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Abstract: This paper examines the importance of generalised (k, g) fractional integral operators within the framework
of mathematical inequalities. We introduce innovative generalised fractional integral Hermite-Hadamard inequalities,
which, to our knowledge, constitute a new advancement in the area. These inequalities are formulated using contemporary
generalised fractional integral operators and underscore the complex interconnections among convexity, symmetry, and
fractional calculus. align, we present fractional integral Hermite-Hadamard-type inequalities that utilise these generalised
operators, offering an expanded framework for comprehending the characteristics of convex and symmetric functions. Our
discoveries enhance theoretical understanding and possess prospective applications in optimisation, numerical analysis,
and diverse areas of applied mathematics. Furthermore, we enhance this work by discussing several special cases pertinent
to this paper.
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1. Introduction
Throughout the last two centuries, several mathematicians have proposed important and helpful mathematical

inequalities. Amongmathematical inequalities, one inequality holds a significant position within the theory of inequalities.
This is the esteemed Hermite-Hadamard inequality. This disparity was originally proposed by Hermite in 1881.
Nevertheless, before 1893, this result was unrecognised in the literature and not widely accepted as Hermite’s inequality
[1]. He wrote that the inequality:

γ
(

c1 + c2

2

)
≤ 1

(c2 − c1)

∫ c2

c1

γ (z)dz ≤ γ (c1)+ γ (c2)

2
, c1, c2 ∈ R, c1 < c2, (1)
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The property applicable to convex functions γ was established by Hadamard in 1893 and is known as the
Hermite-Hadamard inequality. Since then, it has undergone numerous generalisations and expansions for univariable,
bivariable, and multivariable convex functions [2]. This inequality has attracted substantial interest from academics and
mathematicians because of its significant applicability in several fields. Accordingly, a lot of research has appeared to
contain generalisations and extensions of this inequality (see [3–5]). Sarikaya et al. [6] were able, by using the fractional
operator Riemann-Liouville, to present the fractional the integral formula of this inequality for the convex functions as
follows:

γ (c1)+ γ (c2)

2
≤ Γ(τ +1)

2(c1 + c2)
τ

[
I τ

c+1
γ (c2)+I τ

c−2
γ (c1)

]
≤ γ

(
c1 + c2

2

)
, (2)

where γ : [c1, c2]−→ R be a positive convex function on [c1, c2] with 0 ≤ c1 < c2, and τ > 0, and the I τ represents the
Riemann-Liouville, which has been subsequently extended and referred to as Hermite-Hadamard-Mercer type inequalities.
Chen [7], established the following Riemann-Liouville fractional integral Hermite-Hadamard type inequalities. Numerous
researchers have extensively employed various operators on convex functions (see [8–12]), resulting in the derivation of
different types of convex functions. The matter will not stop at this point, as different types of convex functions have
appeared, and sometimes the convexity condition has been dispensed with. In an application of the Hermite-Hadamard
type, Nowicka and Witkowski [13], showed how certain improvements may be employed for certain planar figures and
three-dimensional bodies that meet specified regularity constraints, regardless of convexity. Dahmani [14], employed
concave functions to establish Hermite-Hadamard-type inequalities using the Riemann-Liouville fractional integral. Set
[15], examined the Hermite-Hadamard type for the second kind of s-convex functions, as established by Dragomir
[16], and m-convex functions utilising fractional integrals. Noor [17], utilised q-differentiable convex and quasi-convex
functions to formulate quantum estimates of the Hermite-Hadamard variety. Garwal et al. [18], employed the (k, s)-
R-L fractional integrals to establish certain Hermite-Hadamard-type inequalities for convex functions. New Hermite-
Hadamard-type inequalities were created using convex functions, s-convex functions, and coordinate convex functions
through the conformable fractional integral [19]. Mohammed and Brevik [20] proposed a novel variant of the Hermite-
Hadamard type for R-L fractional integrals. Awan et al. [21] established novel Hermite-Hadamard type inequalities for n-
polynomial harmonically convex functions in the same year. Furthermore, Chudziak and Zołdak [22] proposed a concept
for a coordinated (F, G)-convex function defined on an interval in R2. Recently, Khan et al. [23] examined the Hermite-
Hadamard inequality concerning the coordinates of convex fuzzy interval-valued functions. Numerous writers have
examined the Hermite-Hadamard inequalities across various forms of convexity in functions, utilising diverse fractional
integral and derivative operators, for further information (see [24–28]).

This study aims to resolve notable gaps in the literature on fractional calculus, specifically on Hermite-Hadamard
inequalities. While much of the existing research has focused on traditional fractional operators, like Riemann-Liouville
and Caputo, there has been limited exploration of generalised fractional operators that could enhance both applicability and
theoretical insights. This lack of generalisation limits the potential for broader applications in various fields. Moreover,
most studies concentrate on standard convex functions, overlooking the rich landscape of generalised convexity concepts,
such as S-convexity and coordinate convexity. This oversight limits the depth of understanding and the potential for new
mathematical developments. The current body of work often repeats classical results without extending them to new
contexts, resulting in a scarcity of novel inequalities derived from generalised fractional integral operators. Additionally,
while theoretical advancements in fractional calculus are noteworthy, they frequently do not translate into practical
applications. This disconnect highlights the need for research that connects mathematical developments with real-world
problems, ensuring that the findings are relevant and useful in various domains. Furthermore, the field tends to remain
isolated within specific mathematical domains, with limited interdisciplinary collaboration. This lack of connection
between different fields restricts the potential for innovative applications of fractional calculus. In response to these
gaps, this study aims to introduce new generalised fractional integral Hermite-Hadamard inequalities and demonstrate
their applicability across various contexts.

Contemporary Mathematics 1552 | Majid K. Neamah, et al.



Fractional calculus is a vital domain of mathematical analysis, offering crucial instruments for modelling intricate
systems. The generalisation to (k, g)-fractional integral operators introduces a complexity that requires careful
consideration of the conditions for validity. The derived inequalities typically depend on properties like continuity,
convexity, and bounding. If these conditions are not met-such as with discontinuous or non-convex functions, the
inequalities may fail or become less effective. Additionally, the choice of parameters k and g can affect the results,
potentially leading to overly broad or inapplicable outcomes. Talking about these conditions and restrictions would help
people understand better and direct future research towards finding valid situations and creating modified inequalities for
a wider range of functions.

Discontinuities may result in undefined or divergent integrals, thus rendering the inequalities invalid. Likewise,
nonconvex functions may contravene the requisite criteria for the inequalities to be valid, leading to erroneous limits. By
looking into these cases, we might learn more about how strong the established inequalities are. This could lead to the
creation of new mathematical tools or different inequalities that cover more complex function classes, which would make
fractional calculus more useful.

The impetus for generalising classical operators originates from the necessity for more adaptable mathematical
instruments capable of tackling complex systems and phenomena. Generalised operators expand application by including
a broader spectrum of functions and behaviours, especially in fractional calculus, where systems frequently display non-
integer dynamics. This generalisation yields fresh insights, including the formulation of innovative inequalities and the
expansion of classical conclusions, thus augmenting our comprehension ofmathematical properties and their interrelations.
Moreover, generalised operators enhance numerical techniques for resolving differential equations, allowing more precise
modelling across many domains. They offer adaptability in customising strategies for particular issues and stimulate
more study, promoting multidisciplinary cooperation. These breakthroughs empower mathematicians to address intricate
difficulties more efficiently and foster discoveries in scientific and technical fields.

The organisation of this paper is, as follows: In the first subsection, we present the reverse Hermite-Hadamard
inequality for convex functions. The second paragraph presents supplementary results relating to Hermite-Hadamard-
type inequalities that incorporate the (k, g)-fractional integral operator. The second part delineates our discoveries about
Hermite-Hadamard inequalities and Hermite-Hadamard-type inequalities by utilising the generalised k-fractional integral
operator, which encompasses symmetric functions.

2. Essential preliminaries
The definitions provided in this part are essential for building a robust foundation for the next debates and outcomes

related to fractional calculus and its applications. Comprehending these notions is crucial for understanding the intricacies
of generalised fractional integral operators and their ramifications in mathematical inequalities, especially the Hermite-
Hadamard inequalities. The Riemann-Liouville fractional integral operator generalises conventional integration to non-
integer orders, whereas the gamma function offers crucial resources for managing these fractionals. The g-Riemann-
Liouville fractional integrals are flexible because they can integrate an increasing function g, which is important for
studying a lot of different kinds of convexity and symmetry. Also, the idea of function composition is important for
looking at how fractional integrals and derivatives affect each other. These concepts collectively facilitate the advancement
of generalised proportional fractional integrals, essential for formulating new inequalities, connecting fractional calculus
with classical inequality theory, and enhancing the mathematical framework.

Definition 1 [29] Let γ ∈ L1[c1, c2]. The Riemann-Liouville fractional integral operator of order τ (τ > 0 ) is defined
as
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I τ γ (z) =
1

Γ(τ)

∫ z

c1

(z−µ)τ−1 γ (µ)dµ, c1 < µ < c2, (3)

I τ γ(z) = γ(z),

where Γ(τ) is the gamma function (4).
Definition 2 [30] The gamma function, represented by Γ(z), is a function defined by the Euler’s integral [31], i.e.,

Γ(z) =
∫ ∞

0
zz−1e−tdt, (4)

for any (z ∈ C) such that (ℜ(z) > 0). It is clear that from (4) we have, Γ(1) = 1 and it satisfies the following recurrent
formulas:

Γ(1+ z) = zΓ(z),

Γ(1− z) =−zΓ(−z),

for all z ∈C with ℜ(z)> 1. The gamma function (4) reduces to the factorial function when the argument is a positive real
integer n, that is,

Γ(n) = (n−1)!.

The generalization of (4) is called k-gamma function. This interesting special function was introduced by [32] and
has been given as,

Γk (z) =
∫ ∞

0
tz−1exp

(
− tk

k

)
dt, ℜ(z)> 0, k > 0,

is referred to as the k-Gamma function when z, k > 0. The k-Gamma function exhibits the following relationships: We
observe that Γk(z) converges to Γ(z) as k approaches to 1, Γk(z) = (K)

z
k−1 Γ

( z
k

)
and Γk(z+k) = zΓk(z). Also, obviously,

we have Γk(k) = 1.
Definition 3 [29] For the integrable function γ on the interval 𝟋 and for the increasing function g, where g(z) ∈

C1(𝟋, R) such that g′ (z) ̸= 0, z ∈𝟋.We have for all τ > 0

(
gI τ

c+1
γ
)
(z) =

1
Γ(τ)

∫ z

c1

g′ (µ) [g(z)−g(µ)]τ−1 γ (µ)dµ (5)

and
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(
gI τ

c−2
γ
)
(z) =

1
Γ(τ)

∫ c2

z
g′ (µ) [g(µ)−g(z)]τ−1 γ (µ)dµ, (6)

where
(

gI τ
c+1

γ
)
(z) and

(
gI τ

c−2
γ
)
(z) denotes the left and right-sided g Riemann-Liouville fractional integrals of the

function γ , respectively.
Definition 4 [33] For the integrable function γ on the interval 𝟋 and for the increasing function g, where g(z) ∈

C1(𝟋, R) such that g′ (z) ̸= 0, z ∈𝟋.We have for all τ > 0

(
(k, g)I τ

c+1
γ
)
(z) =

1
Γk (τ)

∫ z

c1

g′ (µ) [g(z)−g(µ)]
τ
k −1 γ (µ)dµ (7)

and

(
(k, g)I τ

c−2
γ
)
(z) =

1
Γk (τ)

∫ c2

z
g′ (µ) [g(µ)−g(z)]

τ
k −1 γ (µ)dµ, (8)

where
(
(k, g)I τ

c+1
γ
)
(z) and

(
(k, g)I τ

c−2
γ
)
(z) denotes the left and right-sided (k, g) Riemann-Liouville fractional integrals

of the function γ , respectively.
Definition 5 [34] If γ : X → Y and φ : Y → Z are mapping , we denote by φ ◦ γ their composition

φ ◦ γ : X → Z, φ ◦ γ = φ(γ(x)), ∀x ∈ X . (9)

2.1 Some preliminary result

Lemma 1 Let γ : [c1, c2]−→R, with 0≤ c1 < c2 be a positive and twice differentiable function on (c1, c2) satisfying
γ be an integrable function on [c1, c2]. If γ ′′ is bounded in [c1, c2]. Then, the following inequalities are holds,

τQ1

2(c2 − c1)
τ

∫ ( c1+c2
2

)
c1

(
c1 + c2

2
−µ

)2{
(c2 −µ)τ−1 +(µ − c1)

τ−1
}

dµ

≤ Γ(τ +1)
2(c2 − c1)

τ

{
I τ

c+1
γ (c2)+I τ

c−2
γ (c1)

}
− γ
{

c1 + c2

2

}

≤ τQ2

2(c2 − c1)
τ

∫ ( c1+c2
2

)
c1

(
c1 + c2

2
−µ

)2{
(c2 −µ)τ−1 +(µ − c1)

τ−1
}

dµ, (10)

where the I τ is the Riemann-Liouville fractional integral .
Lemma 2 Let γ : [c1, c2]−→R,with 0≤ c1 < c2 be a positive and twice differentiable function on (c1, c2) satisfying

γ be an integrable function on [c1, c2]. If γ ′′ is bounded in [c1, c2] . Then, the following inequalities are holds,
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−τQ2

2(c2 − c1)
τ

∫ ( c1+c2
2

)
c1

[(c2 −µ)(µ − c1)]
{
(c2 −µ)τ−1 +(µ − c1)

τ−1
}

dµ

≤ Γ(τ +1)
2(c2 − c1)

τ

{
I τ

c+1
γ (c2)+I τ

c−2
γ (c1)

}
− γ (c1)+ γ (c2)

2

≤ −τQ1

2(c2 − c1)
τ

∫ ( c1+c2
2

)
c1

[(c2 −µ)(µ − c1)]
{
(c2 −µ)τ−1 +(µ − c1)

τ−1
}

dµ, (11)

where the I τ is the Riemann-Liouville fractional integral.
In the same work [7] also demonstrated the fractional integral Hermite-Hadamard inequality (2) with relaxation of

the convexity property of the function γ .
Liu et al. [35], presented the inequality (2) with respect to another positive increasing monotone function as follows:
Lemma 3 Suppose that γ : [c1, c2]−→Rwith 0≤ c1 < c2 be a positive and convex function on [c1, c2], and g(µ), be

an increasing monotone and positive function having a continuous derivative on (c1, c2). Then, the following inequalities
are holds,

γ
(

c1 + c2

2

)
≤ Γ(τ +1)

2(c2 − c1)
τ

{
gI τ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ gI τ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

)}

≤ γ (c1)+ γ (c2)

2
. (12)

3. Main results
3.1 (k, g)-fractional integral Hermite-Hadamard type inequalities involving convex functions

TheHermite-Hadamard inequalities are very important inmathematical analysis because they give limits for integrals
of convex functions and make fractional calculus a lot easier to understand. They help us understand non-integer order
integrals and derivatives better, especially through the properties of convex functions, which proves that these differences
are real. This section presents the Hermite-Hadamard inequality related to convex functions for (k, g)-fractional integral
operators, obtained via function composition. This methodology seeks to extend classical findings and enhance our
comprehension of the connection between fractional calculus and convexity.

Theorem 1 Let g : 𝟋−→ [c1, c2]⊆R, be a continuous and strictly increasing function satisfies 0 ≤ c1 < c2 and the
differentiable convex function γ : [c1, c2]−→ R on (c1, c2) such that the composition (γ ◦g) : 𝟋−→ R be an integrable
mapping on 𝟋, then the following inequalities hold for all k ∈ R+
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γ
(

c1 + c2

2

)
≤ δ

τ
k Γk (τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

≤ γ (c1)+ γ (c2)

2
, (13)

where
(
(k, g)I τ, δ

c+1
γ
)
(z) and

(
(k, g)I τ, δ

c−2
γ
)
(z) are the left and right-sided proportional k-fractional integrals, respectively.

Proof. Using the convexity of γ, and for each ς1, ς2 ∈ [c1, c2] , we can have

γ (λς1 +(1−λ )ς2)≤ λγ (ς1)+(1−λ )γ (ς2) . (14)

By putting λ =
1
2
, we get

γ
(

ς1 + ς2

2

)
≤ γ (ς1)+ γ (ς2)

2
. (15)

Taking

ς1 = ψc1 +(1−ψ)c2 (16)

and

ς2 = (1−ψ)c1 +ψc2. (17)

Substituting (16) and (17) in (15), we have

2γ
(

c1 + c2

2

)
≤ γ {ψc1 +(1−ψ)c2}+ γ {(1−ψ)c1 +ψc2} . (18)

Taking product by exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1 on both sides of the inequality (18), then integrate the resulting

inequality with respect to ψ from 0 to 1, we can have
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2γ
(

c1 + c2

2

)∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1dψ

≤
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {ψc1 +(1−ψ)c2}dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {(1−ψ)c1 +ψc2}dψ. (19)

To the left-hand side of the inequality (19), applying the substitution ψ =
c2 −g(µ)

c2 − c1
and employing the fact that(

(k, g)I τ, δ
c1 [1]

)
(z) =

(g(z)−g(c1))
τ
k

δ
τ
k Γk (τ + k)

, we get

2k
τ

γ
(

c1 + c2

2

)

≤
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {ψc1 +(1−ψ)c2}dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {(1−ψ)c1 +ψc2}dψ. (20)

Next,

δ
τ
k Γk (τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

=
τ

2k (c2 − c1)
τ
k

(∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 γ {g(µ)}g′ (µ)dµ

+
∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(g(u)− c1)

]
(g(u)− c1)

τ
k −1 γ {g(u)}g′ (u)du

)

=
τ
2k

(∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(c2 −g(µ))
](

c2 −g(µ)
c2 − c1

) τ
k −1

γ {g(µ)} g′ (µ)
c2 − c1

dµ

+
∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(g(u)− c1)

](
g(u)− c1

c2 − c1

) τ
k −1

γ {g(u)} g′ (u)
c2 − c1

du

)
.
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Putting g(µ) = ψc1 +(1−ψ)c2 and g(u) = (1−ψ)c1 +ψc2, we obtain

δ
τ
k Γk (τ + k)

2(c2 − c1)
τ
k

{
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

)}

=
τ
2k

{∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {ψc1 +(1−ψ)c2}dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ {(1−ψ)c1 +ψc2}dψ

}

≥ γ
(

c1 + c2

2

)
. (21)

Which proves the first inequality in (13). To prove the second inequality and by using the convexity of γ , we can
certain

γ (ψc1 +(1−ψ)c2)≤ ψγ (c1)+(1−ψ)γ (c2) (22)

and

γ ((1−ψ)c1 +ψc2)≤ (1−ψ)γ (c1)+ψγ (c2) . (23)

Adding both inequalities (22) and (23), we have

γ (ψc1 +(1−ψ)c2)+ γ ((1−ψ)c1 +ψc2)

≤ γ (c1)+ γ (c2) . (24)

Taking product by exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1 on both sides of the inequality (24), then integrate the resulting

inequality with respect to ψ from 0 to 1, we can get

∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ (ψc1 +(1−ψ)c2)dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ (c2 − c1)

]
ψ

τ
k −1γ ((1−ψ)c1 +ψc2)dψ

≤ [γ (c1)+ γ (c2)]k
τ

.
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So, it follows that

δ
τ
k kΓk (τ)

(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

≤ [γ (c1)+ γ (c2)]k
τ

.

Which yields

δ
τ
k Γk (τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

≤ γ (c1)+ γ (c2)

2
. (25)

Therefore, based on the inequalities (21) and (25), we may deduce the desired inequality (13).
Remark 1
(i): If we put δ = 1, k = 1, then Theorem 1 will reduce to the Lemma 3 which is the result proved by Liu et al. [35]

for g-R-L fractional integral.
(ii): Taking δ = 1, k = 1, g(ς1) = ς1, ∀ς1 ∈ [c1, c2], so that Theorem 1 will reduce to Theorem 2 which is the result

proved by Sarikaya et al. [6] for classical R-L fractional integral.
(iii): If we apply the inequalities (13) for g(ς1) = ς1, ∀ς1 ∈ [c1, c2] and δ = 1, k = 1, τ = 1, we get the classical

Hermite-Hadamard inequalities for a classical integral (1).
Theorem 2 Let g : 𝟋−→ [c1, c2]⊆R, be a continuous and strictly increasing function satisfies 0 ≤ c1 < c2 and the

differentiable convex function γ : [c1, c2]−→ R on (c1, c2) such that the composition (γ ◦g) : 𝟋−→ R be an integrable
mapping on 𝟋, then the following inequalities hold for all k ∈ R+

γ
(

c1 + c2

2

)
≤ 2

τ
k −1δ

τ
k Γk (τ + k)

(c2 − c1)
τ
k

×

(
(k, g)I τ, δ{

g−1
(

c1+c2
2

)}− (γ ◦g)
(
g−1 (c1)

)
+ (k, g)I τ, δ{

g−1
(

c1+c2
2

)}+ (γ ◦g)
(
g−1 (c2)

))

≤ γ (c1)+ γ (c2)

2
, (26)

where
(
(k, g)I τ, δ

c+1
γ
)
(z) and

(
(k, g)I τ, δ

c−2
γ
)
(z) are the left and right-sided proportional k-fractional integrals, respectively.

Proof. Using the convexity of the function γ , for each ς1, ς2 ∈ [c1, c2], we can have

γ
(

ς1 + ς2

2

)
≤ γ (ς1)+ γ (ς2)

2
.
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Putting ς1 =
ψ
2

c2 +
2−ψ

2
c1 and ς2 =

2−ψ
2

c2 +
ψ
2

c1, it follows that for all ς1, ς2 ∈ [c1, c2], ψ ∈ [0, 1] ,

γ
(

c1 + c2

2

)
≤ 1

2

{
γ
(

ψ
2

c2 +
2−ψ

2
c1

)
+ γ
(

2−ψ
2

c2 +
ψ
2

c1

)}
. (27)

Taking product by exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

, on both sides of the inequality (27), then integrate the resulting

inequality with respect to ψ from ψ = 0 to ψ = 1, we obtain

22− τ
k k

τ
γ
(

c1 + c2

2

)

≤
∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

γ
(

ψ
2

c2 +
2−ψ

2
c1

)
dψ (28)

+
∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

γ
(

2−ψ
2

c2 +
ψ
2

c1

)
dψ

Next,

2
τ
k −1δ

τ
k Γk (τ + k)

(c2 − c1)
τ
k

(
(k, g)I τ, δ{

g−1
(

c1+c2
2

)}− (γ ◦g)
(
g−1 (c1)

)

+ (k, g)I τ, δ{
g−1

(
c1+c2

2

)}+ (γ ◦g)
(
g−1 (c2)

))

=
2

τ
k −1τ

k (c2 − c1)
τ
k

×

(∫ g−1
(

c1+c2
2

)
g−1(c1)

exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1 (γ ◦g)(µ)g′ (µ)dµ

+
∫ g−1(c2)

g−1
(

c1+c2
2

) exp
[

δ −1
δ

(c2 −g(u))
]
(c2 −g(u))

τ
k −1 (γ ◦g)(u)g′ (u)du

)

=
2

τ
k −1τ
k

(∫ g−1
(

c1+c2
2

)
g−1(c1)

exp
[

δ −1
δ

(g(µ)− c1)

](
g(µ)− c1

c2 − c1

) τ
k −1

(γ ◦g)(µ)
g′ (µ)
c2 − c1

dµ

+
∫ g−1(c2)

g−1
(

c1+c2
2

) exp
[

δ −1
δ

(c2 −g(u))
](

c2 −g(u)
c2 − c1

) τ
k −1

(γ ◦g)(u)
g′ (u)

c2 − c1
du

)
.
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Putting g(µ) =
ψ
2

c2 +
2−ψ

2
c1 and g(u) =

2−ψ
2

c2 +
ψ
2

c1, we obtain

2
τ
k −1δ

τ
k Γk (τ + k)

(c2 − c1)
τ
k

×

(
(k, g)I τ, δ{

g−1
(

c1+c2
2

)}− (γ ◦g)
(
g−1 (c1)

)
+ (k, g)I τ, δ{

g−1
(

c1+c2
2

)}+ (γ ◦g)
(
g−1 (c2)

))

=
2

τ
k −2τ
k

(∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

γ
(

ψ
2

c2 +
2−ψ

2
c1

)
dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

γ
(

2−ψ
2

c2 +
ψ
2

c1

)
dψ
)

≥ γ
(

c1 + c2

2

)
, (29)

This produces the initial inequality in (26). To demonstrate the alternative inequality and consider the convexity of
the function γ , we ascertain:

γ
(

ψ
2

c2 +
2−ψ

2
c1

)
≤ ψ

2
γ (c2)+

2−ψ
2

γ (c1) , (30)

γ
(

2−ψ
2

c2 +
ψ
2

c1

)
≤
(

2−ψ
2

γ (c2)+
ψ
2

γ (c1)

)
. (31)

Adding the inequalities (30), (31), we get

γ
(

ψ
2

c2 +
2−ψ

2
c1

)
+ γ
(

2−ψ
2

c2 +
ψ
2

c1

)
≤ γ (c1)+ γ (c2) . (32)

Taking product by exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

) τ
k −1

, on both sides of the inequality (32), then integrate the resulting

inequality with respect to ψ from ψ = 0 to ψ = 1, we get
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2
τ
k −1τ
k

{∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

)τ−1
γ
(

ψ
2

c2 +
2−ψ

2
c1

)
dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

)τ−1
γ
(

2−ψ
2

c2 +
ψ
2

c1

)
dψ
}

≤ γ (c1)+ γ (c2) .

Which yields

2
τ
k −2τ
k

{∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

)τ−1
γ
(

ψ
2

c2 +
2−ψ

2
c1

)
dψ

+
∫ 1

0
exp
[

δ −1
δ

ψ
2
(c2 − c1)

](ψ
2

)τ−1
γ
(

2−ψ
2

c2 +
ψ
2

c1

)
dψ
}

≤ γ (c1)+ γ (c2)

2
. (33)

By comparing the left-hand side of inequality (29) with that of inequality (33), we may deduce that

2
τ
k −1δ

τ
k Γk (τ + k)

(c2 − c1)
τ
k

×

(
(k, g)I τ, δ{

g−1
(

c1+c2
2

)}− (γ ◦g)
(
g−1 (c1)

)
+ (k, g)I τ, δ{

g−1
(

c1+c2
2

)}+ (γ ◦g)
(
g−1 (c2)

))

≤ γ (c1)+ γ (c2)

2
,

It represents the requisite second inequality in (26). The proof is, therefore, complete.

3.2 (k, g)-fractional integral Hermite-Hadamard type inequalities involving symmetric functions

The current section involves a new generalisation for some types of Hermite-Hadamard inequalities, which were
introduced using the R-L integral by Chinchane and Pachpatte [36]. To achieve our results here, we use the fractional
integral established by Jarad et al. [37] , which was later generalized to (k, g)-fractional integral version by Aljaaidi et al.
[33] .

Theorem 3 For the continuous and strictly increasing function g : [c1, c2] −→ 𝟋 ⊆ R on [c1, c2], satisfying
0 ≤ c1 < c2 and the twice differentiable positive and symmetric function γ : 𝟋 −→ R on 𝟋◦ such that the composition
(γ ◦g) : [c1, c2]−→ R be an integrable mapping on [c1, c2], provided that γ ′′ is bounded in [c1, c2]. Then, the following
inequalities hold for all k ∈ R+
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τQ1

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
c1 + c2

2
−g(µ)

)2

×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

g′ (µ)dµ

≤ δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ
{

c1 + c2

2

}

≤ τQ2

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
c1 + c2

2
−g(µ)

)2

×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

g′ (µ)dµ, (34)

with τ > 0, where Q1 = inft∈[c1, c2] f ′′(t), Q2 = supt∈[c1, c2]
f
′′(t) and

(
(k, g)I τ, δ

c+1
γ
)
(z) and

(
(k, g)I τ, δ

c−2
γ
)
(z) are the left

and right-sided proportional k-fractional integrals, respectively.
Proof. Using the definition 4, we can write

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

×
(

(k, g)I τ, δ
{g−1(c1)}+

(γ ◦g)
(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

=
τ

2k (c2 − c1)
τ
k

(∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 γ {g(µ)}g′ (µ)dµ

+
∫ g−1(c2)

g−1(c1)
exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1 γ {g(µ)}g′ (µ)dµ

)
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=
τ

2k (c2 − c1)
τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

γ {g(µ)}g′ (µ)dµ

=
τ

2k (c2 − c1)
τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

γ {c1 + c2 −g(µ)}g′ (µ)dµ.

So, we have

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

×
(

(k, g)I τ, δ
{g−1(c1)}+

(γ ◦g)
(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

=
τ

4k (c2 − c1)
τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 (35)

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

× (γ {g(µ)}+ γ {c1 + c2 −g(µ)})g′ (µ)dµ,

which we can rewrite as

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ
{

c1 + c2

2

}

=
τ

4k (c2 − c1)
τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1
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+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

×
(

γ {c1 + c2 −g(µ)}+ γ {g(µ)}−2γ
{

c1 + c2

2

})
g′ (µ)dµ.

Since

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

×
(

γ {c1 + c2 −g(µ)}+ γ {g(µ)}−2γ
{

c1 + c2

2

})
, (36)

is symmetric about µ = g−1
(

c1 + c2

2

)
, we can deduce

τ
4k (c2 − c1)

τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

×
(

γ {c1 + c2 −g(µ)}+ γ {g(µ)}−2γ
{

c1 + c2

2

})
g′ (µ)dµ

=
τ

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

×
(

γ {c1 + c2 −g(µ)}+ γ {g(µ)}−2γ
{

c1 + c2

2

})
g′ (µ)dµ,

which yields
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δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ
{

c1 + c2

2

}

=
τ

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

(37)

×
(

γ {c1 + c2 −g(µ)}+ γ {g(µ)}−2γ
{

c1 + c2

2

})
g′ (µ)dµ.

Since

γ {c1 + c2 −g(µ)}− γ
{

c1 + c2

2

}
=
∫ c1+c2−g(µ)

c1+c2
2

γ ′ {g(θ)}d {g(θ)} ,

and

γ
{

c1 + c2

2

}
− γ {g(µ)}=

∫ c1+c2
2

g(µ)
γ ′ {g(θ)}d {g(θ)} .

Therefore, we can have

γ {g(µ)}+ γ {c1 + c2 −g(µ)}−2γ
{

c1 + c2

2

}

=
∫ c1+c2−g(µ)

c1+c2
2

γ ′ {g(θ)}d {g(θ)}−
∫ c1+c2

2

g(µ)
γ ′ {g(θ)}d {g(θ)}

=
∫ c1+c2

2

g(µ)
γ ′ {c1 + c2 −g(θ)}d {g(θ)}−

∫ c1+c2
2

g(µ)
γ ′ {g(θ)}d {g(θ)}

=
∫ c1+c2

2

g(µ)

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)} . (38)

Since
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γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}=
∫ c1+c2−g(θ)

g(θ)
γ ′′ {g(z)}d {g(z)} ,

therefore, for g(θ) ∈
[

c1,
c1 + c2

2

]
, where θ ∈𝟋, we have

Q1 (c1 + c2 −2g(θ))≤ γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)} ≤ Q2 (c1 + c2 −2g(θ)) ,

which leads to

Q1

(
c1 + c2

2
−g(µ)

)2

≤
∫ c1+c2

2

g(µ)

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)}

≤ Q2

(
c1 + c2

2
−g(µ)

)2

.

That is,

Q1

(
c1 + c2

2
−g(µ)

)2

≤ γ {g(µ)}+ γ {c1 + c2 −g(µ)}−2γ
{

c1 + c2

2

}

≤ Q2

(
c1 + c2

2
−g(µ)

)2

. (39)

In the view of both inequalities (39) and (37), we can conclude the required (34), which completes our proof.
Theorem 4 For the continuous and strictly increasing function g : [c1, c2]−→𝟋⊆ R on [c1, c2], satisfies 0 ≤ c1 <

c2 and the twice differentiable positive and symmetric function γ : 𝟋 −→ R on 𝟋◦ such that the composition (γ ◦g) :
[c1, c2] −→ R be an integrable mapping on [c1, c2], provided that γ ′′ is bounded in [c1, c2]. Then, for all k ∈ R+ the
following inequalities hold,

−τQ2

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

[(c2 −g(µ))(g(µ)− c1)]

×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

g′ (µ)dµ
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≤ δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ (c1)+ γ (c2)

2

≤ −τQ1

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

[(c2 −g(µ))(g(µ)− c1)]

×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1g′ (µ)dµ, (40)

where
(
(k, g)I τ, δ

c+1
γ
)
(z) and

(
(k, g)I τ, δ

c−2
γ
)
(z) are the left and right-sided proportional k-fractional integrals, respectively.

Proof. In view of Theorem 3, using the inequality (35), we have

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ (c1)+ γ (c2)

2

=
τ

4k (c2 − c1)
τ
k

∫ g−1(c2)

g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

× (γ {c1 + c2 −g(µ)}+ γ {g(µ)}− [γ (c1)+ γ (c1)])g′ (µ)dµ.

Now, the form

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 + exp

[
δ −1

δ
(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

× (γ {c1 + c2 −g(µ)}+ γ {g(µ)}− [γ (c1)+ γ (c1)]) ,
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is symmetric about µ = g−1
(

c1 + c2

2

)
, so we write

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ (c1)+ γ (c2)

2

=
τ

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

(41)

× (γ {c1 + c2 −g(µ)}+ γ {g(µ)}− [γ (c1)+ γ (c2)])g′ (µ)dµ.

Since

γ {c2}− γ {c1 + c2 −g(µ)}=
∫ c2

c1+c2−g(µ)
γ ′ {g(θ)}d {g(θ)}

and

γ {g(µ)}− γ {c1}=
∫ g(µ)

c1

γ ′ {g(θ)}d {g(θ)} .

It follows that

γ {g(µ)}+ γ {c1 + c2 −g(µ)}− [γ {c1}+ γ {c2}]

=
∫ g(µ)

c1

γ ′ {g(θ)}d {g(θ)}−
∫ c2

c1+c2−g(µ)
γ ′ {g(θ)}d {g(θ)}

=
∫ g(µ)

c1

γ ′ {g(θ)}d {g(θ)}−
∫ g(µ)

c1

γ ′ {c1 + c2 −g(θ)}d {g(θ)}

= −
∫ g(µ)

c1

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)} . (42)

Again, according to

Contemporary Mathematics 1570 | Majid K. Neamah, et al.



γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}=
∫ c1+c2−g(θ)

g(θ)
γ ′′ {g(z)}d {g(z)} ,

therefore, for g(θ) ∈
[

c1,
c1 + c2

2

]
, where θ ∈𝟋, we have

Q1 (c1 + c2 −2g(θ))≤ γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)} ≤ Q2 (c1 + c2 −2g(θ)) ,

which leads to

−Q2 [(c2 −g(µ))(g(µ)− c1)]

≤
∫ g(µ)

c1

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)}

≤ −Q1 [(c2 −g(µ))(g(µ)− c1)] ,

that is

−Q2 [(c2 −g(µ))(g(µ)− c1)]

≤ γ {g(µ)}+ γ {c1 + c2 −g(µ)}− [γ {c1}+ γ {c2}]

≤ −Q1 [(c2 −g(µ))(g(µ)− c1)] . (43)

In view of (43) and (41), we can conclude (40), which completes our proof.
Remark 2 Putting δ = 1, k = 1, g(ς1) = ς1, ∀ς1 ∈ [c1, c2], then both Theorems (3) and (4) reduce to the Lemma 1

and the Lemma 2 respectively, which was proved by Chen [7] for classical R-L fractional integral.
The next result re-introduces the inequality (15) without the function γ being convex on its defined interval employing

the view of Theorem 3 and Theorem 4.
Theorem 5 For the continuous and strictly increasing function g : [c1, c2]−→𝟋⊆R on [c1, c2], satisfies 0≤ c1 < c2

and the differentiable positive and symmetric function γ : 𝟋−→R on𝟋◦ such that the composition (γ ◦g) : [c1, c2]−→R

be an integrable mapping on [c1, c2] . If γ ′ {c1 + c2 −g(µ)}≥ γ ′ {g(µ)} for all g(µ)∈
[

c1,
c1 + c2

2

]
. Then, for all k ∈R+

the following inequalities hold,
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γ
(

c1 + c2

2

)
≤ δ

τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)
+ (k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)

(
g−1 (c1)

))

≤ γ (c1)+ γ (c2)

2
,

where
(
(k, g)I τ, δ

c+1
γ
)
(z) and

(
(k, g)I τ, δ

c−2
γ
)
(z) are the left and right-sided proportional k-fractional integrals, respectively.

Proof. Applying the assumptions of the Theorem 3, (37) and (38), we have

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+ (k, g)I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

))
− γ
{

c1 + c2

2

}

=
τ

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(∫ c1+c2
2

g(µ)

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)}

)

×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 (44)

+exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1
)

g′ (µ)dµ ≥ 0.

Similarly, employing the assumption of the Theorem 4, then from (41) and (42), we obtain

δ
τ
k Γ(τ + k)

2(c2 − c1)
τ
k

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)

(
g−1 (c2)

)

+(k, g) I τ, δ
{g−1(c2)}−

(γ ◦g)
(
g−1 (c1)

)
− γ (c1)+ γ (c1)

2

=
τ

2k (c2 − c1)
τ
k

∫ g−1
(

c1+c2
2

)
g−1(c1)

(
−
∫ g(µ)

c1

[
γ ′ {c1 + c2 −g(θ)}− γ ′ {g(θ)}

]
d {g(θ)}

)
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×
(

exp
[

δ −1
δ

(c2 −g(µ))
]
(c2 −g(µ))

τ
k −1 (45)

+ exp
[

δ −1
δ

(g(µ)− c1)

]
(g(µ)− c1)

τ
k −1g′ (µ)dµ

≤ 0.

This completes the proof.

4. Application
This section provides an example to confirm the validity and conditions of Theorem 1.
Example 1 Let g(z) = z, γ(z) = z2 and z ∈ [c1, c2] = [1, 2]. Clearly, g is strictly increasing and continuous function

on [1, 2], and γ is a differentiable convex function. Thus (γ ◦g)(z) = γ(g(z)) = γ(z) = z2 is an integrable function over
the interval [1, 2] .

Now, we compute the first inequality in (13) for δ = 0.6 ∈ (0, 1], k = 2 ∈ R+ and τ = 5 > 0, we obtain

γ
(

c1 + c2

2

)
= γ

(
1+2

2

)
= γ(1.5) = (1.5)2 = 2.25,

and

δ
τ
k Γk(τ + k)

2(c2 − c1)
τ
k
=

(0.6)
5
2 Γ2(5)

2(2−1)
1
2

=
(0.9)

5
2 (2)

5
2 Γ( 7

2 )

2
= 2.62,

where Γk(w) = k
w
k −1Γ

(w
k

)
.

Since 2.25 < 2.62. Then the first inequality of Theorem 1 is verified.
Next, we compute the fractional integral with δ =

1
2
, τ = 1 and k = 2 for the left-hand side of inequality (13), we

have

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)(g−1(c2))

)
+
(
(k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)(g−1(c1))

)
.

In this case: where g−1(c1) = g−1(1) = 1, g−1(c2) = g−1(2) = 2, because g(z) = z is its own inverse. This is true
for any z ∈ [1, 2].

Also, (γ ◦g)(g−1(c2)) = (γ ◦g)(2) = γ(g(2)) = γ(2) = 4, and (γ ◦g)(g−1(c1)) = (γ ◦g)(1) = γ(g(1)) = γ(1) = 1.
Thus
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(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)(g−1(c2))

)
+
(
(k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)(g−1(c1))

)

=
(
(k, g)I τ, δ

{g−1(c1)}+
(4)
)
+
(
(k, g)I τ, δ

{g−1(c2)}−
(1)
)
.

From (7) and (8) we have

(
(k, g)I τ, δ

c+1
γ
)
(z) =

1

δ
τ
k kΓk(τ)

∫ z

c1

exp
[

δ −1
δ

(g(z)−g(µ))
]
(g(z)−g(µ))

τ
k −1g′(µ)γ(µ)dµ. (46)

Hence, for δ =
1
2
, k = 2 and τ = 1, we obtain

(
(k, g)I

1, 1
2

{g−1(c1)}+
(4)
)
(z) =

1√
1
2 2Γ2(1)

∫ z

1
exp [−(z−µ)] (z−µ)−

1
2 (4)dµ.

At z = 1,

(
(k, g)I

1, 1
2

{g−1(c1)}+
(4)
)
(1) =

4√
2Γ2(1)

∫ 1

1
exp [−(1−µ))] (1−µ)−

1
2 dµ = 0,

and

(
(k, g)I

1, 1
2

{g−1(c2)}−
(1)
)
(z) =

1√
1
2 2Γ2(1)

∫ 2

z
exp [−(µ − z))] (µ − z)−

1
2 (1)dµ.

At z = 1,

(
(k, g)I

1, 1
2

{g−1(c2)}−
(1)
)
(1.5) =

1
Γ( 1

2 )

∫ 2

1
exp [−(µ −1))] (µ −1)−

1
2 dµ

=
1√
π

∫ 1

0
e−uu−

1
2 du

=
1√
π
√

π er f (1)≈ 0.843.

The right-hand side of inequality (13),
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γ(c1)+ γ(c2)

2
=

γ(1)+ γ(2)
2

=
1+4

2
= 2.5.

So, the second inequality becomes:

(
(k, g)I τ, δ

{g−1(c1)}+
(γ ◦g)(g−1(c2))

)
+
(
(k, g)I τ, δ

{g−1(c2)}−
(γ ◦g)(g−1(c1))

)

=
(
(k, g)I τ, δ

{g−1(c1)}+
(4)
)
+
(
(k, g)I τ, δ

{g−1(c2)}−
(1)
)

= 0+0.843 = 0.843

< 2.5 =
γ(1)+ γ(2)

2
=

γ(c1)+ γ(c2)

2
.

Therefore, all postulates of Theorem 1 are satisfied.

5. Conclusion
A multitude of scholars have generalised several fractional operators employing classical approaches and operators

inside fractional calculus. One of these operators is the generalised (k, g)-proportional fractional integral. This paper
presents innovative approaches for fractional integral Hermite-Hadamard inequalities associated with the generalised
proportional k-fractional integral concerning another strictly increasing continuous function g. We have employed the
current fractional integral to establish several new fractional integral Hermite-Hadamard-type inequalities. We used
convex and symmetric functions to articulate our generalisation of the Hermite-Hadamard inequality. Furthermore, our
discussion of this study has clearly clarified numerous particular examples related to the main conclusions.

Future research could focus on exploring generalised fractional operators like Atangana-Baleanu and Caputo-
Fabrizio to establish new inequalities and their applications in fractional differential equations. You can also find new
things by using numbers to find close solutions to fractional integrals, applying results to functions that are not convex,
and looking into multivariable extensions.
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