4): The bright soliton shows a moderate peak in amplitude with a symmetric profile.
The surface plot (1a) captures the soliton’s propagation with relatively smooth contours, as confirmed by the contour
plot (1b). The 2D plot (1c) reveals a well-defined peak at the soliton’s center, with slight broadening due to the lower
value of α . Figures 1d-f (α = 0.6): As α increases to 0.6, the soliton’s peak sharpens, indicating stronger confinement of
energy. The surface plot (1d) shows this enhanced peak, and the contour plot (1e) reflects tighter contours around the peak.
The 2D plot (1f) demonstrates a sharper central peak with reduced width compared to α = 0.4. Figures 1g-i (α = 0.8):
Further increase in α to 0.8 continues to concentrate the soliton’s energy, with the surface plot (1g) depicting a steeper and
narrower peak. The contour plot (1h) shows more closely packed contours, and the 2D plot (1i) highlights a significantly
sharper peak with minimal broadening. Figures 1j-l (α = 0.9): At α = 0.9, the bright soliton achieves its highest peak
with the narrowest profile, as seen in the surface plot (1j). The contour plot (1k) indicates very tight contours, while the
2D plot (1l) shows an almost delta-like peak, indicating strong localization of the soliton. Figures 1m-o (α = 1): With
α = 1, the soliton reaches its maximum localization and amplitude. The surface plot (1m) displays a highly focused peak,
while the contour plot (1n) confirms this with extremely tight contour lines. The 2D plot (1o) exhibits a sharp, narrow
peak, nearly resembling a Dirac delta function. Figure 1 demonstrates that increasing α leads to greater localization and
higher amplitude of the bright soliton, reflecting the direct influence of fractional temporal evolution on soliton dynamics.

Figure 2 examines the modulus of a dark soliton, as described by Eq. (53). Figures 2a-c (α = 0.4): The dark soliton
shows a localized dip in amplitude, with the surface plot (2a) illustrating a relatively shallow trough. The contour plot
(2b) displays broader, spaced-out contours around the trough, and the 2D plot (2c) shows a smooth dip in amplitude,
characteristic of dark solitons. Figures 2d-f (α = 0.6): At α = 0.6, the trough becomes more pronounced, with the
surface plot (2d) indicating a deeper dip. The contour plot (2e) shows tighter contours around the trough, and the 2D
plot (2f) reveals a more distinct dip, reflecting increased soliton localization. Figures 2g-i (α = 0.8): As α increases
to 0.8, the dark soliton’s trough becomes deeper and narrower, as shown in the surface plot (2g). The contour plot (2h)
demonstrates tighter spacing, while the 2D plot (2i) captures a sharp dip with minimal spreading. Figures 2j-l (α = 0.9):
Withα = 0.9, the dark soliton reaches its deepest trough, as seen in the surface plot (2j). The contour plot (2k) features very
tight contours around the trough, and the 2D plot (2l) shows a sharp, localized dip, indicating strong soliton confinement.
Figures 2m-o (α = 1): At α = 1, the dark soliton achieves maximum depth and narrowness. The surface plot (2m) shows
a deep, sharp trough, while the contour plot (2n) has extremely close contours. The 2D plot (2o) reveals an intense, narrow
dip, signifying the strongest localization of the dark soliton. Figure 2 demonstrates that the fractional temporal evolution
parameter α significantly affects the depth and localization of dark solitons, with higher values of α resulting in more
pronounced and confined dips.

Figure 3 explores the modulus of a bright-dark soliton, combining characteristics of both bright and dark solitons
as given by Eq. (69). Figures 3a-c (α = 0.4): The bright-dark soliton displays a peak and a dip, with the surface plot
(3a) capturing this dual nature. The contour plot (3b) shows concentric rings around the peak and trough, while the 2D
plot (3c) reveals a peak followed by a dip, characteristic of bright-dark solitons. Figures 3d-f (α = 0.6): Increasing α
to 0.6 sharpens both the peak and the dip, with the surface plot (3d) showing a more pronounced contrast. The contour
plot (3e) has tighter rings around both features, and the 2D plot (3f) reveals a sharper peak and a deeper dip. Figures 3g-i
(α = 0.8): At α = 0.8, the bright-dark soliton exhibits a highly localized peak and trough. The surface plot (3g) shows
the peak and dip closely positioned, with the contour plot (3h) displaying very tight contours. The 2D plot (3i) captures a
sharp peak followed by a narrow, deep dip. Figures 3j-l (α = 0.9): With α = 0.9, the bright-dark soliton’s peak and dip
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become even more pronounced, as seen in the surface plot (3j). The contour plot (3k) has extremely tight spacing, while
the 2D plot (3l) indicates a highly localized peak and a deep dip. Figures 3m-o (α = 1): At α = 1, the bright-dark soliton
reaches maximum localization, with the surface plot (3m) showing a sharp peak and a deep, narrow dip. The contour
plot (3n) features closely packed contours, and the 2D plot (3o) reveals a nearly delta-like peak and trough, signifying the
strongest confinement. Figure 3 shows that the fractional temporal evolution parameter α affects both the bright and dark
components of the bright-dark soliton, with higher α values leading to sharper and more localized peaks and troughs.

The results presented across Figures 1 to 3 clearly indicate that the fractional temporal evolution parameter α plays
a critical role in determining the localization, amplitude, and overall dynamics of various soliton types. Higher values of
α generally lead to more localized, sharper, and higher amplitude soliton structures, reflecting the sensitivity of soliton
behavior to fractional temporal evolution in the studied nonlinear optical systems. These findings contribute to a deeper
understanding of soliton dynamics and their potential applications in advanced optical communication systems and other
nonlinear wave phenomena.

7. Conclusions
This paper addressed the dispersive concatenation model by the enhanced direct algebraic method to recover the

soliton solutionswith fractional temporal evolution. The retrieved soliton solutions have emerged through the intermediary
Jacobi’s elliptic functionswhichwhen their respectivemoduli of ellipticity approached a specific constant. This integration
algorithm gave way to additional forms of soliton solutions that were left unclassified. These solitons emerged for special
choice and combination of the parameter values. The results are thus quite exhaustive for the model that was considered
with Kerr law of SPM. These preliminary results are indeed encouraging for further development to the model. The
model is yet to be studied with power-law of SPM and the results of such research activities would be reported with time.
Subsequently the model would be later addressed with differential group delay and dispersion-flattened fibers. Such
results are on the horizon and are to be soon visible once they are made to connect with the pre-existing one [15–19].
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