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1. Introduction

One useful technique in the realm of applied mathematics is fractional calculus, providing a way to delve into a
broad array of topics within diverse scientific and technical domains. Researchers have made significant strides in the
development of fractional derivatives [1-3]. Significant advancements have recently been made in the study of partial
fractional differential equations and ordinary differential equations [4—6]. For more comprehensive insights, the reader
may consult the works of Abbas et al. [7], Baleanu et al. [8], Kilbas et al. [9], and Lakshmikantham et al. [10]. In
addition, numerous researchers have contributed to this field [11-15].

Research on fractional differential equations often delves into stability analysis, with a specific emphasis on Ulam
stability. Ulam stability, a type of data dependence introduced by Ulam, has been advanced by scholars such as Hyers et
al. (see [16—18] for more information).

Research on blue second-order differential equations holds a central position in mathematical modeling due to their
ability to describe a variety of phenomena, including mechanical vibrations, heat conduction, fluid dynamics, and wave
propagation. Recent studies have explored the fractional analogs of these equations, extending their scope to include
non-local dynamics and the hereditary properties of materials [19, 20]. The second-order implicit problems involving
fractional derivatives, such as those discussed in [21, 22], provide robust frameworks for understanding systems governed
by memory effects and nonlocal interactions. These models are particularly effective in fields such as viscoelasticity,
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anomalous diffusion, and control systems. Moreover, fractional versions of thermostat models have been analyzed in
detail, shedding light on energy transfer processes and stabilization techniques [23].

A problem with feedback Control plays a crucial role in managing and stabilizing systems subject to external
influences and perturbations. These equations are instrumental in adaptive systems that require feedback mechanisms
to achieve the desired objectives. Applications span various areas, including engineering control systems, biological
processes, and economic modeling [24, 25]. For example, feedback control in biological systems ensures homeostasis
and stability despite environmental disruptions. Similarly, in engineering, these equations are used to design robust
controllers that adapt to real-time changes [26]. Recent studies have integrated fractional derivatives into a problem
of feedback control, allowing for the modeling of systems with memory effects and fractional dynamics [27, 28]. These
advancements not only provide deeper insights into system behavior but also pave the way for developing innovative
control strategies applicable to renewable energy systems, robotics, and artificial intelligence.

Building on the results presented in the aforementioned articles, this paper investigates the implicit second-order
differential problem (ISDP) with general integral boundary conditions (IBC). The mathematical framework considers
fractional derivatives of various orders

2 r
S0 = (w050, DI, [ ¢l& D PyE) ). re0,7) m
3(0) = Ih1 (5 3(1), “D1y() @
() = P (), DS 0],y G

Restricted on a fractional control

dwy(r)
dr

= —Awy(r) +g1(r, y(r), D3Py(r), DPy(r)), wo= wy(0), A >0, 4)

where I = [0, T].

For 1 < f3, 7, p <2, the Caputo fractional derivative of order o € {f3, ¥, p} is indicated by °D°.

Consider two continuous functions h; for i = 1, 2, defined on I x R? and mapping to the real numbers. Furthermore,
let f and g be predefined functions, where f is defined on I x R? and g on I x R. The specific conditions governing these
functions will be detailed subsequently.

Building on these advancements, our paper investigates the solvability and Ulam-Hyers stability of implicit second-
order differential equations under fractional feedback control. By employing fixed-point theorems, we establish existence
and uniqueness results, thereby contributing novel insights to the field. These findings extend the current understanding
of implicit fractional systems and highlight their potential for further research and practical applications.

The issue discussed in this paper involving the problem (1)-(4) expand upon existing studies by addressing less-
explored scenarios involving ISDP with IBC. These findings contribute to the ongoing research on fractional integro-
differential equations, control theory, and their practical applications. We believe that the discoveries will enhance the
existing body of literature on this subject.

This study is motivated by the increasing need for advanced mathematical frameworks capable of addressing dynamic
systems with inherent memory effects and non-local interactions, which are commonly encountered in applications such
as viscoelasticity, control theory, and fractional dynamics [2, 9]. Despite the growing interest, current research often
lacks comprehensive stability analyses for systems governed by fractional feedback control, which hinders their broader
application [8]. By introducing novel techniques for solvability and Ulam-Hyers stability analysis, this work aims to
bridge a crucial gap in the existing literature and lay the groundwork for future theoretical and practical advancements.
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The paper is structured into four parts. The first section contains two subsections where the main discoveries are
discussed. The first subsection elaborates on the relationship between the integral equation (5) and ISDP (1)-(3) with a
fractional control (4). The second subsection presents the outcomes of the problem (1)-(4), with one demonstrated using
the Krasnoselskii’s fixed point theorem. In the upcoming section, we will delve into the stability of our problem. We will
debate and find examples to further explain our conclusions in a separate section.

2. Main result

The following presumptions underlie the analysis:
(Hy) The functions 4; : I x R = R, i = 1, 2, are continuous and satisfy a Lipschitz condition with constants 0 < k; < 1,
such that

iy s 2) = hi(r, vi, Vo)l < ki([ = Vil + |12 — val).
This implies that
[hi(r, 1, V)| < Hi+Ki(|u] + V),

where H; = sup,1|hi(r, 0, 0)].
(H>) The function f € C(I x R4, R).
And a function with the norm ||| exists with y € C(I, R, ), so that

|f(r7a17a27 a37a4)7f(r7 blvaa b37Wb4)‘ < l[/(l")(‘al 7b1|+|a27b2|+|a37b3|+‘a47b4|)'

Consequently, we have

[f(r. a1, a2, a3, aa)| < ||| (Jar | + |az| + |as| + |aa]) + F,

with F = sup,; |£(1, 0,0, 0, 0)|, forall r € Tand a;, b; € R, i = 1, 2, 3, 4.
(H3) The function g € C(I x R, R). And a function with the norm || 0| exists with 8 € C(I, R..), so that

|g(r7 a)—g(r, b)| < 9(r)\a—b|,

Consequently, we have

l8(r, a)] <G+ 6]l

with G = sup,y|g(#, 0)].
(Hy) The function g; : I x R3 — R is continuous. For every y, z, w € R, it satisfies
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lg1(ry y, 7 w)| < k(|y|+ |z +|w]) + G,

with G| = sup,y|g1(r, 0, 0, 0)].
Lemma 1 Let 2 € C(I, R); function y(r) is considered as a solution ISDP (1)-(3) restricted to the control (4) iff

s =h)=r [ w@ag+ [ r-) veas ©
with v as follows
) = £y, 10) [ (@ + [ ) wiEnag, v, [ e, iPueag), ©
where
1 T r T
W)= Fy ) (=67 (& (@) 1@+ 5 [T =67 (e (@) vEaE ()
and

) = woe M+ / g1(E,¥(E) IPV(E), 1P~ W(E))dE, wo = wy(0). ®)
Proof. The outcomes can vary depending on the Caputo fractional derivatives:
p 2p & 3-p p1
c _n-p“ cn3— _gp-1=
DEy(r)=1"F —5y(r), “DFy(r)=1"""—5y(r),

a2 &
72— 3— _ gy—-1
Dly(r) =17 5y(r), D77y(r) =1 —5y(r),

2 p d? 3 42
‘DPy(r) =1 7’)@)’0)7 ‘D Py(r)=1°" WY(r)-

If y is an ISDP (1)-(3) solution, therefore

d2
Let Wy(r) =v(r), so
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o) = 1300 PP ), [ (6, P 1w(E)aE),

and the solution for y(r) becomes:

y() =aotar+ [ (r—EvENE.

Differentiating, we get:

Y =a+ [ (&),

Using boundary conditions (2) and (3), we find:

ao= [ e v, ez,

I'(y)
1 T r
@ =g ) (T8 e (@), PIv(E)ag — [ v(g)ag.
Thus,
()= o [ (=87 U (£ (E), P (@G + s [ (=8 (B (), 17t
y _F('y) 0 1S,y ) F('y) 0 206,y )

—r [ @+ [[r-eywenae.

As aresult, let

1 T r T
W () = g [T =807 (6 3(E), P ENE + i [ (T = &) &, 5(E), I v(E)aE.

I'(y) Jo I'(y) Jo

Currently, the control (4) can be described as

dwy(r)

o = —Awy(r) +g(r y(r), DY Py(r), DPy(r)),

then

)
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wy(r 2 2
d(;r( ) :_)Lwy(r)+g< y(r), IP~ 1;2y(r) > jzy( ))

therefore

dwy(r B -
#:71 WY(r)+g(r7y(r)7Ip lv(r)712 pV(I")).
Multiply both of the terms by err

lrdw}'(r)

B My (1) = F gl (), 1P (), PP(r)),
r

and

d

T (wy(r) €)= Mg y(r), 1P~ (), P P(r)).

Integrate with respect to r, and then:
(1) =wy(0)+ [ HglE,3(E). IPIv(E). P Ov(E)) dE.

Thus,

wy(r) =wo e+ [T e HDg(E, (@), 7 (E), PPUE)) dE.

The solution of the differential feedback control for a real-valued function y, denoted as wy(r), can be represented as
given in equation (8). O

Lemma 2 The function 4 that is Lipschitzian, defined on the domain I x R with a Lipschitz constant c, satisfies the
inequality

|h(r, w) = h(r,2)|| < cllw=z],
forall r € I, and x, and y € R, where

[wll(A+1)
1-x

(ki + k)T 7> N
- D(r+1) G-y I(B)
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27ﬁ Tﬁ 1
and X = |V4|[ ra=p) 1olTE |-

Proof. We have for any two elements w, z in set X and any r in interval 1

|(r, w(r)) = h(r, 2(r))|

< b T8 @), P uENaE + s [T (@), ()
~ITm e £ 2(8, (&), 17w

e [T 6 €), PIENaE — o [ (T ) el 28, 17 (e
0 1S, 2 , v F(}/) ) 216, 2 ) v

1 r ~1 2— 2
< i | @O & (). Pu(E) ~ (€, 2(8), (@) |ag

+F(ry)/(;T(T‘5>Y‘|h2(57W(5>a”‘u(é))—hz(é, 2(&), 1" 'v(&))]dé

< ot [T )1 [(E) - O]+ 1 (&)~ P IvE)

b [T () — 2©) + ) 17 )

ki T 3 5(5—6)1*7’
<r |, -0y 1[w<é>—z<5>|+/0 e |u<e)_v(9)|de}d5

e (T e fg-0)
+ i [ @ [we -+ | u(6) (6)] do | a2

I(y) Jo I(y—1)
tatkDIV rer o T
< Ei =+ (=g T e (10

Now, we compute
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< vl {Iww(r) —wo ()| w(r) = 2(n)| + PP lu(r) = v(r)| + /Or 18(5, P71 u(&)) — (&, 1P~ v(&))lag

< N llwi(r) = we(r) |+ [w(r) = 2(n)| + PP lu(r) v ()| + 10177 Ju(r) = v(r)]]

T>F ThP-!
< [lvll A||W*Z||JrHW*ZHJFWHM*VH||9||WHM*V|| : (11)
Then
A+1 —
o < ICAIE R

Retrain to (10) and substitute it with (11), then we have

T2—y TY—H

[wlia+ Dl 2
r6w+r@+w}l<

T2h

A1\
w[n3ﬁywe%wﬂ>

(kl + sz)TY

I ) (s )1 < A

wm+[

Thus

[[A(r, w) =h(r, 2)] < e [lw—zll;

B—-1

(B)

TP
r3-p)

[wl(A+1)
1-X

,and X = ||y . 0

(ki +kT)TY T2-7 TB-1
R IG-7 ' T

T
0
+llolg

2.1 Characteristic of control function

Lemma 3 The control variable wy(r) meets (4) and can be represented by (8). Consequently, the solution w(r)
remains bounded when wy > 0.
Proof. Consider

By ={yeC(LR): [yl <p},

with
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TY(Hi+THy) | F|WIl(x+xe+ 23+ 20) HIvlball HIwITG (170 [ 177 17 2
+ + +27
p> L+l 1-X Ciy+1) [TG=7) I
- TN ki+k) vl

I'(y) 1-X

IwIT>"  allyllivl 777!
F3-p) I(B)

In the beginning, we demonstrate that a feedback control function wy(r) is bounded. For evidence of this, take
y € C(I, R), then

where, X =

wy ()] < wole -+ [ €M) e ((E)] + 110 @) + 112 Py(ED]) + mlag
<k [ eHORE)AE k[ e M o
0 0
—|—k/re’“”5)12’p\|v||d§ +k/re”1(”§> mdE
0 0

<g+supk [ e |y(E)[dE +supk [ e FUT) 1P v dé
0 0

rel rel

+ksup [ e A=) PP ||y||dE +sup | e A8 maE
rel J0 rel J0

SX+X1 P+ X2 + X3+ X,
where

supwg e " =g,
rel

sup [ e ME) kag =y,
rel JO

sup [ e M8 PP |y||dE = ya,

rel /0

supky [ e MO v]dE = g3,
0

rel
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sup [ e mdt =y,
rel /0

and
[wy, () = wy, (7)]
< [ g8 3 (E). PAVE) P (E) — ¢l 12(8), PPU(E). P v(E))Na
<kf TeM) |y (&) —ya(E)dE
e*/l
< kT Iyt =2
Hence,
HW)’I _Wyz‘l <A ||y1 _y2||7
efl

withke4<)LandA=kT. O

2.2 Existence of solution

Theorem 1 There exists at least one solution on I for the problem (1)-(4) given the conditions (H|)-(H3), as long as
the inequality expressed as

TP Th-1
vl lm_mﬂf}llr(ﬁ)] <1

holds.
Proof. Let A : C(I, R) — C(I, R) be defined by the operator given below:

w(r) =ty 0) —r [ w@pae+ [ &) &ae, 12

where

r

) = £l o) =1 [ @16+ [ =) verae, PP, [ a2 vEaE),
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with & being functions set by (7).
Furthermore, we construct Ay and A, on B, as follows:

Ary(r) = h(r, y(r)),

Agy(r) = r/o d§+/

Observe that

Ay(r) =A1y(r)+Ay(r), rel.

The proof will make several claims:
Step 1: If y; and y, belong to the ball B, and r is an element of the interval I, then

[A1y1(r) + A2y (r)] < |Ayi(r)] + [A2y2(r))| (13)
<)+ [ @Ide+ [ (r-8) ME)] g,
whete v(r) = (5, wys (1), y2(r), PPv(r), [78(&, 18 19(E))dg), with

PO = [0, 3200, 200, [l 1P 0(aE)

< F W) 200 0] [ 8 e e
vl [ 18E P 1v())] g

< P W) ()] + [0 320
w() elaz+ vl [ [o+ien [ C 2|<o>|do]dé,

we obtain

2-p

T
VIl < F+llwll(x+x1 o+ 22+ 203+ 24) + [V ||y2||+||W||m||V||+|IW||T G+lle]l

TB-1
T0B) IIVII] -
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Thus

FH|vl(x+xip+x2+x3+x4) + Hl/fl\llyzll + IIWHTG
27[3 1

~IWlEm—gy lviTie E ()

vl <

SEt Il (X +x1p + 22+ 13+ 24) + Wl [Iy2]l + IIWHTG
1— X

And

”\

WO < s [ (0= (G @), P ENE + 1 [ (7 =87 (G €). 7 v(E) I

<i/ (T — &) Hy + ki ([y1 (&) + 21 w(E)|)]dE

/OT(T— &) Ha +ka(|y1 () + 17 [v(&)])]dé

T 13 _ 1—
[r-er meuin @i [ o) o] a

—o)r2

I'(y)

! ;
o [ e [Hriabn @)k 6

T2 7|y TY—l
TY I:HlJrkl <|y1|+”|>} 77! [Hﬁk Ivil|+ ———— Iv ﬂ

|V(G—1)|d6:| dé

I'3-y)
= C(y+1) C(y+
TYHi+THy+p [ki +k]] [yl TV“[ T'=Y +T7‘1]
- C(y+1) Ly+1) [TG—-y) I(y)

TYH\+THy+p ki + k2]
- L(y+1)

+F+Hl//|\(x+xlp+xz+m+m)+|\l//||||yz||+||l/f\|TG T+ [T‘V +T7‘]
1-X Ciy+1) [TG—y) T(n]

Thus, (13) shows that, for every r € 1,
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|A1y1(r) +A2ya(r)]|

TYH;+THy+ p [ki + k2]]
- C(y+1)

F TG r+1 1-y r=1
N vl (x+x1p+x2+ 23+ 24) + [ wlllly2ll + v T r A BY
1-X C(y+1)

G-y I(y)
<p.

Supremum over r € [ yields

lA1y1 +Aoya || < p.

This shows that A1y +Azys € B, for all y, y2 € By.

Step 2: It is clear from Lemma 2 that A| is a contraction when ¢ < 1.
Step 3: Firstly, confirm that operator A, is continuous.

The sequence {y, }nen converges to y as n approaches infinity.
Furthermore, for each r € 1,

T r
oy — Ayl <r [ () —v(©)ldE+ [ (r=E)va(&) ~v(E)Ide, (14)

where v, and v are both continuous functions from the interval I to the real numbers, and so that by (H>), we obtain

C

() = v(7)]
- ‘f(r, (1) 3001, PP o), [ (80 1P wn(©D)E) = £ 1wy (1), 50 P00, [ 1P 10(8)))

< [wllTwy, (1) = wy ()] () =y ()] PP o (r) = v() |+ 1P v (r) = v(r)]

< lvl [A|yn<r> )|+ Ion(P) — ()

2

F(r—g)'p (r—&)P-
+ [ gy &) @ el [ gy (€)@l
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B—1
<l [(A+Dllyn =yl + (3 ﬁ)l\vn VI|+9||1T~(ﬁ)||vn—V]. (15)
Then
T T2-P Th-1]\ I-X '
1—<Ilwll F(3_13)+||e||r(ﬁ)D

Since y, — y, it follows that v, (7) — v(7) for each 7 € Tas n — oo. By applying the Lebesgue Dominated Convergence
Theorem and using equation (14), we obtain

[ A2y, —Azy|| — 0.
As aresult, A, is continuous, and

vl < [ @lag+ [ (r—Emelae

T2
< ||V|\Tz+||v|\7

3
<z
-2

2 <F+ Wl ( + 200 + %2+ %3+ x4) + [ Wlll1y2ll + IIV/IITG>
1-X '

we can conclude that A; is uniformly bounded on B,,.
Now, suppose that for each € > 0, there existsa 6 > 0and ry, r, €I, rj < ra, |r» —r1| < 8. Then we obtain

(o) = Ayl = |2 [ @z + [ - E@iaz n [ v@raz - [ n - e

Str-nl [ mElag+ [ omeas - [ in- el

<tn=nl [ M@+ [ =@+ [ - Sl lae

1
< [2T|r2 —ri|+ §|r2 —r |2} lv]].
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As aresult,

|A2y(r2) — Aoy (r1)] = 0, V|ra—ri|—=0.

On By, the set {A,y} is equi-continuous. We may deduce that A is completely continuous based on the Arzela-Ascoli

Theorem.
Consequently, Krasnoselskii’s fixed point theorem’s requirements are all met.

O

The second result establishes the existence of a unique solution to the ISDP (1)-(3) with fractional feedback control

(4) using Banach’s fixed-point theorem.
Theorem 2 Assume that the conditions of Theorem 1 are satisfied, and the inequality

372 |y

“toi-x)

<1,

hold. Then ISDP (1)-(3) restricted to fractional control (4) provides a unique solution.
Proof. Let x, y € C(I, R). Thus, for r € I, we obtain

Ax(r) = a9() = x() [ @) + [ (= u@aE ey +r [ €6 + [ EpEras

0

with u, v € C(I, R) corresponding to

Then,
T r
IAX(r)—Ay(r)ISIh(H(r))—h(ny(r))Hr/o Iu(é)—V(é)ld€+/0 (r—&)u(&)—v(&)|dE

3
< elx(r) =) + 3T u—v]

32 vli(a+Dlx—yl
2 1—X

2
< <c+ W) [lx—.

<cllx=yl+

For r € I, we get

(16)

(17)

(18)

(19)

(20)

1)
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3772 A+1
JAx—ay] < (c+ ”""()) =

2(1- X)

37| wll(A+1)
B - ros 7
Y (c+ 2(1-X)
with Banach’s contraction principle, this serves as a solution for ISDP (1)-(3) that is limited to fractional control (4). [
We are presently considering Ulam stability for ISDP (1)-(3) restricted to fractional control (4).

) < 1, we deduce that A is a contraction. Given that A has a unique fixed point on I in line

2.3 Ulam-Hyers stability

Definition 1 [29] Assume the solution y to the problem (1)-(4) exists, then the problem (1)-(4) is Hyers-Ulam stable,
if Ve > 0, 38 (¢) such that for any d-approximate solution z of (1)-(4) satisfies,

‘D%(r)—f (r, w,(r), z(r), szﬁv(r), /Org(é, Iﬁlv(ﬁ))d‘ﬁ) ’ <e, rel (22)

then |z(r) —y(r)| < 8(€).

Theorem 3 Under the assumptions outlined in Theorem 2, the ISDE (1)-(3) restricted to a fractional control (4),
exhibits Ulam-Hyers stability.

Proof. For any value of € > 0, consider the continuous solution z that fulfills condition (22), i.e.,

Dlr) - f (1w ale). PPt [ 1P u@ag ) | <o et
and let y € C(I, R) be the a unique solution to problem (1)-(4), thus, by lemma 1 y is soloution of integral equation:
T T
(1) = b y() =1 [ (E)E+ [ (= E)v(ENaE,
0 0
with
V(}’) :f ("3 Wy(r)v y(r)v Iz_ﬁv(r)7 /Org(éa Iﬁ_lv(é))d§> . (23)

Applying I? to (22) and integrating, we get

r 2
<) =l z0)+r [ &g - [ urag| < 21 4)

with
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we obtain

20 =300 = atr) =yt (@ = [ et
< |er) = h(r. 2 +r/0 &g~ [~ dé’
+ |hr () / d&+/ £)dE —h(r, y(r))
o [ @z [r-emiaz]
< E Lt ) h 50D [ (&) (6l
+ [ (=) lu@) - (E)lde
< =T el v+ i

In fact, presenting Theorem 2 demonstrates for us

- 1-X ’
Then,
372 ||yl (A+ Dz —y]
lz—yll < (2)+Cllz W+ TR
Thus,

eT? 372 w|[(A+1) !
< —|1- 22 WAIRA T ) -
e {1 <c+ 21— )] €,
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r2 302yl (a+D\]
here = — |1 — _ .
where 0= |1 (e+ Syl )
So, the ISDE (1)-(3) is Ulam-Hyers stable. O

3. Discussion and illustrations

This section presents precise existence results for specific boundary value problems, serving as illustrative examples
our primary findings.

3.1 Involving a control variable

« Consider the function

(T —r)Y

T(r):m7

and using Riemann-Stieltjes integrals, we construct the following system:

2 r
S0 = (w050, PP, [ ¢ D PyENag), re.7)

subject to the Riemann-Stieltjes boundary conditions:
T
5O = [ (50, DIy X,

T
V(1) = [l (), D Ty ().
Restricted to a fractional control, the system satisfies:

dwy(r)
dr

= —Awy(r)+g1(r, y(r), D3 Py(r), DPy(r)), wo=wy(0), A>0. (25)

3.2 Without control variable

In certain scenarios where the control variable is absent, we analyze specific cases that are significant for evaluating
functional integral equations qualitatively. These cases play a vital role in developing mathematical models and addressing
real-world problems.

* The implicit second-order differential problem (ISDP) reduces to:

2 r
() = 1530), D), [ ol D ) aE). re o.7), 29)
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¥(0) :thl(rv y(r), chy(i’))L:T,

Y (T) = Phay(r, y(r), ‘D 7Vy(r))|, _p

assuming the presumptions of Theorem 3. The problem (26)-(28) satisfies Ulam-Hyers stability.

* Particular cases without the control variable can be identified for the problem (26)-(28):
Case 1: Let Yy — 1, and consider

f(ru(r), v(r), w(r)) = =F m(r)o(u(r)),
hy(r, u(r), <DYu(r)) = ha(r, u(r), D3>~ Yu(r)) = u(r).
This leads to a nonlocal value problem

d2
Wu(r) +Fm(r)o(u(r))=0, re(0,T),

u(0) = /O " urydr, (1) = /O " () dr.

Problems of this type have been studied extensively, such as in [30].
Case 2: Let y — 1, and consider

f(rou(r), v(r), w(r)) = —f(r, u) — @u(r),

hy (v, u(r), <DYu(r)) = ha(r, u(r), “D>"u(r)) = ru(r).

This results in the following boundary value problem:
d2

S+ @%u(r) = —f(ru(r), re(0,7),

This class of problems has been explored in works such as [31].
Finally, we provide the following examples to illustrate and validate the main findings.

3.3 Examples

In this part, we provide illustrative instances to substantiate the basic findings.

3.3.1 Example 1

Examine the ISDP that follows:
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. ; T DI y(E)
e [ 243 +D3y(r) + | — ———d&
2 /0 5007 (0:002+D3y(8))
—5() = ’ ., refo, 1], (29)

2 r D¥y(&)
2| L4y(r)+<D3y(r) + 7 5 dé
' ' /0 301 (0:002-+Dy(8))

The associated conditions are:

) T “Diy(€)
y(O)_F<7)/O (T=¢) 106—5+2(1+6D%y(§))

dg, (30)

(=]

Y1) = o [N g e G

Restricted to fractional feedback control, we define:

dw(r)
dr

1,5, 1 5.
=—0.3w(r)+ e 3 <cosr+y(r) + Zr2‘D%y(r) + 4r2‘D§y(r)) . (32)

We define the f(r, wy, u, v, w) as:

°Diy(&)

T —d¢
(0.002+<DIy(&))

-
e’ 2+wy(r)+CD%y(r)+/0 7
2,001

flrwy, u, v, w) = )
‘D3y(§)
(0.002+<D3y(&))

,
2 [ 14w +DH0) + [ —
2,001

dg

We confirm the continuity of f by the following

e*r
|f(r7 uy, Uz, usz, I/t4)*f(r, Vi, V2, V3, V4)| < 7(‘1'“ *V1|+|M2*vzl+|u3*\/3|+‘M4*V4|).
2

—r

62 . The function f(r, 0, 0, 0, 0) is given by:

Hence, condition (H>) holds with y(r) =

1 1
0,0,0,0)=— =—.
f(r7 » W Y ) e’ HV’H 262
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Define g(r, y(r)) as:

“Diy(r) |
(0.002+<D3y(r))

g(ry(r) = —%
2,001

To establish that g is continuous, let u; € R (i=1,2) and r € [0, 1]. Then:

’
— < —up|.
lg(r,u1) — g(r, uz)| < 2001 ur —uz
This implies g satisfies the continuity condition, with G = 0.002.
Define:
“Déy(r) D% y(r)
hi(r, x(r)) = i ;o x(r) = 5555
10e"+2(1+<D3y(r)) 20(r+2)
For hy(r, x(r)), we have:
1 A1
‘Dox(r) ‘Doy(r)

[ (r, x(r)) = b (1, y(r))| <

10e7+2(14+<Dix(r))  10e~r2(1+<Déy(r))
Similarly, for A, (r, x(r)), we have:

“Dex(r) Doy

|/’l2(}’, x(r)) _hQ(r7 y(r))l < 20<r+2) 20(r+2)

1 1
H th dition (H;) is satisfied with: kj = —, ko = —.
ence, the condition (H) is satisfied wi 1= 15k = 55

Using the above, the condition of Theorem 1 holds with:

B-1

(B)

2B
[l lr(S —5)

T
+6l ¢ ] =0.07395916675 < 1,

where:

2 1 1
B=3 Ivl=5z 101= 555

Consequently, there is at least one solution on I for the ISDP provided by (29)-(31).
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3.3.2 Example 2

Examine the ISDP that follows:

' (r)] °Diy(r)| /é mfsin(“Dz‘y(é))dé‘
DY) = g1 bl iyl Lo 100+8) (33)

80(1+e") | 1+Iy(l  1+[Diy(r)| 1+ /jm(fmsin(cDZy(é))dé‘ |

1 T 1.COSs CD%y
10) = — e [ (g P e 64)
r § 0 20
4
. 1 T 1 e~ D)
V(1) = e [ (T =) o5 —dE. (39)
r § 0 30
4
Restricted to fractional control, we define:
1 1
dv:;(rﬂ =—0.5w(r) e (sinr—l—y(r) + Zrz CD%y(r) + Zrz CDgy(r)) . (36)

Define the function f as:

r

f(raaabac):m

(|a<r>|1 (A = b+ (] — le(r)]1 + |c<r>|]).

f is a continuous function, we have

7

e
_ < —
‘f(}", ai, b], Cl) f(rv ay, b27 CZ)‘ = 80(1+€r)(

|a; —az| + |b1 — ba| + e —Cz|)

1
< %(\01 —a|+ b1 —bo| +|e1 —e2).

Define g(r, y(r)) as:

80 3(0)) = 1y S PO,

The function g(r, y(r)) is also continuous. For every u; € R (i =1, 2) and r € [0, 1],
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r

< —_— — .
< 10(1+r)|”1 ta]

|8(r; w1 (r)) — g(r, ua(r))

1 1 1
k= —0.0408,ky =~ =0.027202. Additionally, L
10" 7 20(1.22541) "2 7 30(1.22541) fHonaty, Lemma

2 confirms that the function # is a Lipschitz whose constant ¢ = 0.07705237428. We check the condition (16). Indeed:

1
Note that || y| = 30’ 18]l =

37w

“tai-x)

=0.1942371278 < 1,

where X = 0.83999625. By Theorem 2, the ISDP (33)-(35) has a unique solution on I.

4. Conclusion

In our work, we first established a link between the integration equation (5) and the ISDP (1)-(3) with a fractional
feedback control (4) through an analysis of the related Green’s function. Subsequently, we established the existence and
uniqueness of solutions for boundary value problems involving implicit second-order differential equations by utilizing
the Banach contraction principle and Krasnoselskii’s fixed point theorem. Additionally, we explored the Hyers-Ulam
stability of problem (1)-(4). We end the paper with illustrations that highlight the significance of our results. These
contributions are innovative in the given domain and make a substantial addition to the existing literature in this emerging
field of study. With the scarcity of literature on implicit Caputo fractional differential equations, we perceive numerous
avenues for research exploration, such as coupled systems, issues with infinite delays, as well as beyond.
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