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Abstract: This paper is devoted to the study of a class of commutative non-associative algebras characterized by the
identity:

Kxt = (1 — ) o(x)*x* + aw(x)**?,

where o € [0, 1]. In this study, we strongly use the Peirce decomposition technique. This allowed us to determine the
conditions for an algebra of this class to be Bernstein, principal train, or evolution.
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Abbreviation

GCD  Greatest Common Divisor

1. Introduction

In 1923, Serge Bernstein proved that the only law of heredity compatible with the principle of stationarity is Mendel’s
law. However, it was only in 1975 that Ph. Holgate proposed a rigorous algebraic definition of structures known as
Bernstein algebras [1].

Let A be a commutative non-associative algebra over a commutative field K, and @ : A — K a non-zero morphism of
algebras. Forany x € A and n € N*, the principal power of x in A is defined as x! = x and recursively as x ! = x"x. The pair
(A, @) is called a weighted algebra. A weighted algebra (A, ®) is a Bernstein algebra, if for any x € A, (x?)? = @(x)2x%.
(see [2—4] for more details).

The objective of this paper is to describe the main properties of commutative and non-associative algebras
characterized by the identity:
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At =(1-a)o)x* +ao(x)*?, VicA where ac|o,1]. (1)

Unless explicitly stated otherwise, throughout this study, A is a weighted C-algebra that satisfies (1), where C is the
field of complex numbers.

2. Preliminaries

For an algebra A satisfying identity (1), an element x can be interpreted as a genotype of a given population. The
successive powers x’ describe the genotypes of individuals from the i-th generation, obtained through i successive crossings
of the initial population. So, identity (1) models a population where the genetic crossing between the second and fourth
generations produces individuals with genetic traits in proportions 1 — & and o from the two populations. The real o could
represent the frequency of individuals in the population resulting from the crossing between individuals from the second
and fourth generations. When o = 0, the crossing generates only individuals from the fourth generation. This phenomenon
can be explained by the assumption that individuals from the second generation carry hidden alleles, while those from
the fourth generation express visible alleles. Conversely, when ¢« = 1, only individuals from the second generation are
produced. This scenario could be justified by assuming that, in this case, individuals from the fourth generation carry the
hidden alleles, while those from the second generation possess the visible alleles. In A, an element e satisfying ¢> = e is
called idempotent and represents a state of equilibrium.

Proposition 2.1 Let x, y and z be elements of A. Then:

2(y0x* 427 () 2 (x(32%)) + 26 (x(x(xy)))
=(l—-a) [20)(yx)x4 + 0 (x)2yx* + o(x)2x(yx?) + Zw(x)zx(x(yx))] +a [4w(yx3)x2 + 2w(x)4yx] ; 2)
2(y2)x* +2(yx) () +2(00) (x(26)) +4(x) (x(x(2x))) +2(2x) ()
2 (1(2x%)) + 207 (v(x(x2))) + 2(2%) (x(3%) ) + 27 (2(3x%)) + 2% (x(y(2x)))
+4(2x) (x(x(x))) + 2 (2(x(x))) + 20 (x(z(xy))) + 2% (x(x(2y)))
= (1— &) 20(y2)x* + 20 (yx) 2> + 20 (yx)x(2x2) + 40 (yx)x(x(x2))
+20(zx)yx’ + 0 (x)*y(2) +20(x)y(x(x2)) + 20(x2)x (%) + ©(x)*2(x%) + 20 (x)*x(y(2x))
+40(20)x(x(yx)) +20(x)*2(x(yx)) +20(x)*x(z(yx)) +20(x)*x(x(y2))]
+ a[120(y(2x))x* + 8w (yx* ) zx + 8@ (2 )yx + 20 (x)*yz]. 3)

Proof. The identities (2) and (3) are obtained by a partial linearization of order 1 and 2 respectively of (1) (The
linearization technique is detailed in [5], 3. Linearization, p.174). O
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The following example is an algebra that verifies the identity (1).
Example 2.2 Let A = ({(a1, a2, a3), ®) be a weighted C-algebra with the multiplication table defined as follows:
—a—iy/—02+4(a+1)

a% =a) +as, a% =az,aiar = %az + a3, and ajaz = 6az, where 6 = (products not mentioned
are zero). The algebra homomorphism ® : A — K is defined such that ®w(a;) = 1 and @(ay) = ®w(az) = 0. For x =
Bai +7ya> + paz € A, we have x>x* = (1 — o) o (x)*x* + aw(x)*x?, i.e. A satisfies identity (1).

This algebra is not Bernstein algebra. Indeed, we have (x?)? — w(x)?x*> = [288* +28B%y> + 48B3y +28(28 —
(1+7)°
1-26
In the following, we denote A as an algebra satisfying identity (1) and assume that A has a non-zero idempotent which

we will write e.

1)B3u]as # 0 for some x. A non-zero idempotent of the algebra A is given by: a; + yas +

a3|ye(C.

Proposition 2.3 The Peirce decomposition of A is:

A=CedA EBA% B As DAg,

—o—iy/—02+4(a+1 <= —o+iy/—o2+4(a+1
,0= ! 2+( +)and5: i 2+( +).
Proof. Consider the mapping ¢, : ker ® — ker @, x — ex. Substituting x = e into (2), we obtain:

1 -
where Ay = {x€kerw |ex=px}, € {0, X 0, 5}

eg(ée—D (12£+aée+a+1> =0. 4)

1
Setting Q(t) =t (t - 2) (P +oat+(a+1)).
1 _
We have Q(£,) = 0 and Q(t) = t(t — 2> (t —8)(t — 8). Consequently, the Peirce decomposition of A is: A =
1 —
CedkerQ(f,) =Ced Ay @A% ©A; DAy, where Ay = {x € kerw | ex = px}, u € {O, X 0, 6}. O

. . 1 . L
In the remainder of our study, we will assume that o # X as this case has already been studied in [6, 7].

3. Structure

The theorem below provides the product of Peirce spaces of the algebra A.
Theorem 3.1 Let A = Ce D Ag @A% DAs DAz, we have:

CAy, ifa=0,
={0}, otherwise;
(i) ApA; C Ay BA; DAG

(1) ApAp

CA;, ifa=1
iy aad S ’
iii) ApAs = {0}, otherwise;
(

) CA , lfa:17
(iv) ApAz 4 — °

={0}, otherwise;
(V) A%A% Q A() @Ag @Ag;

(vi) A%A5 CAyp EBA% ®Asz;
(vii) A} A5 C Ag A} DAs;
(viii) AsAs = {0};
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(ix) AzAs = {0};

CAp, ifa=0,

= {0}, otherwise.

Proof. Substitutingx =e,y € Ay, i.e. ey = py and z € Ag, i.e. ez = Bz into identity (3), we obtain:

(x) AsAs

2e(yz) + 21 B (v2) + 2> (y2) +4uB’ (y2) + 21 B (v2) + Be(yz) + 2B>e(yz)
+202B(vz) + pe(yz) + 2Be(e(yz)) + 41> B (vz) + 2u’e(yz) +2pe(e(yz)) + 2e(e(e(y2)))
= (1 — &) [Byz+2B%yz+ yz+2Be(yz) + 2u’yz+2pe(yz) + 2e(e(y2))] + 2a(yz). 6)

From this, we obtain:
26(2) +2[B+p+a—1]E02) + 21> +B2) + (u+B) a—1) +2]¢.(2)

+[(uB+a—1)[2(u2+B2) + (u+B)] +2(2uB — @) |1ds (v2) = 0. 6)

Let Py, p)(t) be the annihilating polynomial of the space Ay Ag, defined as:
Pup(t)=2042(u+B+a—1)+[2(u*+B*) + (u+B) 2o —1) +2]t

+|uB+a—1)[2(1>+B2) + (1 +B)] +2(2uB — @), )

I
with u, B € {0, > J, 5}.
* For u = f =0, we have Py o(t) = 26> +2(a — 1)¢* + 2t — 2c. If & = 0, then Py o(t) = t(2t> — 2t +2). Hence,
gcd(Q(1), Po,o(t)) =t if ¢ =0, and ged(Q(t), Po,o(¢)) = 1 if o # 0. Thus, AgAg C Ag if & =0, and ApAo = O otherwise.
1
cForu=0, 8= 7> we have Po.%(t) =203+ (20— 1)f* + (0 +2)t — (¢ + 1). Factoring yields P, %(t) =

1 = 1 =
2 (t— 2) (t—19) (t— 6). Thus, ged(Q(7), Poﬁ%(t)) = (t - 2> (t—19) (t - 6) . We conclude thatAoA% QA% ©A; DAg.

«Foru =0, B =7, with y € {8, 8§}, we have Py y(t) =263 +2(y+ o — 1) — 2 + )t — (2227 + 20> — 3oy +
200+y—2). Here, ged(Q(1), Py, (1)) =1 if o # 1 s0 AgAy = 0, and ged(Q(1), Po, (1)) = (t —7) if o = 1 then ApA, C Ay
foryc {8, 8}.

Other results are obtained in the same way. O
Lemma 3.2 Suppose that A = Ce EBA% ®Ay and u € {8, §}. Then, for any xg € Ag, B € {6, ;}, we have:
(i) x} =0;
2
(i) xy (x%xu) =0;

(i) (x%xﬁ) —0:;
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2
(iv) (x%x“) —0;
(v) X3 (x%xu) =0.
2
Proof. Let’s assume that 4 = §, then A = Ce @A% @ Ag. The multiplication table satisfies: A%A% CAs, A%Ag C A%,

1
and AgAs = 0. Let x be an element of A of weight 1, such that x = e—l—ax% +bxs, with for any xg € Ag, B € {6, 2}. We

have:

= e—&—ax% +20bxg +a*x3 +2abx%x5,
2

1

¥ =e+ {ax% +2(1 +5)abx%x§ +a*x3 +2ab*xs (x%x(;)}
2

[S]

+ [(262+8) bxs + (8 + l)azxz% +2a2bx% ()ng%)}a,
=e+ [axé + <5+ ;) a3x3% +2(52—|—5+ 1) abx%x(3+(25+3)ab2x5 (x%x(;)

+ (xixg—l—Zx% (x% (x%x5>))a3b+2ab3x5 (x,; (x%x(;))} + [(26a3+62+8)bx5.

D=

+ (52 +8+1) azxz% +a4x‘; +2(26 + l)asz% (x%xa) +2a2b2x% (x(; (x%xg))} 5

Using the identity (1 — ot)x* 4 ox? = x*x*, and equating the powers of a“b/, 0 < k, j < 3, we obtain the identities of
the lemma.
The proof for i = & follow the same logic as for yt = 8. O

Lemma 3.3 Let A = Ce ® Ao © A5 DAz, with a = 0. Then, for any xg € Ag, B € {0, §, 3}, we have:

(i) x} =0;

(if) 2xG (x5x5) = Xo(x0(x5x5));

(iif) 25 (xo (0 (xs5))) = 0;

(iv) (x5x5) (%0 (x0 (x5x5))) = 0;

(v) (x5x5)* = 0.

Proof. The proof adheres to the same structure as Lemma 3.2. O

In the following sub-paragraphs, we establish links between algebras verifying the identity (1) with some weighted
algebras.

3.1 Algebras verifying the identity (1) which are Bernstein

1
Lemma 3.4 LetA =Ce® Ay @A%. Then, for any xg € Ag, B e {0, 2}, we have:

() If ¢ =0:
(i) x} =0;
2

2
(i) (x%) =0;

(iii) x} = 0;
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@iv) xole :2xl (x )

0X1
2
(V)x0x1 —2xo( X0X 7);

(vi)5 (xox%>2 = 2xp <x0x25> = 4xy (x% (xox%));
(vii) %xg)m 2x0< X0X 1 )+2 X0 (xg (xoxl)) =0;
(vii) 223 (xox%) —x ( (xo)m ))

Q) Ifa ;éo or (=0 andA2 =0):

(1) x; =0;

2
) (xox%) =0.
Proof. The proof adheres to the same pattern as Lemma 3.2. O
The following result provides the necessary and sufficient conditions for an algebra satisfying identity (1) to be a
Bernstein algebra.
Theorem 3.5 Let A = Ce P Ag @A% A5 DAz. Ais a Bernstein algebra if and only if A5 = A5 = A(z) =0.

Proof. Let’s suppose that the algebra A satisfies identity (1) with @ =0and A5 = Az = A2=0.Letx=e+xo+x ! be
2
an element of A such that @ (x) = 1. Then: x> = e+xy +x3 42 (xox%), (x?*)? = e+xy +x3 423 +2xox) +4 (xox%> +
2 2 2

4x ! (xox ! ) + 4x2% <xox 1 ) Using the identities in part (2) of Lemma 3.4, we find that (x*)> —x> = 0. Since the set
of elements of weight 1 (i.e. such that @(x) = 1) is dense in A, by the Zariski topology (for its definition and main
characteristics on spaces not necessarily of finite dimension, see McCrimmon in [8]), it follows that (x*)? — @(x)?x> = 0.
Thus, A is a Bernstein algebra.

Conversely, if A is a Bernstein algebra, then A = Ce @A DA 1 and AgAg C A 1 Since A satisfies identity (1), the
Peirce decomposition and the multiplication table of its Peirce subspaces imply that As = A5 = 0 and ApA¢ = 0.

For o # 0, the proof is similar to the previous case. O

3.2 Power-associativity of algebras verifying the identity (1)

Proposition 3.6 Let A = Ce Ao B A 1 ©As ©Ay. Then the following conditions are equivalent:

(i) A is a Jordan algebra;

(ii) A is power-associative, i.e. X*x/ = x**/ Vx € A,V k, j > 1;

(i) As = Ay =A2=0;

(iv) A satisfies the equation x*> — @(x)x> = 0.

Proof. Assume that A satisfies identity (1) with & # 0. For (i) = (ii), see [9]. For (ii) = (iii), see [9]. For (iii) =
(iv), since A = A5 = 0 and @ € [0, 1], using the identities from Lemma 3.4, we have: x> =e+bx ! + bzxz% + 2abxgx 15
¥ =e+ bx1 + b2x2 + 2abx0x1 Thus, x*> — x> = 0, which leads to x> — @(x)x* = 0 according to Zariski topology. For
@iv) = (i), see Corollary 4.4 and Corollary 4.5 in [10]. The proof is analogous if & = 0. O

3.3 Algebras verifying the identity (1) which are train

Definition 3.7 A weighted C-algebra (A, ®) is a train algebra of rank n > 2 if there exist scalars y; € C for i €
{1, ..., n—1} such that:
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X o)X o) 4 1 o(x) =0, (8)

for all x in A, and n is the smallest integer satisfying this equation.

Proposition 3.8 Suppose A = Ce ©Ag © A5 G As and u € {6, 5}.

(1) For oo = 0:

If Ay = 0, then A satisfies the equation: x® — (1 + 1) ®(x)x° + Lo (x)*x* = 0.

(2) For a # 0:

If Ay = 0, then A satisfies the equation: x* — (1 + 1) ®(x)x> + Lo (x)?x* = 0.

Proof. For (1), assume A = Ce®AgDAg. Since ¢ =0, we have AgAg C Apand ApAs = AgAs =0. Letx € A such that
x=e+x9+xs. Then: x* = e+x§+28x5, x> —x =x0+ x5+ (26 — 1)xg5, x(x* —x) = (26% — 8)x5 — x5 + x5, x(x(x* —x)) =
8(28% — 8)xs — x3 +xg, x(x(x(x? —x))) = §2(28% — 8)xs — x§ +x;. Since x§ = 0 by identity (i) in Lemma 3.3, it follows
that x® — (14 8)x° + 8x* = 0. Using the Zariski topology, we deduce that forall x € A: x5 — (14 8) @ (x)x> + S w(x)*x* = 0.
The proof for A5 = 0 is similar to that Az = 0.

For (2), the proof is similar to the previous case. O

Proposition 3.9 Let A = Ce EBA% ®A5®As. If Ay =0, then A satisfies the equation: x* — (1 + 1)@ (x)x> +
fo(x)%x =0, where u € {8, 6}.

Proof. Suppose A = Ce @A% PAs. Letx € Asuchthatx =e +x% + x5. Using the identities from Lemma 3.2, we
have x(x> — x) = §(x> — x). Using Zariski topology, it follows that for all x € A, x* — (1 4+ 8)@(x)x> + §@(x)?x = 0. The
proof for A = 0 is analogous to the case of Ay = 0, relying on the identities from Lemma 3.2. O

Proposition 3.10 Let A = Ce G Ag B A 1 ©A5DAs. Then A is a train algebra of rank 3 if and only if its train equation
is of the form:

= (1+p)ox)x*+pox)’x=0, with uc{0,8,8}.

Proof. Let A be an algebra satisfying the identity (1). Assume that A is a train algebra of rank 3, and its train equation
is given by:

X — (1+u)o(x)x* + po(x)’x =0, where uckK. )
A partial linearization of (9) yields:
3+ 21(0y) — (1 + )OO +20(0) ()] + L)+ 6(x)] = 0. (10)
Let y = x* in (10), we have:
X% 4260 — (1 + ) [0(x)** + 20(x)x°] + u20(x)x + o(x)*x*] = 0. (11)
Since A satisfies the identity (1), we know: x’x* = (1 — @)@ (x)*x* + a@(x)*x?, and: x* = (1 +u) o (x)x* — po(x)>x.

Thus: 2x° = 2(1 + p)@(x)x> — 2um(x)?x*. Substituting 2x° and x>x* into (11), we obtain:
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(1—o—p)ox)x* + (a—pu— Do) **®+2uo(x)’x = 0. (12)
From the equality x> = (1 + p)®(x)x> — pw(x)?x, we have:

2,2 _

= (1+p) o)’ —po)* = (1+ 1+ 12)0x)* — p(p+ 1) o) .

Substituting x* into (12), we get:
—p(p® + ap+a+ 1o [ - o) =0. (13)
Since A is a train algebra of rank 3, then
p(p?+au+ o+ o)t =0.

For @(x) # 0, this implies: u(u —8)(u—8) =0sou =0, u =5, 0r u = 4.
Conversely, assume A is a train algebra of rank 3 with the train equation:

= (14 p)o(x)x* + po(x)’x =0, where u < {0, 8§, 8}. (14)
A partial linearization of (14) yields:
o+ 2x(3x) — (14 ) @()x* = 2(1+ p) @ (x)yx + 21 0(xy)x + o (x)’y = 0. (15)
Let us substitute y = x* in (15):
a2 — (T + ) o(x)* ¥ —2(1 + ) o(x)x° +2uo(x) x + po(x)*x* = 0. (16)

If u = 0, equation (14) becomes x> — @ (x)x> = 0 = x® = w(x)’x. Equation (15) reduces to: x*x? +2x% — @ (x)*x?> —
20(x)x° = 0 = x*x?> = w(x)*x%. By replacing x*x* = @(x)*x? in identity (1), we have:

o(x)"? — (1 — o) o(x)*x* — aw(x)*x?

=(1—o)o)x*—(1-a)ox)x*

= (1-0)o(x)’ " — o(x)’2’] =0,
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since x* = w(x)%x%. Thus:

and therefore A satisfies identity (1).
If u = J, equation (15) becomes:

X% 420 — (14 8)o(x)*x* = 2(1 + 8) w(x)x° + 28 w(x)°x + Sw(x)*x* = 0. (17)
Thus:
? = 28+ (14 8)o(x)* P +2(1+ 8)o(x)x° — 28 0(x)°x — Sa(x)*x*.
From this:
Kxt = =28+ (14 8)[0(x)*x* + 20(x)x] — §[20(x) x + o (x)*x"].
We have:

i = 28 — (14 8)0(x)x° + S (x)*x*] + Sw(x)*x* + (14 8) w(x)*x* — 28 w(x)°x.
Using x> — (1 + 8)@(x)x> + @ (x)%x = 0, it follows that x5 — (1 + 8)®(x)x° + Sw(x)*x* = 0. Hence:
xt = 8o(x) 2+ (1+8)w(x)*x* — 28 w(x) x.
Using x* = (14 8)o(x)x> — S (x)%x?, we get:
Kxt = 80(x)*[(1+8)w(x)x® — S0 (x)°x*] + (1+ 8)w(x)*x> — 28 w(x) x.
Simplifying further:
it — (1 - a)o(x)*x* —ao(x)*x* = [62 + ad + o — 1o(x)*x® — [6% —28 + ad + o — 1o (x)*** — 28 w(x)°x.
As aresult:

xt— (1 —a)o(x)*x* —ao(x)*? = —20(x)*x° — (1+8)o(x)? + So(x)x].

Co iporary Math tics 1922 | Hamed Ouedraogo, et al.



Assuming o(x) # 0, we have:

X —(14+8)wx)?+do(x)x=0,

and thus:

ot — (1 —a)o(x)’x* — ao(x)*x* = 0.

Therefore, A satisfies identity (1).
For pt = 8, the proof is analogous to the case yt = 8. O
3.4 Evolution algebras satisfying the identity (1)

Definition 3.11 A commutative finite-dimensional C-algebra is called an evolution algebra if it admits a basis B =
{e1, ---, en} such that:

2
€

-

ajje; and ee; =0 for 1<i#j<n. (18)
1

J

Such a basis is called a natural basis (see [11]). A finite-dimensional weighted evolution algebra (Y, @) admits a
natural basis B = {ey, - - - , e, } with a multiplication table (see [12], Corollary 3.4.) defined by:

n n
e% =e+ Z aiiex, e,»2 = Z ager, with o(e;)=1, o(e)=0 (19)
k=2 k=2

for2<i<n.

Proposition 3.12 A finite-dimensional evolution algebra (Y, @) with natural basis B and multiplication defined by
(19) satisfies identity (1) if the following conditions hold:

(i) (e7)* = ets

(ii) ete? = ae? for2 <i<n;

(iii) €3 (e2e;) = (1 — a)ede; for2 < i <n;

(iv) e?(e%ei) =0for2<i,j<m

(v) e2(ejlele;)) = (1 —a)ej(e3e;) for2 <i, j<n;

(vi) e%(ek(eieﬁ)) + e?(ek(e%ei)) =(1- Oc)ek(e,'eﬁ) for2 <i, j, k<nm;

(vii) elz(ek(eie?)) =0for2<i, j k,I<n.

Proof. Let Y be an evolution algebra satisfying (i) to (vii), with natural basis B and x = xje; + Y[ ,xie; € Y. We
have:

n
2= dd+ Y e
i=2
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n
x4fxlel+2x]x,ele,+ Z xlxx,e, ele + Z x,x xpex(eie’ )
i=2 i, j=2 i,j, k=2
2.4 622 N5 202 4222
x°x" =xjere] + lexiel(elei) + lexielei

i=2 i=2

+ Z xlxxjel eJ ele )+ Z xlx
i, j=2 i, j=2

n n
+ xlx,x xiled (ex(e; e; )) +e (ex(efe))] + x,x xixrer (ex(e; ez))
1€l

i, ], k=2 i, j,k,1=2
and
(1— ) o(x)’x* + aw(x)*x® = (1 —a) |1§e? + lex,ele, + Z x{xixje;(ele;)
i= i, j=2
n
+ Z xlx,x2xkek(e, +a [xSef + lex e .
i,j, k=2
Since the identities (i) to (vii) are satisfied, it follows that x’x* = (1 — &)@ (x)*x* + oo (x)*x>. O
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