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1. Introduction

The theory of shallow water waves flow is one of the most longest existing areas of study in Fluid Dynamics [1—
5]. Starting from the well-known model, namely the Euler’s equation, several models have emerged with low depth
approximation [6—8]. The most common is the Korteweg-de Vries equation in one spatial dimensions that was later
extended to two spatial dimensions and is known as Kadomtsev-Petviashvili equation [9-11]. There are several other
equations to model shallow water wave dynamics emerged [12]. They are the Kawahara equation and later the Boussinesq
equation. This Boussinesq equation was recently addressed with the inclusion of surface tension effect [2]. This model
with surface tension included the effect of sixth-order dispersion and the model has been studied to recover a few of the
preliminary results. The solitary waves, shock waves and the singular solitary waves were recovered. The conservation
laws were also identified. The results have been recently reported during 2023.

The current paper takes up a recently proposed a newly structured Boussinesq equation that was proposed during
2023 [1]. This model is addressed in the paper with generalized form of cubic nonlinearity. The traveling wave hypothesis
recovered the solitary wave solutions. The corresponding conservation laws were also retrieved by the method of
multipliers and classified. Subsequently, the cubic version of this model is analyzed using the complete discriminant
method. This gave way to several additional forms of solutions such as singular solitary waves, shock waves, cnoidal
waves and plane waves. Additionally, a byproduct of this approach yielded singular periodic solutions and periodic
solutions. The results are all exhibited and inked in details.

1.1 Governing model

The lately proposed generalized cubic Boussinesq-type model is structured with generalized cubic form of nonlinearity,
as[1]:

it — kqux + aqxr + b%cxxx + Cqxxxt + d%cxtl +o (612'1“) =0. (1)

XX

Here, in (1), g(x, ) represents the wave amplitude while the independent variables ¢ and x are the temporal and spatial
variables. The spatio-temporal dispersion is the coefficient of @ while the fourth-order dispersion effects are given by the
coefficients of b, ¢ and d. Finally, the nonlinear effect comes from the coefficient of ¢. The full nonlinearity parameter
n gives the model a generalized flavor. This model has been studied for n = 1 where solitary waves and two-component
nonlinear waves have been recovered [1].

2. Solitary waves

The solitary wave reads as
q(x, 1) =g(x—vt). @
Substituting (2) into (1) gives the ordinary differential equation (ODE)
(V=K —av)g'+ (b—cv+dv*) g™ + o (¢! )” =0. 3)

Integrating (3) and setting the integration constants to be zero, leads to
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(Vz—kz—av)g— (cv—dvz—b) ¢ +agt =o0. 4)
Next multiplying by g’ and integrating while taking the integration constant to be zero gives
plymng by & grating

(v2 — K- av) g - (ev— dv? — b) (g/)2 + ngnH =0, %)

n+1

which when integrated gives the solution
gix, 1) =glx—vt)=A sech [B(x—vt)], (6)

here the inverse width B and the amplitude A of the solitary wave are given as:

I\)‘__
X

A _(n+1)(v2k2av)] , R
o
and
R ®)
These introduce the parameter constraints:
a (V2 —k*— av) <0, ©)
and
(v =k —av) (cv—dv* —b) >0, (10)
for the solitary waves to exist.
3. Conservation laws
For nonlinear evolution equations of n independent variables x and dependent variables u
G* (X, w, ugpy, .y upy) =0, u=1, ..., i, (11)
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where u(y), ue), ..., u(, denote the collections of all first, second, . . ., order partial derivatives. A vector T = (T',...,T"
is conserved if it satisfies the divergence

DT =0 (12)

along the solutions of (11). It can be shown that every admitted conservation law arises from multipliers Q" (x, u, Uy, - 2
such that

O*G* = DT’ (13)

holds identically (i.e., off the solution space). The conserved flow T is then obtained by a well known ‘homotopy’ formula.

For (1), we obtain the multipliers Q/ with corresponding conserved flows T} = (T7, TF), for j=1, ..., 4.
o' =1
T! — dqea | Cqxu adqx
1=yt tat
Ti' = 8onguq™ ™! — 4K quq + 40q.q™ " +20q1q + 4bqunq + 3¢quq + 2dquug. (14)
=1
T; = lrd +ltc —ld +t +1m -
275 xxt 4qxxx 6qxx qr 5 qx — 4,
1
5= T [24tanqxq2"+1 — 12k2thq + 12(xthq2"+1 +6taq;q + 12tbqxxeq + 9t cqixq
q
+ 6tdq g — 6a q2 —3cqng — 4dqxtq] . (15)
0 =x

.1 1 1 1 1 1
T3 = Exd%cxt + —“XCGxxx — gdqxt — = Cqxx +xCIt + ~Xaqx — saq,

4 4 2 2
1
Ty = —@ [—240quxq2”+] +12xK2qeq — 120xq:g”" ' — 6xaq,q — 12xbg g — IxCqeug
B 1922 2n+42
6xd g — 12k°q* +12bqxq + 6¢quq +2dgug + 1200 7] . (16)
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1 1
4 2
= —t*— —at:
o 3 =

1
T = 5 (6677, +3ac % quus + 6ad £ g — dadtque+ 12a1’g,

— 12atxqy — 6¢txqyry — 12d1xqyy — 12atq + 6¢tqyy + 8dt gy + 4dxqyy — 24txq, — 8d gy +24qy] ,

X

4= " Ddag [—4tdquq — 8dxqxq — 12ctxq — 6¢xqreq — 24b1 g — 4adq.q — 6a*t*q.q

2n+1 2n+1

— 24aon tquq +48antxqyq — 6ad tqut,q + 8adtqyq + 6actgyq — 9ac tqux,q
— 12ab1*qoeeq + 12d1xq g — 24K% 1xqcq + 12atxq,q + 24btxq g + 18¢tXqcurq
+ 12ak** qrg — 12a0t> ¢ g™ + 24 axgg® T — 2400 P + 1207 ¢ — 12ax g

+ 241<2tq2 + 12¢q.q + qu,q] . (17)

The T]t are the conserved densities in each case.
The corresponding conserved quantities are:

L= / Tidx =0, (18)

1 1
et (2)75)
IzZLmTidX:%%, (19)
M(33)
1 1
: "(2)7()
13:/ Tidx = (V—Ba)A 2n 2 (20)

1 1 ’
r{—+=
(2n+2)

and

" aB 1 1
'l —+=
<2n + 2)

Thus, I will be a conserved quantity provided d7; /dt = 0 which would imply

1\ /1
: *(5)7(5)
14:/ Tidx— —YA_\21) \2) @1)
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y=0.

This means that /4 would be a conserved quantity for stationary solitary waves only-an interesting observation.

4. Complete discriminant approach

C

(22)

The special case of the given model (1) with n = 1 will be now addressed. For n = 1, the model given by (1)
restructures to:

qit — kz%cx +aqx + quxxx + Gyt + dCIxxtt + a%%x =0.

To start off, the starting hypothesis selected to be:

q=q(3), § =x—w.
Inserting (2) into (1) gives the ODE:

"

(=i —av) g+ (b—cv+ad?) g™ +a(4¥) =0.
Integrating (25) and setting the integration constants to be ep, leads to
(v2 —kz—av)q— (cv—dvz—b) q"—l—(xqz'—i—eo =0.
Next multiplying by g’ and integrating while taking the integration constant to be e; gives

(v2 . av) g — (cv —dvt — b) (q/)2 + %q4 +2e0q+e1 =0.

Simplify Eq.(27) to the integral form

Here

F(q) = ¢* +hag* + g+ ho,

iporary Math tics

(23)

24

(25)

(26)

@7

(28)

(29)
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h2: )
o
4eg
h = — 30
1 av ( )
261
ho = —L
0 o

We employ the approach to address the integral (28), and thus obtain the solutions of model (1).
By employing the complete discrimination system for the polynomial F(g) in equation (29), defined by the following
expressions [3, 4]:

Dl = ]a

Dy = —hy,

D3 = —2h3 +8haho — 9, G1)
3,2 4 2 2,0 274 3

D4 = 7]’121’11 +4h2h() +36h2h]h0 - 32h2h - Zhl “i’64-l/lo7

E, = 9h% —32hyhy,

the roots of F(q) are divided into nine distinct cases, leading to the solution of integral (28).
Case1: D, <0, D3 =D4 =0, E; <0, then F(q) =[(g— s1)2 + s%}Z, a singular periodic solution comes out as

o
q1 = sy tan (SZZ(cv—dvz—b)é_éo>+sl’ (32)

where 51 and s, are real constants.
Case 2: D, =0, D3 =0, D4 = 0, then F(q) = ¢*, plane waves that emerged are

o= (z(w_fl‘vz_b)é—éo)l. ()

Case 3: Dy >0, D3 =Dy =0, E; > 0, then F(q) = (¢ —s1)*(q — 52)?, singular solitary wave and shock wave
solutions come out respectively as
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(s1—s52) m& &

2

52— 851
= ——— | coth
q3 2

—1 | +s2, (34)

and

(s1—52) mg —&o
2

§2 — 81
= tanh

— 1|+, (35)

where s1 and s, are real constants.
Case 4: D >0, D3 >0, Dy =0, then F(q) = (¢ —s1)*(q—s2)(q — 53), a solitary wave solution comes out as

2(S1 — S2)(S1 — S3)

qs = 5
<S2—S3)COSh|: (Sl—Sz)(Sl—S3)(2(a}_(;‘}2_b)§_é0>:| _(2S1_S2—S3) (36)
and a singular periodic solution comes out as
_ 2(s1 —52)(s1—53)
g6 = )
o 37

(52 )sin |/~ sa) -5 51— gy &) | - o1 s -s)

where 51, s, and s3 are real constants.
Case 5: Dy >0, D3 =Dy =0, E; =0, then F(q) = (¢ —s1)*(q¢ — 52), an rational singular solution comes out as

4(s1—s
f=st (; 2) I (38)

(s2—s1)2 |:2(Cv—dvz—b)<§ —&| —4

where s1 and s, are real constants.
Case 6: D,D3 < 0, Dy =0, then F(q) = (¢ —s1)?[(g—52)* + s%], an exponential solution comes out as

i\/m(wavzé‘:o) -2
, Aev-di?—) _%Jrz\/m—(n —252)
(s1—52)>+53
v B ; (39)
£/(51-52)7 453 (szb)é‘ﬁo) 51 —282 1
(s1—92)2+53

e
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where s, s, and s3 are real constants.
Case 7: D, >0, D3 >0, Dg > 0, then F(q) = (g —s1)(q — 52)(¢ — 53)(g — s4), snoidal wave solutions [13] come
out as

sz(s] 7S4)Sn2 ( (Sl —S32)(S2 _S4) (Z(CV—ZVZ —b)é 50) , m) — 51 (52 *S4>

v -z (o | 0
S4(S2—S3)Sn2 < /(51 _S3 (s2=54) (2 v 5‘50) ) m> —53(52 — 54)
qi10 = ( ) (41)

(52— 53)5n% < (51 _S3 $2=54) 2 cvfdv 5‘%0) ) m> — (52 —s54)

(51— s4) (52 —53)
(s1—s3)(s2—54)
Case 8: Dy <0& (D2 <0& D3 <0)|(Dy=0& D3 <0)||D2 >0), then F(q) = (q—s1)(q—52)[(q— 3)* + 53],

a cnoidal wave solution [13] comes out as

—25401 (51 — 52) o
i _
gcn ( 2010 2(CV—dv2—b)g 50 ,o0|+&

where s, 57, s3 and s4 are real constants, and m? =

qun = X ) ; (42)
—285401(81 — $2 (04
&cn? - £
en ( 2010 (2(cv—dv2—b)§ éo)’())—i_ *
where s, 52, s3 and s4 are real constants, and
€1 = 2(s1+52)&s— 2 (51 —52)8
1—281 52)€3 2S1 52)€4,
£2= 2 (s1+52)es— 3 (51 —s2)e
2—251 52)€4 2S1 $2)€3,
33231_33_147
o1
(43)

€4 = 81 — 83 — 8401,

s34 (s1—s3) (52— 53)

E =
S4(S1 — S2)

1
o1 =E+VEX+1, o'=——.
1+o07
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Case 9: Dy >0 & ((D2 > 0 & D3 < 0)||D2 < 0), then F(q) = [(g — 51)* + 53][(q — 53)* + 53], a straddled cnoidal-

snoidal wave solution [13] comes out as

€1sn

521/ (e} +€}) (0363 +€3) ( o
2(

2., 2 )
&+ cv—dv —

2\ (& +23) (o}e3 +¢3) ( o
+&cn (

2 2 2
&+ g cv—dv —

q12 =
[y e (e el o
sn
: e2+¢? 2(cv—dv?—
oy (V@) () o o
sn
! e +¢} 2(cv—dv?—

where s, 57, s3 and s4 are real constants, and
€] =518+ 5284,

& = 5184 — &3,

&4 =851 — 53,

(51 —53)* + 53+
2S2S4

E =

o=E+VE?>—1,

5. Results and discussion

uo)
uo)

(44)
uo)
éfo)

(45)

We analyze the solitary wave and shock wave solutions as depicted in Figures 1 and 2. Each figure illustrates the
effect of the full nonlinearity variable n on the wave dynamics, with surface plots, contour plots, and 2D plots providing
detailed insights into the behavior of the solutions. The parameters are addressed constant across all figures as v = 1.3,
k=22,a=17,¢=06,d=14,b=32,00=24,5,=1.8,5s; =0.6and §; = 1.
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(a) Surface plot
gD

(d) Surface plot
gD

(g) Surface plot
KA

(j) Surface plot
gD
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(m) Surface plot (n) Contour plot (0) 2D plot
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Figure 1. Exploring the features of a solitary wave

(a) Surface plot (b) Contour plot (c) 2D plot
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Figure 2. Exploring the features of a solitary wave

Figure 1 examines the solitary wave solution ¢(x, #) described by solution (6), with fifteen subfigures depicting the
effect of varying the full nonlinearity variable n across different visualization formats (surface, contour, and 2D plots).
The detailed breakdown for each set of subfigures is as follows: Figures 1a, 1b, and 1c show the solitary wave dynamics
for n = 0.6. In surface plot (1a), the solitary wave exhibits a localized peak with symmetric structure along the spatial
and temporal axes, indicating the stability of the solution. The peak amplitude reaches its maximum at the center of the
temporal domain and gradually decreases toward the edges. The contour plot (1b) confirms the solitary nature of the
wave, with concentric contour lines around the peak. The symmetry is consistent with the surface plot, and the gradient
in the spatial-temporal domain shows that the wave maintains its shape as it propagates. The 2D plot (1c) captures a
cross-sectional view of the wave at a fixed time, revealing a sharp peak followed by a smooth decline in amplitude. The
2D view complements the 3D visualization by highlighting the precise profile of the solitary wave. Figures 1d, le, and
1f illustrate the solitary wave dynamics for n = 0.7. In surface plot (1d), as n increases, the wave profile becomes slightly
more elongated in both time and space, though the overall solitary structure is preserved. The amplitude appears more
concentrated, reflecting a steeper decay at the edges. In contour plot (1e), the contour density increases near the wave
peak, indicating stronger nonlinearity effects. This suggests that as n increases, the solitary wave becomes more localized
and sharper. In 2D plot (1), the cross-sectional view again confirms the sharper and more localized nature of the wave as n
increases, with the peak amplitude slightly higher than in the case of n = 0.6. Figures 1g, 1h, and 1i correspond to n = 0.8.
In surface plot (1g), with further increase in n, the solitary wave becomes even more confined spatially, and the temporal
evolution shows a pronounced peak. The amplitude rises faster and decays more rapidly at the boundaries. In contour plot
(1h), the increased concentration of contour lines around the wave peak is evident, reflecting stronger nonlinear effects.
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The contours are tightly spaced, indicating a sharp change in the amplitude around the center of the wave. In 2D plot
(11), the 2D cross-section continues to show a narrow, sharp peak, emphasizing the role of nonlinearity in concentrating
the energy of the wave into a smaller spatial and temporal region. Figures 1j, 1k, and 11 show the results for n = 0.9. In
surface plot (1)), the solitary wave becomes highly localized, with a steep rise in amplitude and rapid decay. The temporal
profile shows a marked increase in the peak amplitude as the full nonlinearity variable approaches 1. In contour plot
(1k), the contour plot reveals even tighter spacing around the peak, reinforcing the localization effect. The gradients in
both space and time indicate that the wave is more sensitive to small changes in these parameters as n increases. In 2D
plot (11), the narrow and tall profile of the wave is evident, showcasing the significant impact of higher nonlinearity. The
sharpness of the peak suggests that the solitary wave becomes increasingly confined, potentially enhancing its robustness
against external perturbations. Figures 1m, 1n, and 1o represent the case of n = 1, the maximum value of the nonlinearity
variable considered. In surface plot (1m), the wave exhibits the sharpest and most localized peak, with a steep drop-off in
amplitude. The full nonlinearity leads to a more focused wave that retains its energy over a smaller region. In contour plot
(1n), the contour lines are densely packed near the wave peak, illustrating the concentrated nature of the solitary wave.
The rapid change in amplitude is particularly pronounced in this case. In 2D plot (10), the 2D cross-section highlights the
extreme localization of the wave, with a very high amplitude at the center and steep declines on either side. This suggests
that the solitary wave solution becomes increasingly resilient as n approaches 1.

Figure 2 focuses on the shock wave solution g(x, ) described by solution (35), with three subfigures that explore
the effect of the full nonlinearity variable n = 1. In Figure 2a, the surface plot shows the development of a shock wave
with a sharp discontinuity. The steep gradient in the amplitude across both space and time domains is characteristic of
shock wave formation, where the wavefront propagates with a rapid rise in amplitude followed by a sharp drop-off. In
Figure 2b, the contour plot confirms the presence of a shock wave, with tightly packed contour lines at the wavefront and
a more gradual spacing behind it. The sharp transition between high and low amplitudes is clearly visible, indicating the
non-smooth nature of the solution. In Figure 2c, the 2D plot provides a detailed view of the shock profile at a fixed time,
displaying the characteristic abrupt change in amplitude. This profile underscores the fundamental difference between
solitary and shock waves, with the latter exhibiting a discontinuous structure that arises from the nonlinear effects.

In summary, Figures 1 and 2 reveal the influence of the full nonlinearity variable n on both solitary and shock wave
solutions. For solitary waves, as n increases, the wave becomes more localized and sharp, with higher amplitudes and
steeper decay at the boundaries. The shock wave, on the other hand, demonstrates a rapid rise and fall in amplitude, with
the formation of a distinct discontinuity. These results underscore the crucial role of nonlinearity in shaping the wave
dynamics, with higher values of n leading to more pronounced effects in both solitary and shock wave solutions.

6. Conclusions

The current paper recovered and presented a wide range of results for the newly proposed model to study shallow
water waves, namely the Boussinesq equation with cubic and generalized cubic form of nonlinearity. The generalized
cubic nonlinear form was integrated using the traveling wave hypothesis while the cubic form of nonlinearity was taken
up with the complete discriminant approach. The traveling wave hypothesis yielded solitary wave solution while the later
gave way to a wide range of solutions. These are shock waves, singular solitary waves, plane waves, periodic solutions and
cnoidal waves. Thus a full spectrum of solutions were recovered for the model using this couple of approaches. Singular
solitary waves do not have any physical significance, as they do not correspond to any realizable or stable waveforms.
In contrast, solitary waves, exhibit stable and physically meaningful behavior. Solitary waves, which are localized
and maintain their shape over time, have well-established stability properties. Their persistence in a nonlinear medium
highlights their physical relevance, unlike the singular solutions which lack such stability and meaningful representation in
real-world scenarios. The multiplier approach retrieved the conservation laws and the corresponding conserved quantities
are computed and presented.

The future prospect of the model stands on a very strong footing. The model will be extended with the perturbation
terms that will bring the study closer to realistic situation. Additional integration schemes will be implemented to address
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the extended model such as Lie symmetry and others [14—16]. The model is yet to be studied for two-layered as well as
multi-layered shallow water flow, in which case vector coupled versions of the model will be established. Such studies
are under way and the outcomes of these studies will be communicated as soon as they are finalized.
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